arXiv:2010.06240v1 [math.AP] 13 Oct 2020

SEMILINEAR EQUATIONS FOR NON-LOCAL OPERATORS: BEYOND
THE FRACTIONAL LAPLACIAN

IVAN BIOCIC* ZORAN VONDRACEK* AND VANJA WAGNER*

ABSTRACT. We study semilinear problems in general bounded open sets for non-local op-
erators with exterior and boundary conditions. The operators are more general than the
fractional Laplacian. We also give results in case of bounded C':! open sets.

AMS 2020 Mathematics Subject Classification: Primary 35R11; Secondary 31B25,
31C05, 35J61, 45K05, 60J35

Keywords and phrases: Semilinear differential equations, non-local operators

1. INTRODUCTION

Let D C R?, d > 2, be a bounded open set, f: D x R — R a function, A a signed measure
on R?\ D and p a signed measure on dD. In this paper we study the semilinear problem

—Lu(z) = f(z,u(x)) inD
u = A in D¢ (1.1)
Wpu = u on dD.

The operator L is a second-order operator of the form L = ¢(—A) where ¢ : (0, 00) — (0, 00)
is a complete Bernstein function without drift satisfying certain weak scaling conditions. The
operator L can be written as a principal value integral

Lu(w) = P [ (uly) = u(@))ily — a
where the singular kernel j is completely determined by the function ¢. In case ¢(t) = t%/2,
a € (0,2), L is the fractional Laplacian (—A)*/2 and the kernel j(|y — z|) is proportional to
ly -z~

The operator W is a boundary trace operator first introduced in [12] in the case of the
fractional Laplacian, and extended to more general non-local operators in [8] — see Subsection
2.6 for the precise definition.

Motivated by the recent preprint [3] we consider solutions of (1.1) in the weak dual sense,
cf. Definition 3.1, and show that for bounded C! open sets this is equivalent to the notion
of weak L' solution as in [1, Definition 1.3].

For the nonlinearity f throughout the paper we assume the condition

(F) f: D xR — R is continuous in the second variable and there exist a function p : D —
[0, 00) and a continuous function A : [0, 00) — [0, 00) such that | f(z,t)| < p(x)A(]t]).

Semilinear problems for the Laplacian have been studied for at least 40 years and we refer
the reader to the monograph [36] for a detailed account. The study of semilinear problems
for non-local operators is more recent and is mostly focused on the fractional Laplacian, see
21, 14, 1, 2, 5, 4, 6, 12, 20]. One of the important differences between the local and non-
local equations is that in the non-local case the boundary blow-up solutions are possible even
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for linear equations. In this paper we will restrict ourselves to the so called moderate blow-
up solutions, that is those bounded by harmonic functions with respect to the operator L.
This restriction is a consequence of the problem (1.1) itself, namely of the boundary trace
requirement on the solution. In this respect we follow [1, 2, 12] where the boundary behavior
of solutions was also imposed. Note that in [1, 2] the theory was developed for the fractional
Laplacian in a bounded C'*! open set D, while [12] extends part of the theory to regular open
sets. This extension was possible mainly due to potential-theoretic results from [13].

The goal of this paper is to generalize results from [1, 2, 12] and at the same time to provide
a unified approach. The first main contribution of the paper is that we replace the fractional
Laplacian with a more general non-local operator. This is possible due to potential-theoretic
and analytic properties of such operators developed in the last ten years. Here we single out
the construction of the boundary trace operator for the operator L in the recent preprint [8].
The second main contribution is that we obtain some of the results from [1, 2] (which deals
with C! open sets) for regular open subsets of RY. To achieve this goal we combine methods
from [1, 2] with those of [12].

Let us now describe the content of the paper in more detail. In the next section we introduce
notions relevant to the paper and recall known results. This includes the notion of the non-
local operator L, the underlying stochastic process X = (X;):>o and its killed version upon
exiting an open set, the notion of harmonic function with respect to X (or L), and the Green,
Poisson and Martin kernel of an arbitrary open subset of R%. We explain accessible and
inaccessible boundary points and its importance to the theory. The boundary trace operator
is introduced in Subsection 2.6, cf. Definition 2.1. The section ends with several auxiliary
results about continuity of Green potentials.

Section 3 is central to the paper and contains two main results on the existence of a solution
to the semilinear problem (1.1) in arbitrary bounded open sets. The first result, Theorem 3.6,
can be thought of as a generalization of [1, Theorem 1.5]. It assumes the existence of a
subsolution and a supersolution to the problem (1.1) and gives several sufficient conditions
for the existence of a solution. As in almost all existence proofs of semilinear problems, the
solution is obtained as a fixed point by using Schauders’s theorem. As a corollary of the third
part of that theorem, in Corollary 3.7 we obtain a generalization of the main result of [12].
Theorem 3.9 deals with nonpositive function f and is a generalization of [1, Theorem 1.7], see
also [2, Theorem 1.13]. The main novelty of our approach is contained in using Lemma 3.8 to
approximate a nonnegative harmonic function by an increasing sequence of Green potentials.
This replaces the approximation used in [1, 2] which works only in smooth open sets.

In the last two sections we look at the semilinear problem for L in bounded C*! open sets
and at some related questions. In Section 4 we first recall the notion of the renewal function
whose importance comes form the fact that it gives exact decay rate of harmonic functions at
the boundary. We then state known sharp two-sided estimates for the Green function, Poisson
kernel, Martin kernel and the killing function in terms of the renewal function. Subsection 4.3
may be of independent interest - there we give the boundary behavior of the Green potential
and the Poisson potential of a function of the distance to the boundary. We next provide a
sufficient integral condition (in terms of the renewal function) for a function of the distance
to the boundary to be in the Kato class. In Subsection 4.6 we invoke a powerful result from
[25] to show the existence of generalized normal derivative at the boundary which is used in
the equivalent formulation of the weak dual solution. We end the section with a discussion
on the relationship of the boundary trace operator Wy with the boundary operator used in
1, 2].

The last section revisits Theorem 3.9 and Corollary 3.7 in bounded C!! sets. In case when
f(z,t) = W(dp(x))A(t) for some function W, we give a sufficient and necessary integral



SEMILINEAR EQUATIONS FOR NON-LOCAL OPERATORS 3

condition for (a version of) Theorem 3.9 to hold in terms of W, A and the renewal function.
Building on Lemma 4.5 we next give a sufficient condition for Corollary 3.7 to hold in a
bounded C'! set. Finally, we end by establishing Theorem 5.3 that extends Corollary 3.7 for
nonnegative nonlinearities f. This result generalizes [1, Theorem 1.9].

The Appendix has two parts. In the first part we provide a proof of Lemma 3.8 in a more
general context. In the second part, we give quite technical proofs of Propositions 4.1 and 4.2.
The proof of Proposition 4.1 is modeled after the proof of [3, Theorem 3.4], while the proof
of Proposition 4.2 is somewhat simpler.

We end this introduction with a few words about notation. Let D C R% be an open set.
Then C,(D) denotes the family of all bounded continuous real valued functions on D, Cy(D)
the family of all continuous functions vanishing at the boundary (infinity in case D = R?),
C(D) the family of all infinitely differentiable functions with compact support, B(D) Borel
measurable functions on D, and B,(D) bounded Borel measurable functions on D. If u is
a measure on D, then L'(D,p) denotes integrable functions, L] (D, u) locally integrable
functions and L*°(D) essentially bounded functions on D. In case when p is the Lebesgue
measure on D, we simply write L'(D). For U C D open, U CC D denotes that the closure U
is contained in D. For A C RY, M(A) denotes o-finite signed measures on A and |\| denotes
the variation of A € M(A). For an open set D C RY we denote by dD the boundary of
D, 6p(z) = dist(z,dD) if z € D, and dpe(z) = dist(z,dD) if z € D°. For two functions f
and g, f =< ¢g means that the quotient f/g stays bounded from above by a positive constant,
and f =< ¢ that the quotient f/g stays bounded between two positive constants. Finally,
unimportant constants in the paper will be denoted by small letters ¢, ¢y, cs, ..., and their
labeling starts anew in each new statement. More important constants we denote by a big
letter C', where e.g. C(a,b) means that the constant C' depends only on parameters a and b.

2. PRELIMINARIES

2.1. The process and the jumping kernel. Let X = (X;,P,) be a pure jump Lévy process
in R?, d > 2, with the characteristic exponent ¥ : R? — C given by

W) = [ (1= r iyl gey) vid),

where v is a measure on R\ {0} satisfying [5.(1A|y[*)v(dy) < oo — the Lévy measure . Thus
the Fourier transform of the distribution of X; is given by

Ege Xt = ¢~V ceR? t>0.

We further assume that U(¢) = ¢(|¢]?) where ¢ : [0,00) — [0,00) is a complete Bernstein
function, cf. [39, Chapter 6]. This means that

o) = [ (= ety

where ¢ (0,00) — (0,00) is a completely monotone function such that [;*(1 A t)u(t)dt <
oo. Thus, in fact, the process X is a subordinate Brownian motion with the Lévy measure
v(dz) = j(|z|)dx where j : (0,00) — (0, 00) is given by

j(r) :/ (47Tt)’d/Qe’TQ/(‘“),u(t)dt, r > 0. (2.1)
0

We will refer to the function j as the Lévy density, or the jumping kernel, or simply, the
kernel. The function j is strictly positive, continuous, decreasing and satisfies lim, _,, j(r) = 0.
Moreover, the following properties of j are known: there exists C' = C(¢) > 0 such that

jr) < Cj(r+1), r>1, (2.2)
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for every M > 0 there exists C' = C(M, ¢) > 0 such that

J(r) < Cj2r), re(0,M), (2.3)
cf. [26, (2.11), (2.12)], and there exists C' = C(¢) > 0 such that

’(%)nm

cf. [10, Proposition 7.2]. Further, by [29, Lemma 4.3], for every rq € (0, 1),

: J(r)
lim su =1. 2.5
50 ok G(r 1 0) (25)

< Cj(r), r>1, n=12, (2.4)

Properties (2.2)—(2.5) are used in some of the results that we quote later.

The main example of the process satisfying the above assumptions is the isotropic a-stable
process in R?, a € (0,2). In this case W([¢]) = €], ¢(N) = A*2) and j(r) = C(d,a)r %
for some explicit constant C'(d,«) > 0. The isotropic stable process enjoys the exact scaling
property which in terms of the complete Bernstein function ¢(A\) = A*/? reads as ¢(t)/¢(s) =
(t/s5)*/2. A similar property is also needed for the subordinate Brownian motion X. Thus we
introduce the following weak scaling hypothesis:

(H): There exist Ry > 0, 0 < §; < dy < 1 and constants a1, as > 0 such that

” G)é < % <a (2)5 £>s> Ro. (2.6)

The number Ry above is not important: If (H) holds with some Ry > 0, then it holds with
any R > 0, but with different constants a;, as (67 and dy of course remain the same).

It is well known that under the assumption (H) the kernel j enjoys sharp two-sided estimates
for small » > 0: For every R > 0 there exists C'= C(R) > 1 such that

Clo(r=2)r < j(r) < Co(r—2)r ¢, 0<r<R, (2.7)
see for example [11, (15), Corollary 22].

2.2. The semigroup, the operator and the potential kernel. For a bounded or non-
negative function v € B(RY) and ¢ > 0, define Pu(x) := E,[u(X;)]. Then (P);>o is the
semigroup corresponding to X. It is well known that this semigroup has the Feller property,
ie., b Co(Rd) — CQ(Rd)

The space C>°(R?) of infinitely differentiable functions with compact support is contained
in the domain of the infinitesimal generator of the semigroup, and for u € C*°(R?) it holds
that

Lu@) = [ (uly) = ule) = Vu@) - (= 2)gaen) iy —ahdy  (3)
=ty [ ) = @)y = el dy (2.9)

In the familiar case of the isotropic stable process the operator L is the fractional Laplacian.
Under our assumption, the process X is also strongly Feller, i.e., P, : By(RY) — Cy(R?).
Indeed, by using (H), it easily follows that

/Rd |Eo [ %] ][] d€ < o0
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for all n > 1, cf. [33, (3.5)]. It follows from [37, Proposition 2.5(xii) and Proposition 28.1]
that X, has a density
plt.a) = (20" [ costa- e
Rd
which is infinitely differentiable in x. This immediately implies the strong Feller property. For
t>0and z,y € R? let p(t,z,y) := p(t,x —y). Then p(t,z,y) are transition densities of X
(or the heat kernel) in the sense that P,f(z) = [p.p(t, 2, y) f(y) dy.
The process X is transient if it satisfies the Chung-Fuchs condition

1 \d/2-1
———d\ < o0.
o 0N
This condition is satisfied for d > 3 and we always impose it in case d = 2.
Under transience one can define the potential kernel (or the Green function) by

G(z) = /Ooop(t,:p) dt < oo.

Moreover, under the assumption (H), one has the following comparability for small z, cf. [28,
Lemma 3.2(b)]: For every R > 0, there exists C' = C'(R) > 1 such that

Co(|a| ™) a7 < G(a) < Cp(l2[*)7Hal ™, 2] < R. (2.10)

2.3. Harmonic functions. Let £!' = L'(R? (1 A j(|z|))dx). For an open set U C R, let
v = inf{t > 0: X, ¢ U} be the first exit time from U. A function u € L' is said to be
harmonic in an open set D C R? if for every open U C U C D,

u(z) =E, [u(X,)], zeU.

The function wu is regular harmonic in D if the above equality holds with D instead of U. If
u is harmonic in D and u = 0 in D, then u is said to be singular harmonic.

We say that the scale invariant Harnack inequality is valid if there exists o > 0 and a
constant ¢ = ¢(ry) > 0 such that for every zy € R? every r € (0,7) and every function
u : R? — [0, 00) which is harmonic in the ball B(x,r) it holds that

u(x) < culy), x,y € B(xg,r/2).

It is well known that the scale invariant Harnack inequality is valid under the weak scaling
condition (H), cf. [22, Theorem 1, Theorem 7|. Moreover, nonnegative harmonic functions
are locally Holder continuous, [22, Theorem 2, Theorem 7]. Under condition (2.4) it is shown
in [10, Theorem 4.9] that if u is harmonic in an open set D, then u € C?*(D).

For u € L£! define the distribution Lu by
Lug) = [ w@le@is, e @Y,
R4

Let D C R be open. Then u is harmonic in D if and only if Lu=0in D (as a distribution),
cf. [23, Lemma 3.1 and Lemma 3.3] and [8, Theorem 3.14 and Theorem 3.16].

2.4. Transition density and Green function for the killed process. Let D C R be an
open set, and 7p = inf{t > 0: X, ¢ D}. The killed process X (or part of the process X)
is defined by X = X if t < 7p, and XP = 9 if t > 7p. Here O is an extra point called the
cemetery. Every Borel function f on D is extended to 0 by letting f(J) = 0. The semigroup
(PP)¢>0 of the killed process X? is defined by

PP f(x) = Eo[f(X})] = Eulf(X0),t < 7p],  f € By(D).
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Fort > 0 and x,y € D let

pD(t,l‘,y) (t Z y) E, [P( — TD; TD7y)7TD < t]'
It is well known that pP(¢,-,-) is symmetric on D x D. By the strong Markov property,
pP(t,z,y) is the transition density of X, ie., PPf(z) = [,p"(t,2,y)f(y)dy. Moreover,
by continuity of p(t, z,y), the Feller and the strong Feller property of X, one can show that
pP(t,z,y) is jointly continuous, see [19, pp. 34-35] and [34, Lemma 2.2 and Proposition 2.3].
Continuity of p” (¢, z,y) implies that the semigroup (PP);>¢ is strongly Feller.

Let
Gpf(z) = /0 PP f(x) / F(X)d

be the potential operator of the killed process X”. This operator admits the symmetric
density

Gpla,y) = / PP(ta,y)dt, @y e D,
0

which we call the Green function of X”. That is, Gpf(z) = [, Gp(x,y)f(y)dy. We extend
the definition of the Green function by GD(:c,y) =0if x E D¢ or y € D°. By using Hunt’s
switching identity, it is standard to derive that for every open U C D,

GD(IL',?/) = E$[GD(X’TU7y)]7 HS D,y €D \ U.

In particular, for a fixed y € D\ U, the function z — Gp(z,y) is regular harmonic in U and
harmonic in D \ {y}. Since harmonic functions are continuous, we get that = — Gp(x,y) is
continuous in D \ {y}. By symmetry, y — Gp(z,y) is continuous in D \ {z}.

If f:D —[0,00] such that Gpf(z) < 0o, for some x € D, it was shown in [8, Remark 2.4]
that Gpf < oo a.e. and Gpf € L'NL} (D). In particular, when D is bounded Gp f € L*(D).

loc

2.5. Martin kernel and Poisson kernel. From now on we assume that D is a bounded
open subset of R?. The Poisson kernel of D with respect to the process X is defined by

Pp(z,z) = / Gp(z,y)jlly —z])dy =z € D,z e D", (2.11)
D

It is well known and follows from the Lévy system formula (see [29, (1.1)]) that Pp(z,-) is the
den81ty (with respect to the Lebesgue measure) of the exit distribution of X from D (restrlcted
to D°):

P.(X,, € A) = / Pp(z,2)dz, AcD". (2.12)
A

Furthermore, it was shown in [8, Proposition 3.1] that Pp(z, 2) is jointly continuous in D x D°.
It is well known that if D has a Lipschitz boundary, then P,(X,, € 9D) = 0, see [26, (5.5)],
and thus the equality (2.12) holds for every A C D°.

We say that z € 0D is accessible from D with respect to X if Pp(z,2) = oo for some
(equivalently, every) = € D, and inaccessible otherwise. The notion of accessible boundary
point was introduced in [13] in the context of the fractional Laplacian. In the very general
setting, accessible points were studied in [32] and [35]. It is shown in [32, Subsection 4.1] that
the subordinate Brownian motion X of our paper satisfies all the assumptions of [32], so we
are free to use results of that paper. We mention that in case of sufficiently regular boundary
0D (Lipschitz boundary is fine), all boundary points are accessible.

Let 0y D C 0D denote the set of all accessible boundary points of D. Fix zo € D. It is
shown in [32, Lemma 3.4, Theorem 1.1] that for every accessible point z € 0D there exists

Mp(z,z) == lim Gol@,y)

) 2.13
y—z,yeD GD(ZL‘Q,’y) ( )
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and x — Mp(z, z) is harmonic with respect to X (i.e. singular harmonic with respect to X).
In fact, the above limit exists for all boundary points z, but x — Mp(x, z) is not harmonic in
case of an inaccessible point z € 9D. The function Mp(z, 2z) is called the Martin kernel of D
with respect to X. It is shown in [8, Proposition 5.11] (cf. [13] for the case of the fractional
Laplacian) that u : D — [0, 00) is harmonic with respect to X if and only if there exists a
nonnegative finite measure p on 0y, D such that

u(r) = Mp(z, z)p(dz) .
oD
In that case p is unique. We will use the notation Mpu(x) = faMD Mp(x, z)u(dz). Since

Mpyu is a singular harmonic function with respect to X, we have that Mpu € C*(D), and
also by [8, Remark 5.12], it is in L'(D). We note further that Mpu = oo in D if and only if
 is an infinite measure, see [8, Corollary 5.13].

For a nonnegative measure A on R?\ D, we define

PpA(x) = /Rd\D Pp(z,2)A\(dz), x € D.

If ) is a signed measure on RY\ D such that Pp|\| < oo in D, then Pp) is defined by the
same formula. Note that if Pp|A|(xz) < oo, for some = € D, [8, Corollary 3.11 and Remark
3.6] yield that PpA is finite and continuous on the whole D, and Pp) € L'(D).

We can say something more about the measure that satisfies Pp|\| < oo. Since Pp(zx,z) =
oo for z € Oy D, Pp|\| < oo implies that the measure A has no mass on dy;D so A can be
viewed as a measure on R\ (D U dy; D). Also, A is finite on compact subsets of D° since for
a compact K C D° we have that K > y — Pp(z,y) is bounded and strictly positive.

Let v € M(D) and set u(y) = Gpr(y) := [, Gp(y,v)r(dv). Then for z € D we have
u(z) = 0, hence

Lu(z) = lim (U(y)—U(Z))j(|y—2|)dy=/RdGDV(y)jﬂy—ZDdy

e—0 ‘yiz‘>€

= [ ([ eotwomian) ity ay
= [ ([ eotwity ) via

- /D Pp(v, 2) v(dv),

if the last integral absolutely converges. In particular, if v = ¢, for x € D, where ¢, is the
Dirac measure at z, then u(y) = Gp(z,y) and

LGp(x,-)(z) = Pp(x, 2),

which gives an alternative expression for the Poisson kernel. Further, let ¢ : D — R be

bounded, u = Gpy» and A € M(R?\ D). Then

/Rd\D Lu(z) A(dz) = /Rd\D (/D Pp(y, 2)1(y) dy) A(dz2)
_ /D ¥(y) ( /R o Pp(y, 2) A(dz)) dy = /D U(y)PpA(y) dy. (2.14)
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2.6. Boundary trace operator. Recall that xy € D is fixed. Let u: D — [—00, c0] and let
U be an open Lipschitz precompact subset of D such that xq € U. Let nyu be a measure on
R? defined by

7mW®=AGMm@(AwﬂV—WMw@)M,AcR¢

Following the approach in [12] we define the boundary trace operator Wp.

Definition 2.1. If the measures ny|u| are bounded as U 1 D and nyu weakly converge to a
measure p as U T D, then we denote Wpu = i, 1.e. Wpu = (1}%1) Nu.

It was shown in [8, Lemma 5.2] that the measure Wpu is concentrated on 9D. Further, if
p is a finite signed measure on 9y D, A a o-finite measure on R?\ D such that Pp|\| < oo,
and f : D — R such that Gp|f| < oo, then by [8, Proposition 5.4 and Proposition 5.11], it
holds that

Wp(Mpp) = p, Wp(PpA) =Wp(Gpf) = 0. (2.15)

2.7. Some auxiliary results about Green potentials. We keep assuming that D is a
bounded open subset of RY. Recall that a function ¢ : D — [—00, 00] is said to be in the Kato
class J with respect to X if the family of functions {Gp(x,y)|q|(y) : « € D} is uniformly
integrable (with respect to the Lebesgue measure on D). Obviously, if |v] < |¢| and ¢ € J
then v € J.

Next, we show that the function ¢ : D — [—00, 00| satisfying

i sup [ ool —yl %) e = ol dy =0 (2.10)
€0 yeRrd |lz—y|<e

is in the Kato class J. Extend the function ¢ to all of R? by setting ¢(y) = 0 for y € D¢.
Since Gp(z,y) < G(z,y), to show that ¢ € J it suffices to show that the family of functions
{G(x,y)|q(y)| : = € R} is uniformly integrable. By using (2.10), one can check that [40,
(24), Lemma 5] holds true. Hence, we can apply [40, Theorem 1], which together with (2.10)
implies that (2.16) is equivalent to

¢

lim sup E, l/ q(Xs) ds] =0, (2.17)
t0 eRrd 0

i.e. ¢ is in the classical Kato class K(X) from [17] and [15]. By (2.16), ¢ € L'(D) and therefore

[15, Theorem 2.1(ii)] implies that ¢ € K,(X), i.e.

Ve > 035 > 0VB € B(R?) such that A\(B) <§ = sup / lq(v)|G(z,y)dy <e.  (2.18)
z€R® J B
cf. [17, Definition 2.1(ii)]. Furthermore, by [17, Proposition 2.1], ¢ € K, (X) implies that ¢
is Green bounded. Together with boundedness of D, [38, Theorem 16.8(iii)] gives that the
family {G(z,y)|q(y)|: © € R?} is uniformly integrable, and therefore ¢ € J.

Note that under (H), the condition (2.16) is satisfied for ¢ € By(R?), so every bounded
function ¢ is in the Kato class J.

Recall that the boundary point z € 9D is said to be regular (for D) if P,(7p = 0) = 1. The
set D is regular if every boundary point is regular. The same proof as in [12, Proposition 1.31]
shows that if D is regular, then ¢ € J if and only if Gplq| € Co(D), and then Gpqg € Cy(D).

Let z € D be regular. Then for all x € D,

lim Gp(x,y)=0.

y—z,yeD
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A proof of this well-known result can be found in [31, Proposition 6.2]. The next result is also
known — we include the proof for the sake of completeness.

Lemma 2.2. Let D be a bounded open subset of R?. Then Gpl € C(D) andlim,_,, Gpl(z) =
0 for every reqular boundary point z € 0D.

Proof. Let (x,)nen be any sequence of points in D. Since the constant function 1 is in 7, the
family {Gp(z,,) : n € N} is uniformly integrable. If x,, — = € D, then lim,, .o, Gp(z,,y) =
Gp(z,y) for a.e. y € D, hence by Vitali’s theorem, see [38, Theorem 16.6 (ii) <= (iii)], it
follows that
lim [ Gp(an,y)dy = / Gp(z,y)dy,

D D

n—oo

proving that Gpl € C(D). If z,, — z € 0D with z regular, then lim,, ., Gp(z,,y) = 0 for
all y € D. Again by Vitali’s theorem we get that lim,, fD Gp(Tn,y)dy = 0. O

Denote by D™ the set of all regular boundary points of D. For § > 0, let Ds := {x € D :
dist(x,0D) > ¢}.

Lemma 2.3. Let v : D — [0,00) be a continuous function and p : D — [0,00) such that
Gpp € C(D) and pvGpl € LY(D). Then, for every x € D it follows that

lim : |Gp(z,y) — Gp(w, y)|p(y)v(y)dy = 0.

w—T

Proof. Let r > 0 such that B(z,r) C D and take a sequence (z,), C B(z,r/2) such that
x, — . Since v is continuous in D, there exists a constant ¢; > 0 such that v(y) < ¢; for all
y € B(x,r). Therefore,

/D |Gp(7n,y) — Gp(z,y)|p(y)v(y)dy < a1 /D |Gp(xn,y) — Gp(z,y)|p(y)dy

s [ (Gpny) ~ Gole ey
DNB(z,r)c

Since Gp(zn,y)p(y) — Gp(x,y)p(y) as n — oo, for a.e. y € D, by Vitali’s convergence
theorem, [38, Theorem 16.6 (i) <= (4i1)], it is enough to show that

lim [ Gp(zn,y)p(y)dy = / Gp(z,y)p(y)dy and

lim Go(tn, y)p(y)oly)dy = / Go(,y)p(y)v(y)dy.
=0 ) DNB(x,r)e DNB(x,r)°c

The first limit follows directly from the assumption Gpp € C(D). For the second integral, we
will show that there exists a constant ¢y > 0 such that

Gp(w,y) < cGpl(y), w e B(x,r/2), ye DNB(x,r). (2.19)

Therefore, since ppGpl € LY(D) and x,, € B(x,r/2), we can apply the dominated convergence
theorem to obtain

lim Gl y)p(y)v(y) dy = / Gp(z, y)p(y)v(y) dy.

=% J DNB(z,r)° DNB(x,r)°c

It remains to show (2.19). First note that Gp(-,y) are harmonic functions in B(x,r) for all
y € DN B(x,r)¢. By the Harnack principle, there exists ¢z > 0 such that

Gp(w,y) < csGp(x,y), forallwe B(zx,r/2) and all y € DN B(xz,r)". (2.20)
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Let ¢ : D — [0, 1] be a function with support in B(z,7/2). Then both Gpt and Gp(z,-) are
regular harmonic in DN B(xz,r)¢ and vanish in the sense of the limit on D" and by definition
on D"
Let z € 0D. By [29, Theorem 1.1], there exists a finite limit
. CTYD (SL’, y)
a(z) == lim ———
( ) y—z,yeD GDw(y)

Therefore, there exists a 0 < €(z) < dist(B(x,r),0D)/2 such that

w<a(z)+l, for allyGDﬁB(zae(z))

Gply) —
By compactness of 0D, there are finitely many points z1, 29, ..., 2, € dD and § > 0 such that
0D C D\ Ds C Uj_,B(2j,€(2;)). Thus for any y € D\ Ds it holds that

Go(,y) < max (a(z;) +1) =: cq. (2.21)

GpY(y) ~ i=l..m
Further, since both Gpy and Gp(x,-) are continuous (and strictly positive) on the compact
set Ds N B(z,r)°, we get that

GD<x7y)

IO Y) oy e Dy Blx,r). 92.22

Goil(y) = 5, Y 5 (,7) ( )
Combining (2.20)—-(2.22) together with Gpy < Gpl, we get (2.19). O

Lemma 2.4. Let |g| < f such that Gpf € Co(D). Then Gpg € Cy(D).

Proof. Let (z,), C D be a sequence that converges to z € D. We have

G pgln) — Gpgla)| < /D Golem ) — Gola,y)ll9(y)ldy

§/D\Gp(wmy)—Gp(x,y)|f(y)dy- (2.23)

Since Gp(xn,y)f(y) = Gp(z,y)f(y) as n — oo and Gpf € Cy(D) by Vitali’s theorem [38,
Theorem 16.6 (i) <= (iii)] we have that the right-hand side of (2.23) tends to 0. Hence,

Gpg € C(D)
To see that Gpg € Cy(D) it is enough to notice that 0 < |Gpg(z)| < Gpf(x) in D so when
x — z € 0D we have Gpg(z) — 0. O

3. THE SEMILINEAR PROBLEM IN BOUNDED OPEN SET

Let us now turn to the semilinear problem. For functions f: D xR - Rand u: D — R
let f,: D — R be a function defined by

fulz) = [z, u(z)).

Definition 3.1. Let f : DxR — R be a function, \ € M(R4\ D) and pp € M(OD) a measure
concentrated on Oy D, such that Pp|\| + Mp|u| < oo on D. A function uw € L*(D) is called a
weak dual solution to the semilinear problem

—Lu(z) = f(z,u(x)) in D
u = A in D* (3.1)
Wpu = p on 0D
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if u satisfies the equality

[ wlesis = [ fou@)Gouia)is
/R o / Po(x, 2)0(x) dz Mdz)

/a . / Mp(z, 2)0(x) da pu(dz), (3.2)

for every ¢» € C*(D). If in the equation above we have > (<) instead of the equality and
the inequality holds for every nonnegative ¢ € C°(D), we say that u is a supersolution
(subsolution) to (3.1).

Remark 3.2. (i) Recall from Subsections 2.4 and 2.5 that if Pp|A|(z) + Mp|u|(x) < oo for
some = € D, then Pp|A|(z) + Mpl|p|(x) < oo for all x € D. Also, since Pp|\| < oo, Ais a
measure on R\ (D U 8y, D), see Subsection 2.5, so conditions in (3.1) in D¢ and on 9D are
indeed complementary.

(ii) Note that by Fubini’s theorem and symmetry of Gp, the above definition implies that the
weak dual solution u of (3.1) satisfies

u(z) = Gpfu(z) + PpX(x) + Mpu(z),
for almost every = € D. Moreover, if we set ¢ = PpA + Mppu, then (3.2) is equivalent to

/D u(a)(z)dz = /D F (@, u(2)) G () dx + /D g()(x)d. (3.3)

Also, suppose that u € L}, (D) satisfies (3.1). This also implies that u = Gp f, + PpA+ Mpu
a.e. in D. Since Gp f., Pp)\, Mpu € L*(D), see Subsections 2.4 and 2.5, we have u € L*(D),
i.e. every function that satisfies (3.1) must be in L'(D).

Before we show an existence and uniqueness theorem for a wide class of problems we show
an auxiliary result. For a Borel set A C D and = € A, let wA(dz) :— IP’ (X € dz) denote
the harmonic measure. If u : R? — [—00,00], let Pu(x) := E,| fRd y)wh(dy)
whenever the integral makes sense. We also recall that G 4(x,y) = O 1f y §é A. Finally, if the
function u is defined only on D, we extend it to all of R? by setting u(z) = 0 for z ¢ D, and
denote the extended function as ulp.

Lemma 3.3. Let D be an open bounded set in R, f : D — [—o00,00] a function on D and
A € M(RI\ D) such that

Gpl|fl(xo), PpA|(xg) < oo for some xy € D.
Let u be a function on D satisfying
u(z) = Gpf(x) + PpA(z) for a.e. x € D
and A C D an open set. Then for a.e. x € A,

u(z) = Gaf(x) + Pa(ulp)(x) +/ Pa(z,y)\(dy). (3.4)
Proof. First recall that if Gp|f|(zo), Pp|A|(z0) < oo for some zg € D then Gp|f|(z), Pp|A|(z) <
oo for almost every x € D, see Subsections 2.4 and 2.5. By the strong Markov property we
have that

Gple,y) = Gale,y) + / Golzy)(dz), =€ AyeD,
D\A
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and then (2.11) implies that

Po(e,y) = Pa(a,y) + / Po(zy)wii(dz), x €A, ye D"
D\A

Therefore, for a.e. x € A we have

ul(z) = / G, y) f(y)dy + /D G, y) f(y)dy + / Po(z, y)Mdy)

c

\A

= /A Galz,y)f(y)dy + /A /D y Gp(z,y)wi(dz) f(y)dy

c

— /AGA(:E,?/)f(y)dy+/D\A </D GD(z,y)f(y)dy) W (d2)
+ [ Polwpriay

_ / Gatw)f Wiy + [ - ulz)us(d2)

D\A

_ /D\A (/D PD(z,y))\(dy)) w% (dz) +/CPD(:c,y)A(dy)
= [Gatrons [ e+ [ it )

c

n /D y D\AGD(z,y)wj’;;(dz) Fly)dy + / Pp(z,y)A(dy)

O

Remark 3.4. Let u = Gpf + PpA as above and set w = A on D°. For an open set A C D
with a Lipschitz boundary consider the linear problem —Lusq = f in A, ux = u in A° and
Waus =0 on 0A. Then Lemma 3.3 says that uy = u in A.

Proposition 3.5. Let D C R? be a bounded open set and let f : D x R — R be a function
which is nonincreasing in the second variable. Then the continuous weak dual solution to (3.1)
18 unique.

Proof. Let u; and uy be two continuous solutions to (3.1). Remark 3.2(ii) yields that u; =
Gpfu, + PoA+ Mpp ae. on D, i = 1,2, hence uy — uy = Gpfu, — Gpfu, a.e. on D. Note
that A :={x € D : uy(x) > ua(x)} is open and that f(z,ui(z)) < f(x,us(x)), x € A, since f
is nonincreasing. Using Lemma 3.3 we get for a.e. x € A

0 < ui(w) —uz(w) = Galfuy — fur) (@) + Pa((us —u2)1p)(x) <0
hence A = (). Similarly we get {x € D : us(x) > us(z)} = 0. O

Let us recall the condition (F) on the function f:

(F) f: D xR — R is continuous in the second variable and there exist a function p : D —
[0,00) and a continuous function A : [0, 00) — [0, 00) such that |f(z,t)] < p(x)A(]t]).

Theorem 3.6. Let D C R? be a bounded open set and let f : D x R — R be a function
satisfying the condition (F). Let A € M(R4\ D) such that Pp|\| < oo and p € M(0D) be a
finite measure concentrated on Oy D. Assume that the nonlinear problem (3.1) admits a weak
dual subsolution u € L'(D) N C(D) and a weak dual supersolution u € L'(D) N C(D) such
that u <. Set g := PpA+ Mpu and h := [u| V |u|. If one of the following conditions
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(i) =0, Gpp € Co(D) and u,u € L>®(D) such that for every open subset A C D and a.e.
reA

u(x) < Gafu(z) + Pa(ulp)(z) + Pai(z), (3.5)

W) > Gafule) + Pa(@lp)(x) + PaA();
(ii)p = 0, A is nondecreasing, Gp(pA(h)) € Co(D) and u and w satisfy (3.5) and (3.6),
respectively;
(i7i) A is nondecreasing, Gp(pA(h)) € Co(D) and there exists a constant C' > 0 such that, on
holds, then (3.1) has a weak dual solution u € L*(D) N C(D) satisfying

u<u<m. (3.7)

If, in addition, [ is nonincreasing in the second variable, then u is a unique continuous weak
dual solution to (3.1).

Proof. First note that by using (3.3) and (2.15), a function u € L'(D) is the solution to (3.1)
if and only if © — ¢ is the solution to the homogeneous problem
—Lw(x) = f(z,w+yg) inD
w = 0 in D¢ (3.8)
Wpw = 0 on 0D.

Thus, we solve (3.8). For general v € Cy(D), the function f, need not satisfy the Kato
condition Gp|f,| € Co(D), so we define a modification of f in the following way:

f(z,u(z)), t>u(r) —g()
Fx,t) = ¢ f(z,t+g(x)), ulz)—g(z) <t <u(z)—g(x) (3.9)
fz,u(z)), t <u(z)—g().

Note that F'is continuous in the second variable. Furthermore,

if v € Cy(D), then Gpl|F,| € Co(D), (3.10)
since
e under (i), Gpp € Cy(D) and
|F(z,v(x))] < plx) e A(y), (3.11)
where M := max{||u/|c, ||T||c} and ¢; := maxycpn Aly) < oo so the claim now

follows from Lemma 2.4;

e under (i) and (éi7), Gp(pA(h)) € Co(D) and
[F(z, 0(x))] < p(x) Au()] V [a(z)]) = ple)A(h(2)), (3.12)

and the claim again follows from Lemma 2.4.
Next we consider an auxiliary problem
—Lu(z) = F(x,u) inD
u = 0 in D¢ (3.13)
Wpu = 0 on 0D,
whose solution will be given by the Schauder fixed point theorem. To this end,

[ under (Z), set C = ”GDpHLOO(D)HAHLOO([QMD?
e under (ii), set C':= [|Gp(pA(h))||L=(D);

e under (ii7), let C' be the constant from the assumption (7ii);
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and let K = {v € Cy(D) : ||v]|o < C}. Define the operator T by

Tu(z) = /DF(y,v(y))GD(:c,y)dy, v e Cy(D). (3.14)

From (3.10) we have Tv € Cy(D). We now prove the continuity of 7. Suppose the opposite,
i.e. suppose that there are ¢ > 0, (z,)n C D, (vn)n C Co(D) and v € Cp(D) such that

vy — v||oo — 0 and |Tw,(x,) — Tv(x,)| > €, for all n € N. Since D is compact there is 2z € D
and a subsequence of (z,), denoted again by (x,), such that z,, — x. We have

e <|Tvp(xn) — To(x,)| < |Tvp(z) — To(z)| + |Ton(20) — Top ()| + |T0(2) — To(24)|.
(3.15)

Note that if x € 9D, then Tv,(z) = Tv(z) = 0 by (3.14). Since F' is continuous in the second
variable using the dominated convergence theorem with bounds from (3.11) and (3.12) for the
first term, for x € D we have |Tv,(z) — Tv(x)| — 0 as n — oo. For the second and the third
term let us also look first at the case « € dD. Note that from (3.11) and (3.12) we have

e under (7)

|Tw(z,)| < 01/ Gp(zn,y)p(y)dy = c1Gpp(x,) — 0, asx, =z, w e {v,v,},
D

since Gpp € Cy(D);
e under (ii) and (7i7)

[ Tw(@,)| < / Gp(@n, y)p(y)Ah(y))dy = Gp(pA(h))(xn) = 0, as zp =2, w € {v, 00},

D
since Gp(pA(h)) € Cy(D).
If x € D then Gp(z,,y) = Gp(z,y) so using [38, Theorem 16.6 (i) <= (iii)]

e under (7)
|Tw(z,) — Tw(z)| < cl/ |Gp(Tn,y) — Gp(x,y)|p(y)dy — 0, asz, —x, weE{v,v,},
D

since Gpp € Cy(D);
e under (ii) and (7i7)

|Tw(z,) — Tw(z)| < /D |Gp(xn,y) — Gp(z,y)|p(y)A(h(y))dy — 0, asx, =z, we{v,v,},

since Gp(pA(h)) € Cy(D).
Thus, we have a contradiction with (3.15), i.e. T is continuous.

Also, from (3.11), (3.12) and the choice of constant C' we get T(K) C K.

We are left to prove that T'(K) is a precompact subset of K. By Arzela-Ascoli theorem it
suffices to note that the functions {T'v : v € K} are equicontinuous by the same calculations
as above.

Hence by the Schauder fixed point theorem there is a function u € K such that

u(z) = /D Fy, u(y))Colz,y)dy.

i.e. u is a weak dual solution to (3.13). It follows immediately from (3.9) that, if u —g < u <
u— g, then u is also a weak dual solution to (3.8). Finally, we show that the obtained solution
u to (3.13) is between u — g and u — g. In case of assumption (iii), this is obvious. Under (i)
or (i), set A={z € D :u(x) > u(zr) — g(x)}. Note that F,(y) = fa(y) for all y € A and that
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A is an open subset of D, since both v and @ — g are continuous on D. Then, for every x € A,
by (3.4) we have

u(@) +g(x) = GaFu(z) + Pa((u+ g)1p)(x) + PaA(z)
< Gafa(x) + Ps(ulp)(x) + Pa(z)
<u(x),

where the first inequality comes only from the middle term and the second one is (3.6).
This implies that A = (). By using (3.5), one can analogously show that {x € D : u(x) <
u(z) —g(x)} = 0.

Uniqueness follows from Proposition 3.5. O

In the following corollary we extend the main result from [12] to our setting of more general
non-local operators.

Corollary 3.7. Let D C RY be a bounded open set and let f : D x R — R be a function
satisfying the condition (F) with A nondecreasing. Let A € M(R?\ D) such that Pp|\| < oo
and p € M(OD) a finite measure concentrated on Oy D. Set g :== PpA + Mpu and § :=
Pp|A| + Mp|p|. Assume that Gpp € Co(D), Gp(pA(29)) € Co(D), and that either (a) A is
sublinearly increasing, lim;_,oo A(t)/t =0, or (b) m is sufficiently small. Then the semilinear
problem
—Lu(z) = mf(z,u(x)) in D
u = A in D¢ (3.16)
Wpu = pu on 0D

has a weak dual solution u € L'(D) N C(D) such that |u| <G+ C, for some C > 0.

If, in addition, f is nonincreasing in the second variable, u is a unique continuous weak
dual solution to (3.16).

Proof. We use Theorem 3.6(iii) with mf instead of f and first choose the constant C' > 0.
Set r1 := sup,cp Gpp(x) and 7o 1= sup,.p, Gp(pA(29))(x). By the assumption, we have that
r1 < oo and ry < oco. If (b) holds, given any C' > 0 we can find m small enough such that
m(A(2C)r, + 1) < C. If (a) holds, then since A is sublinearly increasing, we can find C' > 0
large enough so that again m(A(2C)r, + 1) < C.

Letu:= C+g, u:=—uand h:= [u|V|u| = C+7g. Clearly, u and u belong to L'(D)NC(D)
and satisfy u — g < —C < C < 7w — g. We check that @ is a supersolution of (3.16). Indeed,

|Gp(mfa) + gl < mGplfoizl +75 < mGp(pA(C +7)) +7
< mGp(p(A2C) +A(29))) +7 < m(AQRC)r +75) +7< C+G=T.

In the same way we see that u is a subsolution. It remains to check that Gp(mpA(h)) € Co(D)
and Gp(mpA(h)) < C. By the same computations as above we have

G(mpA()) < mA(C)Gpp +mGpph(27)) (3.17)
<m(AQ2C)r + 1) < C.
Since Gpp € Co(D) and Gp(pA(29)) € Co(D), by (3.17) and Lemma 2.4 we also have

Uniqueness follows from Proposition 3.5. a

Our next goal is to extend Corollary 3.7 to a wider class of nonpositive functions f. First we
show an additional auxiliary result. This result provides an approximation of a nonnegative
harmonic function on D by an increasing sequence of potentials. It is a consequence of a rather
well-known fact that we prove in the appendix, see Proposition 6.3. We can use this result
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because the semigroup (PP);>q is strongly Feller, the process X is transient, nonnegative
harmonic functions are excessive, and the potential Gp1 is continuous and satisfies 0 < Gpl <
oo on D.

Lemma 3.8. Let h : D — [0,00) be a harmonic function with respect to the process XP.
There exists a sequence (fy)r>1 of nonnegative, bounded and continuous functions such that

Gpfith.

Theorem 3.9. Let D C RY be a bounded open set. Let f : D xR — (—o0,0] be a function that
satisfies (F) with Gpp € Co(D). Assume, additionally, that f(z,0) = 0. Let A € M(R?\ D)
be a nonnegative measure such that Pp\ < oo and p € M(ID) be a finite nonnegative measure
concentrated on Oy D. Let g :== Pp\ + Mppu. If the semilinear problem (3.1) satisfies one of
the following conditions:

(i)p = 0;
(ii)u # 0, the function A is nondecreasing and pA(g)Gpl € L*(D);

then the problem (3.1) has a nonnegative weak dual solution w € L*(D). If, in addition, f is
nonincreasing in the second variable and u € C(D), then u is a unique continuous solution to
(3.1).

Proof. Let (ﬁ)k be a sequence of nonnegative, bounded and continuous functions on D from
Lemma 3.8 such that G Dﬁ T Mpp. Let (K,), be an increasing sequence of compact sets such
that K, 1 D°. Then, for n € N the measure \,(-) = A(-N K,,) is a finite nonnegative measure
on D°. Consider the following semilinear problem
—Lu(z) = f(z,u(x))+ fr(z) inD
u = A in D¢ (3.18)
Wpu = 0 on 0D.

Since f(z,0) = 0 and fy > 0, u = 0 is a subsolution to (3.18). As a supersolution to (3.18)
we take the solution ufg") = Gpfr + PpA, of the linear problem
—Lu(z) = fuz) inD
A

U = A, in D¢

Wpu = 0 on 0D.

Fix k € N. Notice that v\ € C(D) and that, by Lemma 3.3, u\" satisfies (3.4). Morcover,
since A, is finite and

sup Pp(z,z) < j(dist(D, K,,)) sup Gpl(z) < oo,
zeD,zeK,y, xeD

u,i") is bounded. This means that we can apply Theorem 3.6(i) so that for n =1 the problem

(3.18) has a solution uy ;, € C(D)NL>*(D) such that 0 < uy < u,(gl). Note that since A\; < Ay,
uy ; is also a subsolution to the problem (3.18) for n = 2 such that (3.5) holds for every open
subset A C D, that is for a.e. x € A

i (2) = Gafuy, (%) + Gafu(®) + Paurplp)(@) + Paki(x)
< Gafur, (@) + Gafu(z) + Pa(uiplp)(z) + Pado(a).
Since uy g, < u,(:) < ul(f), again by Theorem 3.6(i), there exists a solution usy € C(D)NL>(D)

to the problem (3.18) with Ay on D€, such that uy j < ugy < u,(f). By iterating this procedure,
we obtain an increasing sequence (uy, ;)nen of solutions to problems (3.18) for different n € N.
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Moreover, the sequence (uy)nen is dominated by the function ug associated with the linear
problem

—Lu(z) = fo(z) inD
u) = A in D¢
Wpu) = 0 on dD.

Hence, the pointwise limit lim,,_, u, r = uy is well defined in D. We will now show that wuy
is a weak dual solution to the problem

—Lu(z) = f(z,u(x))+ ﬁ(az) in D
u = A in D (3.19)
Wpu = 0 on 0D.

Take any ¢ € C°(D), v > 0. Then by Fatou’s lemma and the continuity of the function f
in the second variable, we get that

—/Df<SL’,uk(I))GD1/1<SL’)dSL’ < —limsup/Df(:z:,umk(:c))GD?/J(:C)d:c

n— o0

= —limsup/Dunvk(x)@/)(x)fer/Dﬁ(fE)GD@Z)(x)dx

n—o0

+Agmmwmm
[ w@u@dr+ [ f@Goiad+ [ Poau(s

where we used the monotone convergence theorem in the last line. The inequality above
implies that uy is a weak dual subsolution to (3.19). To show that uy is also a supersolution
of the same problem, set D' = suppty CC D and build a sequence (D;)ey of sets with
Lipschitz boundaries such that D' cC D, CC D and D; 1 D. Obviously, ¢ € C°(D;), and
both Gp,x» T Gpy and Pp,A 1 PpA pointwise in D. Also, notice that ug = Gpfr + Pp)is
continuous, hence locally bounded. Furthermore, in D; we have

|f (@, un k(1)) |G, () < Cp(x)Gp (),

where C' := maxyep, A(ul(y)) < oo, and pGp,yp € L*(D) since [, pGp,b = [, ¥Gp,p <
Il » ¥Gpp < oo. By using the dominated convergence theorem in the first equality and Lemma
3.3 in the second, we have

/mawu»+Mmmmwmm:nm [f (2, un (@) + Fil(2))Gp () da

n—oo
Dy Dy

= lim (E/ U ()Y (2)de — /PDlumk(az)w(az)daz— /PDlAn(x)zp(x)dx

n—o00 3 s
< 11113010 (D/ umk(x)@b(x)dx—/PDlAn(x)w(:p)d:p
1 Dy

/ we(z )y (2)dz + / Pp, Mz )i(z)dz.

Dy Dy
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Letting [ — oo we obtain

JU @) + A@IGov@is < [uwimu@is+ [ P

D D D
which proves that uy is a supersolution, and therefore the solution to (3.19). Notice that for
1= 0 we have ﬁ = 0 so we have found a solution to the problem (3.1) under the assumption
7).
| )Suppose that we have a function A with properties as in the assumption (i7) of this theorem.
With the Arzela-Ascoli theorem we will now find a suitable subsequence of (uy ) that converges
to a function u that is a solution to the problem (3.1). To this end first notice that wy is given

by
wn(x) = /D G, ) (5, uly)) + Fulw)ldy + / Po(z, y)Mdy)

(&

= /D Gz, 9)f(y, ur(y))dy + Gp fr(z) + PpA(x). (3.20)

Since f is nonpositive, ury < g = PpA + Mpp so we have the pointwise boundedness of the
family (ug). Since G Dﬁ increases to the continuous function Mpu, by Dini’s theorem the
convergence is locally uniform so the usual 3e-argument gives equicontinuity of the family
(G Dﬁ) r at every point x € D. Also, Pp\ is continuous in D so it remains to analyse the first
term. We have

/D G, ) (s wnly))dy — /D Gl y) F(y, un(y))dy
< /D 1Go(e,9) — Gz ) p(w)Aur(y))dy

§/D|Gp(r,y)—Gp(z,y)|p(y)A(g(y))dy-

Equicontinuity of the first term in (3.20) now follows from Lemma 2.3. Now by Arzela-Ascoli
theorem we extract a subsequence (uy,); which converges pointwise to a continuous function
u. Without loss of generality, assume that u; — wu. It remains to prove that u is a weak
solution of (3.1), i.e., for every ¢ € C°(D)

/Du(x)w(x)d:p:/Df(:p,u(x))GD@Z)(x)der/DPD)\(x)@/)(x)dx+/DMD,u(x)Q/)(x)d:p. (3.21)

We know that wu, satisfies

/ u(z)Y(x)de = / f(z, up(2))Gpy(x)dr + / PpA(x)y(z)dx + / Gp fr(x)(z)dz.
D D D D

(3.22)
Since up — u pointwise and u; < g, by the dominated convergence theorem the left-hand side
of (3.22) converges to the left-hand side of (3.21). Furthermore, by the monotone convergence

theorem the last term of (3.22) converges to the last term of (3.21). To show the convergence
of the first term on the right-hand side, note that

| (@, ur(2))Gop(2)| < crp(x)A(g(2))Gpl(x).

Now the assumption (i) implies boundedness in L!'(D), so the convergence follows from the
dominated convergence theorem. Hence, u is a solution to the problem (3.1). Uniqueness
follows from Proposition 3.5. O



SEMILINEAR EQUATIONS FOR NON-LOCAL OPERATORS 19

Remark 3.10. (i) Note that the condition pA(g)Gpl € L'(D) from Theorem 3.9 is weaker
than the condition Gp(pA(2g)) € Cy(D) from Corollary 3.7.

(ii) Recall that if D is regular then ¢ € J if and only if Gplg| € Co(D). Hence, if we assume
that D is regular in Theorem 3.6 then we can equivalently assume p € J and pA(h) € J
instead of Gpp € Co(D) and Gp(pA(h)) € Co(D), respectively. Obviously, similar is true for
Corollary 3.7 and Theorem 3.9.

4. AUXILIARY RESULTS IN BOUNDED CY! OPEN SETS

4.1. The renewal function. We start this section by introducing a function which plays a
prominent role in studying the boundary behavior in C'%! open sets.

Let Z = (Z;)i>0 be a one-dimensional subordinate Brownian motion with the characteristic
exponent ¢(6%), 0 € R. We can think of Z as one of the components of the process X. Let
M; := supy<s<; Zs be the supremum process of Z and let L = (L;);>o be the local time of
M, — Z; at zero. We refer the readers to [7, Chapter VI| for details. The inverse local time
L;' = inf{s > 0 : L, > t} is called the ascending ladder time process of Z. Define the
ascending ladder height process H = (H;)i>o of Z by H; = M-+ = Z;1 if L;' < co and
H; = 0o otherwise. The renewal function of the process H is defined as

V(t) = / P(Hs; <t)ds, teR.
0

Then V(t) =0 for t <0, V(0) =0, V(c0) = 00, and V is strictly increasing. The importance
of the renewal function V' lies in the fact that V| o is harmonic with respect to the killed

process Z(%>) This fact was for the first time used in [27] in order to obtain the precise rate
of decay of harmonic functions of d-dimensional subordinate Brownian motion.

In case of the isotropic a-stable process, it holds that V (¢) = t*/2. In general, the function
V is not known explicitly, but under the weak scaling condition (H) it is known, see e.g. [27],
that there is a constant C' = C(Ry) > 1 such that

Clo(t™H) Y2 <V(t) < Cop(t™2) 7?2, 0<t<R,. (4.1)

Note that (4.1) and weak scaling (2.6) of ¢ imply that for all Ry > 1 there are constants
0 < a; < ay depending on R; such that

(1) =y <a (L) o<ssizn, 12

4.2. Estimates in C'!' open set. Recall that an open set D in R? (d > 2) is said to
be a O open set if there exist a localization radius R > 0 and a constant A > 0 such
that for every z € 9D, there exist a C! function ¢ = ¢, : R¥™1 — R satisfying ¢(0) = 0,
Vi (0) = (0,...,0), IVY] o < A, |V (2) = Vi)(2)| < Alz— 2|, and an orthonormal coordinate
system C'S,: v = (y1,-* ,Ya—1,%q) ‘= (Y, yq) With origin at z such that

B(ZaR) nD= {y = (g, yd) S B(OaR) in CS, :yq > ¢(®}

The pair (R, A) is called the characteristics of the C'! open set D. We remark that in some
literature, the C1! open set defined above is called a uniform C™! open set since (R, A) is
universal for all z € 0D.

From now until the end of this section let D be a bounded open C! set. It is well known
that all boundary points of a C''! open set are regular and accessible. Thus, 9D = 0D.
Recall that 0p(x) denotes the distance of the point € D to the boundary 0D, while dpe(z)
denotes the distance of z € D° to dD.
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Under the weak scaling condition (H) the following sharp two-sided estimates of the Green
function, Martin kernel and the Poisson kernel are known. The comparability constant de-
pends on the constants in (2.6) and the diameter of D. We give the estimates in terms of the
renewal function V:

Gp(r,y) = (MV(L@)))) (m V(on(y)) ) V(e=wl® ep 43

V(| —yl V(e —yl)/) |o—yl
Mp(x,z) = % , T€D z€dD, (4.4)
Pplx,2) = V(op() zeD,zeD (4.5)

V(dpe(2))(1 + V(dpe(2))) & — 2|*
For (4.3) see [16, Theorem 7.3(iv)], (4.4) follows immediately from (2.13) and (4.3), while
(4.5) is proved in [24, Theorem 1.3]. We will also need sharp two-sided estimates of the killing
function rp(x) := [,. j(|ly — x|) dy. It holds that

kp(z) < V(6p(x))~?, r e D. (4.6)

The upper bound is straightforward and valid in any open set D, while the lower bound holds
in open sets satisfying the outer cone condition, see e.g. [30, proof of Lemma 5.7].

4.3. Green and Poisson potentials. In this subsection we state two results which should be
of independent interest. The first one gives sharp two-sided estimates of the Green potential of
the function z — U(dp(x)) for a function U : (0, 00) — [0, 00) satisfying certain assumptions.
The estimates are given in terms of the function U and the renewal function V. A similar
result was shown in [3, Theorem 3.4]. Since our proof is modeled after and is very similar to
the one in [3], we defer the proof to Appendix. The second result is a sort of a counterpart
of the first one and gives sharp two sided estimates of the Poisson potential of the function
2+ U(0pe(2)) for a function U : (0, 00) — [0,00). The proof of this second result is simpler
and will be also given in Appendix.

To be more precise, let U : (0,00) — [0, 00) be a function satisfying the following conditions:

(U1) Integrability condition: It holds that

1
/ UtV (t)dt < oo (4.7)
0
(U2) Almost nonincreasing condition: There exists C' > 0 such that
Ut)<CU(s), 0<s<t<I1; (4.8)
(U3) Reverse doubling condition: There exists C' > 0 such that
U(t) <CU((2t), te(0,1); (4.9)

(U4) Boundedness away from zero: U is bounded from above on [¢, 00) for each ¢ > 0.

We will refer to (U1)-(U4) as conditions (U). Note that if U(t) = t#, B € R, satisfies (4.7),
then it satisfies (U). In particular, if the process X is isotropic a-stable, then (4.7) (hence
(U)) is equivalent to —f + /2 > —1.

Proposition 4.1. Assume that a function U : (0,00) — [0, 00) satisfies conditions (U). Then

_ V(ép(x) [P oy [P UMV
Gp(U(n) (@) = =25 /0 UV (t)dt + V(5p(x)) /w) ——dt. (4.10)

Morover, if U is positive and bounded on every bounded subset of (0,00), then

Gp(U(0p))(x) < V(dp(x)).
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The asymptotic behavior of Gp(U(dp)) is given by the largest term that appears in (4.10).
In this generality, this is not easy to determine (but see [3, Theorem 3.4]). It will follow from
the proof that Gp(U(dp)) < oo if and only if (4.7) holds true. Clearly, if f : D — [0, 00)
is such that f(x) < U(dp(z)), then Gpf(x) is asymptotically equal to the right-hand side of
(4.10).

Proposition 4.2. Let g : D° — [0,00) be such that

9(y) < U(bpe(y)), y € D", (4.11)
holds for some function U : (0,00) — [0,00). Assume that U is bounded on every compact
subset of (0,00) and satisfies

LU(1) > U@

—=dt dt . 4.12

| v ), v < 2

Then ~
P V(o e ) d D 4.13

= t, v €, .
pola) < Vien(a)) [ gt @ (413)
and V(s
Ppg(z) < M, zeD. (4.14)
5[) {L‘)

Remark 4.3. In case of the fractional Laplacian and the power function U (t) = t=7, condition
(4.12) becomes —«a < § < 1 —a/2. Further, it is easy to see that for —8 < «//2, the integral in
(4.13) is comparable to 6p(z) 7?2, in the case f = —a/2 it is comparable to log(1/6p(x)),
while for —3 > a/2 it is comparable to a constant. We conclude that for g(y) = dp.(y)~"*

5[)(1‘)76, 6 < —04/2,
Ppg(x) < { dp(2)*log(1/dp(x)), B=—a/2,
5p(x)*/2, p>—a/2.

4.4. Boundary estimates of harmonic functions. Let o denote the (d — 1)-dimensional
Hausdorff measure on 0D. It follows immediately from (4.4) and the estimate

d 1
/ o(dz) = rEeD,
0

plr =2t dp(z)”

that

Mpo(a) = [ Mp(e.2)a(dz) = %

The following result appears as [9, Theorem 4.2] for the fractional Laplacian.

Proposition 4.4. Let h € L' (0D, o) and let pu(d¢) = h(¢)o(dC). If h is continuous at z € OD,

then
I Mppu(x)
1m
r—z,x€D MD0'<3§‘)

zeD. (4.15)

= h(2). (4.16)

Since the proof is essentially the same as the proof of [9, Theorem 4.2], we omit it. Propo-
sition 4.4 has the following two consequences. Assume that A is nonnegative, continuous, not
identically equal to zero, and set p(d() = h(¢)o(d¢). Then since both Mpu and Mpo are
continuous, we first conclude that there exists C' = C'(h) > 0 such that

Mpu(x) < CMpo(z), =€ D.
Secondly, there exist z € 9D, e > 0, and C' = C(h) > 0 such that
Mpu(x) > CMpo(z), x € DN B(z,e¢).
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Together with (4.15), these last two estimates imply that there is a constant C' = C'(h) > 1

such that

(Vibo@)

op(x)

V(0p(x))
op(x)

4.5. Kato class revisited. In this subsection we give a sufficient condition for a function of

the distance to the boundary to be in the Kato class J. First, in the same way as in [12, two
displays below (1.9)], we have that

Mpu(z) < reD, (4.17)

Mpu(z) > C* r € DN B(z,€). (4.18)

sup Gprp(z) < 1. (4.19)
xzeD
Recall from (4.6) that kp(z) =< V(dp(xz))~2. The first part of the following result is an
analogue of [12, Lemma 1.26].

Lemma 4.5. Let f : (0,00) — [0, 00) be bounded on (0, M| for every M > 0, andlim;_, f(t)/t =
0.
(a) Let D be a bounded open set, h > 0 a locally bounded function on D such that h — oo at
0D and
sup/ Gp(z,y)h(y) dy < oo. (4.20)
xeD JD
Then foh e J.
(b) Let D be a bounded C*' open set. Then x — f(V(dp(x))~?) is in the Kato class J .
(c) Let D be a bounded C*' open set and let U : (0,00) — [0,00) satisfy condition (U4). If

lim U(s)V(s)? = 0, (4.21)
5—0
then x +— U(dp(x)) is in the Kato class J .

Proof. (a) We will take advantage of the equivalence of (i) and (ii) of [38, Theorem 16.8].
Denote ¢ := sup,cp [, Gp(x,y)h(y)dy and let n > 0. There is t; > 0 such that f(¢)/t < Z
for every t > tq. Also, since h — oo at dD there is F' CC D such that h > t; on D \ F and
since h is locally bounded we have M := supp h < co. Hence

sup /D Gp(z, y) [ (h(y))dy < sup / Gp(z, ) f (h(y))dy + sup /D | Gola) )y

xeD zeD zeD
< (sup(o,an f) sup [, [7p] +n < oo,
S

i.e. we have property (a) of (i) in [38, Theorem 16.8]. Note that 1 € J since D is bounded
so there is w, € L (D) and § > 0 such that for all B C D with [,w, < § we have
SUp,ep [ Go(z,y)dy < — Hence, for all such B it holds that

sup(o,nr) S

sup / Gp(z, y) f (h(y))dy < sup / Gp(z, ) f (h(y))dy + sup / Go(z, ) f (h(y))dy

zeD zeD zeD
BNF B\F

< (sup(o,anf) sup / Gp(z,y)dy | +n < 2n.
xre

Since n was arbitrary we have (b) of (i7) in [38, Theorem 16.8.], i.e. foh € J.
(b) This follows immediately from (a) by using (4.19) and (4.6).
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(c) Define f(t) := U(V~Y(t71/?)) so that f(V(t)~?) = U(t). By the assumption on U, the
function f is locally bounded. Moreover, by using the substitution ¢ = V(s)™2 and the
assumption (4.21), we get

W) SV -
fm == = IS — MUV =0.

The claim now follows from (b). O

4.6. Generalized normal derivative, modified Martin kernel and equivalent formu-
lation of the weak dual solution. We now invoke the powerful recent result from [25] on
boundary regularity of the solution of the equation

—Lu(z) = Y(x) inD
u = 0 in D¢

where 1 is a bounded continuous function on D. It is proved in [25, Theorem 1.2] (see
also [25, Theorem 3.10]), that u = Gpt is the (viscosity) solution of the above equation,
u/V(0p) € C7(D), and

< Cf[Y] o,
Cv (D)

It

for some constants v > 0 and C' > 0 depending only on d, D and ¢. Here C7(D) is the space
of 7-Hélder continuous functions on D with the corresponding Hélder norm. Tt follows that
u/V(dp) can be continuously extended to D. In particular, for any bounded and continuous
function ¢ : D — R and for every z € 9D, there exists a finite limit
d : Gpi(y)
—(G z):= lim ———. 4.22
dV( D?/’)( ) y—z,yED V((SD(?/)) ( )
We can think of d(Gpty)/dV as the generalized normal derivative of the function Gpy —
instead of the distance function ép we use V(dp).
If ¢ is nonnegative and has compact support, then G pv) is regular harmonic in D\ supp(2)).
By [29, Theorem 1.1], for any = € D, there exists a finite limit
Gpy(y)

1 ——.

y—z,yeD GD (l‘, y)
Combining with (4.22), we see that for every x € D and every z € 9D, there exists
GD(xa y)

Kp(x,z) = lim ———=. 4.23
pla2)i= Mmoo (423)
We call Kp(x,z) a modified Martin kernel, because given xy € D, we have that
Gp(z,y)
K
pt.2) _ . Veow) _ o oY) Mp(z, 2). (4.24)
KD(xo, z) y—z,yeD % y—z GD(an y)
DY

Lemma 4.6. Let D be a bounded open set and let b : D — R be a bounded function with
compact support and set w = Gp1. Then

() = /D Kn(y, 2)0(y) dy.
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Proof. Let 2e = dist(supp(v),dD), z € D, and x € D such that |x — z| < e. By using (4.3),
we get that for y € supp(¢),

Golry) _ Vil —yl) _ Vidian(D)

V(dp(x)) |z =yl €
Thus we can use the bounded convergence theorem to conclude from (4.23) that

d . Gpip(z) : Gp(z,y) y /
v = I ) ey | V@) y=| Kply=

O

Recall the weak dual formulation (3.2) of the semilinear problem (3.1). We will now rewrite
the last two integrals in (3.2). Let ¢ € C°(D) and set ¢ = Gp1p. First, by using (2.14) we

see that
/ / Pp(x, 2)Y(x) de Ndz) = —/ (—Lp(2)) AM(dz).
Further, for p € M(0D), let 11 dz) Kp(zo, z)pu(dz). By Lemma 4.6 and (4.24)

Mp(x, 2)¢(x) dz fi(d2) Kp(@, 2)(@) dzp(dz) = | ~Lo()p(dz).
Lo, S, L

Since 1) = — Ly, we see that the function u is a weak dual solution of the problem (3.1) if and
only if

[ @t s = [ j e - [ LeE)ad+ [ ot

This formulation of a solution to the problem (3.1) in bounded C!! open sets can be found
in [1, 2] in the case of the fractional Laplacian.

4.7. Another boundary operator. Following |1, Subsection 1.2] we now introduce another
boundary operator. For a measure € M(9D) set Kpu(x) = [,, Kp(x, z)u(dz), © € D.
Note that by Remark 4.7(i), Kp(zo, -) is continuous on 0D. In the context of the Proposition

14, et p(dC) = [(Q)or(dC), Tild) = K (o, Q)u(dC) and v(dC) = K (o, C)o(dC). Then
Kpu(z) lim Mpji(z)  Kp(zo, 2)f(2)

r—z,2€D KDO'({L‘) a r—z,2€D MDI/({L‘) n KD(ZL‘Q, Z)
Foru: D — R and z € 9D, let

= f(2). (4.25)

o u(z)
Bpu(z) = x—ggleD Kpo(x)’

whenever the limit exists and is finite.

Remark 4.7. We will need the following elementary calculations several times below.
(i) Let w: D — R be a function and assume that for every z € 9D there exists a finite limit

u(z) = lim u(z). (4.26)

r—z,x€D
Then, by applying the usual 2e-argument, it follows that u : 9D — R is continuous.
(ii) Assume further that D is bounded and w(z) = 0 for all z € dD. Then convergence in
(4.26) is uniform in the sense that for every e > 0 there exists a compact set F' C D such that

lu(z)| < € for all x € D\ F. Indeed, due to compactness of 0D we easily find a finite cover
Vi=U, B(z,1;), zi € 0D, of D such that |u| <eon DNV.

Proposition 4.8. Let u: D — R. If Epu(z) exists for every z € 0D, then Wpu exists and
Wpu(dz) = Epu(z)Kp(xo, 2)o(dz).
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Proof. Assume that Epu(z) exists for every z € 0D. By Remark 4.7(i), Epu is continuous on
OD. Let v(dz) = Kp(xo, 2)o(dz), u(dz) = Epu(z)r(dz) and

v(z) == Mpp(x) = - Mp(z,2)Epu(z)v(dz) = - Kp(z,z)Epu(z)o(dz).

By (4.25), for every z € 0D,

, v(x)
=F
x%iglGD KDO'(LIZ‘) DU(Z)’
hence Epv = Epu, so that lim,,, .ep(u(z) — v(x))/Kpo(x) = 0 for every z € 0D. By
Remark 4.7(ii), this implies that for every e > 0 there exists a compact set F' C D, such that

Ju(z) = vlw)] <e€ forallz e D\ F.
Kpo(z)
Since Kpo is a nonnegative harmonic function, the same proof as [12, Lemma 1.16] gives that
Wp(u—v) = 0. Notice that the set of functions on D for which Wp, is defined is a vector space
and Wp is linear on that space. We conclude that Wpu exists and Wpu = Wpo+Wp(u—v) =
WDU = WD(MD/J) =M by (215) ([

5. THE SEMILINEAR PROBLEM IN BOUNDED C!! OPEN SET

5.1. Corollary 3.7 revisited. Recall that in Corollary 3.7 we assumed that the function
f: D xR — R satisfies (F) with A nondecreasing and that Gpp € Cy(D) and Gp(pA(29)) €
Co(D), where g = Pp|\| + Mp|u|. We give sufficient conditions for these assumptions in case
of a bounded C"! open set. We will additionally assume that p(z) = W (dp(x)) for a function
W :(0,00) — [0,00) and that A satisfies the following doubling condition: There exists C' > 1
such that

A(2t) < CA(t), t>0. (5.1)
This implies that for all ¢; > 1 there exists co = co(C, ¢1) such that

Aleit) < (1), t>0,

which can be rewritten as follows: For every ¢; € (0, 1), there exists ¢o > 0 such that

A(crt) > A (t), t>0. (5.2)
Secondly, assume that
_ V(p(z))
< —2 D.

By (4.14) and (4.17), this will be the case provided pu(dz) = h(z)o(dz) for a continuous

function h : 8D — R, and A(dy) = g(y)dy with |g(y)| < U(6p(y)) where U is nonnegative,
bounded on compact subsets of (0,00) and satisfies (4.12). Then we have

por@)e) < W) (2E)) s,
for some ¢ > 0. By using Lemma 4.5(c), we see that Gp(pA(29)) € Co(D) if

lim W (t)A <@) V(t)? =0,

t—0

In case of the fractional Laplacian, W (t) = ¢t=# and A(t) = t?, these two conditions become
B4+p(l—a/2)<a.
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5.2. Theorem 3.9 in bounded C"! open set. In this subsection we revisit Theorem 3.9(ii)
in case of a bounded C'*! open set D. Recall that the assumptions of that theorem were that
f D xR — (—o0,0] satisfies (F) with Gpp € Co(D), f(z,0) = 0 and the function A
is nondecreasing. As in the previous subsection, we will additionally assume that p(x) =
W(op(x)) for a function W : (0,00) — [0,00) and that A satisfies the doubling condition
(5.1).

Proposition 5.1. Let D C R? be a bounded C™' open set. Let f: D x R — (—o0,0] be a
function that satisfies (F) with p(xz) = W (dp(x)) and such that A is a nondecreasing function
satisfying the doubling condition (5.1). Assume that

1imW(t)V(t)2 =0. (5.3)
Let M(dy) = U(6pe(y))dy where U : (0,00) = [0,00) is bounded on every compact subset of
(0,00) and satisfies (4.12), and let u(dz) = h(z)o(dz) where h : 0D — [0,00) is continuous

and not identically equal to zero. If

/ W(t (V( )) dt < oo, (5.4)

then the semilinear problem (3.1) has a nonnegative weak dual solution u € L*(D).

Conversely, assume that f(xz,t) = W(dp(x))A(t) where A : (0,00) — (0,00) is a nonde-
creasing and unbounded function satisfying (5.1) and W : (0,00) — [0, 00) is strictly positive
on (0,n] for some n > 0. Assume further that

/ Wit <V< )) it — (5.5)

Let p(d¢) = h(¢)o(dC) with nonnegative continuous h, h # 0. Then the semilinear problem
(3.1) does not have a nonnegative weak dual solution u € L'(D).

Proof. We first note that the assumption (5.3) implies by Lemma 4.5(c) that p = W (ép) € J,
and thus by Subsection 2.7, p € Cy(D). Hence, in order to see that the semilinear problem (3.1)
has a nonnegative solution it suffices to check that pA(g)Gpl € L'(D) where g = PpA+ Mpu.
By (4.14) and (4.17) there exists a constant ¢; > 0 such that

g(a:) < e V<5D<x>>

op(z)
Together with (5.1) this implies that

Alg(z)) <A (Q%) < e\ (%S))) , r€D,

for some ¢y > 0. Therefore, there is ¢3 > 0 such that

p(x)A(g(x))Gpl(z) < csW(dp(x))A (%

By using boundedness of W (ép)A (%) V(dp) inside D and the co-area formula near the

reD.

) V(ép(z)), =€ D. (5.6)

boundary of D with the assumption (5.4) we see that

/ W (6p(x (stilz()))) V(0p(z))dz < co.

Now it follows from (5.6) that pA(g)Gpl € LY(D).
For the converse, first note that by the assumption on W we have that W(s) > ¢4 > 0
for s € (0,n]. Suppose that there exists a nonnegative u that solves (3.1). Then u(z) =
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Gpfu(x) + PpX(x) + Mpu(x) a.e. Moreover, u > Mppu in D. Recall that Mpu satisfies the
estimate (4.18) for some € > 0 that we can take smaller than 7. Together with (5.2) this
implies that

Alu(y)) > A Mpu(y)) > A <65%) > cg\ (%) , forallye DN B(z,e).

Choose = € D so that p(z) < |x — y| < 1 whenever y € DN B(z,¢). By (4.3), there exists
¢z > 0 such that Gp(z,y) > ¢zV(dp(y)). Hence,

Goue) = [ Golo) iy = as [ Vinwenma (20 ) ay

op(y)

By use of the co-area formula it follows that the last integral is equal to some constant

multiplied by
/0 VWA (@) dt.

By (5.5) it follows that Gpf.(x) = 400 for points x in some open subset of D. This is a
contradiction with Gp f, < oo a.e. which follows from u < oo a.e., PpA < oo and Mpu < oco.
O

NB(z,e€)

Remark 5.2. Note that the power function A(t) = ? is increasing and satisfies the doubling
condition (5.1). Assume that W (t) = ¢t=# and the underlying process is an isotropic a-stable
process (so that V(¢) = t*/2). Then (5.3) reads 8 < «, while the integral criterion (5.4) is
equivalent to 5+ p(1 — a/2) <14 «/2. In case f(z,t) = —tP, we see that the problem (3.1)
has a nonnegative solution if and only if p < (2 + «)/(2 — ), cf. [1, Theorem 1.7] and [2,
Theorem 1.13].

5.3. Extending Corollary 3.7 to a wider class of nonnegative nonlinearities. Our
next goal is to extend the results of Corollary 3.7 for nonnegative nonlinearities f. Unlike

Theorem 3.9, this approach relies heavily on the estimates of Green and Poisson potentials in
bounded C'! domains.

Theorem 5.3. Let f : D x R — [0,00) be a function, nondecreasing in the second variable,
satisfying (F), with p = W(dp) for some function W : (0,00) — [0,00), A nondecreasing
and satisfying the doubling condition (5.1). Let X € M(R?\ D) be a nonnegative measure
which is absolutely continuous with respect to the Lebesgue measure with density (7(5Dc), where

U :(0,00) = [0,00) is a function bounded on compact subsets of (0,00) satisfying (4.12). Let
h : 0D — [0,00) be a continuous function and let p(d¢) = h(¢{)o(dC) be a measure on OD.
Suppose that one of the following conditions hold:

(i) the function t — W (t)A <@), t > 0, satisfies the conditions (U);

(i) h =0 and the function WA(U) satisfies the conditions (U). Morover assume that
diam(D) (’j(t) ﬁ(s)
2 g =< , 5.7
AN e e o0
sU(s)

/ WOVOAD () <
0 ) N (5.8)

/diam W)V ()AU(1)) d

diam(D)

where the constants do not depend on 0 < s < —;
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Then there ezists a constant my > 0 such that for every m € [0, my] the semilinear problem
—Lu(x) = mf(z,u(x)) in D
u o= A in D° (5.9)
Wpu = u on 0D
has a nonnegative weak dual solution u € L'(D).

Proof. First we prove the theorem under assumption (7). Since f is nonnegative, the function

uy = PpA + Mpu is a subsolution to (5.9). Recall from (4.14) and (4.17) that there exists a

constant ¢; > 0 such that

V(dp(x))
op(x)

Next we construct a supersolution @ for (5.9) of the form

ﬂ(l‘) =c V((SD("L‘))

op(x)
i.e. find a constant ¢y > ¢; such that
u(z) > mGpfa(x) + up(x), v € D, (5.10)

for m small enough. To be exact, we show that for every ¢, > ¢; there exists m; > 0 such
that (5.10) holds for every m € [0, m;]. Fix ¢a > ¢;. First note that by (F) and the doubling
property (5.1) for A we have

f <$702%) < W (3p(z))A <C2V§%&?)) < esW (3 ())A (%)

for some constant c3 > 0. Now by Proposition 4.1 there exists ¢4 > 0 such that

Gpfalz) < esGp [W((;D) A <v<5D>)} @) < o, V00(2)

uo(x) < ¢ x € D.

op dp(x)
we get that for every m < my

V(ép(x mey + ¢
mGp fa(x) + uo(x) < (mey + &) V(@) = — " %(2) <u(x).
op(x) Co
Now we can apply the classical iteration scheme in the following way: For k € N let u; be the
weak L' solution to the linear problem

—Lug(z) = mf(x,ur_1(z)) inD
U = A in ﬁc
Wpur, = p on dD.
The constructed sequence (ug)y is nondecreasing and dominated by @. To see this, take
x € D. Since f is nonnegative, we have that

uy(z) —uo(z) = mGp fu,(z) > 0.
Furthermore, since f is nondecreasing in the second variable and uy < u, we have that
ur(z) = mGp fu,(z) + uo(x) < mGp fa(z) + up(z) < u(z).
Assume now that ug_;(z) < wi(z) < @(x) for some k € N. This implies that f,,  (z) <

fur (@) < fa(z), so

By choosing m; = ==

—= o

U1 (7) — w(@) = MG fo (2) — MG o, (1) = 0
and
Up+1(x) = mGp fu, (x) + up(x) < mGp fa(r) + ue(z) < u(x).
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The claim now follows by induction.
Therefore, we can define a pointwise limit u := lim;,_,, ugx which, by the monotone conver-
gence theorem and the continuity of f in the second variable, satisfies

u(r) = lim / f(y,ur(y))Gp(z, y)dy + uo(z)

k—00

/ Tim £ (9 ()Gl y)dy + o)

/f y, u(y))Gp(x,y)dy + uo(z),

i.e. uis a weak L' solution to (5.9).

Next, consider the proof of the theorem under the assumptions (ii). Note that we only need
to find a supersolution @ > ug = PpA satisfying (5.10). The rest of the proof then follows
from the proof of (7). Note first that (4.13) and (5.7) imply that there exists a constant ¢ > 0
such that B

up(z) < ;U (dp(x)), z € D.

Therefore, in this case we fix a constant c¢g > ¢5 and show that the function u of the form

(x) = ¢oU (3p()),
is indeed a supersolution to (5.9) for m small enough. As in the previous case, by (F) and
the doubling property for A

f (.06 (@))) < W(p()A (U (3p(x))) < erW (0p(x))A (T(dp(a)))
for some constant ¢; > 0. Now by Proposition 4.1 and (5.8) it follows that
Gpfalr) < e1Gp [W(éD)A (17(51)(:5)))} () < esU (5p(x)).

By choosing m; = % we get that for every m < my

mGp fa(x) + up(z) < (mes + 05)(7(5D<1’)) =

Assume that functions W and A satisfy (5.4), W satisfies conditions (U2)-(U4), and A is non-
decreasing and satisfies the doubling condition (5.1). Then the function U(t) = W (t)A (@)

satisfies conditions (U). Indeed, since W is almost nonincreasing and A is nondecreasing it

follows that
WA (M) A(Y2) wy A (@Y2) 6
W(S)A (@) = A(@) = @ = 1,

Furthermore, since W satisfies the reverse doubling condition (4.9) and A is nondecreasing,
we have that

ONES . A () o A (1) "
WA (M> _A(M) - A(51261—1w> =

s<t<l1.

€ (0,1).

2t 2t

Finally, note that U is bounded away from zero, since both W and ¢ — Y satlsfy (U4) and A
is nondecreasing. Similarly, note that the function U = WA(U) satisfies condltlons (U2)-(U4)
if we additionally assume that U satisfies (U2)-(U4).
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Remark 5.4. (i) Consider the isotropic a-stable case and take A(t) = t? and W(t) = t %

for some p > 0 and f; > 0, as in Remark 5.2. The function U(t) = W(t)A <@> satisfies

conditions (U) if and only if 51 + p(1 — a/2) < 1+ «/2. Hence, if f(x,t) = t*, then Theorem
5.3 holds for p < gf—g

(i) When U(t) = t =%, the function WA(U) satisfies conditions (U) if and only if 3, + pfs <
1 + «/2. The condition (5.7) is satisfied for Sy < 1 — /2. When f; = 0 the conditions in
(5.8) are satisfied when f2(p — 1) < a. Since f, <1 — /2 we have that 5 +1 < Hﬁzﬂ, SO
Theorem 5.3 states that the solution exists for p < % + 1.

6. APPENDIX

6.1. Approximation of excessive functions. Let (X;,P,) be a Hunt process on a locally
compact space D and let (P;);>o denote its semigroup. Let U be the potential operator of X,
that is :
Ufa) =B [ f(X0dt=E. [ = [ s
0 0 0

We assume that X is transient in the sense that there exists a nonnegative measurable function
h such that 0 < Uh < oo, see [18, p.86], and also that (P;) is strongly Feller. What follows
essentially comes from [18, Section 3.2].

Lemma 6.1. Suppose that f is excessive, P,f < oo for allt > 0 and lim; .o, P,f = 0. Then
there exists a sequence (g, )n>1 of nonnegative measurable functions such that f =1 lim Ug,,.
Moreover, if f is continuous and bounded, then one can choose g, to be continuous.

Proof. This is proved as [18, Theorem 6, p.82]. The function g, is given by

gn = n(f - Pl/nf)'
If f is bounded, then P/, f is continuous (by the strong Feller property). If f is also contin-
uous, then f — Py, f is continuous. O

Remark 6.2. Transience is not needed in this result. The assumption P;f < oo is satisfied if
f < oo since P, f < f. The assumption lim; ., P;f = 0 is not satisfied for harmonic functions
(since they are invariant).

Proposition 6.3. Let f be excessive. If (P;) is transient, there exists a sequence (gn)n>1 of
bounded measurable functions such that f =71 lim, ., Ug,. Moreover, assume that there exists
h > 0 such that 0 < Uh < oo and Uh is continuous. If f is continuous and (P;) is strongly
Feller, then one can choose g, to be continuous.

Proof. Let h,, = nh with 0 < Uh < co. and put
fo=FANUh, An.

By [18, Theorem 8, p.104], f,, is excessive (minimum of excessive function is excessive). Note
that under additional assumptions, f,, is continuous (and clearly bounded). By Lemma 6.1,
there exists a sequence (gnk)r>1 such that f, =1 limy oo Ugnk. In fact,

Gk = k(fo — Piyitfn) < kn.

Under additional assumptions, g,x are continuous. From the proof of Lemma 6.1, cf.[18,
Theorem 6, p.82],

1/k
Ugnk:k/ Pf,ds <n.
0
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For each n, Ug, increases with & (this is part of Lemma 6.1); for each k, Ug,, increases with
n (this follows from f, < f,+1). Now, by [18, Lemma 1, p.80],

T lim f, =7 lim T lim Ug,, =7 lim Ug,,.
n—00 n—oo  k—oo n—00
On the other hand, by the same [18, Lemma 1, p.80] and monotone convergence
T lim f, =T lim 1T lim P, f, =t lim T lim P.f, T lim P, f = f.
n—00 n—00 t}0 t}0 n—00 t}0

Therefore, by setting ¢, = gnn,
f =1 lim Ug,.
n—ro0

6.2. Proofs of Propositions 4.1 and 4.2. Let ¢ > 0 be such that the map ® : 9D x
(—€,6) — R defined by ®(y,d) = y + dn(y) defines a diffeomorphism to its image, cf. [3,
Remark 3.1]. Here n denotes the unit interior normal. Without loss of generality assume that
e < diam(D)/20.

Lemma 6.4. Let n < € and assume that conditions (U) hold true. Then for any x € D such
that dp(x) < n/2,

T dp(z) Ui
Gp(U(0p)Lispan)(x) = m/0 U(t)V(t)dt+V(5D(x))/o UtV (t)dt

5D($)
K Ut)vit
+ V(5D(x))/ Mdt. (6.1)
sp@/z

Further, Gp(U(6p)1(sp<y) ) (x) < 00 if and only if the integrability condition (4.7) holds true.
Proof. Let rg := diam(D)/10. Fix z € D as in the statement and define

Dy, = B(z,ép(z)/2)

Dy = {y:dply) <n}\ Bla,r)

Dy = {y:dp(y) <dp(z)/2} N B(z, 1)

Dy = {y:30p(x)/2 <dply) <n} N B(x,r0)

Ds = {y:dp(z)/2 <dp(y) <30p(x)/2} N (B(x,10) \ B(z,dp(x)/2)).
Thus we have that

Go (UG Lsnen) (@) =3 [ GolelU(Gn(m)dy = Y1

Estimate of I;: Under the almost nonincreasing condition (4.8) and the doubling condition
(4.9) it holds that

T dp(z)
I < U(p(2)V (6p ()2 < % /0 UV () dt. (6.2)
Let y € Dy. Then ép(y) > dp(x)/2 > |y — x| implying that
V(5D($)) V(5D(y)) -
(g ) (ove) =
Further, by using first (4.8) and then (4.9) we have that
U(dp(y)) < alU(0p()/2) < c2U(dp(2)). (6.3)
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Therefore, by using weak scaling of ¢ in the penultimate asymptotic equality,

_ V(lz —yl)? ) 1
e R e e LT N e
dp(z)
< V() [ g < Ulbn(e) S = VG () (6n(a)*
Finally, by (4.8) and the upper weak scaling (4.2) of V,
IR U(0p(x))V (0p(x) [P V(1)
5D(x)/0 vvigde = dp(z) /0 V(dp(x)) o
U(dp(2)V(dp(x) [P0 [ t \
= S (6D<x>) «
= U(dp(2))V(6p(x)).
Estimate of I5:
= V(5p(z)) /0 UV (t)dt. (6.4)

Let y € Dy. Then 1y < |y — x| < diam(D) so that |y — x| < 1. This implies that Gp(z,y) <
V(0p(x))V(0p(y)). Therefore

L= Vo) [ Unu)VEow)dy = Vo) [ UGn(u)Vnl)dy
Ds Sp(y)<n
Finally, (6.4) follows by the co-area formula.
In estimates for I3, I, and I5 we will use the change of variables formula based on a dif-
feophormism @ : B(x,ry) — B(0, ) satisfying
®(D N B(x,r)) = B0,70) N {z €R: z-¢4 >0}
®(y) - ea = op(y) for any y € B(z,ro), P(x) = dp(x)eq,

see [3, page 38]. For the point z € RT = {z € R?: z-¢; > 0} we will write z = (Z, z).
Several times we also use the following integral:

a Sd—2 B (1 + b/CL)l—d
A (b+5)dd8—W’ CL,b>O. (65)
Estimate of I5:
_ V(ép(x)) [P
= =5 /0 U6V (1) dt . (6.6)

Let y € D3. Then dp(y) < dp(x)/2 implying |z — y| > dp(z)/2, and thus
V(op(x)) V(0p(y) V(z—yl)*  V(p(=)V(dp(y))

Gp(x,y)xv(|x_y|)v(|x_y|) gt z— ) : (6.7)
Therefore
L= V) [ U<5D‘<g>sz<|gD<y>>dy

U(za)V (2a)
Vo) [ Tl

Sp(z)/2
= Vion(a) [ / UeVlza) __ g, gz
1Z<ro ([0p(z) — 24| + [2])?

dz

)
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op(z)/2
5D / 2/ |5 U(Zd)V(Zd) dz ddt

p(w) — zq4| +1)?

_ ofonte 2 U(0p(2)h)V (dp()h)
— V(ip(a ))/0 54 /0 (L =h+ dh ds

)

ro/dp(x)

gd—2 1/2
V(6 (x)) /0 o /0 U (60()h)V (50 (2)h) dh
1/2

= V(o) B [ )y Gp o)) dn

)

1/2
= V(on(x)) / U(6p(x)h)V (5p(x)1) dh

B V(6p(x)) dp(x)/2
= /0 UV (t) dt.

This proves the upper bound in (6.6). For the lower bound, note that by the upper weak
scaling (4.2) of V' and the almost nonincreasing condition (4.8), we have

5p(x)/2 6p(z) dp(x)
/ U)V(t)dt = 2/ U(t/2)V(t/2)dt > 2/ 03U(t)2il‘12“51V(t) dt
0 0 0

op(x)
= 04/ Ut)V(t)dt.
0
Estimate of I,:
K Ut)V(t
~ V(0 () / % dt (6.8)
36p(z)/2

Let y € Dy. Then |z —y| > 0p(x)/2 and |z — y| > dp(y)/3, hence Gp(z,y) is of the form
(6.7). By following the first five lines in the computation of I3, we arrive at

I = V(dp(x)) /Om/%(x) 512 / " Uple)hV Bp()h) g g,

3/ ((h—1) ts)d
= Vo) [ Z(SDW e e (17°i_i)d dr dh
V() ///“ U<6D<x>£z>_v1<5D<x>h> (1+ (h _;)fo 2)/r0)"”
= V(p(z)) /3 ZaD(x) U((SD(x): )_Vl(éD(x)h) dh
= V(dp(z)) /3 Z(st U@D(x)h)hw%(x)h) dh
= V(ép(x)) /3:,3(@/2%&'

Estimate of I5: Under the almost nonincreasing condition (4.8) and the doubling condition
(4.9) it holds that

) dp(x)
Is = UGp(a)V (Gpfa))? = 25 / UV (t) dt. (6.9)
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Let y € Ds. Then |x —y| > 0p(x)/2 > dp(y)/3, hence Gp(x,y) is of the form (6.7). Also, the
estimate (6.3) and the analogous one with V' hold true. Therefore

I, = V((;D(x))/D U(0p(y))V (6p(y))

|z —y|d
< Ubp(a)V (6p(2)? / !

—dy.
Ds |$—y|d

dy

It is shown in [3, page 42| that the last integral is comparable to 1. This proves the first
approximate inequality in (6.9), while the second was already proved in the estimate of I;.
The proof is finished by noting that I + I5 < I3. O

Lemma 6.5. Let n < € and assume that conditions (U) hold true. There ezists c¢(n) > 0 such
that for any x € D satisfying dp(x) > n/2,

G (U(6)L (3 an) (7) < c(n) (6.10)
Proof. Fix x € D as in the statement and define

Dy = {y: dply) <n/4},
Dy = {y:n/4<dply) <n}.
Then

2
Co(Un Liapen) (@) =3 [ Glan)UGo(w)dy = Y1
j=17D; j=1

Estimate of J;:

1 n
s /0 UV (1) dt. (6.11)

Let y € Dy. Then 0p(y) < n/4 < dop(x)/2, hence by using |z —y| > dp(z) —dp(y) we have that
|z —y| > dp(y) and |x — y| > dp(x)/2. This implies that Gp(z,y) satisfies (6.7). Therefore,

i = V(op(x)) /D U@p(y)V (6p(y))

|z =yl
By using the co-area formula we get (below dy denotes the Hausdorff measure on {0p(y) = t})

" vev !
Jx/ UtVt(/ 7dy)dt.
! 0 5p(y)=t |l’ - y\d

The inner integral is estimated as follows: For dp(y) = t it holds that |z — y| > dp(x) — t,
hence |z —y|~* < (6p(z) —t)~%. The Hausdorff measure of {5p(y) = t} is larger than or equal
to the Hausdorff measure of the sphere around x of radius dp(z) — ¢ which is comparable to
(6p(x) — t)4~1. This implies that the inner integral is estimated from above by a constant
times (0p(z) —¢)~'. Thus

dy.

Jp = /W4 UV (t)(0p(x) —t)*dt.

If t <n/4, then t < dp(x)/2, implying dp(z)/2 < dp(x) —t < dp(x). Therefore,

1 n/4 9 [
Jp = m/o Ut)V (t)dt < ;/0 Ut)V(t)dt.

Estimate of J,:
Jo = U(n/4). (6.12)
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Let y € D,. By the almost nonincreasing condition (4.8) we have U(dp(y)) < c1U(n/4), hence

V(lz —yl])? V(lz —yl])?
n= [ o) ay < vt/ | Vil =l
n/4<8p (y)<n |z —yl n/A<8p(y)<n |z — y|

V(lz —yl|)?
< U(n/4)/ Hd@/ = Uln/4).
B(x,2diam(D)) |z —y|

The last estimate uses the fact that the integral is not singular.
By putting together estimates for J; and Js, we see that there exists co > 0 such that

Co(UBp)1spen) (@) < ¢ <— /0 "vwve dt+U(n/4)> — ¢(n).

O

Proof of Proposition 4.1: First we prove the statement under conditions (U). Fix some
n < € and treat it as a constant. Note that on {0p(y) > n} it holds that U is bounded (by
the assumption (U4)). Therefore

Gp(U(0p)Lsp>n)(x) < Gpl(z) < V(dp(x)). (6.13)
By Lemma 6.5, if dp(z) > /2, then Gp(U(6p)1(s,<n)(z) < c(n). Hence,
Gp(U(dp))(z) <1, dp(x) =n/2.

Since for dp(z) > n/2 the right-hand side in (4.10) is also comparable to 1, this proves the
claim for this case. Assume now that dp(z) < 1/2. By Lemma 6.4 and (6.13) we have that

Gp(U(dp))(z) = Gp(U(0p)Lep<n)(®) + Gp(U(dp)15p2n) ()

V(op(a) [ "
op(z) /0 U“)V(t)dHV(éD(:c))/o Ut)V(t)dt

=V ) |

36p(z)/2

n

w dt +V(op(x))

V(5p(z)) [P
T /0 ULV (t) dt+ V (5p(x)) /5

p(z)
Clearly, in the last integral we can replace n by diam(D).
Lastly, assume that the function U is bounded on every bounded subset of (0, 00). Obvi-
ously, by (6.13),

UMV
t

dt .

—~

Gp(U(0p))(x) = Gpl(z) < V(ip(z)).
On the other hand, analogously as in (6.4),

Gp(U(6p))(x) > / U(6p(y))Gol. y) dy = V(6p(2)) / Uity d.

Do
O

Proof of Proposition 4.2: Fix n < e. Let z € D and ro > dp(z) +n. We split D¢ into
three parts,

Dy ={z€ D°: pc(z) > n}
Dy ={z€ D°NB(x,ry): dpe(z) <n}
D3 ={z¢€ D°\ B(x,rg) : dpc(2) <n}
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and apply (4.11) to get that

Ppg(z) = / U(0pe(2))Pp(z, z)dz + /D U(0pe(2))Pp(z, z)dz + /D U(0pe(2))Pp(z, z)dz

Dy

=L+ L+
Estimate of I;: For z € D¢ such that dpe(z) > n, the estimate (4.5) is equivalent to
V(dp(x))
P = .
DT 2) = G ()20 (2

By applying this estimate and the co-area formula to I, we arrive to

3 U (60 (2))
i =V(op(@) /D V(60 (2))20pe ()1

=V (ép(x)) /OO V[g)?td /Dc 15, ()=t dwdt

= V(6p(x)) / N VU(EQtdt

As before, dw in the first two lines denotes the Hausdorff measure on ép(w) =t and we used
that

Hw € D: dpe(w) =t} <t t >n.
Estimate of I,: First note that for z € D°N B(x,ry) estimate (4.5) implies that
V(dp(x))
P = .
o(%:2) = @)l — 2]

Next, as in the proof of Lemma 6.4 we will use the change of variables formula based on a
diffeophormism @ : B(z,r9) — B(0,r) satisfying

®(D° N B(z,7)) = B(0,79) N{w € R : w-e4 < 0}
|®(2) - eq| = 0p(z) for any z € D°N B(z,1r), ®(x) = dp(z)eq.

Similarly as before, for the point w € RY = {w € R : w - ey < 0} we will write w = (W, wy).
Therefore, by the change of variables given by the diffeomorphism ® it follows that

3 U (50:(2))
fo = V(op (@) /D V(o0 (2))la — 22

= V(o)) [ U(~wa)

{weBOro)i—n<wa<0y V (=wa)(|0p () — wa| + [w])

Next, we apply the substitution wy = —t and switch to polar coordinates for w to obtain that

_ n fj(t) ro Sd—2
I AV(5D(:E))/O V(t)/o (5D(x)+t+s)dd$dt

ddw.

(6.5) o [ U(t)

= VO J Vi "
Viop(z) [T

<S5t v
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Estimate of [3: Lastly, note that for z € D\ B(x,ry) such that dp(z) < n, estimate (4.5)
is equivalent to

V(dp(x))
V(0pe(2))

PD(.I‘, Z) =

Therefore, similarly as in the estimate of I; we have

I3 < V(éD(a:))/D %dz

"U(t)
= V(ép(x /—/ 15, (w)=t dwdt
() o V(1) Jpe\ B Polw)=t

= V(dp(z)) /0 n%dt.

Since for t < n we have that dp(z) +t < diam(D) + n, it follows that I3 < I5.
This proves that

_ K U(t) = U(t)
Pog(x) = V(on(x)) /Ov(t)(aD(x)+t)dt+/n gt ) aeD.

By fixing n and noting that

) ) > 0,
/,7 V(t)(éD(:c)+t)dt+/,] ROk

we obtain (4.13). Inequality (4.14) follows immediately. O
REFERENCES
[1] N. Abatangelo, Large s-harmonic functions and boundary blow-up solutions for the fractional Laplacian.

Discrete Contin. Dyn. Syst. 35 (2015), 5555-5607.

N. Abatangelo, Large solutions for fractional Laplacian operators. Ph.D. thesis, Université de Picardie
Jules Verne, Amiens, arXiv:1511.00571v1 (2015).

N. Abatangelo, D. Gomez-Castro and J. L. Vasquez, Singular boundary behaviour and large solutions for
fractional elliptic equations. arXiv:1910.00366v2 (2019).

M. Ben Chrouda, Existence and nonexistence of positive solutions to the fractional equation AT u = —u.
Ann. Acad. Sci. Fenn. Math. 42 (2017), 997-1007.

M. Ben Chrouda and M. Ben Fredj, Blow up boundary solutions of some semilinear fractional equations
in the unit ball. Nonlinear Analysis 140 (2016), 236-253.

M. Ben Chrouda and M. Ben Fredj, Nonnegative entire bounded solutions to some semilinear equations
involving the fractional Laplacian. Potential Anal. 48 (2018), 495-513.

J. Bertoin, Lévy processes. Cambridge Univ. Press 1996.

I. Bioci¢, Representation of harmonic functions with respect to subordinate Brownian motion.
arXiv:2010.01206v1 (2020).

K. Bogdan and B. Dyda, Relative Fatou theorem for harmonic functions of rotation invariant stable
processes in smooth domains. Studia Math. 157 (2003), 83-96.

K.Bogdan, T.Grzywny, K. Pietruska-Patuba and A.Rutkowski, Extension and trace for nonlocal operators,
J. Math. Pures Appl. 137 (2020), 33-69.

K. Bogdan, T. Grzywny and M. Ryznar, Density and tails of unimodal convolution semigroups. J. Funct.
Anal. 266 (2014), 3543-3571.

K. Bogdan, S. Jarohs and E. Kania, Semilinear Dirichlet problem for the fractional Laplacian. Nonlinear
Analysis 193 (2020), https://doi.org/10.1016/j.1a.2019.04.011.

K. Bogdan, T. Kulczycki and M. Kwadnicki, Estimates and structure of a-harmonic functions. Probab.
Theory Related Fields 140 (2008), 345-381.

H. Chen, P. Felmer and A. Quaas, Large solutions to elliptic equations involving fractional Laplacian,
Ann. Inst. H. Poincaré Anal. Non Linéaire 32 (2015), 1199-1228.


http://arxiv.org/abs/1511.00571
http://arxiv.org/abs/1910.00366
http://arxiv.org/abs/2010.01206

38

[15]
16]
17]
18]
19]
20]
21]
22]
23]
24]
25)
26]
27]
28]
20]
30]
31)
32)
33]
34
35]
36]

[37]

IVAN BIOCIC ZORAN VONDRACEK AND VANJA WAGNER

Z. Q. Chen, Gaugeability and conditional gaugeability, Transactions of the American Mathematical So-
ciety 354 (2002), 4639-4679.

Z.-Q. Chen, P. Kim and R. Song, Dirichlet heat kernel estimates for rotationally symmetric Lévy processes.
Proc. London Math. Soc. 109 (2014), 90-120.

Z.-Q. Chen and R. Song, General gauge and conditional gauge theorems. Ann. Probab. 30 (2002), 1313~
1339.

K. L. Chung and J. B. Walsh, Markov processes, Brownian motion, and time symmetry. Second edition,
Springer, New York 2005.

K. L. Chung and Z. X. Zhao, From Brownian motion to Schrodinger’s equation. Springer-Verlag, Berlin,
1995.

M. M. Fall, Semilinear elliptic equations for the fractional Laplacian with Hardy potential. Nonlinear
Analysis 193 (2000), https://doi.org/10.1016/j.1a.2018.07.008.

P. Felmer and A. Quaas, Boundary blow up solutions for fractional elliptic equations. Asymptot. Anal.
78 (2012), 123-144.

T. Grzywny, On Harnack inequality and Holder regularity for isotropic unimodal Lévy processes. Potential
Anal. 41 (2014), 1-29.

T. Grzywny, M. Kassmann and L. Lezaj, Remarks on the nonlocal Dirichlet problem. Potential Anal.
(2020), https://doi.org/10.1007/s11118-019-09820-9.

J. Kang and P. Kim, On estimates of Poisson kernels for symmetric Lévy processes. J. Korean Math. Soc.
50 (2013), 1009-1031.

M. Kim, P. Kim, J. Lee and K.-A. Lee, Boundary regularity for nonlocal operators with kernels of variable
order. J. Funct. Anal. 277 (2019), 279-332.

P. Kim, R. Song and Z. Vondrac¢ek, Uniform boundary Harnack principle for rotationally symmetric Lévy
processes in general open sets. Sci China Math. 55 (2012), 2317-2333.

P. Kim, R. Song and Z. Vondracek, Two-sided Green function estimates for killed subordinate Brownian
motions. Proc. London Math. Soc. 104 (2012), 927-958.

P. Kim, R. Song and Z. Vondracek, Global uniform boundary Harnack principle with explicit decay rate
and its application. Stochastic Process. Appl. 124 (2014), 235-267.

P. Kim, R. Song and Z. Vondrac¢ek, Martin boundary of unbounded sets for purely discontinuous Feller
processes. Forum Math. 28 (2016), 1067-1085.

P. Kim, R. Song and Z. Vondrac¢ek, Minimal thinness with respect to subordinate killed Brownian motion.
Stochastic Process. Appl. 126 (2016), 1226-1263.

P. Kim, R. Song and Z. Vondracek, Scale invariant boundary Harnack principle at infinity for Feller
processes. Potential Anal. 47 (2017), 337-367.

P. Kim, R. Song and Z. Vondracek, Accessibility, Martin boundary and minimal thinness for Feller
processes in metric measure spaces. Rev. Mat. Iberoam. 34 (2018), 541-592.

P. Kim, R. Song and Z. Vondracek, Heat kernels of non-symmetric jump processes: beyond the stable
case. Potential Anal. 49 (2018), 37-90.

P. Kim, R. Song and Z. Vondracek, Potential theory of subordinate killed Brownian motion. Trans. Amer.
Math. Soc. 371 (2019), 3417-3450.

M. Kwasnicki and T. Juszczyszyn, Martin kernels for Markov processes with jumps. Potential Anal. 47
(2017), 313-335.

M. Marcus and L. Véron, Nonlinear second order elliptic equations involving measures. De Gruyter, Berlin
2014.

K.-1. Sato, Lévy processes and infinitely divisible distributions. Cambridge University Press, Cambridge
1999.

R. L. Schilling, Measures, integrals and martingales. Cambridge University Press, 2005.

R. L. Schilling, R. Song and Z. Vondracek, Bernstein functions. Theory and applications. Second edition,
De Gruyter, Berlin 2012.

Z. Zhao, A probabilistic principle and generalized Schrédinger perturbation. J. Funct. Anal. 101 (1991),
162-176.

Ivan Biocié
Department of Mathematics, Faculty of Science, University of Zagreb, Zagreb, Croatia,
Email: ibiocic@math.hr

Zoran Vondracek



SEMILINEAR EQUATIONS FOR NON-LOCAL OPERATORS

Department of Mathematics, Faculty of Science, University of Zagreb, Zagreb, Croatia,
Email: vondra@math.hr

Vanja Wagner
Department of Mathematics, Faculty of Science, University of Zagreb, Zagreb, Croatia,

FEmail: wagner@math.hr

39



	1. Introduction
	2. Preliminaries
	2.1. The process and the jumping kernel
	2.2. The semigroup, the operator and the potential kernel
	2.3. Harmonic functions
	2.4. Transition density and Green function for the killed process
	2.5. Martin kernel and Poisson kernel
	2.6. Boundary trace operator
	2.7. Some auxiliary results about Green potentials

	3. The semilinear problem in bounded open set
	4. Auxiliary results in bounded C1,1 open sets
	4.1. The renewal function
	4.2. Estimates in C1,1 open set
	4.3. Green and Poisson potentials
	4.4. Boundary estimates of harmonic functions
	4.5. Kato class revisited
	4.6. Generalized normal derivative, modified Martin kernel and equivalent formulation of the weak dual solution
	4.7. Another boundary operator

	5. The semilinear problem in bounded C1,1 open set
	5.1. Corollary 3.7 revisited
	5.2. Theorem 3.9 in bounded C1,1 open set
	5.3. Extending Corollary 3.7 to a wider class of nonnegative nonlinearities

	6. Appendix
	6.1. Approximation of excessive functions
	6.2. Proofs of Propositions 4.1 and 4.2

	References

