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Newton's method and continued fractions

Householder’s iterative methods

Let « be arbitrary quadratic irrationality (« = ¢ + Vd c,deQ d>0anddis
not a square of a rational number). It is well known that regular continued
fraction expansion of « is periodic, i.e. has the form

a=1[ao,d1,--.,3k 3kt1, 3k12, - - -, 3kt |- Here £ = {(«) denotes the length of
the shortest period in the expansion of a.
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Newton's method and continued fractions

Householder’s iterative methods

Let « be arbitrary quadratic irrationality (« = ¢ + Vd c,deQ d>0anddis
not a square of a rational number). It is well known that regular continued
fraction expansion of « is periodic, i.e. has the form

a=1[ao,d1,--.,3k 3kt1, 3k12, - - -, 3kt |- Here £ = {(«) denotes the length of
the shortest period in the expansion of a.

Continued fractions give good rational approximations of arbitrary « € R.
Newton's iterative method

f(xk)

Xk+1 = Xk — m

for solving nonlinear equations f(x) = 0 is another approximation method.
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Newton's method and continued fractions

Householder’s iterative methods

Let « be arbitrary quadratic irrationality (« = ¢ + Vd c,deQ d>0anddis
not a square of a rational number). It is well known that regular continued
fraction expansion of « is periodic, i.e. has the form

a=1[ao,d1,--.,3k 3kt1, 3k12, - - -, 3kt |- Here £ = {(«) denotes the length of
the shortest period in the expansion of a.

Continued fractions give good rational approximations of arbitrary « € R.
Newton's iterative method

f(xk)

Xk+1 = Xk — m

for solving nonlinear equations f(x) = 0 is another approximation method.
Connections between these two approximation methods were discussed by
several authors. Let gﬁ be the nth convergent of a. The principal question is:
Let f(x) = (x — a)(x — &), where o' = ¢ — v/d and xo = Bo is xq also a
convergent of a?
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Newton's method and continued fractions Vd.d eN. d %0, and 1Y

Householder’s iterative methods

It is well known that for & = v/d, d € N, d # [J, and the corresponding

Newton's approximant R, = %(q + %) it follows that

RkE—I = -, for k Z 1. (11)
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Newton's method and continued fractions Vd denN d%0, and 1+-:r"gv d =1 (mod 4)

Householder’s iterative methods

It is well known that for a = \/3 d € N, d # [, and the corresponding
Newton's approximant R, = 5 (p" + %) it follows that

Adn
Rké—l = %, for k Z 1. (11)
q2ke—1
It was proved by Mikusinski [Mik1954] that if £ = 2t, then
Ri1 = PR for k> 1. (1.2)
q2kt—1
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Newton's method and continued fractions vd. deN. d %0, and 1+\ ‘d ,d =1 (mod 4)

Householder’s iterative methods

It is well known that for a = \/3 d €N, d # [, and the corresponding

Newton's approximant R, = 3 (Z: + %) it follows that

It was proved by Mikusinski [Mik1954] that if £ = 2t, then

Ri1 = PR for k> 1. (1.2)
Qokt—1

These results imply that if £(v/d) < 2, then all approximants R, are convergents
of v/d. Dujella [Duje2001] proved the converse of this result. Namely, if

¢(v/d) > 2, we know that some of approximants R, are not convergents. He
showed that being again a convergent is a periodic and a palindromic property.
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Householder’s iterative methods

It is well known that for a = \/3 d €N, d # [, and the corresponding
Newton's approximant R, = 5 (p" + %) it follows that

Adn
Rie—1 = P2k£—1, for k >1 (1 1)
q2ke—1
It was proved by Mikusinski [Mik1954] that if £ = 2t, then
Ri1 = PR for k> 1. (1.2)
q2kt—1

These results imply that if £(v/d) < 2, then all approximants R, are convergents
of v/d. Dujella [Duje2001] proved the converse of this result. Namely, if

¢(v/d) > 2, we know that some of approximants R, are not convergents. He
showed that being again a convergent is a periodic and a palindromic property.
Formulas (1.1) and (1.2) suggest that R, should be convergent whose index is
twice as large when it is a good approximant.
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Newton's method and continued fractions vd. deN. d %0, and 1+_:w’?v d =1 (mod 4)

Householder’s iterative methods

It is well known that for a = \/3 d €N, d # [, and the corresponding
Newton's approximant R, = 5 (p" + %) it follows that

Adn
Rie—1 = P2k£—1, for k >1 (1 1)
q2ke—1
It was proved by Mikusinski [Mik1954] that if £ = 2t, then
Ri1 = PR for k> 1. (1.2)
q2kt—1

These results imply that if £(v/d) < 2, then all approximants R, are convergents
of v/d. Dujella [Duje2001] proved the converse of this result. Namely, if

¢(v/d) > 2, we know that some of approximants R, are not convergents. He
showed that being again a convergent is a periodic and a palindromic property.
Formulas (1.1) and (1.2) suggest that R, should be convergent whose index is
twice as large when it is a good approximant. However, this is not always true.
Dujella defined the number j(v/d) as a distance from two times larger index,
and pointed out that j(v/d) is unbounded.
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Householder’s iterative methods

It is well known that for a = \/3 d €N, d # [, and the corresponding
Newton's approximant R, = 5 (Z: + %) it follows that

Rké—l = -, for k Z 1. (11)

It was proved by Mikusinski [Mik1954] that if £ = 2t, then

R 1=K tork>1. (1.2)

Qokt—1

These results imply that if £(v/d) < 2, then all approximants R, are convergents
of v/d. Dujella [Duje2001] proved the converse of this result. Namely, if

¢(v/d) > 2, we know that some of approximants R, are not convergents. He
showed that being again a convergent is a periodic and a palindromic property.
Formulas (1.1) and (1.2) suggest that R, should be convergent whose index is
twice as large when it is a good approximant. However, this is not always true.
Dujella defined the number j(v/d) as a distance from two times larger index,
and pointed out that j(v/d) is unbounded.

In 2011, P. [Pet1.2011] proved the analogous results for o = #, deN,
d#0and d =1 (mod 4).
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Newton's method and continued fractions
Householder’s iterative methods

c+Vd, c,d €q

Sharma [Sha1959] observed arbitrary quadratic surd o = ¢ +v/d, ¢,d € Q,
d > 0, d is not a square of a rational number, whose period begins with a;. He
showed that for every such « and the corresponding Newton's approximant

2 7 2
N, = ﬁ,ﬁi‘) it holds Nyp_1 = Zz’;—/‘;:, for k > 1, and when ¢ = 2t and the

period is palindromic then it holds Ny;_1 = %, for k > 1.
2kt—1
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Newton's method and continued fractions

Householder's iterative methods ctVd e, d €Q d > 0, &[]

Sharma [Sha1959] observed arbitrary quadratic surd o = ¢ +v/d, ¢,d € Q,
d > 0, d is not a square of a rational number, whose period begins with a;. He
showed that for every such « and the corresponding Newton's approximant

2 o2
N, = ﬁﬁﬁ it holds Nyp_1 = Zz’;—/‘:, for k > 1, and when ¢ = 2t and the
P2

period is palindromic then it holds N1 = ﬁ, for k > 1. Frank and
t—1

Sharma [F-S1965] discussed generalization of Newton's formula. They showed
that for every «, whose period begins with a;, for k, n € N it holds

Prke—1 _ a(pre—1 — &' qre—1)" — o/ (pre—1 — aQre—1)" (1.3)
Qnki—1 (Pke—1 — &' quee—1)" — (Pre—1 — aqQe—1)" '
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Newton's method and continued fractions

Householder's iterative methods ctVd e, d €Q d > 0, &[]

Sharma [Sha1959] observed arbitrary quadratic surd o = ¢ +v/d, ¢,d € Q,
d > 0, d is not a square of a rational number, whose period begins with a;. He
showed that for every such « and the corresponding Newton's approximant

2 o2
N, = ﬁ:ﬁﬁ it holds Nyp_1 = Zz’;—/‘:, for k > 1, and when ¢ = 2t and the
P2

period is palindromic then it holds N1 = ﬁ, for k > 1. Frank and
t—1

Sharma [F-S1965] discussed generalization of Newton's formula. They showed
that for every «, whose period begins with a;, for k, n € N it holds

Prke—1  oPre—1 — & qre—1)" — &' (Pre—1 — aqre—1)"

_ , 13
Qnke—1 (Pke—1 — @' qre—1)" — (Pre—1 — aGre—1)" (13)
and when £ = 2t and the period is palindromic then for k,n € N it holds
Pnkt—1 _ a(pkt—l - a/qkt—l)n - O/(Pkt—l - 04th—1)" (1 4)

Qnkt—1 (Pkt—l - O/qkt—l)n - (Pkt—l - aCIkt—l)n
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Newton's method and continued fractions

Householder’s iterative methods

Householder's iterative method (see e.g. [Hous1970, §4.4]) of order p for

. (P=1)(x,
rootsolving: x,11 = HP)(x,) = x, + p - %, where (1/f)(P) denotes
p-th derivation of 1/f. Householder's method of order 1 is just Newton's
method. For Householder's method of order 2 one gets Halley's method, and

Householder's method of order p has rate of convergence p + 1.
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Newton's method and continued fractions

Householder’s iterative methods

Householder's iterative method (see e.g. [Hous1970, §4.4]) of order p for

rootsolving: x,11 = HP)(x,) = x, + p - %, where (1/f)(P) denotes
p-th derivation of 1/f. Householder's method of order 1 is just Newton's
method. For Householder's method of order 2 one gets Halley's method, and
Householder's method of order p has rate of convergence p + 1.
It is not hard to show that for f(x) = (x — a)(x — &) it holds:
m xHM) (x) — e/
Hm ) (x) = H(’")(x)—(H)(—a—o/’ for me N. (2.1)
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Newton's method and continued fractions

Householder’s iterative methods

Householder's iterative method (see e.g. [Hous1970, §4.4]) of order p for

rootsolving: x,11 = HP)(x,) = x, + p - %, where (1/f)(P) denotes
p-th derivation of 1/f. Householder's method of order 1 is just Newton's
method. For Householder's method of order 2 one gets Halley's method, and
Householder's method of order p has rate of convergence p + 1.
It is not hard to show that for f(x) = (x — a)(x — &) it holds:

xHM) (x) — e/

Hm ) (x) = Hmo) + x —a— o’ for me N. (2.1)

Let us define R(Y) < 5—: and for m > 1 R{™M &f H(m_l)(f’—:) We will say that

RS™ is good approximation, if it is a convergent of «.
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Newton's method and continued fractions

Householder’s iterative methods

Householder's iterative method (see e.g. [Hous1970, §4.4]) of order p for

rootsolving: x,11 = HP)(x,) = x, + p - %, where (1/f)(P) denotes
p-th derivation of 1/f. Householder's method of order 1 is just Newton's
method. For Householder's method of order 2 one gets Halley's method, and
Householder's method of order p has rate of convergence p + 1.

It is not hard to show that for f(x) = (x — a)(x — &) it holds:
xHM) (x) — e/

(mH1) () —
H (X)_ H(m)(X)—FX—O[—CkI’

for me N. (2.1)

Let us define R(Y) < 5—: and for m > 1 R{™M &f H(m_l)(f’—:) We will say that

RS™ is good approximation, if it is a convergent of «.
Formula (1.3) shows that for arbitrary quadratic surd, whose period begins with
a; and k,m € N, it holds

Pmke—1
R, =~ (2.2)
Gmke—1"
and when ¢ = 2t and period is periodic, from (1.4) it follows
R(m) _ Pmkt—1
k-t qut—l
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Newton's method and continued fractions Good approximants are periodic and palindromic

Householder’s iterative methods

Formula [Sha1959, (8)] says: For k € N it holds

(ac — a0)Pre—1 + Pre—2 = qre—1(d — ¢2), (2.3)
(ae — a0)qke—1 + Gre—2 = Pre—1 — 2Cque—1, (2.4)
and formula (2.1) says

R(m+1) - R,(71)R,(1m) — OlOé/

n = , formeN,n=0,1,.... (2.5)
RM + RI™ — 2¢
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Newton's method and continued fractions Good approximants are periodic and palindromic

Householder’s iterative methods

Formula [Sha1959, (8)] says: For k € N it holds

(ac — a0)pre—1 + Pre—2 = que—1(d — %), (2.3)
(ae — a0)qke—1 + Gre—2 = Pre—1 — 2Cque—1, (2.4

and formula (2.1) says

R(m+1) - R,(11)R,(1m) — OfOé/

,, = , formeN,n=0,1,.... (2.5)
RM + RI™ — 2c

Form,k € N and i =1,2,....¢, when the period begins with a;, it holds

(m)  p(m) /
R(m)_ _ Ry Rizy—ac
ktti=1 7 g™ +R™ —2c’
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Householder’s iterative methods

Formula [Sha1959, (8)] says: For k € N it holds
(ac — a0)Pke—1 + Pre—2 = Gre—1(d — ?), (2.3)
(ac — a0)qke—1 + Gre—2 = Pre—1 — 26qke—1, 2.4)
and formula (2.1) says
RVVR™ — ao/
R + RE™ —2c

R(m+1) _

n

, formeN, n=0,1,.... (2.5)

Lemma 2.1

Form,k € N and i =1,2,....¢, when the period begins with a;, it holds

(m)  p(m) ’
R(m). _ Rip Risi—aa
kbti=1 = g™ LR™ —2c”

Proof.

For m = 1, statement of the lemma is proven in [Frank1962, Thm.2.1]. Using
mathematical induction and (2.5) it is not hard to show that the statement of
the lemma holds too. O

| A\

4
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Householder’s iterative methods

When period is palindromic and begins with a;, formulas (2.3) and (2.4) become

a0Pke—1 + Pre—2 = 2cPke—1 + qre—1(d — ¢), (2.6)
a0qke—1 + Qke—2 = Pie—1- (2.7)
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Householder’s iterative methods

When period is palindromic and begins with a;, formulas (2.3) and (2.4) become

a0Pke—1 + Pre—2 = 2cPke—1 + qre—1(d — ¢), (2.6)
Aoqke—1 + Qre—2 = Pke—1- (2.7

Form,k € N andi=1,2,...,¢ — 1, when period is palindromic and begins

(m) (m) /
i ) (m) . Rke_l(R’Llec)Jraa
with ay, it holds R,,”; | = A

i—1 ke—1
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Householder’s iterative methods

For m = 1 we have:
R _ Pre—i=1 _ 0 pre—it Pre—i1
kl—i—1 = 0 ) .
Qre—i—1 Qre—i + Qre—i—1

[ao, ey Akl—iy Akf—i—1y- -y dkb—1, ao,O, —dg, —adly.--, —3;71]

= [QOa-'-aaké—iaO]

_ [ Pi—1 ]
= |40y 3ke—isdkb—i—1y---5dke—1,4d0 — —
qgi—1
_ pre-1(30 = RY)) +prea (20) Riga (RE) —2¢) + e’
Gre—1(a0 — R,-(i)l) + qre—2 7) R;(i)1 - lg)fl
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Newton's method and continued fractions Good approximants are periodic and palindromic

Householder’s iterative methods

For m = 1 we have:
R ~ pre—i—1 0 pre—i+ pre—i-1
kl—i—1 = 0. ) ;
Gre—i—1 0 Qre—i + Gre—i—1
[ao, ey dkl—iyAkf—i—1y---5dki—1,3d0, 0, —dg, —adly.--, —3;71]
pPi—1
[303 <oy @kl—iy dkl—i—1y- -5 dke—1,d0 — —]
qi—1
1 1 1
pre—1(a0 — R,-(,)l) + Pke—2 (2.6) R/Se)q(Ri(—)l —2c) +aad

Gre—1(a0 — R,-(i)l) + qre—2 7) R;(i)1 - ng)fl

= [QOa-'-aaké—iaO]

Using mathematical induction and (2.5) it is not hard to show that the
statement of the lemma holds too. O
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Householder’s iterative methods

Proposition 2.3

Let m € N. When period begins with a;, for i=1,2,...,/—1 and
(m)
B = PRIt i olds
m 1 + m 1
R | = ﬂ( )p (ki) T Pmikb+D=1 o all k > 0,
Bi™ Gmkeriy + Am(ke+i)—1
and when period is palindromic, then
R/EI;_);_1 — Pmtkt=n-1— 5( )Pm(ke , forall k> 1.
Am(ke—iy—1 — Bi" Gm(ke—i)—
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Newton's method and continued fractions Good approximants are periodic and palindromic
Householder rative methods

We have ,85'") = [0, —ami, —ami-1,...,—a1, —ao + R,('_"l)] If k =0 we have

5,§m)Pmi + Pmi-1
5,§m)qmi + Ami—1

m m
= [ao, 500 am,-,O, —3ami, —3mi—1,--.,—4a1,—4dg + R’(_l)] = Ri(—l)’

= [307"'7ami75,§m):|
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Newton's method and continued fractions Good approximants are periodic and palindromic
Householder’s iterative methods

We have ,85'") = [0, —ami, —ami-1,...,—a1, —ao + R,('_"l)] If k =0 we have

5,§m)Pmi + Pmi—1
5,§m)qmi + Ami—1

m m
= [ao, 500 am,-,O, —3ami, —3mi—1,--.,—4a1,—4dg + R’(_l)] = Ri—l)’

= [307"'7ami75,§m):|

and similarly if k > 0 we have

5§m)Pm(ke+i) T Pm(ke+i)—1

(m)
= [‘307 <+ 8mke—1,3mke — o0 + R,-_l]
6,§m)qm(k5+i) + Am(keti)—1

m)

_ Pmke—1 (amke — a0 + R,-(_l) + Pmke—2

m)

Gmie—1(amke — a0 + R,-(_l) + Gmke—2
(2.3),(2.2) RﬁTllRi(Tl) +d=c tmoi (m)
Y (m) (m) =" Rifica
@4 Rl + R -2
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Householder’s iterative methods

When period is palindromic we have:

Pm(ke—i)—1 —ﬂfm)Pm(ke—i)—z . [ 1 }
= | 4o, ’ (k€—i)—1>

Am(ke—i)—1 — ﬂfm)qm(ke—i)—z gir
[307~--7 m(k€—i)—15 dm(kl—i)> @m(ké—i)+15 -+ - - » @mké—1, 40 ,,1]

_ Pmke— 1(a0 — R,( 1)) + Pmke—2 (2.6),(22) Rkl)l(R(m) 2c)+c2—d

R = R

)

Gmike—1(a0 — R )) + Gmke—z  @7)

which is using Lemma 2.2 equal to the R,(('e"_)i_l. O
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Householder’s iterative methods

Analogously as in [Duje2001, Lm. 3], from Proposition 2.3 it follows:

Theorem 2.4

To be a good approximant is a periodic property, i.e. for all r € N it holds

R(m) _ & — R(m) _ prmé+k7
" Qk T Gtk
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Newton's method and continued fractions Good approximants are periodic and palindromic

Householder’s iterative methods

Analogously as in [Duje2001, Lm. 3], from Proposition 2.3 it follows:

Theorem 2.4

To be a good approximant is a periodic property, i.e. for all r € N it holds

R(m) _ & — R(m) _ prmé+k7
" Qk T Gtk

and when period is palindromic, it is also a palindromic property, i.e. it holds:

R'gm) — Px — RéTl_Q — M
Ak Ame—k—2
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Newton's method and continued fractions

Householder's iterative methods Which convergents may appear?

Let us define coprime positive numbers PS™, Q{™ by

P(m)

n def 5(m)
n

Q)
From (2.5) it is not hard to show that it holds

P — aQf™ = (P a Q)" = (b, — agn)"™
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Newton's method and continued fractions

Householder's iterative methods Which convergents may appear?

Let us define coprime positive numbers PS™, Q{™ by

P et pm)
Qm

From (2.5) it is not hard to show that it holds
PP — @l = (P — aQP)" = (pr — ag)"™

) can be an even

R,(,m) < « if and only if n is even and m is odd. Therefore, R,(,m
convergent only if n is even and m is odd.
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Newton's method and continued fractions

Householder's iterative methods Which convergents may appear?

Let us define coprime positive numbers PS™, Q{™ by

Pr(1m) def 5(m)
L
From (2.5) it is not hard to show that it holds

P — aQf™ = (P a Q)" = (b, — agn)"™

R\™ < « if and only if n is even and m is odd. Therefore, R\™ can be an even
convergent only if n is even and m is odd.

Similarly as in [Duje2001], if R{™ = 2k, we can define jm = j(m(a, n) as the
distance from convergent with m times larger index:

: (2.8)

This is an integer, by Lemma 2.5.
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Let us define coprime positive numbers PS™, Q{™ by

P et pim
o "
From (2.5) it is not hard to show that it holds

P — aQf™ = (P a Q)" = (b, — agn)"™

R\™ < « if and only if n is even and m is odd. Therefore, R\™ can be an even
convergent only if n is even and m is odd.

Similarly as in [Duje2001], if R{™ = 2k, we can define jm = j(m(a, n) as the

distance from convergent with m times larger index:
(m k+1—m(n+1
jim = > ( )_ (2.8)

This is an integer, by Lemma 2.5. Using Theorem 2.4 we have
i™(a, n) = j{™(a, k€ + n), and in palindromic case:
.j(m)(aa n) = _j(m)(a7£ —n—- 2)
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Householder's iterative methods Which convergents may appear?

From now on, let us observe only quadratic irrationals of the form o = Vd,
d €N, d#£0. ltis well known that period of such « is palindromic and begins
with aj.
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Householder's iterative methods Which convergents may appear?

From now on, let us observe only quadratic irrationals of the form o = Vd,
d €N, d#£0. ltis well known that period of such « is palindromic and begins
with aj.

Theorem 2.6 (for proof see [Pet2.2012])

R}~ VAl < |Ri" ~ VAl
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From now on, let us observe only quadratic irrationals of the form a = v/d,
d €N, d#£0. ltis well known that period of such « is palindromic and begins
with ay.

Theorem 2.6 (for proof see [Pet2.2012])

R~ va) < |~ - va|.

Proposition 2.7 (for proof see [Pet2.2012])

When d # O, for n > 0 we have ’j(m)(\/a, n)| < w.
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Theorem 2.8 (Euler, see §26 in [Perron1954])

Let ¢ € N and a1,...,as_1 € N such that ay = ap_1, a> = ag_», .... The
number [ag, a1, az, . . ., g1, 2ag ] is of the form \/d, d € N if and only if

2a0 = (—1)"'p}_»q;_5 (mod p)_,), (2.9)

/

where % are convergents of the number [ a1, az,...,an—1,3n]. Then it holds:

n

2a0p)_» + q)_»

d= ag + o)
/—1

(2.10)

<
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Theorem 2.8 (Euler, see §26 in [Perron1954])

Let ¢ € N and a1,...,as_1 € N such that ay = ap_1, a> = ag_», .... The
number [ag, a1, az, . . ., g1, 2ag ] is of the form \/d, d € N if and only if

2a0 = (—1)l_1P2_2CI2_2 (mod p;_y), (2.9)
where Z—E' are convergents of the number [ a1, az,...,an—1,3n]. Then it holds:
2app)_» + q,
d=a 4 0Pe—2 ¥ G2 (2.10)

/
Py

Lemma 2.9

| \

Let Fy denote the k-th Fibonacci number. Let n € N and k > 1, k=1,2
@n+1)F+1\ ,
(mod 3). For dy(n) = (T) 4 (2n+ 1)Fe_q + 1 it holds
de(n) = [w 1,1,..., 1,1, (2n— 1)Fx + 1}, and £(\/di(n)) = k.
—_———

k—1 times
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Proof.
From (2.9), it follows:

239 = (—1)k71Fk_1Fk_2 = (—1)k71Fk—1(Fk - Fk—l)
= (1) N (=FZ1) (mod F).

Now from Cassini’s identity FxFx—> — F2 ; = (—1)*~! we have 239 = 1

(mod Fi). When 3 | k, this congruence is not solvable, and if 3t k, the solution
. _ F+1 .

is ap = ~5— (mod Fy), i.e.

R+l (2n—1)F, +1

—l—(n—l)Fk: 5 neN.

4o

From (2.10) it follows:

@n-1)Fc+1\2  ((@2n—1)Fc+1)F 1+ Fi2
d= ( 2 ) + Fi
- ((2n— Fc+1

2
> ) +(2n—1)Fe1 + 1. O
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Theorem 2.10

Let F; denote the {-th Fibonacci number. Let £ > 3,¢ = £1 (mod 6). Then for
2
dp = (%) + Fe—3Fi—1+ 1 and M € N it holds ¢ (/d;) = ¢ and

JEM-D(/dy,0) = jBM(\/dy, 0) = jCY(,/d,, 0) = 52 - M.
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Theorem 2.10
Let F; denote the {-th Fibonacci number. Let £ > 3,¢ = £1 (mod 6). Then for

2
do= (B=2f<1) 4 By sFe 1 +1and M€ N it holds ¢ (/) = € and

By (2.8), we have to prove

R((J3M—1) _ Pme—2 RBM) _ PMi—1 R(()3M+1) Pme

) 0 ) ]
ame—2 ame—1 ame
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Theorem 2.10
Let F; denote the {-th Fibonacci number. Let £ > 3,¢ = £1 (mod 6). Then for

2
do = (F=72) 4 FesFeoy+ 1 and M € N it holds ¢ (\/d;) = ¢ and

BM=1)(, /d, 0) = jCM(/dy,0) = M+ (,/d,,0)

—
Il
~
m||
w
<
\

Proof
By (2.8), we have to prove

R((J3M—1) _ PM£—2, R(()3M) _ PMé—l, R(()3M+1) _ M'
qme—2 ame—1 ame
We have ag = w and by Lemma 2.9 it holds
Vdy = [a0,1,1,...,1,1,2a |. From Cassini's identity, it follows
————
£—1 times

R(l):@:ao R()_0+F42:Pe—2
0 qo ’ Fioi qe2’
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FeaF? Feo1 pe—1

R(3):ao+—:ao—|——:—. (211)
° FE o Fio+ Fis -
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Fe_1F}_ Fi1 pe—a
R(3):a b —Z 2 =g+ — = ——. 2.11
° ° Fe 1 F7 o+ F2, TR qe-1 210
Let us prove the theorem using induction on M. For proving the inductive step,
first observe that from (2.5) for m > 3 we have:
2 -2 3 -3
R(m)_ R,(( )R,((m )+d R(m)_ R,(( )RI((m )+d 519
PN E)) (m=2) ’ k7 p0) (m=3) ° (212
R+ R R+ R,
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Proof

Fe_1F7 5 Feo1 pe—1
oL g = = 211
PR R, +F, ' R a (211)

(=}
|
pw
|

R(3) =ap+

Let us prove the theorem using induction on M. For proving the inductive step,
first observe that from (2.5) for m > 3 we have:

RORM) 4 g

R(m _ , RM — Tk Tk T (2.12)
“  RP 4R “  RP) 4 R
Suppose that for some j € {0,¢—2,¢— 1} it holds p“‘”—i;ﬁ:' R(gm%). We have:
Pmeti _ 30,1,1,...,1,1,a0+R((,'"‘3>] _
AmMe+i ——
£—1 times

@0) paR™ ) tdas ey ROR™ V4 d (@12 om .
27 (m—3) - (3) (m—3) - 0 -
=) qe-1Ry + Pe—1 Ry’ + R
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Corollary 2.11

For each m > 2 it holds

sup {1 (Vd, )|} = +oo,
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Corollary 2.11

For each m > 2 it holds

sup {1 (Vd, )|} = +oo,
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