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Let a be arbitrary quadratic irrationality (o« = c++/d, c,d € Q, d > 0and d is
not a square of a rational number). It is well known that regular continued
fraction expansion of « is periodic, i.e. has the form

a=[ao,a1,--.,3k, 3k+1, 3kt2,- - -, ak+¢ |- Here £ = £(a) denotes the length of
the shortest period in the expansion of a.
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Let a be arbitrary quadratic irrationality (o« = c++/d, c,d € Q, d > 0and d is
not a square of a rational number). It is well known that regular continued
fraction expansion of « is periodic, i.e. has the form

a=[ao,a1,--.,3k, 3k+1, 3kt2,- - -, ak+¢ |- Here £ = £(a) denotes the length of
the shortest period in the expansion of a.

Continued fractions give good rational approximations of arbitrary o € R,
Newton’s iterative method

f (xi)

Xk+1 = Xk — m

for solving nonlinear equations f(x) = 0 is another approximation method.
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Let a be arbitrary quadratic irrationality (o« = c++/d, c,d € Q, d > 0and d is
not a square of a rational number). It is well known that regular continued
fraction expansion of « is periodic, i.e. has the form

a=[ao,a1,--.,3k, 3k+1, 3kt2,- - -, ak+¢ |- Here £ = £(a) denotes the length of
the shortest period in the expansion of a.

Continued fractions give good rational approximations of arbitrary o € R,
Newton’s iterative method

f (xi)

Xk+1 = Xk — m

for solving nonlinear equations f(x) = 0 is another approximation method.
Connections between these two approximation methods were discussed by
several authors. Let Z—" be the nth convergent of a. The principal question is:
Let f(x) = (x — @)(x — '), where o/ = ¢ —+/d and xp = Be is xq also a
convergent of a?
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It is well known that for « = V/d, d € N, d # [J, and the corresponding

Newton’s approximant R, = %(% + %) it follows that
Rire1 = 22X for k> 1. (1.1)
q2ke—1
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It is well known that for a = \/_ d, d €N, d # 0, and the corresponding

Newton’s approximant R, = 3 (q" + d&) it follows that
Reger = 221 for k> 1 (1.1)
q2ke—1

Rig1 = P2K=1 for k> 1. (1.2)
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It is well known that for a = \/_ d, d €N, d # 0, and the corresponding
Newton’s approximant R, = 3 (q" + dﬂ) it follows that

Reger = 2221 for k> 1. (1.1)

Rip_q = P21 for k> 1. (1.2)

These results imply that if £(v/d) < 2, then all approximants R, are convergents
of V/d. Dujella [Duje2001] proved the converse of this result. Namely, if
¢(v/d) > 2, we know that some of approximants R, are not convergents.
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It is well known that for a = \F d, d €N, d # 0, and the corresponding

+ %) it follows that

Newton’s approximant R, = 3 (q"
Reger = 221 for k> 1 (1.1)
q2ke—1
It was proved by Mikusinski [Mik1954] that if £ = 2t, then
Pakt=1 o k> 1. (1.2)

These results imply that if £(v/d) < 2, then all approximants R, are convergents

of V/d. Dujella [Duje2001] proved the converse of this result. Namely, if
V/d) > 2, we know that some of approximants R, are not convergents.

— 12x2 + 16x — 4, where x > 2, then ¢(v/d) = 8 and
2,1,1,x,2(2x + 1)(2x — 2)].

fd=16x*—16x3
—2),x,1,1,2x2 — x —

\/_ [(2x + 1)(2x 3 1y 1L,
’?0_p3 R]_:Z—:, :Z_;a

Ry =B Ry = bis

qis

— Pg
Res = Go’ 6 qu1’
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Dujella showed that being again a convergent is a periodic and a palindromic
property.
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Dujella showed that being again a convergent is a periodic and a palindromic
property. Formulas (1.1) and (1.2) suggest that R, should be convergent whose
index is twice as large when it is a good approximant.
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Dujella showed that being again a convergent is a periodic and a palindromic
property. Formulas (1.1) and (1.2) suggest that R, should be convergent whose
index is twice as large when it is a good approximant. However, this is not
always true. Dujella defined the number j(v/d) as a distance from two times

larger index R, = P2mii+2i
g n A2n+1+2j
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Dujella showed that being again a convergent is a periodic and a palindromic
property. Formulas (1.1) and (1.2) suggest that R, should be convergent whose
index is twice as large when it is a good approximant. However, this is not
always true. Dujella defined the number j(v/d) as a distance from two times

larger index R, = P2mii+2i
g n A2n+1+2j

If d is a square-free positive integer such that ((v/d) > 2, then |j(d, n)| < &2
for all n > 0.
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Dujella showed that being again a convergent is a periodic and a palindromic
property. Formulas (1.1) and (1.2) suggest that R, should be convergent whose
index is twice as large when it is a good approximant. However, this is not
always true. Dujella defined the number j(v/d) as a distance from two times

larger index R, = P2mii+2i
g n A2n+1+2j

If d is a square-free positive integer such that ((v/d) > 2, then |j(d, n)| < &2
for all n > 0.

He also and pointed out that j(v/d) is unbounded.

Theorem 1.3

Let t > 1 and m > 5 be integers such that m = £1 (mod 6) and let
d = F2_,[(2Fm_st — Fm_4)? +4]/4. Then Vd =

[%Fm_2(2Fm_2t—Fm_4),2t T1,1,1,..,1,1,2t — 1, Frs(2F ot — F,,,_4)].
————

m—3 times
Therefore, ((v/d) = m. Furthermore, Ry = Z::z and hence j(d,0) = 23

j(d, km) = 23 and j(d, km — 2) = =23 for k > 1.
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Let b(d) denote the number of good approximants among the numbers
Rs,n=0,1,...,¢£—1. In [DujPet2005], Dujella and P. showed that the
quantity b(d) can be arbitrary large. Moreover, we construct families of
examples which show that for every positive integer b there exist a positive

integer d such that b(d) = b and b(d) > ¢(v/d)/2.
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Let b(d) denote the number of good approximants among the numbers
Rs,n=0,1,...,¢£—1. In [DujPet2005], Dujella and P. showed that the
quantity b(d) can be arbitrary large. Moreover, we construct families of
examples which show that for every positive integer b there exist a positive
integer d such that b(d) = b and b(d) > £(v/d)/2.

Proposition 1.4
Let g := gcd(p? + dq?,2paqn. If any1 > é\/ V/d + 1, then R, is a convergent
of Vd. If apyy < é 2(v/d — 1) — 2, then R, is not a convergent of v/d.

Forn>1:
Ifd, = (12-9"+1)2 +6-9", then {(\/d,) = 4n+ 6 and b(d,) = 2n + 4.
Ifd, = (2-9"+1)?+ 9", then {(/d,) =2n+ 1 and b(d,) = 2n+ 1.
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In 2012, P. [Pet1.2012] proved the analogous results for o = 1+2‘/‘7, deN,
d#0Oand d =1 (mod 4).
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Sharma [Shal959] observed arbitrary quadratic surd a = ¢ + Vd, ¢c,deqQ,
d > 0, d is not a square of a rational number, whose period begins with a;. He
showed that for every such « and the corresponding Newton's approximant

Ny = gorprtias it holds Ny = ’;% for k > 1, and when ¢ = 2t and the

period is palindromic then it holds Ny ;_; = Z::;:, for k > 1.
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Iterative methods obtained by Taylor expansion of higher order does not give
good approximations.
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Iterative methods obtained by Taylor expansion of higher order does not give
good approximations.

Frank and Sharma [F-S1965] discussed generalization of Newton's formula.
They showed that for every a, whose period begins with a;, for k, n € N it holds

Pake—1 _ a(pke-1—a'qre1)" — &' (pre—1 — aqre—1)" (2.1)

Qnke—1 (Prt—1 — &' Quep—1)" — (Pre—1 — A Qre—1)"
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Iterative methods obtained by Taylor expansion of higher order does not give
good approximations.

Frank and Sharma [F-S1965] discussed generalization of Newton's formula.
They showed that for every a, whose period begins with a;, for k, n € N it holds

Pake—1 _ a(pke-1—a'qre1)" — &' (pre—1 — aqre—1)" (2.1)
Gnke—1 (Pxe—1 — &' que—1)" — (Pke—1 — @qkp—1)" '

and when £ = 2t and the period is palindromic then for k,n € N it holds

Pnkt—1 a(Pkt—l - a’th—l)" - al(Pkt—l - Qth—l)n ) (2.2)

Ankt—1 (Pkt—l - aIth—l)" - (Pkt—l - aqkt—l)"
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Householder's iterative method (see e.g. [Hous1970, §4.4]) of order p for

rootsolving: Xpt1 = H(P) (X") = X, + p- %, Where (l/f)(P) denOteS
p-th derivation of 1/f. Householder's method of order 1 is just Newton’s
method. For Householder's method of order 2 one gets Halley's method, and

Householder’'s method of order p has rate of convergence p + 1.
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Householder's iterative method (see e.g. [Hous1970, §4.4]) of order p for

rootsolving: x,.1 = HP)(x,) = x, + p - %, where (1/f)(P) denotes
p-th derivation of 1/f. Householder's method of order 1 is just Newton’s
method. For Householder's method of order 2 one gets Halley's method, and
Householder’'s method of order p has rate of convergence p + 1.

It is not hard to show that for f(x) = (x — a)(x — &) it holds:
xH(™ (x) — ac!

(m1) (1) —
H (X)_ H(’”)(x)—l—x—a—a"

for m € N. (2.3)
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Householder's iterative method (see e.g. [Hous1970, §4.4]) of order p for

rootsolving: xpy1 = H(P)(x,,) =X, +p- % where (l/f)(”) denotes
p-th derivation of 1/f. Householder's method of order 1 is just Newton’s
method. For Householder's method of order 2 one gets Halley's method, and
Householder’'s method of order p has rate of convergence p + 1.

It is not hard to show that for f(x) = (x — a)(x — &) it holds:
xH(™ (x) — ac!

(m1) (1) —
H (X)_ H(m)(x)—l—x—a—a"

for m € N. (2.3)

Let us define R{Y < ”" = and for m > 1 R{™ def py(m—1) (Z—:). We will say that

R{™ is good approximation, if it is a convergent of a.
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Householder's iterative method (see e.g. [Hous1970, §4.4]) of order p for

rootsolving: xpy1 = H(P)(x,,) =X, +p- % where (l/f)(”) denotes
p-th derivation of 1/f. Householder's method of order 1 is just Newton’s
method. For Householder's method of order 2 one gets Halley's method, and
Householder’'s method of order p has rate of convergence p + 1.

It is not hard to show that for f(x) = (x — a)(x — &) it holds:
xH(™ (x) — ac!

(m1) (1) —
H (X)_ H(m)(x)—l—x—a—a"

for m € N. (2.3)

Let us define R{Y < ”" = and for m > 1 R{™ def py(m—1) (Z—:). We will say that

R{™ is good approximation, if it is a convergent of a.
Formula (2.1) shows that for arbitrary quadratic surd, whose period begins with
a; and k,m € N, it holds

R, = ot (2.4
and when ¢ = 2t and period is periodic, from (2.2) it follows
Pmkt—1

R(m) —
kel qutfl

(2.5)
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Formula [Sha1959, (8)] says: For k € N it holds
(ar — a0)Pre—1 + Pre—2 = qre—1(d — c?), (2.6)
(2 — a0)qke—1 + Gre—2 = Pke—1 — 2Cqke—1, (2.7
and formula (2.3) says
RORM _

p ao

R(m+1) _

;s = RO L R o0 formeN, n=0,1,.... (2.8)
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Formula [Sha1959, (8)] says: For k € N it holds

(ar — a0)Pre-1 + Pre—2 = que—1(d — ¢?),
(2 — a0)qke—1 + Gre—2 = Pke—1 — 2Cqke—1,
and formula (2.3) says
RWRIM _ o

p ao

R(m+1) _
8 RWM 4+ RI™ _ o

, foomeN, n=0,1,....

Formik e N andi=1,2,...,¢, when the period begins with a, it holds
R("') R("'") !

R(m) — Tkea e
kl+i—1 R£711+R,'(T)1_2C‘
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Formula [Sha1959, (8)] says: For k € N it holds
(ae — ao)pre—1 + Pre—2 = que—1(d — Cz), (2.6)
(ae — @) Ge—1 + Gre—2 = Pre—1 — 2Cqke—1, 2.7)
and formula (2.3) says

R(m+1) _ RVRY™ — aa!

;s = RO L R o0 formeN, n=0,1,.... (2.8)

Lemma 2.1

Formik e N andi=1,2,...,¢, when the period begins with a, it holds
R("') R("'") !

R(m) — Tkea e
kl+i—1 R£711+R,'(T)1_2C‘

| A\

Proof.

For m = 1, statement of the lemma is proven in [Frank1962, Thm.2.1]. Using
mathematical induction and (2.8) it is not hard to show that the statement of
the lemma holds too. O

4
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When period is palindromic and begins with a;, formulas (2.6) and (2.7) become

a0Pke—1 + Pre—2 = 2¢pke—1 + qre—1(d — ¢°), (2.9)
30Gke—1 t Gke—2 = Pke—1- (2.10)
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When period is palindromic and begins with a;, formulas (2.6) and (2.7) become

a0Pke—1 + Pre—2 = 2¢pke—1 + qre—1(d — ¢°), (2.9)
30Gke—1 t Gke—2 = Pke—1- (2.10)

Formik e Nandi=1,2,...,¢ —1, when period is palindromic and begins
) R (R(™, —2c)+aa’

with ay, it holds R'™ . | = o
Ri—l._Rkl—:l
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For m = 1 we have:
R _ Pre—i—1 _ 0 pro—i + pre—i-1
Ke—i—1 = =
! Qre—i—1 0 Qre—i + Qre—i—1
[30, ceeydkf—iyAkf—i—1y---5dkf—1,d0, 0, —dg, —dly.-., —3;71]

= [ao,...,akg_,-,O]

Pi—1
= [30; cey Aikf—iy Akf—i—15- -+ 5 dkf—1,d80 — —]
di—1
_ prei(a0 = RO +prs @9y R (RE) —2¢) + o
Gre—1(a0 — R,-(Pl) + Gre—2 (210) R,-(i)l = R[(qu),l
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For m = 1 we have:
R _ Pre—i—1 _ 0 pro—i + pre—i-1
Ke—i—1 = =
! Qre—i—1 0 Qre—i + Qre—i—1
[ao, ceeydkf—iyAkf—i—1y---5dkf—1,d0, 0, —dg, —dly.-., —3;71]

= [ao,...,akg_,-,O]

Pi—1
= [30; cey Aikf—iy Akf—i—15- -+ 5 dkf—1,d80 — —]
di—1
pree1(a0 = RY) +per 29) RG4(RY) —2¢) +ae
Gre—1(a0 — R,-(Pl) + Qrg—p (210) Ri(i)l - R&)—l
Using mathematical induction and (2.8) it is not hard to show that the
statement of the lemma holds too. my
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Proposition 2.3

Let m € N. When period begins with a;, for i=1,2,...,/—1 and

(m)
Pmi R Gmi—1 .
B = PmmiTNaadmi Gy polds
Pmi—R; 1 Gmi

ﬂ Pm (ke+i) T Pm(ke-+i)—

RI(<74)-i—1 G , for all k>0,
B dm(keriy + dm(ke+i)—1
and when period is palindromic, then
. plm )
RUm  _ Prikecii=t = Bi Pie=ii=2 gy s

Am(ke—i)—1 — B,gm)qm(klfi)f2
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We have ﬂf'") = [0,—ami, —ami—1,.- ., —a1, —ao + R,'(T:”-
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Householder

We have ﬂ§m) =[0,—ami, —ami_1,...,—a1,—ao + R; m:” If k =0 we have

ﬂ,-(m)Pmi + Pmi-1
5,§m)qmi + Gmi—1

_ (m)
— [aOa noog ami707 —ami; —a@mi—1,---, a1, —do + R,'_1:|

= [307"'Jamiaﬁlgm)]

R(’")
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We have ﬂ§m) =[0,—ami, —ami_1,...,—a1, —ao + R(m ]. If k =0 we have

[3,-(m)Pmi + Pmi-1
5,§m)qmi + Gmi-1

_ (m) (m)
= [a0,...,ami,0,—ami, —ami—1,...,—a1, —ao + R | = R\"%,

= [ao,...,am;,ﬁlgm)]

and similarly if kK > 0 we have

ﬂi(m)pm(ki—o—i) + Pm(ke+i)—1

(m) = [‘30:---;amk471;3mk4 —ado + R,(Tl)]
Bi™ Am(keriy T Amikeri)—1

_ Pk 1(amke — a0 + R( ;2) + Pmke—2

Gmke—1(amke — a0 + R" 1)) + qmke—2

(2.6).(24) Rl(d)l ™ 4 d- Lmi2.1 R(m)

(2.7) 15’21 + Ri(—l) Py ki+i—1-
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When period is palindromic we have:

Pm(ke—iy—1 — 5,§m)Pm(u—i)—2

1
= 307"'7am(kf—i)—17__:|
Am(ke—i)—1 — ﬂ,gIn)qm(kZ—i)—2 [ ﬁ,-(m)

— . . . _ R(m
[30, -+ Am(kf—i)—15 m(ké—i)s dm(kb—i)+1> - - - 5 dmke—15 0 i1 ]
_ Pmke—1(a0 — R,-(Tl)) + Pmkt—2 (2.9),(2.4) R,EZ’,)l(R,-(Tl) —2c)+c2—d
Gmke—1 (a0 — R,-(Tl)) SR G e e R,-(T;z - R,((Zl)l ’
which is using Lemma 2.2 equal to the R,((Tl,-_l. |
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Analogously as in [Duje2001, Lm. 3], from Proposition 2.3 it follows:

Theorem 2.4

To be a good approximant is a periodic property, i.e. for all r € N it holds

R(m) Pk R(m) _ Prmt+k

= — < =
12 ’
qk N Gemitk
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Good approximants are periodic and palindromic

Newton's method and continued fractions
Householder’s iterative methods

Analogously as in [Duje2001, Lm. 3], from Proposition 2.3 it follows:

Theorem 2.4

To be a good approximant is a periodic property, i.e. for all r € N it holds

R(m) Pk R(m) _ Prmt+k

= — < =
12 ’
qk N Gemitk

and when period is palindromic, it is also a palindromic property, i.e. it holds:

R’(,m) = & — RlSTL = M
dk dmi—k—2
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Good approximants are periodic and palindromic

Newton's method and continued fractions
Householder’s iterative methods

Let us show how Theorem 2.4 can be applied. The first example shows
palindromic situation, the second is not palindromic (but we accidentally get
good approximation in the half of the period), and the third shows that good
approximants do depend on m.
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Good approximants are periodic and palindromic

Newton's method and continued fractions
Householder’s iterative methods ;

Let us show how Theorem 2.4 can be applied. The first example shows
palindromic situation, the second is not palindromic (but we accidentally get
good approximation in the half of the period), and the third shows that good
approximants do depend on m.

Example 2.5
Let us observe v/44 = [6,1,1,1,2,1,1,1,12]. The period is palindromic and we
have ¢ = 8. Let us consider e.g. the case m = 5. We have:
R() _ pa+440p,d,+9680pnd),
"~ Bplq.+440p2q3+193645 "
From (2.4) and (2.5) we have R{® = o=
R(5) _ Pse _ 4993116004999 R(5) _ Pso R(5) _ Pro R(S) _ P2ok-1
7 ) 752740560150 ' ‘11 gso' 15 Gzo' T T 4k—1 Qook—1
(5) _ ps _ 2514 (5) _ pso _ 7944493914
Ry’ = 22 = 575 From Theorem 2.4 we have Rg™ = 222 = 75722050, and also
(5) _ Paok:s (5)  _ Paok_10
RSk " Yaok+s and RSk*2 " Gaok—10"
R = 23581 is not a convergent of /44, so neither Ré‘z)ﬂ nor R} ; will be.
R = 251453 is not a convergent of /44, so neither Ré‘z)+2 nor RS, will be.
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Good approximants are periodic and palindromic

Newton's method and continued fractions
Householder’s iterative methods

Example 2.6

Let us observe o = %ﬂ =1[9,5,6,1,2] and m = 3, we have:
R(a) _ 37p3—4572p,q2+23368q>

m’ = §ip2q,—1242p,q2+4824q3 "
3 3 _ . .
We have R{®) = B A tes . and so on RY = %. The period is not
o 0 0 3 0 0 0
palindromic, and accidentally we have Rf ) = Z—; = 336946%9 (in palindromic case

Ps (3)  _ Pizkiz
would be £2), and so on Ry’ = v
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Newton's method and continued fractions

Good approximants are periodic and palindromic

Householder’s iterative methods ;

Example 2.6

Let us observe a = 5+V
(3) 37pz74572p,,q"+23368q"
Ry’ =

q11
palindromic, and accidentally

would be £22), and so on (3)

81p,,q,.—1242p,.q§+4824q,3, :
3) _ pu _ 440046
We have R = e

R4k+1

=[9,5,6,1,2] and m = 3, we have:

59 (3) P12k—1 H H
n n R = 21 The period is n
2 andsoon Ry”, = 7= e period is not
(3) _ pzr _ 36409 (: . ]
we have R;™ = £ = S50 (in palindromic case

Pi2ki7
d12k+7

| ﬁl
Il
\

Example 2.7

Let us observe o = THY1L

3) Pisk—1. p(3) _ p (3) Pigky
R( _ Pis - R — Pt and R — Pisksz
6k—1 Gigk—1' 1 q7 and 6k+1 18k+7
4) Pak—1. p(4) _ p (4) _ Paaks (4) _»p
Frm:4whv:R( = Paskos. R — ps 5pg R(Y) = Peskss. p(4) — pu
° € have: Rex—1 Qak—1' O s @ d 6k Qakys ' 1 q11
Paaki11 . p(4) P17 (4) P2akt17
nd R = Paskin. p) _ bz 5ng R = —2eki7
and 6k+1 G2ak+11 g1z and 6k+3 92ak+17

=[2,15,1,3,1,3,1]. For m = 3 we have:
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Newton's method and continued fractions
Householder’s iterative methods

Which convergents may appear?

Let us define coprime positive numbers P™, Qi™ by

’(Im) def (m)
n

;M
From (2.8) it is not hard to show that it holds
P — Qi = (PX) — aQ)" = (p, — agn)™.
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Newton's method and continued fractions
Householder’s iterative methods

Which convergents may appear?

Let us define coprime positive numbers P™, Qi™ by

r(rm) déf (m)
A

From (2.8) it is not hard to show that it holds
P — Qi = (PX) — aQ)" = (p, — agn)™.

Lemma 2.8

RY™ < « if and only if n is even and m is odd. Therefore, R\™ can be an even
convergent only if n is even and m is odd.
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Newton's method and continued fractions
Householder’s iterative methods

Which convergents may appear?

Let us define coprime positive numbers P™, Qi™ by

’(Im) def (m)
n

;M
From (2.8) it is not hard to show that it holds
P — Qi = (PX) — aQ)" = (p, — agn)™.

Lemma 2.8

RY™ < « if and only if n is even and m is odd. Therefore, R\™ can be an even
convergent only if n is even and m is odd.

Similarly as in [Duje2001], if R{™ = Z—:, we can define j(™ = j(™(q, n) as the
distance from convergent with m times larger index:
J = 5 .

(2.11)

This is an integer, by Lemma 2.8.
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Newton's method and continued fractions
Householder’s iterative methods

Which convergents may appear?

Let us define coprime positive numbers P™, Qi™ by
r(rm) déf (m)
A
From (2.8) it is not hard to show that it holds

P,(1m) - OéQ,(,m) = (P,(Il) - OéQ,(,l))m = (pn - Cl‘qn)m'

Lemma 2.8

RY™ < « if and only if n is even and m is odd. Therefore, R\™ can be an even
convergent only if n is even and m is odd.

Similarly as in [Duje2001], if R{™ = Z—:, we can define j(™ = j(™(q, n) as the

distance from convergent with m times larger index:
(m)_ k+1-—m(n+1)
J = 5 .
This is an integer, by Lemma 2.8. Using Theorem 2.4 we have
™ (e, n) = ji™(a, k¢ + n), and in palindromic case:
j(m)(aa n) = —j(m)(a,[ —n—- 2)

(2.11)
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Newton's method and continued fractions
Householder’s iterative methods

Which convergents may appear?

From now on, let us observe only quadratic irrationals of the form a = v/d,
d €N, d#0. Itis well known that period of such « is palindromic and begins
with a;.

Vinko Petricevié vpetrice@math.hr Householder's approximants & CF of quadr


vpetrice@math.hr

Newton's method and continued fractions
Householder’s iterative methods

Which convergents may appear?

From now on, let us observe only quadratic irrationals of the form a = v/d,
d €N, d#0. Itis well known that period of such « is palindromic and begins
with a;.

Theorem 2.9 (for proof see [Pet2.2013])

R - V] < R - V|
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Newton's method and continued fractions
Householder’s iterative methods

Which convergents may appear?

From now on, let us observe only quadratic irrationals of the form a = v/d,
d €N, d#0. Itis well known that period of such « is palindromic and begins
with a;.

Theorem 2.9 (for proof see [Pet2.2013])

R - V] < R - V|

Proposition 2.10 (for proof see [Pet2.2013])

When d # O, for n > 0 we have |j('")(\/g, ")| < w
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Newton's method and continued fractions
Householder’s iterative methods

Which convergents may appear?

Theorem 2.11 (Euler, see §26 in [Perron1954])

Let { € N and ay,...,a;_1 € N such that a; = ay_1, a> = ay_», .... The
number [ ag, a1, a, - . . , a1, 2ag ] is of the form \/d, d € N if and only if

2a9 = (1) ' pj_oqi— (mod pj_,), (2.12)

’

where Z—;‘ are convergents of the number [ a1, az,...,a,—1,3,]. Then it holds:

2a0py_, + qj_
+ £—2 l 2.

_ 2
d = aj :
Pr—1

(2.13)

<
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Newton's method and continued fractions
Householder’s iterative methods

s0od approximants are
Which convergents may
lumber of good approxil

Theorem 2.11 (Euler, see §26 in [Perron1954])

Let { € N and ay,...,a;_1 € N such that a; = ay_1, a> = ay_», .... The
number [ ag, a1, a, - . . , a1, 2ag ] is of the form \/d, d € N if and only if

2a0 = (-1)"'pj_oq;_, (mod pj_y), (2.12)

’

where Z—:’ are convergents of the number [ a1, az,...,a,—1,3,]. Then it holds:

2a ar
d=2 + M (2.13)
Pi_1

Lemma 2.12

| \

Let Fy denote the k-th Fibonacci number. LetneNandk >1,k=1,2
(mod 3). For di(n) = (M) + (2n — 1)Fi_1 + 1 it holds
de(n) = [% 1,1,....1,1,2n—1)Fc + 1], and ((\/di(n)) = k.
————

k—1 times
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Newton's method and continued fractions
Householder’s iterative methods

Which convergents may appear?
I 3 yod i -

Proof.
From (2.12), it follows:

230 = (—1)* R _1Fio = (1) T F_1(Fx — Fx_1)
= (=1)* Y(=F2_,) (mod F).

Now from Cassini's identity FxFy—» — F2 ; = (—1)*~! we have 225 = 1

(mod Fi). When 3 | k, this congruence is not solvable, and if 3t k, the solution
. _ Fptl .

is ap = 5~ (mod Fy), i.e.

(n—l)Fk:(zn_l)Fk+1, -~

Fr+1

2
From (2.13) it follows:

do

d— ((2n —1)F + 1)2 N ((2n — 1)Fy +F1) Fro1+ Fr—s
k

2
) +(2n—1)Fey + 1. O
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Newton's method and continued fractions
Householder’s iterative methods

Which convergents may appear?

Let Fy denote the {-th Fibonacci number. Let ¢ > 3,{ = £1 (mod 6). Then for
2
di = (B=fr2) " + Fy sFy 1 +1and M €N it holds ¢ (V/d;) = ¢ and

JEM=D(/dy,0) = jM)(1/dy,0) = jCMH(\/dp,0) = 53 - M.
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Newton's method and continued fractions
Householder’s iterative methods

Theorem 2.13
Let Fy denote the {-th Fibonacci number. Let ¢ > 3,{ = £1 (mod 6). Then for

2
dp = (w) + Fo_3Fi_1+1 and M € N it holds ¢ (/d;) = ¢ and

JEM=D(/dy,0) = jM)(1/dy,0) = jCMH(\/dp,0) = 53 - M.

Proof.
By (2.11), we have to prove

| \

3M—1 Pme—2 3M Pme—1 3M+1 Pmye
REM-1 _ P2  pGM) _ PMEL  plaMel) _ Pt
ame—2 ame—1 ame

Vinko Petricevié vpetrice@math.hr Householder's approximants & CF of quadratic irrationals


vpetrice@math.hr

approximants are (-
convergents may appe
1

Newton's method and ued fractions
Householder tive methods

Theorem 2.13
Let Fy denote the {-th Fibonacci number. Let ¢ > 3,{ = £1 (mod 6). Then for

2
dp = (w) + Fo_3Fi_1+1 and M € N it holds ¢ (/d;) = ¢ and

JEM=D(/dy,0) = jM)(1/dy,0) = jCMH(\/dp,0) = 53 - M.

Proof.
By (2.11), we have to prove

| \

3M—1 Pme—2 3M Pme—1 3M+1 Pmye
REM-1 _ P2  pGM) _ PMEL  plaMel) _ Pt
ame—2 ame—1 ame

We have ag = @ and by Lemma 2.12 it holds

Vd = [ao, 1,1,...,1, 1,230]. From Cassini's identity, it follows
—_———
£—1 times
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Newton's method and continued fractions
Householder’s iterative methods

Fi1F7, _ L
FEaFi o+ F, Fe o G

Which convergents may appear?

R = a0 + (2.14)
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Newton's method and continued fractions
Householder’s iterative methods

Which convergents may appear?
! E g

Fo 1F} Fio1 pea

R(3) = ag + b2 —ayg+ —— = ——. 2.14

° ° Fe_ Fi o+ Fis TR qe—1 e

Let us prove the theorem using induction on M. For proving the inductive step,
first observe that from (2.8) for m > 3 we have:

R(m) _ RI((Q)RI((m_Q) +d R(m) _ R£3)R£m_3) +d (2 15)

k= T2 o(m—2)’ kK T T _3B) o(m—3) -
Rl((2) + R[((m 2) R[((3) + R[((m 3)
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Newton's method and continued fractions i cén;e;ggré; e
I b good oxirr T

Householder’s iterative methods

Proof.
Fo_1F} Fer pea
RO — a4 =2 _ g e P 2.14
0 ° FP o FP o+ F7, ° Fe qe—1 (2.14)

Let us prove the theorem using induction on M. For proving the inductive step,
first observe that from (2.8) for m > 3 we have:

(2) p(m=2) (3) p(m=3)
R = B Re —+d g R R 49 g
R;((2) + R[((me) R[((?:) + R[((m73)

Suppose that for some i € {0,¢—2,¢—1} it holds ﬂ""—i’)‘% (m=3) " We have:

esi —fao, 1,1, o1, Lag + R | =
—_——

amMe+i
£—1 times

(2.9) pe_ 1R + dge_s (2.14) ROR™ S +d . .15) R(™. .

(2.10) qz_lRém%) + pr_s R( ) 4 R( 3)

Householder's approximants & CF of quadratic irrationals
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Newton's method and continued fractions
Householder’s iterative methods

Which convergents may appear?

Corollary 2.14

For each m > 2 it holds

sup {|j™(Vd, n)|} = +o0,
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Which convergents may appear?

Corollary 2.14

For each m > 2 it holds

sup {|j™(Vd, n)|} = +o0,

. (V) o m
||msup{m} > 5
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Newton's method and continued fractions
Householder’s iterative methods

Number of good approximants

Analogously as before, let us define
b'™(a) = [{n:0<n<€—1,R{™ is a convergent of a}|.

For arbitrary m experimental results suggest that similar properties could hold as
for m = 2. But b{™(a) is not a monotonic function in m. And there are some
differences, as the following example shows.
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Householder’s iterative methods

Number of good approximants

Analogously as before, let us define

b'™(a) = [{n:0<n<€—1,R{™ is a convergent of a}|.

For arbitrary m experimental results suggest that similar properties could hold as
for m = 2. But b{™(a) is not a monotonic function in m. And there are some
differences, as the following example shows.

We have / (\/E) =6 and

(m) )4 ifm=2 (mod4),
/B = { 6, ifm#2 (mod4).
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