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Abstract

Let Z be a subordinate Brownian motion in R% d > 2, via a subordinator with
Laplace exponent ¢. We kill the process Z upon exiting a bounded open set D C
R? to obtain the killed process ZP, and then we subordinate the process ZP by a
subordinator with Laplace exponent 1. The resulting process is denoted by Y2, Both
¢ and 1) are assumed to satisfy certain weak scaling conditions at infinity.

We study the potential theory of Y'?, in particular the boundary theory. First,
in case that D is a k-fat bounded open set, we show that the Harnack inequality
holds. If, in addition, D satisfies the local exterior volume condition, then we prove
the Carleson estimate. In case D is a smooth open set and the lower weak scaling
index of ¢ is strictly larger than 1/2, we establish the boundary Harnack principle
with explicit decay rate near the boundary of D. On the other hand, when ¥(\) = \Y
with v € (0,1/2], we show that the boundary Harnack principle near the boundary of
D fails for any bounded C! open set D. Our results give the first example where the
Carleson estimate holds true, but the boundary Harnack principle does not.

One of the main ingredients in the proofs is the sharp two-sided estimates of the
Green function of Y. Under an additional condition on 1), we establish sharp two-
sided estimates of the jumping kernel of Y© which exhibit some unexpected boundary
behavior.

We also prove a boundary Harnack principle for non-negative functions harmonic
in a smooth open set E strictly contained in D, showing that the behavior of Y in
the interior of D is determined by the composition v o ¢.
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1 Introduction

The fractional Laplacian (—A)®, a € (0,1), in R? d > 1, is a well-studied object in various
branches of mathematics. There are many definitions of this operator as an operator on

*This work was supported by the National Research Foundation of Korea (NRF) grant funded by the
Korea government (MEST) (NRF-2013R1A2A2A01004822).

TResearch supported in part by a grant from the Simons Foundation (#429343, Renming Song).

fResearch supported in part by the Croatian Science Foundation under the project 3526.



the Lebesgue spaces or the space of continuous functions. A detailed discussion of different
definitions of the fractional Laplacian and their equivalence are given in the recent paper [20].
From a probabilistic point of view, the fractional Laplacian is the infinitesimal generator of
the semigroup of the isotropic 2a-stable process. To be more precise, let X = (X;,P,) be

an isotropic 2a-stable process in RY, a € (0,1). For any non-negative (or bounded) Borel
function f: R4 — R and t > 0, let Q;f(x) := E,f(X;). Then

—(=A)f = hmM,

t—0 t

(1.1)

provided the limit exists (in the appropriate function space).

Another definition of the a-fractional Laplacian with a probabilistic flavor is through
Bochner’s subordination of semigroups (or Bochner’s functional calculus). Let A be the
standard Laplacian defined on some function space, (F;);>o the corresponding semigroup,
and x(A) = A% A > 0. Then

1

~(-A)F = D) = / (Puf — f)t=oVdt. (1.2)

The probabilistic interpretation is as follows: Let W = (W}, P,) be a Brownian motion in
R¢ and S = (S¢)i>0 an independent a-stable subordinator. Then the subordinate process
(Ws,)e>0 is an isotropic 2a-stable process, and (1.1) and (1.2) are exactly the same.

Once we move from the whole of R? to an open subset D C R?, the question of defining
a fractional Laplacian in D becomes more delicate. From a probabilistic point of view, there
are two obvious choices. The first, and the most common one, is to consider the isotropic
2a-stable process X killed upon exiting D. More precisely, let 75 := inf{t > 0: X; ¢ D},
and set XP := X, if t < 73, and X; := 9 if t > 75 (here 9 is an extra point usually called
the cemetery). Define the corresponding semigroup (QP);>o by QP f(z) := E,f(XP) =
E.(f(X;),t < 7). Let
Q- f

t
be the infinitesimal generator of (QF);>o. This is one possible definition of an a-fractional
Laplacian in D. It is usually called the fractional Laplacain in D with zero exterior condition
and can be denoted by —(—A)“,. This definition corresponds to the definition in (1.1). The
second possible choice for an a-fractional Laplacian in D is to apply Bochner’s functional
calculus to the Dirichlet Laplacian Ajp. To be more precise, let (PP)i>0 be the semigroup
corresponding to the killed Brownian motion W%, and let A|p be the infinitesimal generator
of this semigroup. Set

L1f :=lim (1.3)

Lof = — (=Dp)" f = —x (~Ap) f = —— / C(pPp - pyreta (14)

T(=a)
This definition corresponds to the one in (1.2), but it yields an operator which is differ-
ent from £;. Probabilistically, £y is the infinitesimal generator of the semigroup (QP):>o
corresponding to the subordinate process (W§) (where S is still an a-stable subordinator

independent of W). The semigroup (QP )i>0 is subordinate to the semigroup (QF)i>o in the
sense that QP f(z) < QP f(x) for all non-negative f and all x € D.
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Note that Ly and £ are infinitesimal generators of processes that are obtained from the
Brownian motion W by using two operations: killing and subordination. For L£q we first kill
the Brownian motion when it exits D and then subordinate it via the subordinator S. For
L, the order is reversed: we first subordinate W to get X, and then kill X when it exits D.
This interpretation suggests that £y and £, are just two extremal possibilities for an infinite
choice of fractional Laplacians in D. For example, let v,d € (0,1) be such that §y = a.
Let Z; := Wg, be a subordinate Brownian motion where now S is an independent d-stable
subordinator. Note that Z is an isotropic 26-stable process. Let ZP be the process Z killed
upon exiting D, and let Y,? := Zﬁ be the subordinate process via an independent ~-stable
subordinator 7. Denote by X the (twicely) subordinate Brownian motion: X; = Z5, =
W(Sr,), and note that X is a 2a-stable process. If (RP);>q denotes the semigroup of Y7,
then QP f(z) < RPf(x) < QP f(z) for all non-negative f and all # € D. The infinitesimal
generator £ of the semigroup (RP) can be written as

L= —((_A)5|D)7

and since 0y = a, it also has the right to be called an a-fractional Laplacian on D.

The purpose of this paper is to study the potential theory of the operators as defined

in the display above and see how their properties depend on § and v. When 6 = 1 and

€ (0,1) (so @ =), YP reduces to a subordinate killed Brownian motion. This case was
recently studied in [18] where it was shown that the boundary behavior of Y is roughly
the same as that of the killed Brownian motion in D, while in the interior of D, Y” behaves
like a 2a-stable process. In the current case, namely 6 € (0,1), we will show that, in the
interior of D, the process Y still behaves like a 2a-stable process. Two potential-theoretic
justifications of this are (i) the Green function interior estimates given in Proposition 3.7, and
(ii) the scale invariant boundary Harnack principle, Theorem 4.10, which implies that the
boundary behavior of non-negative functions which are harmonic in an open set £ C E C D
is the same as for the 2a-stable process.

On the other hand, the boundary potential theory of Y2 is much more complicated and
depends on the range of 7. In order to explain the intricacies involved, we first recall the
statement of the boundary Harnack principle (BHP) Let D be a bounded open set in R
We say that the BHP holds for Y2 if there exists R > 0 such that for every r € (0, R], there
exists a constant ¢, > 1 such that for every () € 0D and any two non-negative functions f and
g defined on D which are harmonic in DN B(Q, ) and vanish continuously on 0D N B(Q, ),

it holds that
@) _ W)
g(x) = "gly)

If the constant ¢, above can be chosen independently of r € (0, E], we say that the scale
invariant BHP holds.

Usually, to prove the BHP one first establishes sharp two-sided Green function estimates
and the Carleson estimate. This is the road we also take. As our first main result, we prove
the Carleson estimate for rather rough open sets, see Theorem 5.5 for the precise statement.
The Green function estimates in an arbitrary bounded C'! open set D are given in Theorem
6.4. The Green function estimates provide indication for the decay rate of non-negative
harmonic functions near the boundary of D.

Our second main result concerns the case v € (1/2,1). In this case we prove a scale
invariant BHP with the explicit decay rate, cf. Theorem 7.5, namely there exist constants

, r,y € DNB(Q,r/2).



R >0andc > 1, such that for every r &€ (0,]/%}, every () € 0D and any non-negative
function f defined on D which is harmonic in D N B(Q,r) and vanishes continuously on
0D N B(Q,r), it holds that

f(z) <o f()
dist(x,0D)° ~ dist(y,0D)?’

r,y € DNB(Q,1/2).

Our last main result, and the most interesting one, is about the case v € (0,1/2]. Here
we show that even the non-scale invariant BHP does not hold in any bounded C'! open set,
cf. Section 9. We accomplish this by constructing a sequence of harmonic functions that, in
the limit, have different decay rate at the boundary than that of the Green function. One
of the possible reasons for the failure of the BHP is that the jumping kernel of Y? exhibits
some unexpected boundary behavior which indicates a sort of phase transition at v = 1/2.
This boundary behavior is very different from that of the jumping kernel of the subordinate
killed Brownian motion studied in [18].

To the best of our knowledge, our results give the first example where the Carleson
estimate holds, but the BHP fails. It was shown in [25, Theorem 4.3 that when D is a
bounded k-fat open set, the Martin boundary and the minimal Martin boundary of Y'” both
coincide with the Euclidean boundary 0D for all v € (0,1). This makes the failure of the
BHP in the case v € (0,1/2] somewhat a surprise to us.

In [11] and [13], it has been shown that the (non-scale invariant) BHP does not hold in a
certain C*! domain (connected open set) D for truncated stable processes and subordinate
Brownian motions with Gaussian components respectively. In both cases this was accom-
plished by showing the Carleson estimate fails in D. For an extensive survey of the literature
on BHP, see the introduction of [17].

The paper is written for much more general subordinators than ¢ and ~-stable ones.
The subordinators we consider are defined through their Laplace exponents ¢ and ¢ which
are assumed to satisfy certain weak scaling conditions at infinity. The precise setting and
the background material are given in Section 2. In Section 3 we show that the Green
functions of small sets away from the boundary of D with respect to the processes Y and
X are comparable. The argument uses a non-local Feynman-Kac transform of X, which was
already employed in [18]. The main results of Section 4 are the Harnack inequality for non-
negative functions harmonic with respect to Y”, Theorems 4.7 and 4.8, and the boundary
Harnack principle for non-negative functions harmonic in an open set strictly contained in D,
Theorem 4.10, in case when D is k-fat. The proof of the latter is only sketched, being similar
to the proof of the corresponding result in [18], while the proof of the former is different.
In Section 5 we establish the Carleson estimate in bounded k-fat open sets satisfying the
local exterior volume condition by using a parabolic version of the Carleson estimate for the
process Z, cf. Proposition 5.4. The main result of Section 6 is the sharp two-sided estimates
on the Green function of Y'” in bounded C*! open sets, cf. Theorem 6.4. In Section 7 we
prove the boundary Harnack principle with explicit decay rate in an arbitrary bounded C*!
open set D for non-negative functions harmonic in a neighborhood of a boundary point of
D under the assumption that the lower weak scaling index of v is strictly larger than 1/2.
In the proofs of the Carleson estimate and the boundary Harnack principle we follow the
ideas from [18], but contrary to that paper we do not use the explicit boundary behavior of
the jumping kernel. In Section 8 we address the question of the boundary behavior of the
jumping kernel of Y2 in bounded C'! open sets. Here we need to distinguish between two
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cases, essentially corresponding to 7-stable subordinators with v < 1/2 and v > 1/2. In
these two cases the jumping kernels exhibit different boundary behavior, and there seems to
be some sort of phase transition going from one to the other case. The main result there is
Theorem 8.4, while Example 8.5 gives the full picture for stable subordinators. Finally, in
the last section we show that, in case ¥)(\) = XY with v € (0,1/2], the BHP does not hold
for any bounded C! open set.

In the remainder of this paper, unless indicated otherwise, whenever we mention the
boundary Harnack principle, we mean the scale invariant one.

We end this introduction with a few words about notation used throughout the paper.
For any two positive functions f and g and constant ¢ > 1, f <° gmeans that c™ ' g < f < cyg
on their common domain of definition. We will use “:=” to denote a definition, which is read
as “is defined to be”. For a,b € R, a Ab:= min{a, b} and aVb := max{a,b}. For any x € R?
and r > 0, we use B(x,r) to denote the open ball of radius r centered at x. For a Borel set V'
in RY, |[V| denotes the Lebesgue measure of V. For any open set U C R? and x € R, we use
dy(x) to denote the distance between x and the boundary OU. For any process (X;)i>0, we
sometimes write X (¢) instead of X; for notational simplicity. Upper case letters C’s without
subscripts denote strictly positive constants in the statements of results and their values may
change in each result. Upper case letters with subscripts C;,7 = 0,1,2, ..., denote constants
that will be fixed throughout the paper. Lower case letters ¢’s without subscripts denote
strictly positive constants whose values are unimportant and which may change from line

to line, while values of lower case letters with subscripts ¢;,i = 0,1,2,..., are fixed in each
proof, and the labeling of these constants starts anew in each proof. ¢; = ¢(a,b,c,...),
1=0,1,2,..., denote constants depending on a, b, c,.... The dependence on the dimension

d > 1 may not be mentioned explicitly. For the exit times from a Borel set U of the three
processes, we use notation 77 := inf{t > 0: Z, ¢ U}, 7f = inf{t > 0: X, ¢ U}, and
wo=inf{t >0: V" ¢ U}

2 Preliminaries

Let W = (W, Py)i>0.4ere be a Brownian motion in R? running twice as fast as the standard
Brownian motion, d > 2, and S = (S;);>¢ an independent subordinator with Laplace expo-
nent ¢ and Lévy measure y. We assume that ¢ is a complete Bernstein function satisfying
the following weak scaling condition at infinity: There exist a;,as > 0 and 0 < §; < 9y < 1

such that 5 5
al(g) S%Sag(g) , l<r<R<x. (2.1)

It is clear that, for any 7o € (0,1), (2.1) is still valid for ryp < 7 < R < oo with constants
ay, as depending on rg, d; and d;. We will implicitly use this throughout the paper and will
write aq(rg) and ay(rg) for the corresponding constants. The same remark also applies to
(2.2), (2.3) and (2.5) below. Without loss of generality we also assume that ¢(1) = 1. Note
that it follows from the right-hand side inequality in (2.1) that ¢ has no drift.

Define Z = (Z;)1>0 by Z; :== W (S;). Then Z is an isotropic Lévy process with character-
istic exponent & — ¢(|£|?) and it is called a subordinate Brownian motion.

Let T' = (Ti)1>0 be another subordinator, independent of Z, with Laplace exponent ¢
and Lévy measure v. We assume that v is also a complete Bernstein function satisfying the



following weak scaling condition at infinity: There exist by,bs > 0 and 0 < 7, < 5 < 1 such

that R 7 R R 72

So 1 also has no drift. Without loss of generality we also assume that (1) = 1. Let X =
(X¢)i>0 be the process obtained by subordinating Z via the subordinator 7 X, := Z(T3).
Since X; = W(Sr,), we see that X is a subordinate Brownian motion via the subordinator
S o T with Laplace exponent ) o ¢. It is straightforward to see that 1 o ¢ is a complete
Bernstein function (see [22, Corollary 7.9(iii)]) satisfying the following weak scaling condition
at infinity:

161 202
it (7)< Geg <her (7) 0 1<r<nes 9

Let D C R? be an open set. We define the killed processes Z” and X? in the usual way.
Note that both Z” and X are killed subordinate Brownian motions, and that X” may also
be regarded as the process obtained by first subordinating the subordinate Brownian motion
Z via T and then killing it upon exiting D. We define another process by reversing the order
of killing and subordination of Z: Let Y? = (Y,”);5¢ be defined by Y,” := ZP(T}). Then
YP is the process obtained by first killing Z upon exiting from D and then subordinating
the killed process via T. We will use (QF);>o to denote the semigroup of X? and (RP);>o
the semigroup of Y. Tt was shown in [26] that Y? can be realized as X killed at a
terminal time and that the semigroup (RP);>o is subordinate to the semigroup (QPF);>o in
the sense that RP f(z) < QP f(x) for all Borel f : D — [0,00), all t > 0 and all x € D.
As a consequence, cf. [7, Proposition 4.5.2] and [24, Proposition 3.2], we have the following
relation between the killing function ¥ of Y2 and the killing function kX" of XP:

() > kX

(x), reD. (2.4)

Let v(t) be the potential density of the subordinator 7. Since v satisfies (2.2), by [14,
Corollary 2.4 and Proposition 2.5], there exists ¢ > 1 such that

1 - C @b(t_l)
) v(t) < ——, 0<t<l1. (2.5)

Thus v(t) satisfies the doubling property near zero: For every M > 0 there exists ¢ = ¢(M) >
0 such that

v(t) <°©

v(t) < cv(2t), 0<t< M. (2.6)

Since 1 is a complete Bernstein function, it follows from [12, Lemma 2.1] that there exists
¢ > 0 such that
v(t) <cv(t+1), t> 1 (2.7)

Now we list some auxiliary results. First, for simplicity, we let ®(r) := . By
concavity and monotonicty of ¢, it is clear that

(LA NS < d(M) < 1V NOE),  At>0. (2.8)



As a consequence,
(1AXN)D(E) < () < (1V A)D(), ANE>0. (2.9)

Let @' be the inverse function of ®. It is shown in [5, (7.2)] that ®~! satisfies the following
scaling property: For each T' > 0, there exists C(T") > 1 such that

e (7)™ < ey = o

7\ 1/202
E> , 0<r<R<T. (2.10)

Next, since v, ¢ and 1 o ¢ are complete Bernstein functions, by [22, Proposition 7.1 and
(7.3)],

t/o(t), th(t™h), to(t™") and t(1p o #)(t™') are complete Bernstein functions. (2.11)

Hence,
t >t 2®(t) 1is a decreasing function, (2.12)

and, since d > 2,
t > t%)(d(t)™') is an increasing function. (2.13)

Let p(t, x,y) be the transition density of Z. Note that p(t,z,y) = p(t, |z — y|) where
p(t,r) = / (47T8)7d/2 exp{—r?/4s}P(S, € ds)
0

is decreasing in 7. We denote by p”(t, x,y) the transition density of Z”, and by (PP);>¢ the
corresponding semigroup. By the strong Markov property, p? (¢, x,y) is given by the formula

pP(tx,y) == plt,x,y) — Eulp(t — 5. Z(75),y). 75 < t], t>0, z,y€D. (2.14)

Recall that X can be regarded as a subordinate Brownian motion via SoT'. Let (¢, x,y)
be the transition density of X, and ¢”(¢,z,y) the transition density of X?. We will need
the upper bound for the Green function G-5 of the process X? in case D is bounded. When
the process X is transient (which is always true when d > 3), the required upper bound is
the standard upper bound for the Green function of X. The lemma below covers also the
case d = 2.

Lemma 2.1 Let D C R? be a bounded open set, d > 2. There exists a constant ¢ =
c(diam(D)) > 1 such that for all z,y € D,

1
Te =yl @z —y) )

Proof. It follows from [21, Lemma 48.3] that, for any bounded open set U C R?, there
exists t; > 0 such that sup,cps P, (X, € U) < 1. Using this and the Chapman-Kolmogorov
equation, one can easily show (see, for instance, the proof of [4, Lemma 3.7]) that, for every
R > 0, there exist ¢, ¢y > 0 such that for every z, € RY,

GE(z,y) < (2.15)

PR (¢ xy) < coe @t for all (t,x,y) € (t1,00) X B(zo, R) x B(xo, R).
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Using this and the upper bound of ¢(t,z,y) for t € (0,1] in [10, Theorem 3] and [19,
Proposition 3.2], we immediately get that, for every R,T > 0, there exist c¢3,¢4 > 0 such
that for every zo € R? and z,y € B(zo, R),

e st for all ¢t € [T, 00)

(Yo ) HEH]Y2 A tyo ri)(lxy;mz) for all t € (0,7).

g (2 y) <oy (2.16)

Let Tr = 2/(¢0¢)((2R)?). Note that using (2.3), the analog of (2.10) for 1o¢, and the fact
d > 2, by the change of variable u = 1/t(1) o ¢)(|z — y| =) we have that for x,y € B(xo, R),

o= sl —a)™) [ oo n oAV,

0 |z —yl
Y 2 (LoD o d)(lz — oI )\
_/1 et /1/TR(wo¢)(|x—y|_2) ( (Vo) H(Yood)(lz—yl[2)) ) !

1
<cs + 06/ w2 (20292) gy, — ¢1(R) < oo.
0

Tr

t

Using this and (2.16) we see that

Gg (IL‘, y) < G)Bg(xo,diam(D)) (CL’, y)

Taiam(D) ] o0 .
_ / qB(xo,dlam(D)) (t, x, y)dt + / qB(xo,dlam(D))(t’ z, y)dt
0

Tdiam(D)
T4iam(D) t 2 00
< 08/ [(¢O¢>_1(t_l)]d/2 A (¢O¢)(_|33 dy| )dt—l-Cg/ e~ o9t ¢
0 |513 y| Taiam(D)
1
<c , forall z,y € D,
|z =y (@(|lz —y))~)

thus proving (2.15). O

Recall that Y,? = ZP(T}) is the process obtained by subordinating the process Z% via the
independent subordinator 7. The transition semigroup (RP)io of Y? admits a transition
density given by

rP(t,x,y) = /000 pP (s, z,y)P(T, € ds). (2.17)

Since the semigroup (RP);>¢ is subordinate to the semigroup (QF);>0, when D is a
bounded open set, the process Y7 is transient and admits a Green function

G (z,y) = /OOO rP(t,z,y)dt = /OOOpD(t,x,y)v(t) dt . (2.18)

Moreover, for every bounded open set D,

G’ (x,y) < GY(x,y), z,y€ D, (2.19)



Let JY" (x,1) be the jumping kernel of Y given by
P wy)= [Py, (2.20)
0
and let JX(z,y) := 7¥(]z — y|) be the Lévy density of X given by

M=) = [ altaio) (221)
Clearly,

I (@, y) < (e —yl), wyeD. (2.22)
Furthermore, by [14, Lemma 3.2|, for any M > 0 there exists ¢(M) > 1 such that

Y@z~ (@(lz —y)™)

|z — yl lz —yld

(M) < j*(Jz —yl) < e(M) e -yl =M. (2.23)

Recall that, for any Borel set U C D, we use the notation 7y = inf{t > 0: Y,” ¢ U} for
the exit time from U of Y.

Since Y'P can be realized as XP killed at a terminal time, it follows from [27] that if
U C D is a Lipschitz open set, then

P,(Y,? € oU) = 0. (2.24)

We will use ¢ to denote the lifetime of Y2, Then it follows from [26, Corollary 4.2(i)] that
the process Y'P dies inside D almost surely, i.e.,

P, (Y2 eD)=1 forallzeD. (2.25)
For any open set U C D, let YU be the subprocess of Y? killed upon exiting U and
rPU(ta,y) = rP(ta,y) — B [rP(t — 70, Y2 y) i <t] t>0, z,y € U. (2.26)

By the strong Markov property, PV (¢, z, y) is the transition density of Y2:U. Then the Green
function of Y2V is given by G, (z,y) := [;7rPVU(t, z,y)dt. Further, let Y,V := ZV(T}) be
the process obtained by subordinating the killed process ZY via the subordinator 7. The
Green function of YV will be denoted by aY’ (z,9), x,y € U. Since the semigroup of Y is

subordinate to the semigroup of Y2V, cf. [26, Proposition 3.1], we have
G (z,y) < GED(x,y) <G (z,y) forall z,y € U. (2.27)

Note that one can follow the argument in [18, Section 2] and see that (RP);>¢ satisfies
the strong Feller property.



3 Comparability of Green functions of Y” and X on
small open sets

In the remainder of the paper, we always assume that d > 2, (2.1) and (2.2) hold true, and
D is a bounded open set in R?.

Definition 3.1 Let U C R? be an open set and let Q € OU. We say that U is C*! near Q if
there exist a localization radius R > 0, a CV'-function pg : R — R satisfying pg(0) = 0,
Vg(0) = (0,...,0), [Veglleo <A, [Veg(z) — Veg(w)| < Alz —w|, and an orthonormal
coordinate system CSq with its origin at () such that

B(Q,R)NU ={y = (y,ya) € B(O,R) in CSq : ya > pq(y)},

where J = (y1,...,Ya—1). The pair (R, ) is called the C'' characteristics of U near Q. An
open set U C R? is said to be a (uniform) CY' open set with characteristics (R, A) if it is
CYY with characteristics (R, A) near every boundary point Q € OU.

Recall that, for any open set U C D, XY (respectively, YP'U) is the process X (respec-
tively, Y'?) killed upon exiting U. The approach and proofs in this section are very similar
to that of [18, Section 7]; we first show that when U is a relatively compact open subset of D,
the process Y2V can be thought of as a non-local Feynman-Kac transform of XY. Second,
if U is a certain C*! open set, the Green functions of XV and Y?V are comparable because
the conditional gauge function related to this transform is bounded between two positive
constants. We do not give full proofs of the results which are almost identical to the ones in
[18, Section 7]. For the convenience of our readers we will provide the exact references for
the proofs that we omit.

We denote by (P,);>o the semigroup of Z. Let (£X”,D(EX")) be the Dirichlet form of
XV. Then, cf. [22, Section 13.4],

e = [ [ rere) = P devisias, (3.)
DEX") = {fe LXU,dx): EX(f, f) < oo} . (3.2)

Furthermore, for f € D(EX"),
EXU(L ) = // N2T* (2, y) dyd$~|—/f K (z)dx, (3.3)

where J¥ is defined in (2.21) and
Ky () 2=/ J¥ (2, y)dy.
RI\U

Recall that (PP )y is the semigroup of ZP. The Dirichlet form (Y7, D(EY")) of Y'? is
given by

&7 (f,f) = / / F@)(f(2) — PP f(x)) dw v(s)ds

10



and D(EY") = {f € L*(D,dx) : EY"(f, f) < oo}. Moreover, for f € D(EY"),

// )2gY" (mydydx—l—/f 22kY” (z)dx,

where JY" is defined in (2.20) and

P (z) = /mu — PPU(a))(t) dt (3.4)
0
Hence, it follows that the Dirichlet form (Y77, D(EY"")) of YPU is given by
eV (L f) = / / e PP f(2)) dz v(s)ds, (3.5)
DEYY = {fel*Udz): € YD”(f f) < oo}, (3.6)

We will need the following simple result. Recall that oy (z) is the distance between x and
the boundary oU.

Lemma 3.2 Forx,y € D,

TX(z,y) — I (2,y) < 70 (y)).- (3.7)

Proof. By (2.14), (2.20) and (2.21), we have that for 2,y € D,
P y) - T (2y) = / E.p(t — 72, Z(rZ),y). 7% < tut) dt
0

- E,

/ bt~ b 2yl | (38)

D

Since, p(s,z —y) < p(s,0p(y)) for every s > 0 and z € D°, we have that for every s < ¢t and
(y,2) € D x D¢,

/OO p(t—s,z—yr(t)dt < /000 p(u, dp(y))v(u + s)du
< [ bl s e = @l
This and (3.8) imply the lemma. O

Using Lemma 3.2, the proof of the next result is the same as that of [18, Lemma 7.2].

Lemma 3.3 Let U be a relatively compact open subset of D. Then D(SX )= (SYD U)

For z € D, let

g (z) = / (¥ (@.y) — T (@, y)dy.

11



For xz,y € D, x # y, let

JYD(x7y) 1= ‘]YD(xay) — ‘]X(xvy)
JX(z,y) JX(x,y) ’

F(z,y) =

and F(z,xz) := 0. We also define F(z,0) := 0, where 0 is the cemetery point. Then
—1 < F(z,y) <0. Note that

[ P I @y = —a(o).
U

Using Lemma 3.2 and (2.23), the proof of the next result is very similar to (and even
simpler than) that of [18, Lemma 7.3]. So we omit the proof.
Lemma 3.4 There ezists b = b(¢,d) > 2 such that for all xy € D and all v € (0,1/b]
satisfying B(xo, (b+ 1)r) C D, it holds that

sup  |F(z,y)| <
z,y€B(xzo,r)

N | —

Let b > 2 be the constant from Lemma 3.4. For r < 1/b, let U C D be an open set such
that diam(U) < r and dist(U,0D) > (b+ 2)r. Then there exists a ball B(xg,r) such that
U C B(zg,r) and B(xg, (b+ 1)r) C D. Since by Lemma 3.4,

|F(z,y)] <1/2 for all z,y € U, (3.9)

using the following non-local multiplicative functional

KtU = exp(Z log(l—f—F(Xg_,XsU))> )

0<s<t

we define

TY f(x) = B[y f(X))].

By [6, (4.5) and Theorem 4.8] and the proof of [18, Lemma 7.4], (T );>0 is a strongly
continuous semigroup on L?(U, dx) with associated quadratic form (SYD’U, D(SYD’U)).

Let EY be the expectation with respect to the conditional probability P¥ defined via
Doob’s h-transform, with h(-) = G{; (-, y), starting from z € D. For x,y € U, z # y, we
define the conditional gauge function for K

u’(w,y) = B[R],
which is less than or equal to 1 because F' < 0. By [1, Lemma 3.9], we have that

GED(x,y) =u¥(z,y)Gp (2,y), =,y €U (3.10)

Let x(r) = (¢ 0 ¢)(r). For r > 0, define




Then x" is a complete Bernstein function with x"(1) = 1 and x'(s) = x(s) . It follows from
(2.3) that for each M > 0, (x"),<n satisfies the following weak scaling condition at infinity,
uniformly in r € (0, M]: there exists ¢ = ¢(M) > 1 such that

Y181 r Y262
¢! <§) §X<S)§c<§) , l<s<S <. (3.11)
s X"(s) s

Let K" = (K7 ):>0 be a subordinator with Laplace exponent x" independent of the Brow-
nian motion W. Let X" = (X});>o be defined by X} := W, Then X" is an isotropic Lévy
process with characteristic exponent x"(|€]2) = x(|€]*r2)/x(r—2), € € RY, which shows that
X" is identical in law to the process {r "X/, (-—2) }i>o.

Let V C R be a bounded C'! open set. For r € (0,1], let V" := {rz : x € V}. Denote
by Gi¥' (respectively Giv,.) the Green function of V with respect to X" (respectively the
Green function of V" with respect to X). Then by scaling,

G‘),(r(x, y) = r_dx(r_Q)_le/{r(x/r, y/r), zyeV’. (3.12)
For any open set U C RY, we let
X' (Jz —y|™?) 1
gy(z,y) == 1A —, z,yeU, (3.13)
: ( Ve Bo@) v Guly) D)) Jr =yt (e =yl )

and gu(7,y) = giy(,y).

Proposition 3.5 Let V C R? be a bounded C*' open set with characteristics (R, \) and
diam(V') < 1. There exists a constant C' = C(R, A, ¢,¢,d) > 1 such that for every r € (0, 1],

CilgV’"('xsz S G\)/(T<x7y) S Cgvr'(ﬂf,y), T,y € V.

The dependence of ¢ on ¢ and v is only through the constants in assumptions (2.1) and
(2.2).

Proof. The proof is similar to that of [18, Proposition 7.5]. In fact, by [9, Theorem 1.2] and
(3.11), there exists a constant ¢ > 0 such that for all r» € (0, 1],

g (zy) < GY (ny) < cgip(z,y), myeV. (3.14)

Since gi-(z/r,y/r) = rio(r~2)gv-(z,y), the claim of the proposition follows by combining
this, (3.12) and (3.14). O

Note that the fact that we scale around the origin is irrelevant. For any z € R? we could
use the scaling V" := {r(x — z) + z; © € V} and obtain the same result.

Using Proposition 3.5 and (3.9), the proof of the next result is very similar to (and even
simpler than) that of [18, Lemmas 7.6-7.8]. So we omit the proof.

Lemma 3.6 Let R > 0 and A > 0. There ezists C = C(R, A\, ¢,v,d) € (0,1) such that
for every r € (0,1/b] and every C™' open set U C D with characteristics (rR,A/r) and
diam(U) < r satisfying dist(U, D) > (b+ 2)r, we have

C<u¥(z,y) <1, zyclUz#y.
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Combining this lemma with (3.10) we arrive at

Proposition 3.7 Let R > 0 and A > 0. There exists C = C(R,\,¢,¢,d) € (0,1) such
that for every r € (0,1/b] and every C*' open set U C D with characteristics (rR,A/r) and
diam(U) < r satisfying dist(U,0D) > (b + 2)r, we have

CG¥(z,y) < GY (2,y) <G (z,y), zyeU.

4 Behavior of harmonic functions in the interior of D

We first recall the definitions of s-fat open sets in R? and harmonic functions.

Definition 4.1 Let 0 < x < 1. We say that an open set D C R? is k-fat if there is Ry > 0

such that for all v € D and all r € (0, Ry], there is a ball B(A,(z),xr) C DN B(x,r). The
pair (Ry, k) is called the characteristics of the k-fat open set D.

Definition 4.2 Suppose that D C R? is an open set. (1) A non-negative Borel function u
on D is said to be harmonic in an open set U C D with respect to Y if for every open set
B whose closure is a compact subset of U,

u(z) =K, [u(Y)], for every x € B. (4.1)

(2) A non-negative Borel function uw on D is said to be reqular harmonic in an open set
U C D with respect to YP if

u(z) =K, [u(Y,D)], for every x € U.

Clearly, a regular harmonic function in U is harmonic in U.

The first goal of this section is to prove a scale invariant Harnack inequality for non-
negative functions harmonic with respect to Y” when D is a bounded s-fat open set in R¢.
Then we study the decay rate of non-negative functions in D which are (regular) harmonic
near a portion of the boundary, strictly contained in D, of an open set £ C D and vanish
locally on E°.

Let jZ be the Lévy density of Z. Recall that ®(r) = ﬁ Analogously to (2.23), it

follows from [14, Lemma 3.2] that for any M > 0 there exists ¢(M) > 1 such that

1 1
|z =yl (|jz — yl) [z —y|'®(|lz —yl)’

The following result is a consequence of [5, Proposition 3.6] and it is valid for any bounded
open set D.

(M)~ < j%(lz—yl) < (M) v —yl < M. (4.2)

Lemma 4.3 Let D C R? be a bounded open set and a,T be positive constants. There exists
C =C(a,T,¢,diam(D)) > 0 such that

t
|z = y|4®(|z — yl)

pP(t,z,y) > C (@1(t)d A ) ) t < ®(a(dp(z) ANdp(y))) ANT. (4.3)
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Note that

t
o117 <
O R 2y

Lemma 4.4 Let D C R? be a bounded open set and go € (0,1] be a constant. There exists
a constant C' = C(egg, ¢, diam(D)) € (0,1) such that for every xy € D and r < 1/2 satisfying
B(zo, (1 +€0)r) C D, we have

if and only if ¢ > ®(|z —yl). (4.4)

CIX(z,y) < T (x,y) < TX(z,y), z,y € B(xg,r). (4.5)

Proof. The second inequality in (4.5) is (2.22). So we only need to prove the first inequality.
It follows from Lemma 4.3 that there exists ¢; = ¢;(go, ¢, diam(D)) > 0 such that for any
t < ®((2/e0)(0p(x) A dp(y)) A P(diam(D)),

D 14\ —d t
Plan za (070 cmr )

Thus using the fact that s — v(s) is decreasing, (4.4) and (2.5), we have that for z,y €
B(zg, 1),

. () @(|z—y)
Payz [ el zv@le—g) [ 5Py
0 0
16} _ -1 o(|z—yl) t d o -1
SR d i o200 )
O(lz —yl)  Jo |z —yl4®(lz — yl) |z =y
Z C4JX(xvy)7
where in the last inequality we used (2.23). O

In the remainder of this section we assume that D is a bounded s-fat open set in R
Combining [5, Corollary 1.4] with (4.2) we get that for every 7' > 0 there exists C'(T") > 1
such that

-1 7_Z TZ -1 —d t
D x TZ 7_Z —1/4\—d 4 ‘

for all (¢,z,y) € (0,7] x D x D.

Proposition 4.5 Suppose that D C R is a bounded r-fat open set. For every g4 € (0, 1],
there ezists a constant C' > 1 such that for all o € D and all r < 1 satisfying B(xo, (1 +
€0)r) C D, it holds that

T (2,20) < CJV" (2,25), x1,19 € B(wo,7), z€ D\ B, (1+e0)r). (4.7)
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Proof. We closely follow the proof of [18, Proposition 3.5]. Suppose that r,eq < 1, B(zo, (14
g0)r) C D and 1,29 € B(xg,7). Then it follows from [5, Lemma 3.2] that for t < ®(gor),
we have

Poy(t <75) > Puy(t < Thmya10y) = 1

for some constant ¢; = ¢;(gg) > 0 independent of x5 and ¢ < ®(gqr). By combining this with
(4.6) we have that there exists co > 1 such that for z € D and t < ®(go7),

t
D z )
toz,my) < P, (t < O(t) A ’
po(t, z,1) < P.(t < 71p) < (t) |21 — 2|9® (|21 — Z|)>
t
D -1 2y (et
tz,00) 2 ¢y Pt <7p) [ ©7°(8) A '
p( 2) > ¢y P D) ( () |zg — 2|4 (|2 — Z|)>

Now suppose that z € D\ B(xg, (1 4 €g)r) so that

o 1 .
o < lr—a] < (14 ——) ]2 = @, —1,2.
1+60|z zo| < |z x|_( +1+60)|Z x| i
Then
@(807‘)
/ PP (1,50 (t)dt
0
Plear) z 1/\—d t
<c P.(t<T O Ht) TN v(t)dt
<o [ Rt < D) (070 ) O
P(eor)
< 0302/ PP (t, 2, 9)v(t) dt. (4.8)
0

Using the parabolic Harnack principle (see, for instance, [2, Theorem 1.4]), we get that
there exists ¢4 > 1 such that

0 r+1)2(e0r)

/:o pD(t’ z,x1)v(t)dt = Z/ pD(t,Z,ZU1)I/(t)dt

(eor) n=1 “ n®(co7)

00 (n+1)®(eor) )
<Y [ P+ 29 e
n®(eor) 2

n=1

0 r(nt2)d(eor) o
=cy Z/ pD(t, z, o)V (t — (207) )dt .
= 1o (eor) 2

If t € (®(gor),1), then by (2.6) we have v(t — ®(gor)/2) < v(t/2) < esv(t) with ¢; > 1.
If ¢t > 1, then v(t — ®(gor)/2) < v(t —1/2). By (2.7), there exists ¢g > 1 such that
v(s) < cgr(s + 1/2) for all s > 1/2. Hence, v(t — 1/2) < cgv(t). With ¢; = ¢5 V ¢g, we
conclude that v(t — ®(eor)/2) < crv(t) for all t > 3®(eor)/2. Hence,

%) 0 (n+%)¢>(sor)
/ pP(t, 2, x1)v(t)dt < cycr Z/ pP(t, 2, zo)v(t)dt
D(eor) n—1 (n-l—%)q)(eor)
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< e / PP Ut 2w (t)dt (4.9)
(3®(eo0r))/2

Combining (2.20), (4.8) and (4.9), we get that there exists ¢y > 1 such that

T (z,20) = / pP(t, 2, z1)v(t)dt < Cg/ PP (L, 2, a2 (t)dt = e (2, 22)
0 0
which finishes the proof. O

Recall that b > 2 is the constant in Lemma 3.4.

Lemma 4.6 Suppose that D C RY is a bounded k-fat open set. There exists C > 0 such
that for every xo € D and every r € (0,1) with B(xy,r) C D,

o
Y(P(r)~")

EmTB(aco,r) > ExTB(xo,4a7") > C S B(l’o, CLT) )

where a :=27°p~1 € (0,279].

Proof. The lemma follows from (2.3), Propositions 3.5 and 3.7. In fact, by Propositions 3.5
and 3.7, we have that for x,y € B(xg,2ar),

1

R CER

D
Gg(xo,llar) (iL‘, y) > chg(onar) (‘7:7 y) > c2|
Thus for x € B(xo,ar),

]E:ETB(moAar) :/;( . )Gg
z0,4ar

1
> Cz/
B(z,ar) ‘ZL‘ - Z/‘dw(@(m - y|>71)
Since (2.3) implies that

D (2, y)dy > / 1
20,4ar)\U, Y)AY = C2 —
(mo,dar) B(z9,2ar) |.§C - y|d¢<q)(‘x - y‘) 1)

dy > c3 /arw((b(s)_l)s_lds.
0

dy

/“T ds _ 1 ar w(é[)(ar)_l)ds
o D) s p@a) D) Jy (@) s

1 T s\ 1
ZC‘*w(@(r)—l)/o (&) s 2 ey

we have proved the lemma. O

By using (2.19), (2.15) and (2.3), one gets that there exists ¢ > 0 such that for every
xog € D and every r € (0,1) with B(xg,r) C D, we have

EoTB(or) < € x € B(xg,r). (4.10)

w(@(r)~1)
For any open set U C D, let

KPY(z,2) = / G () (y,2)dy, zeUzeU ND
U
be the Poisson kernel of Y2 on U.

17



Theorem 4.7 (Harnack inequality) Suppose that D C R? is a bounded r-fat open set.
There ezists a constant C' > 0 such that for any r € (0,1] and B(zo,7) C D and any Borel
function f which is non-negative in D and harmonic in B(xq,r) with respect to Y, we have

f(z) < Cfly), for all z,y € B(xo,r/2).

Proof. Let by = a/2 and by = a/4, where a is the constant from Lemma 4.6. We will
first show that there exists a constant ¢; > 0, independent of xg and 7, such that for all

Yo € B(xwo,7/2), x1,22 € B(yo,bor/4) and z € B(yo,bl?")C N D,
KDvB(yovbl’")(xl, z) < ClKD’B(yovblr)(xQ, z). (4.11)
Let A(z,71,79) == {y € R : 7 < |y — x| < r}. Note that

KD,B(yo,bl’r‘) <$1, Z)
D D D D
= / Gg(yo,blr) (xla y)JY (y7 Z) dy + / Gg(yo,blr) (xla y)JY (y7 Z) dy
B(yo,bar) A(yo,bar,b17)
In order to estimate I we use Propositions 3.5 and 3.7 together with |z, — y| < |zg — y
for all y € A(yo, bar, bi7) and dp(yep,r) (1) X dp(yo61r) (T2) to get

[2 § C4/ Gg
A(yo,bar,bir)

By Proposition 4.5 (with g9 = 1), JY" (yo, 2) =% J¥" (y, 2) for z € B(yo, b17)° = B(yo, 2bor)°
and y € B(yo, bor). Hence, by (4.10) and Lemma 4.6,

D

Coinn @2 T (g, 2) dy < e KPBOOND (g 2. (4.13)

D D D
L < eJY (yo,Z)/ Gg(yo,bﬂ)(ﬂcl,y) dy§C7JY (%0, 2) By TB(yo 1)
B(yo,bar)
D _ _ D
< s (Yo, 2)((r) )T < o (Yo, 2) By TB(yo bar)
D D
= coJ” (y(),Z)/ Gg(yo,bﬂ)(fﬁz,y) dy
B(yo,ba2r)
y D yP
< ¢l (y()?Z) GB(yo,blr)(I%y) dy
B(yo,bar)
< 610/ Ghiomm (@2 0) 1" (y,2) dy < c1oF P PO (3, 2). (4.14)
B(yo,b2r)

Combining (4.12)—(4.14), we have proved (4.11). Now, let f be a non-negative function in
D which is harmonic with respect to Y2 in B(xg, 7). Then, by the Lévy system formula and
(2.24), for all yo € B(xg,r/2) and z1, x5 € B(yo, b1r/8) we have

Fa) = / KPBab () ) f(2) d
B(yo,b17)

<en [ KPP 2)f(2) d = e f(an).
B(yo.bir)
For x1,x9 € B(xg,7/2), the theorem follows by a standard chain argument. O

Now we prove the following version of the Harnack inequality.
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Theorem 4.8 Suppose that D C R? is a bounded k-fat open set. There exists a constant
C = C(¢,¢,diam(D)) > 1 such that the following is true: If L > 0 and x1,x2 € D and
r € (0,1) are such that |v1 — xs| < Lr and B(xy,7) U B(xa,7) C D, then for any Borel
function f which is non-negative in D and harmonic in B(xy,7) U B(xe,r) with respect to
YP, we have

CYLV 1) %2 f(2y) < fz1) < O(LV 1) f(x).

Proof. Let r € (0,1), x1,29 € D be such that |z; — x| < Lr and B(zy,7) U B(z2,7) C D.
Let f be a non-negative function which is harmonic in B(z1,7) U B(x2,r) with respect to
Y P If |z — 5| < 1r, then since r < 1, the claim is true by Theorem 4.7. Thus we only

need to consider the case when %r < |zy — 29| < Lr with L > %.
By Lemma 4.3, (2.1) and (2.5), for every (z,y) € B(x2, 15) X B(x1, {3),

®(6p(z)Ndp(y))

I () > / PP (t, @, y)w(t)dt

@(6p(z)Ndp(y)) 1( ) J t ( )
>c / (<I>_ )" YA ) v(t)dt
o |z — y|4®(|z — yl)

o(r/8) tu(t (r/8) t
> c2/ ) s 031/(@(7»/8))/ i
0 0

|z —yl*®(|z —yl) |z —yl*®(|z —y|
/%) t d(r/8)

> d(r/8 —————dt > P(r/8) 1) — Lt t—

= ca(2(r/8)) /0 i)™ = VU )G e

> gL 02 ) (D(r/8) 7). (4.15)
Note that, by Proposition 4.5, for every y € B(z1, {5), it holds that
KP B8 (25 ) = /B( . GE(I;Q,%)(%, DI (z,y)dz > er IV (22, y)Ea, [TB (@2, )]

2,75

Thus using this, (4.15) and Lemma 4.6, we have that for every y € B(z1, 15),
_a_W(2(r/8)7)
P(@(r/(16))71)

For any y € B(xy, %), f is regular harmonic in B(y, L2*) U B(xzy, £ ). Since |y — x| < ==,
by Theorem 4.7,

KPP0 (g,y) > creol O > oLl (4.16)

,
f(y) ZCgf(ZEjL Yy e B(x171_6>7 (417)

for some constant cg > 0. Therefore, by (4.16),

_ D D .y D r

f@) = B [fO02 ] ZEn [f02  3YE e Blay, 1)
r -
> cio f(71) P, (YTD ., € B(wy, —)) = C10 f(iUl)/ KPPE216) (15, w) dw
Blez15) 16 B(z1,5)

Z CllL_d_62f(J]1)|B(ZL'1, 1L6)|7”_d = C12 L_d_(sQf(l'l).

Thus we have proved the theorem. O
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Remark 4.9 Suppose that d = 1 and that D is a bounded open set which is a union of
disjoint open intervals so that the infimum of the lengths of all these intervals is at least Ry
and the infimum of the distances between these intervals is at least Ry.

Let D = D x [0,1] and let YD be the subordinate killed Brownian motion in D C R,
By checking the definitions, we can see that if & is harmonic in U C D with respect to YP,
then h(z,y) = h(z), € D,y € [0,1], is harmonic in U x [0, 1]2 with respect to YD Note
that U x [0, 1] is a x-fat open set in R?. Thus, in fact, using Theorems 4.7 and 4.8 for d = 2,
Theorems 4.7 and 4.8 also hold for d = 1.

Theorem 4.10 Suppose d > 2. Let D C R? be a bounded k-fat open set. There exists a
constant b = b(¢p,1,d) > 2 such that, for every open set E C D and every QQ € OE N D
such that E is CY' near Q with characteristics (R, ), the following holds: There erists a
constant C' = C(6p(Q) A R, A, ¢, ¢,d) > 0 such that for every r < (6p(Q) A1)/(b+2) and
every non-negative function f on D which is regular harmonic in E N B(Q,r) with respect
to Y and vanishes on EN B(Q,r), we have

V(Y0 9)(05(2)2) f(2) < CV(Wod)(0p(y) ) fy),  x,y€ENBQ.2 k),
where ko = (1 + (14 A)?) V2.

Proof. Using (2.3), [23, Lemma 2.2], Proposition 3.7, Proposition 4.5 and the factorization
from either [12, Lemma 5.5] or [9, Lemma 5.4], the proof is the same as that of [18, Theorem
1.3] with 1 o ¢ instead of ¢. So we omit the details. a

5 Carleson estimate

We will establish the Carleson estimate for Y. Unlike [18], neither the explicit boundary
behavior of the jumping kernel nor that of the Green function is used in the proof of the
Carleson estimate. The Carleson estimate of Y is established for a large class of non-smooth
open sets.

Using (2.25), the proof of the next lemma is the same as that of [18, Lemma 5.1].

Lemma 5.1 Suppose that D C R? is an open set. Let xo € R, and r1 < ry be two positive
numbers such that D N B(xg,7m1) # 0. Suppose f is a non-negative function in D that is
harmonic in D N B(zg,72) with respect to YP and vanishes continuously on 0D N B(zg,13).
Then f is reqular harmonic in D N B(xg,r1) with respect to Y, i.e.,

f(x) =E, [f(YD(TDnB(xwl)))] for all z € DN B(xg, 1) - (5.1)

For z € D, let z, be a point on dD such that |z, — x| = dp(x). We say D C R? satisfies
the local exterior volume condition with characteristics (Ro, Cp) if for every z € 9D and
x € B(z,Ry) N D, |D°N B(z,,0p(z))| > Codp(z)?. 1t is easy to see that, if D¢ is r-fat, then
D satisfies the local exterior volume condition.

We recall that ( is the lifetime of Y. Let

()= s, 70 5:2)
IR
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Lemma 5.2 Suppose that D C R? satisfies the local exterior volume condition with charac-
teristics (Ro, Cy). Then there ezists a constant 6, = 0.(Ro, Co) > 0 such that for all x € D
with 5D(l’) < Ro/z,

Py (7(2) = ¢) 2 6.,

where T(x) 1= Tp.op()2) = nf{t > 0: Y,” ¢ B(z,dp(x)/2)}.
Proof. By [7, Theorem 4.5.4(1)],

P, (r(x) = ¢) = B.(Y2 € B(z,p(x)/2)) = /B O R

where ¥ is the density of the killing measure of Y'? given in (3.4). Since D satisfies the

local exterior volume condition, we have (see the proof of [16, Proposition 5.12])

£ () 2 () 2 ea(@6p(y) ),y € Bz, dp(x)/2). (5-3)

Here (2.4) is used in the first inequality. Thus, using (2.3), (5.3), (2.27), and Propositions
3.5 and 3.7,

P, (r(z) = () = / G (@, )i (y)dy
B(z,6p(x)/2)

> / Gy
B(z,0p(x)/(4b))

> o, / g(lz — Y@ (Ep(y)) ) dy
B(z,0p(x)/(4b))

D D

(wop () (T )R (y)dy

1

> d(§ -1 d
2 e (®(0p()) )/B(z,ap(x)/(sz)) |z =yl (@(|z —y|)~) Y
1
-1
> et (®(60() ™) Srgrrra T 2
where b > 2 is the constant in Lemma 3.4. O

In the remainder of this section we will assume D C R? is a bounded s-fat open set with
characteristics (R, ). Combining (2.20) and [5, Theorem 1.3(iii) and Corollary 1.4}, we
immediately get the following

Proposition 5.3 For any T > 0, there exists C = C(Ry,k,T) > 1 such that for all x,y €
D,
CTH I () < 7 (2,y) < CT7(x,y),

where

t
|z —y|1®(|z — yl)

JP(z,y) :/OT P.(15 > t)P, (14 > ) <<I>_1(t)_d A ) v(t)dt
+ P, (15 > V)P, (15 > 1),

Before we prove the Carleson estimate for Y?, we first show the following form of
parabolic Carleson type estimate for Z.
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Proposition 5.4 For any T > 0 and ¢y € (0, 1), there ezists C = C(Ry,k,co,T) > 1 such
that for allt € (0,T], r < R1/2, Q € 0D and x,zo € DN B(Q,r) with dp(x¢) > cor,

P.(15 > t) < OP, (75 > ). (5.4)

Proof. For simplicity, without loss of generality we assume 17" = Ry = 1. In this proof, we
always assume that ¢, € (0,1] and z, 2y € D N B(Q,r) with dp(xg) > cor.
Case 1. v > 27*x®~1(¢)/3: In this case by [5, Lemma 3.2] and (2.9),

Pz, (Tg >t) > on(ﬂg( ) = t) > Py, (75( y > ®(3-2'71r))
> IP’IO(Tg( ) > ca®(cor)) > ¢35 > 0.

xo,CcoTr To,CcoT

xo,CcoTr

Thus P, (74 > t) <1 < c3'P, (75 > 1).

Case 2. r < 27*x®~1(t)/3: In this case, we will use [5, Lemma 4.1]. Let A := Ag-1(),2(Q)
so that B(A, k®7(t)/2) € B(Q,® *(t)/2) N D. Since B(Q,®'(t)/2) C B(y, ® '(t)) for all
y € B(Q,r), we have

B(A,27%k®7 (1)) C B(A,27'k®'(t)) C B(y, @ *(t))ND, Vye B(Q,r)NnD. (5.5)
Define
U(z) == DN B(z, |z — Al +22k®71(t)/3), (5.6)
U(x) := D N Bz, |z — Al + 27 k®7()/3). (5.7)
Note that U(z) C U(zp). In fact, by assumption, we have |z — zo| < 273k®1(t)/3, so for
y e U(),
lzg —y| < o —m0| + |z — Al +2726D7(1)/3
< |wog — A| + 2|z — x| + 272D (1) /3
<|wg — A+ 27k (t) /3.
Since D is 2 2k-fat and A = Ay—2.4-11y () by (5.5), using [5, Lemma 4.1], we have
Po(15 > t) < caPo(Zy,,,, € D).

Since y — Py(Zr,,, € D) is regular harmonic in DN B(Q, 2r) with respect to Z and vanishes

in D°N B(Q,2r), by [12, Lemma 5.5],

Po(Zry, € D) < ¢5Puy(Zr,y,, € D).

Since z € B (x,273k®71(t)/3) C B (2,27 (Jx — A| + 272k®71(t)/3)), by [3, Lemma 2.4],
P, (Z

TU (z TU (x)

eD)<P, (z € B (z, |z — Al + 2 %:d (1) /3)C> < ot By [ )-

Since U(x) C U(p), combining the above inequalities we get

P.(t5 > t) < cycscet 'Ky, [TﬁZ(xo)]'

Finally, since D is 27 k-fat and A = Ay-1,9-1(1)(20) by (5.5), using [5, Lemma 4.1], we have

Pw(Tg > 1) < c4c506t_1Ex0 [TZ

U(IO)] < Py (TR > 1).
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Theorem 5.5 (Carleson estimate) Suppose that D C RY is a bounded r-fat open set
with characteristics (Ry, k) satisfying the local exterior volume condition with characteristics
(Ro,Co). There exists a constant C' = C(Ry, K, Ry, Cy) > 0 such that for every Q € 0D,
r € (0,(RoAR1)/2), and every non-negative function f in D that is harmonic in DN B(Q, )
with respect to Y2 and vanishes continuously on 0D N B(Q,r), we have

f(z) < Cf(xg) forz e DN B(Q,r/2), (5.8)
where xo € D N B(Q,r) with dp(xo) > kr/2.

Proof. In this proof, the constants d,,v,v, 5,n and ¢;’s are always independent of 7.
Without loss of generality, we assume that Ry = R; < 1 and diam(D) < 1. By Theorem
4.8, it suffices to prove (5.8) for z € DN B(Q, kr/(24)).

Choose 0 < v < % A 3. For any z € DN B(Q, kr/(12)), define

Do(x) = DN B(z,20p(x)), Bi(x) = B(z,r' " "6p(x)7)

and
BQ = B(.To, /igp(.iﬂo)/g) s Bg = B(.CE(),ZKI&D(%O)/?)).

Since = € B(Q, kr/(12)), we have dp(x) < r/(12). By the choice of v < 1/2, we have that
Dy(z) C By(x). By Lemma 5.2, there exists 0. = 0.(Rg, Cp) > 0 such that

Po(To2) =€) 2 Po(TB@sp@)/2) =€) = 6., x€ DNB(Q,kr/(12)). (5.9)

Further, by (2.3), (2.15) and (2.19),

D D
Bl < [ e / stk
Do (x B

z,20 p(x))
1 Cs

= /B@,%Dm) Ty )Y = W@ @)

where g was defined in (5.2). By Theorem 4.8, we have

f(z) < cs(0p(x) /1) P f(20), € DNB(Q,kr/(12)), (5.11)

where 3, := d + d, > 0. Since f is regular harmonic in Dy(z) with respect to Y by Lemma
5.1, for every x € DN B(Q, kr/(12))),

f(@) =E,[f(Y"(TDo)); Y (TDo(x)) € Bi(2)]
FE[f (Y2 (roy@): Y2 (o) € Bi()]. (5.12)

We first show that there exists n € (0,27*) such that for all z € D N B(Q, xr/(12)) with
5D(x) <nr,

(5.10)

E.[f (Y7 (T0y0)): Y (Tpo(w)) & Ba(x)] < f(xo). (5.13)

Since v < 3, we have 27 < 4=0=17"Thus for dp(x) < 277,
20p(x) < r*8p(x)? — 20p(x).
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Hence, if z € DN B(Q, xr/(12)) with dp(z) < 27*r, then |z — y| < 2|z — y| for 2z € Dy(x),

y ¢ Bi(x).

If 2z € By and y € D\ Bs, then it follows from Proposition 4.5 (with g = 1 and
r = kdp(x)/3) that JY"(z,y) > cuJ¥" (20,y). By using this estimate in the third line

below, Lemma 4.6 in the fourth and dp(x¢) > k7/2 in the fifth, we get that

f(l’o) > IExo [f<YD(TB2)); YD(TB2) gé B3}

- B2 YD /x D
-k, | (/D LA ,y)f(y)dy)dt

> 5 [75,] / 7 (20, 9) () dy

— (®(dp(zo D\Bs
C7 YD

Next,

E.[f(Y (TDO )); Y2 (7o) & Bu(z)]

(z)
-5, [ / FYL ) f ) dy dt
=[]

TP, y) fly) dy dt

\Bl (.’E ﬂBC

TDg(x)
+Ex/ / TP ) fly) dydt = I + I
0 D\Bl NB3

In order to estimate I, we first use Theorem 4.8, (2.22) and (2.23) to get

oo (@(1Y° ~y) )
L <csf(x / / dy dt.
2 sf (o) E (D\B1 (x))NBs Y,P —yl

(5.14)

(5.15)

(5.16)

Since [z—y| > 3|z—y| for (2,y) € Do(x)x(D\Bi(x)) and |y—z| > |20—Q|—|z—Q|—|y—=o| >

k0p(x0)/6 > K*r/12 for y € By, we have

(@2 =yl =yl < erp(@(r) 7)™ for (2,y) € Do(x) x (B3N (D \ Bi(x))).

Therefore, by using (5.10) in the second inequality and the fact that dp(x¢) < r in the third,

we have

I < cof (20) Ealr3 0] /(D\B - %dy
1 Y(®(r)~")
S @) T
P(P(r)~")
Y(®(op(x))~t)
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In order to estimate I; we use Propositions 5.3 and 5.4. If w € Dy(x), then dp(w) < r.
If we further assume y € D\ By(z), then |w — y| > 3|z — y|, implying that |w — y|*®(|jw —
y|) > 2792z — y|9®(|z — y|). Therefore, using Propositions 5.3-5.4 and the fact that
a N (cb) < c(anbd) for a,b>0and ¢ > 1,

1
D (a:)
I < ek, / ’ / </ Py (15 > 8)Py (775 > 5)
(D\Bi(2))NBg

2d+2 4 4
X (<I> Y(s)™ ]:c (= y|)> v(s)ds + Py, (15 > 1)P, (15 > 1)) f(y)dy dt

1
< 2d+2012Ex[T§O(I)]/ (/ P, (TE > )P, (18 > s)
(D\Bi(z))nB§ \J0

S

X (CD_ (s)7* A == (e = y|)> v(s)ds + Py, (15 > 1)P, (15 > 1)) fy)dy. (5.18)

Recall that € B(Q,kr/(24)). For y € D\ By(x) we have |y — x| > r'™p(x)?, and
therefore

ly —xo| < |y —a|+7 <|y—z|+r"0p(x) "y —z| <2r7p(x) |y — x|.

Thus by (2.9), we have ®(|y — zo|) < (2r7dp(x)77)?®(|x — y|). Hence, by using (5.10) in the
first inequality below, the fact that a A (¢b) < ¢(a A b) for a,b > 0 and ¢ > 1 in the second,
Proposition 5.3 in the third, and (5.14) in the last inequality, we have

= 0@ CIE )7 KD\BI(w))mBC ( /0 1%(% > 5)Py(7F > s)

(et 2 /Op@Y s N
(CD ( N |.’L‘0 —y|dq)<|l’0 _y|)> ( )d +IED€L“0( D > 1)]Py( D > 1)) f(y)dy

R (B ([t ome

X (CID (s)"“A 0 = 517070 = y|)> v(s)ds + Py, (1 > 1)P, (15 > 1)) f(y)dy

< () (%ﬁ@)_%m /D\Bg T o)) do

ol (42)

Combining (5.15), (5.17) and (5.19), we obtain
E.[f(Y (TDO(&? )), v (TDO(&? ¢ Bi(x)]

().

< e17f(x0) (5Dfx))25m ((5 olz ) o +1> . (5.20)
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Since 27,0, — (d + 2)y > 0, we can choose 1 € (0,27%) so that
17 (7727151*(d+2)’7 +772’7151) < 1.
Then for x € D N B(Q, kr/(12)) with dp(x) < nr, we have by (5.20),

E, [f(YD(TDo(a:)))% YP(1py)) ¢ Bi(z)] < a7 flzo) (7727161_((”2)7 + 7727161) < f(wo).

This completes the proof of (5.13).

With (5.13), one can prove the Carleson estimate (5.8) for z € D N B(Q, kr/(24)) by a
method of contradiction. Since this part of the proof is the same as the corresponding part
in the proof of [18, Theorem 5.4, we omit the details. O

6 Green function and exit time estimates

In this section, we assume that D is a bounded C"! open set in R? d > 2, with C!
characteristics (R, A). The first goal of this section is to derive sharp two-sided estimates for
G¥".

Recall that ®(r) = —L5. For t > 0 and z,y € D, let
o(r=2)

o) = (M ) (M m) (070 s y>)(é ;

Combining [5, Corollary 1.6] with (4.2) we get that for every T' > 0 there exist C; =
Ci(T, R, A\, as,a9,01,02) > 1 and Cy = Co(T, R, A, as, as, d1, 09, diam (D)) > 1 such that

Crir(t,z,y) < pP(t,x,y) < Cir(t, z,y) (6.2)
for all (¢,z,y) € (0,7] x D x D, and
Cy e ™MD (6p(x)) 7?0 (6p(y))* < pP(t,x,y) < Coe™M'®(5p(x)) *®(p(y))/*  (6.3)

for all (t,x,y) € (T,00) x D x D. Here —\; < 0 is the largest eigenvalue of the infinitesimal
generator of Z7.
It follows easily from (2.2) and (2.5) that
)

172 1*1
i (3) T M ()T nci<asa (6.4)

It is shown in [5, Lemma 7.1] that

®(dp(x))"*@(0n(y)) "/ e M M
< O(|lz —y|) Al) - (@(|x—y|)1/2 /\1> (‘I)(|$—y|)1/2 /\1) . (6.5)

Lemma 6.1 Let f :[0,00) — [0,00) be a decreasing function. For any T > 0, there exists
C =C(f,¢,diam(D),T) > 0 such that for all x,y € D,

< (5 ()2 Do)\ Dz — g f(@(lx — y])
| “’x’y’f(”‘“gC(@(!x—yw“) (@<|:c—yy|>1/2“> T ra—
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Proof. For z,y € D, let a(x,y) := ®(5p(x))/?®(dp(y))"/? and
e (0 ) M=)

(|2 =yl |z — y|d

It (I(l’,y) S (I)(|'CIj - y|)7 then

@l y)) | f(@e(diam(D))
b({L‘,y) - ( ay) |l‘—y|d Z dlam(D)d ( 7y)' (66)
If a(x,y) > ®(|z — y|), then by (2.12),
b = £ = ) D
) d(diam(D)) _ f(P(diam(D)))
> f(®(diam(D))) diam(D)? > Giam(D)? a(z,y) . (6.7)

Since by (6.3),

(e}

/ Pt y) f(1) di < csal,y) £(T) / e dt < cyal(z,y),

T T

the claim now follows from (6.6), (6.7) and (6.5). O

Lemma 6.2 Let T > ®(diam(D)). There ezists a constant C = C(T,aq,02) > 1 such that
for all x,y € D,

/T ooyt < C ( O(dp()? 1) ( () 1) B(Jr )

@ (z—y) O(|w —y[)'/? O(|w —y[)'/? |z =yl
Proof. First note that by (2.10), for ®(|z —y|) <t < T,
(1) < Ol — y[ (| — ),

Therefore, using (4.4) we have

/q) jx_yl) r(t,a,y)dt
< /T ( ®<5D($))1/2 A 1) ( q’((sD(y))I/z A 1) (I)—l(t>—d dt

S ooy @z — g2 M) B =y
. P(dp(x))"? D(dp(y))"/? D(|x —y|) 4> [ —d/265
< 1<®<\x—y\>1/2“> (q><rx—yr>1/2“) P [M.H)t “
( B(op() Do)\ Bl —y)
: (@(\x—yw : 1) (cbux —yye 1) P
O

Lemmas 6.1 and 6.2 will also be used in Section 8.
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Lemma 6.3 There exists a constant C > 1 such that for all x,y € D,

@(|z—yl)
/0 r(t, x,y)v(t) dt
_o [ ®0p(x)"? (0p(y)'” |z — yPv(2(jz —y])
- (—< A 1) ( : A 1) |

O(|z —y[)'/? O(|lz —y[)'/? |z —y|?

Proof. By using (6.1), (4.4) and (6.4) in the second line, the change of variable s =
®(|z —y|)t~! in the third line, the fact that (sa) A1 < s(a A1) for every a > 0 and s > 1 in
the fourth line, we get

O(lz—yl)
/ r(t,z,y)v(t) dt
0

o(@(x — )@l — gl D (Do) N (PO
<o = ( ) (R )
(

=c v(@(lz —y))®(jz —yl) [* (s 7®(dp(x))" sV20(6p(y))"/? N2 g

ST oy 1 ( |x—y| “)( B(z — y))1 7 “) !
o (20D P0n() < (e = y®(le =) [~ oy,

= 1(<I><|x—y|>1/2 )(@(\x y))2 ) o =y / I '(6 |

Since [ s ! ds < oo, this proves the upper bound.
On the other hand, by using (6.1), (4.4) and the fact that v is decreasing in the second
line, we get

O(|lz—yl)
/ r(t,x,y)v(t) dt
0

Oz —yl) [P B(dp(x))? D(dp(y))"/?
> |x_ |dq)|:r—y| 0 t1/2 M) (== At vt

(4§ 1/2 d(5p 1/2 0(®(|z — y])) ®(|z—y))
- ( Ix—yl )12 ) (¢(|¢v—y| 12 1) ya:—yyd<1>(|x_y|)/0 bdi
1 1/2 <I>( 1/2 U(qD(!m—yD)@(]x—y])
=5 (agm ) (e ) R o
O

Recall the function g defined in (5.2). Note that g satisfies the doubling property near 0
by (2.3) and, by (2.13), g is a decreasing function.

Theorem 6.4 There exists a constant C > 1 such that for all x,y € D,
D ®(dp(x))"? P(dp(y)"”
GY =C [ =2 A1) [ ——2 A —yl).
o) = (s 1) (s 1) ot =0
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Proof. Let T'= 2®(diam(D)). By (2.18), (6.1), (6.2) and (6.3),

o)

G (2,y) = / PPt 2, y)o(t) dt

®(|lz—yl) T 00
< (/0 r(t, z,y)v(t) dt +/ r(t, z,y)v(t) dt +/ PP (t, 2, y)v(t) dt)

O(lz—yl) T

= Cl([1 + [2 + [3) .
By Lemmas 6.1-6.3 and the fact that v is decreasing, for each j =1, 2, 3,

. (M A 1) ( 2(p)” 1) D(Jx — yl)o(@(fx — y]))

.
Oz —y|)'? Oz —y|)'? |z —y|?

Vi —

< o (gt t) (e A1) ot =)

Here the last line follows from (2.5) and the definition of g. For the lower bound we use
GY"(x,y) > ¢4I; and Lemma 6.3. 0

Let @ € 0D and choose ¢ as in Definition 3.1. Define pg(x) := x4 — po(7), where
(Z,x4) are the coordinates of z in C'Sg. Note that for every @ € 0D and z € B(Q,R) N D,
we have

(144372 pg(a) < 6p(@) < pole). (6.10)

We define for 1,75 > 0,
Dg(r1,re) :=={y € D :ri > poly) >0, |y <ra}. (6.11)

Let ko = (1 + (1 + A)?) 72, Tt is well known (see, for instance, [23, Lemma 2.2]) that
there exists L = L(R, A, d) > 0 such that for every z € D and r < kR, one can find a C1!
domain Vi (r) with characteristics (rR/L, AL/r) such that Dg(r/2,r/2) C Vg(r) C Dg(r,r).
In this and the following two sections, given a CY! open set D, Vg(r) always refers to the
CY! domain above.

It is easy to see that for every Q) € 0D and r < koR,

Vo(r) C Dg(r,r) C DN B(Q,r/kKo). (6.12)
In fact, for all y € Dg(r,7),

> = 191° + lyal”* < 7 + (Jya — @] + [ee@)* < (1 + (1 +A4)")r". (6.13)

For any r < 1, let ¢" be defined by ¢"(\) := ¢(Ar—2)/¢(r~2). Then ¢" is also a complete
Bernstein function. Let S™ be a subordinator independent of the Brownian motion W and
let Z" be defined by Z] := Wgr. Then, cf. [14, p. 247], Z" is identical in law to the process
{r'Zi)5(—2)}ez0. Let p"(t,z,y) be the transition density of Z”. For any open set U, let
p"Y(t,z,y) be the transition density of Z™Y, the subprocess of Z" killed upon exiting U.

By the fact that r~'Vg(r) is a C"! open set with C'! characteristics (R/L, AL), we get
from (6.2)—(6.3) that there exists C5 > 1 such that

Cy 7 (t,z,y) < pi Ve (t z,y) < Cy7(t, 2, y)
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for all (t,2,y) € (0,a2(2/K0)?2] x r=Vo(r) x r=Vy(r), where

Tt x,y)

L CI)((ST*lVQ(?“)(x))l/2 (I)((sT*lVQ(T)(y))l/2 “1/n—d t
“( o “)( ne “) (&0 )

By the scaling property mentioned in the paragraph above we get that

pVQ(r)(tw’y) _ T—dpr,rva(r)w(r—Q)t?T—1x,r—1y) _ r—dpr,rva(r)((I)(m—%’ r_lx, r_ly).
Thus, since ®(2r/kg) < a2(2/K0)*2®(r) by (2.1), we have
Cy 7t 2, y) < p*e(t, x,y) < CsP(t, 2, y) (6.14)
for all (t,z,y) € (0, ®(2r/ko)] x Vo(r) x Vo(r), where

Tt x,y)

N LA Y A W AP :
_< o M)( o “) (00N o)

Since diam(Vy(r)) < 2r/kg, using the lower bound in (6.14) and following the argument
in (6.9), one can easily prove the following

Proposition 6.5 There exists C' = C(R,A) > 1 such that for all Q € 0D, r < koR and
x,y € Vo(r),

o S (2 1/2 Sy (r 1/2
" (wy) 2 0 (%(if;;@ M) (iﬁﬁ;(j%im Al) olle ).

For simplicity, let 7p := ¢. Then E,7p = [, GY” (z,y)dy. The final goal of the section
is to give sharp two-sided estimates on E,7p. Lemmas 6.7 and 6.8 below will be used in
Section 9.

Lemma 6.6 If vy, > 1/2, then there exists C' = C(D, ¢,v) > 0 such that
E,7p = 0(6p(x))'2, w€D.

Proof. Let T = diam(D). By using Theorem 6.4 in the first inequality, (2.2) in the
penultimate inequality, and (2.1) and «; > 1/2 in the last inequality, we get that

]ECCTD = / GYD (l’,y) dy
D

C i 6D x / 2 — d
C (b 6D € / 2 — d (I) -
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1/2 g 1
< c3P(dp(x)) / /0 O (s)1/250)(P(s)1) &
P(op(@)"? [T ds (B(T))F
4<I>(T)1/2@/)(‘I>(T)1)/0 s (‘W)
< C5®(5D(9€))1/Q' .

IA

C

For the lower bound, recall that any C*' open set satisfies the interior ball condition
with some radius 7. Let a := (diam(D)/10) A7 and D, :={y € D : dp(y) > a}.
Case (i): dp(z) < a. Then B(z,0p(z)/2) N Dy, = 0. For y € D\ B(x,0p(x)/2), we have

2lr —y| > dp(z), 3l —y| > dp(x) + |z —y| > dp(y),

hence by Theorem 6.4,

Recall from (2.11) that 6(¢) := ®(¢)y(®(¢)"!) is increasing, hence ¢ — t90(t) is also increas-
ing. Thus we have

1
(lz =yl — yl"(@(jz = y[)~")

Boro 2 or [ 8(00(a)) 000 (1) 5

c z))/? a)t/? i

> cr®(0p(r)) /" ®(2a) /D% |z — y|40(|z — y])
C T 1/2 ’D2a‘

> ez (dp(x)) (diam(D))0(diam(D))

= Cg@(&D(l‘))l/Q .
Case (ii): dp(z) > a. Since T' > dp(x) > a, we have

a/2 ds
E,mp > c / gz —yl) > c / > e ®(0p(x)) 2.
P 1 B(z,6p(z)/2) ( ) H o sY(P(s)™) .

Lemma 6.7 If v, < 1/2, then there exists C = C(D, ¢,1) > 0 such that
E,mp =<¢ L , reD.
Y(@(0p(z)))
Proof. Let T' = diam(D). By using (2.2) and (2.1), we have

B e | (% A1) alle = o) dy

=61/ g(lz —y|) dy
D{jz—y|<6p ()}
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P(dp(x))'/
a /Dﬁ{|z—y25D(m)} O(|z —y)Y2|z — yl((lx —y|)~h)
1 cs /T ®(0p(2))'2P(P(dp(x)) ") s
P(@(0p()7h)  Y(®(0p(2))™h) Jspw  P(s)/2sh(P(s)7h)

1 e T (@@ T
= “@0n() ) T (®p() ) /5,3(:,@) $ ( D(s) ) !

dy

The lower bound is an immediate consequence of Lemma 4.6:

1
((0p())")

E.mp = EoTB(2,5p(2)) = Co

Lemma 6.8 If )(\) = A2, then there exists C = C(D, ¢) > 0 such that
E,7p < ®(6p(r))"/*log(1/6p(x)), x€D.

Proof. By following the proof of the upper bound in Lemma 6.7, we obtain

b etloy [ 1 ,
c x s
P(@@p(x)) oo P(s)12s(D(s)71)1/2

w<<1><aDl<x>>—1> + ¢8(3p(x))* log(diam(D) /6p(x))

S C;),(:[)((SD(I’))U2 log(l/ép(:r)) .

E.m™ < a1

For the lower bound, as one can see from the end of the proof of Lemma 6.7, we only
need to consider  close to the boundary. Since D is O, there exists a constant L > 0 such
that for every # € D with dp(x) < L/2, one can find a cone C with vertex in z, pointing
inward, with height L, and aperture not depending on x. Moreover, such a cone C can be
chosen so that C C{y € D : |x —y| < dp(y)}. Thenfory e CN{y € D: ép(z) < |z —yl|},

we have that
®(6p(x))/?

YD > —

Hence

1
E,mp > 5O (6p(x))Y/? /
cn{yeD: 6p(z)<|z—y|} |z —y|)2|2 — y|iO(|x — y])~1/2

> C6¢(5D(:U))1/2/6 ( )% > c;®(0p(x))?1log(1/6p(z)).
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7 Boundary Harnack principle in C'!'! open set

In this section we assume that the lower weak scaling index v, of ¢ is strictly larger than

1/2. We continue assuming that d > 2 and that D C R? is a bounded C'! open set. Again,

let (R, A) be the Ch! characteristics of D. Without loss of generality we assume that R < 1.
Combining (2.20) and (6.2)—(6.3), we immediately get the following

Proposition 7.1 For any T > 0, there exists C' > 1 such that for all x,y € D,
P (@ y) < T (2,y) < CTP(2,y),
where

72 (2, y) ::/OT (%ﬁ))m A 1) (%}QW A 1)

S

X ()¢ v(s)as plx 1/2 D /2
(0767 A o ) oM + @(6n() 0(00(0)

Recall g = (1+(1+A)2)~Y2 and for Q € 9D, Vg(r) is a C1! domain with characteristic
(rR/L,AL/r) such that Dg(r/2,r/2) C Vg(r) C Dg(r,r) where L = L(R, A,d) > 0. Recall
that g is defined in (5.2).

Lemma 7.2 There exists C > 0 such that for every r < koR/2, Q € 0D and z €
Dq(r/4,1/4),
1/2
to(o) -
O(r) 2 ((r)~")

Proof. By using Theorem 6.4 in the second inequality, (6.12) in the third inequality, (2.2)
in the penultimate inequality, and (2.1) and v; > 1/2 in the last inequality, we get that

]E:ETVQ(T) < / GYD (l’, y) dy <C
Vo(r)

D
ExTVQ(T) = / Gﬂi'/v (r) (x7 y) dy S / GY (l’, y) dy
Va(r) Va(r)

e B(6p ()12 !
< a®(0p()) /vw) |z —y)) 2z — y|P(P(lx — yl) ) dy
e ®(8p ()12 =
= CI)((S ( )) /B(z,Qr/m) (I)(|7~5 - y|)1/2|x - y|d¢(q)(|$ - y|)71) W
1/2 /o 1
< P (0p(x)) /o D(s5) 250 (D (s) 1) ds

( ( ))1/2 2r /Ko (I)(T) 1/2—71§
B (r) 2 (0(r) 1) /0 <‘I’(8)> s
@(dp())"/?

(r)1/2p(2(r)~1)

§C4
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Lemma 7.3 There exists C > 0 such that for allr < kgR/2, Q € D andx € Dg(27%r,273r),
D(dp(x))"/?
O(r)/z

Proof. Without loss of generality, we assume @) = 0. Recall that Vy(r) C Dy(r,r) C
DN B(0,r/k). Note that, for y € Dy(2r,7) \ Do(3r/2,r) and z € Vy(r), it holds that

P, (YD(TVQ )) € Do(2r,7) \ Do(3r/2, fr)) > C

|z —y| =<r, dpy) >cor and dp(z) < csr.

Using this and (2.9), (2.5) and Proposition 7.1, we have that for z € Vy(r),

/ TV (2,y)dy
Do (2r,r)\Do(3r/2,r)

20 (ly—=|) 1/2 1/2
= [ (RO ) (P A o) “uteyana
Do(2r,r)\Do(3r/2,r) J ®(|y—2]) t t
1/2 -1
/ ( (5p(z2)) SN 1> (P(|2 yl) )dy
Do(2r,r)\Do(3r/2,r) O]z —y|)V/ |z —yl

1/2
> ¢ q)cp< )1>/)2 P(D(r)7h). (7.2)

For a,b > 0, we define the cone C(x,a,b) above z by
C(x,a,b) :={y = (y,ya) € B(z,a) in CS :y; > zq4,|T — Y| < blys — zq)}

Since D is CYt and @ € Do(273r,273r), it is easy to see that there exists ¢ € (0, (2(1+A))™?)
such that
C(x,2 %, e) C Do(27%r,272r). (7.3)

By (7.3) and the fact that Dy(r/2,7/2) C Vy(r) C Do(r,r), we have that 0p(z) = 0y (2)
for all z € C(x,27%r, ¢).
It is easy to see that there exists c5 € (0, 1] such that

cs|lx — 2| < byyry(2) = 6p(2), z € C(x,275r, 27 1¢). (7.4)

We claim that for z € C(x,27%r,271¢),

®(0p(x)) A > N
((I’(IIE ) A 1) ®(0p(2)) = c6P(dn()). (7.5)

If z€C(x,27°r,27 ) \ B(x,dp(x)/2), then |z — z| > 0p(x)/2, so by (7.4) and (2.9),

(W/\l) cp(aD(z))zc?( :z:—z] m)cp 1~ 2]) > es®(Bp(x).

|z — 2]
If z € C(x,27°r,27 ) N B(z,dp(x)/2) then |z — z| < dp(x)/2 and so by (2.9),
®(dp(2)) = P(0p() — |z — z|) > (dp(2)/2) = 27*®(0p(x)).
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Thus,

( ®(0p())
O(|z - 2)

We have proved (7.5).
Since G%;Oj?r) > GV by (2.27), we have by using Proposition 6.5 in the second below,
(7.4) in the third, (7.5) in the fourth and (2.3) in the fifth,

TVo(r) D
E, / B(6p(Y,7)2dt = / G2 (2, 2)(6p(2)) 2 d
0 Vo(r)

. (St an) (S 1) ol - i) a:

A 1) B(5p(2)) = B(p(2)) > 2720 (5p(x)).

3(Je — )7 3(Jz — )7
. O(dp(x))"? . 2
2 10 /C(x,g-sr,g/z) (@ux =y 1) 9(lz = =)2(0p(=))

> en®(3p(a))"” / g(z — 2|)dz

C(xz,275rg/2)
@ (dp(x))'"?
(@(r)~)

ds Z C13 (76)

275y 1
> 1/2 - -
> o) [
Combining (7.2) and (7.6), we get

P, (vP Dyo(2 poron) =g, [ JY2 (YD ) dy dt
o\ Y7 (Tvpr) € Do(2r,7) \ Do(3r/2,7) ) = E, (Y,",y)dy
0 Dq(2r,7)\Do(3r/2,r)

- C“‘W@b@(r)ﬂ& /OTVO(T) P(3p(Y;”)"V? dt
1 oy 20 B(0p(x)?
= gyt 0 )Ty T e
O
Let
j(r) = %Z)_l), r>0. (7.7)

Note that j is a decreasing function and it satisfies the doubling property near 0.

Lemma 7.4 Assume that v; > 1/2. There exists C > 0 such that for every r < koR/2,
Q € 9D and x € Dg(27%r,27r),

(I)(5D (.’L’) 1/2
O(r)t/z -
Proof. Without loss of generality, we assume @ = 0 and fix r < k"'R/2. Note that, by

(6.12), Vo(r) C Do(r,r) € DNB(0,r/ko). Using the Lévy system formula and (2.22), (2.24),
(2.27) we get

P, (Y?(rv,()) € Do(2r,2r)) < C (7.8)

P, (Y?(rvyr) € Do(2r,7) \ Do(3r/2,7))
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™Vo(r) yD D
—Ex/ / JY(Y,, 2)dzdt
0 Do (2r,r)\Do(37/2,r)
D
:/ GV@(T( >y)/ JY (y,Z)dZdy
Vo(r) Do (2r,r)\Do(3r/2,r)

</ | 6" ) w2y (7.9)
Do (2r,r)\Do(3r/2,r) J Vi (r)

We first note that
cor < |y—z| <4(1+ryHr  for (y,2) € (Vo(r) x (Do(2r,7) \ Do(3r/2,7)). (7.10)

Thus by (2.23) and Lemma 7.2, for x € Dy(r/4,r/4) and z € Do(2r,7) \ Do(3r/2,71),

/ G (2, y) T (3, 2)dy
Vo(r)
< GY" (x,9)j(ly — 2|) dy

Vo(r)
D V(@)Y _ ®0p(@)'?
S Cy /VO(T) GY ($,y) dy?’—d S ng . (711)

By (7.9) and (7.11) we obtain that for x € Dy(r/4,r/4)

®(0p())"?

P, (YD(TV()(T)) S D0(2T7 7“) \ DO(ST/Q, T)) < C4W.

(7.12)

Note that, by the same argument in the proof of Lemma 7.2, we get that for w € Dy(r/2,7/2)
and each 7 € (0,7/2),

voo o Blp(w)”
/DHBWG (w:2)dz < &gy @) 1) (7-13)

Thus, using (7.13), we have that for w € Dy(r/2,7/2) and 0 < 4Ry < Ry <,

P, (YD ., €D\ B(w, R2)>

TDNB(w

D D
:/ G}D/QB(w,R1)(w7Z) / JY (y’ Z)dydz
DNB(w,R1) D\B(w,R2)

<eq / 6" (w, 2) / (@ (|y]) ) dyd=
DNB(w,Ry) D\B(w,R>)

1/2 00 1/2
o(R )(1/212@)))( R )/R sTP(D(s)7H)d s< g 3R )(1/212@)))( e )w@(RQ)*l). (7.14)

§C7

Let

{Y (Tvory) € Do(2r,2r)},  Hy = {YD(TVO(T)) € Do(2r,r) \ Do(3r/2,7)}.
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We claim that P,(Hy) < coP,(Hy) for all r < k7 'R/2 and x € Do(273r,27%r). Combining
this claim with (7.12), we arrive at the conclusion of the lemma:

®(0p(x))"?

]Px (YD(TVO(r)> € D0(2T, 27“)) S CQPI(Hl) S C10 (I)(’r‘)l/Q R

x € Do(27%r,27%).

Now we give the proof of the claim, which is inspired by the proof of [8, Lemma 5.3] (see
also [18, Lemma 6.2]). Note that, by Lemma 7.3, for w € Dy(r/8,1/8),

Py (H1) = en ()12 (7.15)
For i > 1, set
| , 11 1K1
— D277 2 Y\ Da (270 3 g, R e il
Jz 0( r, 31)\ 0( T, 3@)7 Si 4 (2 50 P ]2> Ty
and so = s;. Note that r/(10) < s; < /8. Define for i > 1,
P, (H. ~ i
d; =d;(r) = 21615 PzEHji’ Ji=Do(27 %, 8i.1), Ti= TS, (7.16)

By (7.15), sup,<,-1g/2 di(r) is finite for all i > 1. Repeating the argument leading to [18,
(6.29)], we get that for z € J; and i > 2,

P.(H,) < < sup dk) P.(Hy) + P, (Y,? € Do(2r,2r) \ U} Jk) - (7.17)

1<k<i—1

For i > 2, define 0,9 = 0,0;; = inf{t > 0 : [Y,? = YP| > 272} and 0,41 =
Oim +0i100 for m > 1. By Lemma 5.2, we have that there exists k; € (0,1) such that

Oim

Pw<Yg?1 € j;) <1- ]P)w(ai,l = C) <1l- ]P)w(TB(w,éD(w)/Z) = C) < kla w e j; (718)
For the purpose of further estimates, we now choose a positive integer | > boal® such that
kb < 27272% wwhere ag, dy and by, 7y, are the constants from (2.1) and (2.2) respectively. Next
we choose ig > 2 large enough so that 27 < 1/(2000:%) for all i > ig. Now we assume i > ig.
Using (7.18) and the strong Markov property we have that for z € J;,

P.(7; > 04;) <PV, € J, 1 < k < li)

—E.[Pyp (VP €T):YP €T YP ed<k<li-2

i—1 1,1

<P, (szk el 1<k<li— 1) ke < k. (7.19)

Note that if z € J; and y € Do(2r,2r) \ [J; U (UL T, then |y — 2| > (sis1 — si) A
(27% = 27"7?)r = r/(200¢*). Furthermore, since 27> < r/(200i%) (recall that i > i), if
YP(w) € Do(2r,2r)\U;_} Ji, and 75(w) < 0;5(w), then 73(w) = 0 x(w) for some k = k(w) < li.

Dependence of k on w will be omitted in the next few lines. Hence on {Y;” € Dy(2r,2r) \
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Uit Tk 7o < o} with YiP = 2 € J;, we have [Y), = Y.P | = |V, = V{°| > g7 for some
1 < k <li. Thus for some 1 < k < i,

F 1
D D
DI, =YLl 20082

J=0

which implies for some 1 < 57 <k <1,

Thus, we have

CUL YL =P | >r/(001i), VP €T} (7.20)

{YT? € Do(2r,2r) \ Ui\ i, i < 0iti}

Now, using (7.14) (noting that 4 - 2772 < 1/(4000i%) for all i > 4y), and repeating the
argument leading to [18, (6.34)], we get

P, (YTJZD = D0(2T7 27”) \ U;'c_:ll‘]k’ Ti < Ji’li)

. D 3 (@(r/(1i%) ")
lisupP, (|Y,  —z| >r/(4000:°)) < ciolt - 7.21
StisupP. (12, =312 r/1000) < euli =y (72

By (7.19) and (7.21), we have for z € J;,

Y(@(r/ (%))

P, (Y° € Dy(2r,2 L Ty) < K li : -
z( n € o(2r, T)\Ukzljk) S Fy + ci Y(P(2-0r) 1)

(7.22)

By our choice of [, using (2.3) we have

)} 133)) 1 . . .
lzwli(q(;;é(_;))zl)) > a;wzbglli(li3/2z>2fyz62 — a;’y2bglll+2725zz-1+67262(2727262)1 > (kbl (7.23>

Thus combining (7.23) with (7.22), and then using (7.15), (2.1), (2.2) and the fact that
v > 1/2, we get that for z € J;,

P.(Y,) € Do(2r,2r) \ U;Z Ji) () w(@(r/(1i%) )

< 3l . .
P.(H)) = e (@2 ) )
B2 @(27ir)m ()2 i)/
< C14? - . = C141? ; .
B R/ R ) R )
S Cl5i<li3)§2(2_ili3)(2’yl_1)61 — 616i1+362+3(271_1)51Q_i(271_1)51. <724)

By this and (7.17), for z € J;,

P.(Y.P € Dy(2r,2r) \ Ui J
P.(Hi) = 1<k<i-1 P, (H;)
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Z'1+352+3(2'yl—1)51

< sup di + cig

1<k<i—1 2i@m—1)d
2'10
< sup dp+ o=
T <k<ioi 2i(271—1)d1

This implies that

1<k<ip—1 1<k<igp—1
r<s—1R/2

7 klo 0 klO
d; < sup  dp + cie Z k@ 1o < sup  di(r) + 0162 k@ 1o =: c17 < O0.
k=1 k=1

Thus the claim above is valid, since Dy(273r,27%) C U2, Ji. The proof is now complete.
O

We are now ready to prove the boundary Harnack principle with explicit decay rate near
the boundary of D when the lower weak scaling index ~; of v is strictly larger than 1/2.

Theorem 7.5 Assume that v, > 1/2. Let D C R? be a bounded C™' open set with C!
characteristics (R, \). There exists a constant C = C(d,\, R, ¢,v) > 0 such that for any

€ (0, R], Q € 0D, and any non-negative function f in D which is harmonic in DN B(Q, 1)
with respect to YP and vanishes continuously on 9D N B(Q,r), we have

f(z fly
<I>(5D((x;)1/2 <C CID((SD((y;)l/z for all z,y € DN B(Q,r/2). (7.25)
Proof. In this proof, the constants 1 and ¢; are always independent of r.

Note that, since D is a C! open set and r < R, by Theorem 4.8, it suffices to prove
(7.25) for z,y € DN B(Q,2 "kor). Throughout the remainder of the proof we assume that
r € DN B(Q,2 "kor).

Let Q. be the point @, € dD so that |z — Q.| = dp(z) and let zy := Qp + (v — Q)/|z —
Q.]. We choose a "' function ¢ : R¥! — R satisfying ¢(0) = 0, V(0) = (0,...,0),
IVl <A, [Ve(y) — Ve(2)] < Aly — Zz|, and an orthonormal coordinate system C'S with
its origin at (), such that

B(Qu, R)ND ={y = (y,ya) € B(O,R) in CS : ya > ¢(y)}.

In the coordinate system C'S we have & = 0 and z = (0,7/8). For any by, by > 0, we define

D(by, by) := {y=(,ya) in CS:0<ya—y) <2 %korby, [y <2 %korbs} .

By (6.12), we have that 15(2,2) C DN B(Qzr/2) € DN B(Q,r). Thus, since f is
harmonic in D N B(Q,r) and vanishes continuously in D N B(Q,r), by Lemma 5.1, f is
regular harmonic in ﬁ(Q, 2) and vanishes continuously in 9D N ﬁ(2, 2).

Recall that V(1) := Vg, (2 ?kor) is a C! domain with C™! characteristics (rR/L, AL/r)
such that D(1/2,1/2) c V(1) € D(1,1), where L = L(R, A, d) > 0.

By Theorem 4.7 (or Theorem 4.8) and Lemma 7.3, we have

f(z) =B, [f(Y°(rv)] > Ea [f(YD(TV(l)));YTe(U e D(2,1)\ D(3/2,1)
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> c16f (20)Ps (YD(TV(D) e D(2,1)\ D(3/2, 1)) > cnw F(z0).

(r)1/2
Take w = (0,2 %kor). Then there exists e € (0,1/8) such that

B(w, 2 %kor) € D(1/2,1/2) C V(1).

Hence
w) > E (YD ) D(TV(l)) ¢ ﬁ(zu 2)
v YP D
= JUY7 ) fy) dy dt
D\D(2,2)
TB(w €2 5r€0r)
>E / / T2 (YR ) fy) dy dt
D\D(2,2)
> ClSEwTB(w,62—5/@0r) / R JYD (U), y)f(y) dy
D\D(2,2)

1 yD
- d

(7.26)

(7.27)

where in the fourth line we used Proposition 4.5, and in the last line we used Lemma 4.6

and (2.3).

Further, note that for any z € V(1) and y € D\ D(2,2) we have that dp(z) < cogr <
c240p(w) and |z — y| < |w — y|. By using these two observations and Proposition 7.1 we

see that

S

x [ @ 1(s) v(s)ds ()20 (8p(y))?
(076 A e ) V(o) + B0 () 2 0(0p ) )

<o ([ (M A1) (M5 0)

S

_1S_d v(s)ds b(w 1/2 . 1/2
S ) e R LY

< s (w,y).
Hence, combining Lemma 7.2 with (7.27)—(7.28) we now have
E, |f (V" (rva) s Y2 (rv) ¢ D(2,2)]
TV (1) D
e [ 0P ) dy
D22

< Csta;TV(l)/ R JYD(“% y) f(y)dy
D\D(2,2)

P(dp(x))"? yD
= D)Y@ (r) ) /D\ﬁ(z,?) eI dy
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®(0p())'?

< C30W (w). (7.29)
On the other hand, by Theorems 4.8, 5.5 and Lemma 7.4, we have
E. [/ (Y2(rv) s Y2 (rv) € D(2,2)]
~ O (6p(z))'/?
< o1 f(ao)Ps (Y2 (rv) € D2.2)) < e f(xo)%. (7.30)

Combining (7.29) and (7.30) and using Theorems 4.8 and 5.5 again, we get

F(@) =B | (V2 (rv)); Y2 (rvin) € D2.2)| + B | £V P(rv)): Y2 (7)) ¢ D(2,2)

£))1/2 (212 ()12
o (P ) Sy
Together with (7.26) we get that
)12
flz) =< %J[(l’o)- (7.32)

For any y € D N B(Q,2 "ker), we have the same estimate with f(y) instead of f(x)
where yo = Q, + gy — Qy)/|ly — Q| and Q, € ID with |y — Q,| = dp(y). Since D is
CH!, using Theorem 4.8, f(yo) < f(xo). It follows therefore from (7.32) that for every
z,y € DN B(Q,2 "kor),
f(z) ®(dp(x))"/?
TN S 0T 173
f) P(dp(y))

which proves the theorem. a

8 Jumping kernel estimates

In this section we continue assuming that d > 2 and that D is a bounded C'! open set in
R? with C™! characteristics (R, A).

The goal of the section is to derive sharp two-sided estimates for the jumping kernel J Yo
Somewhat surprisingly, obtaining explicit bounds not involving integral terms does not seem
to be possible without additional assumptions on the Laplace exponent . In case when
¥(A) = A7, this can be explained by the different qualitative boundary behaviors of J Y? in
cases v € (0,1/2), v =1/2 and v € (1/2,1), cf. Example 8.5.

Let

O(t) :== &()p(P(t)Y) and n(t) := &) p(d(t)7Y), t>0.

It follows that, as a composition of two increasing functions, cf. (2.11), #(t) is an increasing
function.
It is also straightforward to see that

(LANO() < O(A) < (1V A1), ANtE>0. (8.1)
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We will say that a function f : (0,00) — [0,00) is almost increasing near 0 if for every
T > 0 there exists a constant C' = C(T") > 0 such that f(s) < Cf(t) forall 0 < s <t <T.
An almost decreasing function is defined analogously.

Recall that r(t,x,y), g and j are defined in (6.1), (5.2) and (7.7) respectively.

Lemma 8.1 (i) Suppose that v +— r'/?%¢)(r=1) is almost decreasing near 0 and that for
each T' > 0 there is a constant Cy = Cy(T, 1)) > 0 such that

/ ) sTP(s7 ds < Car'Py(rTh)  forr € (0,7 (8:2)

T

Then there exists C' > 1 such that for all x,y € D,

e e b(@( =y (8(6n(r) A do(y)
[ e HEEE D (RS )

(ii) Suppose that v — rY/%p(r~1) is almost increasing near 0 and that for every T > 0,
there is a constant Cs = C5(T, 1)) > 0 such that

/ sV ds < Cor 20 for every 1 € (0.7, (8.3)
0

Then there exists C' > 1 such that for all x,y € D,

@(|lz—yl)
/ r(t,x,y)v(t)dt
0

o B@(Jr — y)) (DGp(x) ASo)? N\ (1n(@) V n(y))
gl ( Bz —y))1 2 “)( 2z — ) “)'

~
—~

Remark 8.2 It is easy to see that if ¢ satisfies (2.2) with 73 > 1/2, then the assumptions
in Lemma 8.1(i) hold true. Similarly, if ¢ satisfies (2.2) with 75 < 1/2, then the assumptions
in Lemma 8.1(ii) are true.

Proof of Lemma 8.1 Put 7' := 2®(diam(D)) By using (2.5), (6.1) and (4.4) we see that
®(|z—yl)
/ r(t,x,y)v(t)dt
0

g 1 ®(|z—yl) @(51)(%))1/2 (1)(5D(y))1/2 »
== ( T 1> ( e 1) vt
1

=: I. 84
7= g1z = ) (8.4)
Let
®(5p(x)) ®(6p(y))
I ::/ Yt Y dt, Ip:= CI>(5D(I))1/2/ Y2t dt,
0 D(6p(x))
O(|lz—yl)
Iy = ®(3p(2))2®(6p () / () di
®(6p(y))
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and

O(jz—yl)
— BT (x))? / L

®(0p(x))

Upper bound: Without loss of generality we assume dp(z) < dp(y) and consider three
cases:
(1) 6p(z) < dp(y) < |z —vy|: Then I =1, + I, + Is.

By (2.2), we have I} <% ¢(®(dp(x))~1)®(dp(r)) and

I; < 2 (0p(2)) 2@ (0p(y)*¥(@(ép(y)) ).
In case (i), by (8.2),

I < <I>(5D($))1/2/ t2(t") dt < esv(@(dp(2)) ) @(dp(2)) -

®(dp(x))

By using that 7/2¢)(r~!) is almost decreasing near 0 we see that

I < g [(@(0p(2)) ) @(0p(x)) + P(6p(2))*@(3n () > (2(dn(y) )]
< est(®(0p(2)) ") @(dp(w)) = st(P(dp(z) A dp(y)) ) ®(dp(x) Adp(y)).  (8.5)
);

In case (ii), by (8.3), we have

(n(y))
I < <1>(5D(96))1/2/0 t 2t dt < @ (0p(x)) 2@ (0p(y)) (@ (0p(y)) ).

By using that 71/2¢)(r~!) is almost increasing near 0 we see that
I < e [p((p(2)) )P (0n(x)) + D(dp(2)) @ (8n(y)) /> (®(3n(y)) )]
< es®(0p(x) A p(y)*@(0n(x) V b (y)) 2 ((Ep () V o (y)) ). (8.6)

(2) op(r) < |z —y| <dp(y): Then I =1, + 1.
In case (i), by (8.2), we have

2T

Iy < ¢(5D(w))1/2/ 2t dt < e (P(dp(2)) )P (0p(2)).

®(dp(x))

Thus we see that

I < 109 (2(0p(2)) ") @(dp(x)) = c1ot(P(dp(x) Adp(y)) " )®(dp(x) Adp(y)).  (8.7)
In case (ii), by (8.3), we have

@ (jz—y))
Iy < <1>(5D(w))1/2/0 2t dt < en®(0p ()P @(lx — y) P (@(lr —y) ) -

By using that 71/2¢)(r~!) is almost increasing near 0, we see that
I < ern(9(@(0n(2)) )@ (I (x)) + @(dp(x)) (|2 — y[)!/*(B(|lz — y[)7))
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< c13®(0p(2))! 20 (|2 — y)) e(@(|le —y) ) - (8.8)

(3) |xr —y| < dp(z) < dp(y): Then by (2.2),
(l=—yl)
I= /0 Pt dt = @z — y)y(@(je —y) 7). (8.9)

Lower bound: Again, we assume 6p(x) < dp(y). Let M := (2/a,(T~2))/*%) v 2 (where
a1 (T~?) is the constant in the extended version of (2.1)) so that

O(r) > 20(r/M), for all r < diam(D). (8.10)

and consider three cases separately:
(1) dp(x) < dp(y) < |z —y|/M: Then in case (i), by (2.2), we have

o [ (1 BD) (1 S

= [T o p(@ (o) e ), .11
while in case (ii), using (2.2) and (8.10) we have
I > ®(6p(2) 20 (5 (y)) 2 [: T ey d
> B3 ()26 Wéff@) () dr
> B(5p(2)) 2B (0p (1)) /2 / O sy dr
> c16P(0p(z ))1/2‘1)(5 (y)'"? D(y))_l)' (8.12)

(2) ép(z) < |z —y|/M < ép(y): Then in case (i), using (2.2), we have

P(|lz—y 1/2
“C”/(| DOAg%@Q BN dt > 1 = p(@(0p () )B(p(e),  (3.13)

while in case (ii), using (2.1), (2.2) and the fact that 7/2¢)(r~!) is almost increasing near 0,
we have

O(|z—yl)

> exsls = c15®(0p(z)) 2 / V201 d

®(0p(z))

O(|lz—yl)
> c18<1>(5D(:c))1/2/ TV 2p(t7Y) dt
@(|z—y|/M)
@(|z—yl)
> c10®(0p(2)) 2 ®(|z — y| /M) (@ (| — y!/M)l)/ thdt
O(|z—y|/M)
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eonlo P(|lr —y|) INY2P (1 — y)/2 r—yh)t
> emlog (=) 000p(a) (ke — o) o~ o))

> e21(log 2)@(3p () ®(Jw — y))' Py (@(lz —y) ™). (8.14)

Here the last line follows from (8.10).
(3) |z —y|/M < dp(x) < dp(y): Here by (2.1) and (2.2), we have

(lz—yl)
P [ < (e =yl — ) ) (8.15)

We summarize the above calculations as follows:
Case (i): By combining (8.5), (8.7), (8.9), (8.11), (8.13) and (8.15), and using the fact that
ri(r~1) is increasing, cf. (2.11), we get that

1= [@(3p(2) A n(y))6(@(0p() A dp(5) )] A [@(1e = yw(@(z —y) )] .
Therefore

1 e Oz —y)7h) (<I>(5D(x) N Ip () (®0p() Aop(y)™) | 1)
|z = yl*®(|z - y|) |z —yl|? O(lz =y (@ (e —y)~1) ’

which together with (8.4) proves (i).
Case (ii): By combining (8.6), (8.8), (8.9), (8.12), (8.14) and (8.15) and by using (8.3), we
see that

1= [@(5p(x) A dp()) /2 A B(|w — y)) 2]
x| [@(n(@) V op (1) 26(@(0p(2) V In(y)) ] A [@(le = y)2e(@(z - y) ™) |

Thus
1
FETIEETN
e V(@I —y)™) (®(6p(x) Adp(y))? n(0p(z) V dp(y))
S =T ( Sy 1) ( =) 1) |
Again, together with (8.4), this gives (ii). O

Lemma 8.3 (i) Suppose that v +— rV/%¢)(r=1) is almost decreasing near 0. Then there
exists C' > 0 depending on the diameter of D such that for all x,y € D,

P(Op(x)? 2(0p(y)'"* 0(5p(x) A dp(y))
(ot 1) (et 1) <o (P5man ™ a1) - o1

(ii) Suppose that r s 71/2(r~Y) is almost increasing near 0. Then there exists C > 0
depending on the diameter of D such that for all x,y € D,

( D(op (@) ) ( (op ()2 )

3 -y ") \&(e— g7
D(6p(x) Adp )\ (no(x) v 5p(y)
SC( (g7 “)( ) “)' (8.17)
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Proof. (i) Denote the left-hand side of (8.16) by I and the right-hand side of (8.16) by I1.
Without loss of generality we assume that 0p(x) < dp(y). We consider three cases:
(1) dp(x) < dp(y) < |x —yl|: Then

;_ 20p@)20(0py)"? _ 2(dp(x)
O(|lz —yl) O(lz -y

0(6p(x)) (p(y)"*¥(P(Op(y)) "

O(lz —yl) ©(0p(x))"/2¢(P(dp ()"

where the last inequality follows from the assumption that r —1/2 Y (r~1) is almost decreasing
near 0.
(2) dp(z) < [z —y| < dp(y): Then

I = ®(dp(x))'? _ @(dp(x))(P(0p(2)"") P(jz —y))' ¥ (@(lz —y)")
O(lz —y)?  O(|lz —yv(2(|z —y))™!) P(5p(2))"*Y(P(opn(2))")
02—9<6D(x)) = coll

0(lz — yl) ’

(P(0p(2))"") P0p(y)) 1 (®(le —yl)~")
(®(lz —y[)~") @(0p(x))/*(@(dp(x))")

050 (x)
=

)Y
)
)
)

again because 7~ /2 (r~!) is almost decreasing near 0.
(3) |x —y| < dp(x) <dp(y): Then both I and /I are equal to 1.

(ii) Again, denote the left-hand side of (8.17) by I and the right-hand side of (8.17) by I1,
and assume that 0p(x) < dp(y).
(1) 6p(z) < dp(y) < |z — y|: Then

7 _ 20p()20(py)? _ ®(0p(x)'? P(dp(y))'? P(®(dn(y))~")
O(lz —yl) — Oz — )2 e(je =y P(@(j —y))7)
®(0p(x))""* n(0p(y))

= B )Py

(2) 6p(x) < |v —y| < dp(y): By the assumption that r + r¥/2¢(r1) is almost increasing
near 0, we see that 7 is also almost increasing near 0. Therefore,

_ D(6p(x))V/? . ®(6p(2))? n(dp(y)) .
T80 o) = (e ) (e ) -

(3) |x —y| < dp(x) < dp(y): Now I =1, while IT > ¢, because n is almost increasing near
0. a

Recall that j(r) = ¢(®(r)~1)r=? for r > 0.

Theorem 8.4 (i) Suppose that r — /2 (r) is almost decreasing near 0 and for each
T > 0 there is a constant Cy = Cy(T, 1)) > 0 such that (8.2) holds true. Then there
exists C' > 1 such that for all x,y € D,

JYD(x,y) XC <9(5D925|Ex) ﬁ Zl|7)(y)) A 1> j(lx _ yl) '
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(ii) Suppose that r — /% (r=1) is almost increasing near 0 and for every T > 0, there is
a constant C5 = C5(T,1) > 0 so that (8.3) holds true. Then there exists C' > 1 such
that for all x,y € D,

oo (D) Na Y\ () V ()
“’(L”’\( e AQ<: ) Al)M

Proof. Let T := 2®(diam(D)). By (2.20), (6.1) and (6.2), we have

r—yl).

JyD<x,y>::]fmz#)@,x,yﬁ«t>dt

(lz—yl) T 00
< (/0 r(t, z,y)v(t) dt —I—/ r(t,x,y)v(t)dt +/ pP(t, z,y)v(t) dt)

2 (|z—yl) T
= Cl(Il + IQ + ]3) .

(i) By Lemma 8.1(i), we get

0(6p(x) A S(y))
hg@( 0z — o)

By using Lemma 6.2 and the fact that v is decreasing in the first line, and Lemma 8.3(i),
the definition of j and (2.5) in the second line,

o ((20p@)2 N ((@Ep()' N S|z —yDr(@(jz —y))
.( ) )

Al)xm—yw

I

= a2 ") o — g7 o~y
Honla) Aoo(w) Y
< o (ORI 1) 1o - .

By using Lemma 6.1 in the first line, and again Lemma 8.3(i), the definition of j and (2.5)
in the second line, we have

@ (dp(x))'"? P(dp(y))'"” .
o (st 1) (s 1) =

Al)ﬂu—yw

Is

3 (0<6D<x>/\5p<y>>
=~ G

0|z —yl)
The three displays above prove the upper bound. For the lower bound, it suffices to use the

lower bound for /; coming from Lemma 8.1(i).
(ii) This is proved in the same way as (i) by using part (ii) of Lemmas 8.1 and 8.3. O

Example 8.5 Assume that /() = \” where v € (0,1). As already mentioned in Remark
8.2, when 7 > 1/2 the assumptions in (i) hold true. Since 6(t) = ®(¢)'~7 we get that

B(n(x) Abp(y) N\ Bl — )
Bz —y)) ’”) Tyt

ﬁﬂ@w%(
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When v < 1/2, the assumptions in (ii) hold true, n(t) = ®(¢)*/?~7 and

vo, e (@0p() AOp(y) . P (@0p(x)Vin(y) . T (- y))
/ (m’y)“( Sz~ ) “) ( (e —y) “) ‘

(8.18)

The case v = 1/2 is not covered by Theorem 8.4, but by following the proofs of Lemmas 8.1
and 8.3 step by step, it is straightforward to deduce that

gy’ (x,y)

e (200 M) |, N[ )V Ip() A B(r — ] B — )
“( 3z — ) “) 1g(“<1><6D<x>AaD<y>>A<I><|x—y|>) |:c—y|d(81'9)

In particular, with y € D fixed, as dp(x) — 0, we have

O (6p(x))"?, 0<vy<1/2,
T (@,y) =< { ®(0p(x))Y? log(1/D(0p(x))), ~+=1/2,
O(dp(2))2 ®(dp(x))/>,  1/2<y <L

9 Failure of BHP in the case of 7, < 1/2

In this section we assume that d > 2 and that D is a bounded C'' open set in R? with O
characteristics (R, A) with R < 1. The goal of this section is to give an example showing
that even the non-scale invariant boundary Harnack principle does not hold when v, < 1/2.
For simplicity we consider the case ¥ (t) = t” and 75 = v < 1/2. The example works for any
bounded C'! open set.

Suppose that the non-scale invariant boundary Harnack principle holds near the boundary
of D. That is, there is a constant R € (0,1) such that for any r € (0, R], there ezists a
constant ¢ = ¢(r) > 1 such that for every Q@ € 0D and any non-negative functions f,g

in D which are harmonic in D N B(Q,r) with respect to YP and vanish continuously on
0D N B(Q,r), we have

f(x) g(z)
f(y) 9(y)

Note that we can take g(-) = G¥” (-, w) with w ¢ DNB(Q,r). Thus by Theorem 6.4, we have

that for any r € (0, R] there exists a constant Cs = Cg(r) > 0 such that for every Q € 0D
and any non-negative function f in D which is harmonic in DN B(Q,r) with respect to Y'?
and vanishes continuously on 0D N B(Q, ),

f@) @)
7o) = D)

Fix Q € dD. We choose a C! function ¢ : R* — R satisfying »(0) = 0, Ve(0) =
0,...,0), [[Velleo <A, [Ve(y) — Ve(2)| < Aly—Z|, and an orthonormal coordinate system
C'S with its origin at @) such that

B(Q,R)ND ={y=(y,ya) € B0, R) in CS: ya > (y)}.

IN
o

for all z,y € DN B(Q,r/2). (9.1)

for all z,y € DN B(Q,r/2). (9.2)
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Recall that kg = (1+(1 +A) )~1/2. Since D satisfies the interior ball condition, there exist
ro < RA(27%koR) and Y € B(Q, R)OD with 6p(2(M) = 7y such that 6p () = [2(9) — Q|
for all s < 1 where z(*) = Q + s(zM — Q).

In the coordinate system C'S we have 76 =0 and 2V = (6, r9). For any by, by > 0, we
define

D*(by,bo) :=={y = (J,ya) in CS: 0 < ya— p(y) <2 %Korob, [y| <2 *korobs} .

By (6.12), we have that D*(2,2) C DNB(Q,ro/2). Recall that V(2 2korg) is a C*' domain
with ! characteristics (roR/L, AL/ro) such that D*(1/2,1/2) C Vp(2 2kere) C D*(1,1),
where L = L(R,A,d) > 0. Let V = V(2 %K) and U = D*(2,2).
Recall that
1 O(r)7
)= e 9

Lemma 9.1 If~ < 1/2, then there exists C' > 0 such that

" Dyy3=y z))/? log(r T
E[/ S(3p(V")) dt]zocb%( )Y log(ro/3p(a))

for all x = 2 = (0,5) in CS with s € (0,2 koro).
Proof. By Proposition 6.5,

B[ 0o = [ 6w 2)0(En() s
2/‘/Gyv(x,z)<1>(5p(z))é_7dz
1 ((®(0v())' @0y ()"
>c /V (0p(2)) (W A 1) (W A 1) g(lx — z|)dz. (9.4)
Recall from (7.3) that there exists € € (0, (2(1 + A))?) such that the cone

C.(z) == {y = (U, ya) € B(x,2  koro) in CS : ya > 24, [J] < e(ya — a)}

is contained in D*(27%,272). Moreover, (7.4) implies

(% A 1) =1, ze€C.pz).

|z = 2|

If 2 € Ccpo(x) \ B(x,0p(x)/2), then |x — 2| > dp(x)/2, so by (7.4) and (2.9),

D(0p(x)) i (20p@) e ®0p()
(q><|:c—z|>“)q’(5D< )z 2(<1><|x—z|>“)‘”' )z g — e

Therefore, using (9.3),

[ 2ot (1) (2D 1) e - 2
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xr — z
264<1>(5D(l’))1/2/ q“f<<|| — ||))de
Cepo(@)\B(x,0p(x)/2) FUL — 2

> cs0(6p()) " |

6p(z)/2

2= 6koro

;ds > c®(0p ()2 log(re/dp(x)).

O

Choose a point zp € 9D \ DN B(Q,2r) with |z — Q| < 1 (such zj exists since 2ry <
273kgR). For n € N large enough so that B(zg,1/n) does not intersect B(Q, 2ry), we define

|D N B(zg,1/n)|7t, forvy<1/2

w(y) = ®(0 e | 20.1/n
f (y) ( D(y)) DNB(20,1/ )(y) X {K;l, for v = 1/27

where
1

K, = log(————)dy.
/DﬂB(zo,l/n) g(q>(5D(y))) Y

Define
ga(2) = EL[,(Y)] = / / G (0, 2) 7 (o) fuly)d=dy, x € V.
D\U Jv

Lemma 9.2 [f~ < 1/2, then there exists C; > 0 such that

liminf g, (x) > C0(3p ()2 log(ro/dp (x)) (9.5)

for all x = 2 = (0,5) in CS with s € (0,2 "koro).
Proof. (i) Case v < 1/2: Since

1 =<°|z—y| >cadp(z) and |y—z| > cdp(y), for (y,z) € (DN B(z,1/n)) xV,
using (8.18) we have
T (2,9) =5 ©(6p()) P R(0p(2)) 2 (0p(2) V op(y)) 7 for (y.2) € (DN B(z, 1/m) x V.
Thus,

gulz) = /D . /V GV (2, 277" (2, ) fuy) dedy

~ DA Bz, 1 /)|~ /V /D » 1/)(I>(5D(z)\/6D(y))_”dycl>(6D(z))1/2G§D(x,z)dz. (9.6)

Since
lim |D N B(z, 1/n>yl/ B(0p(2) V Sp(y))dy = BGp(2)~", €V,
n—o0 DnNB(z0,1/n)
|D N Bz, 1/n)]1/ O(0p(2) Vip(y)) Tdy < ®(p(z))™7, zeV
DnNB(20,1/n)
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and

/V B(3p(2))dGE (2, 2)dz < oo,

by the dominated convergence theorem, for all z = z(*) = (6, s) in CS with s € (0,27 "kgry),

n—oo

lim |D N B(zp,1/n)|” //DOB( . O(8p(2) V op(y)) "dy®(6p(2))2GY" (2, 2)dz
:/V¢(5D(z))z—vc:5£’(x,z)dz. (9.7)

Combining (9.7) with Lemma 9.1 we conclude that (9.5) holds true for v < 1/2.
(ii) Case v = 1/2: Using (8.19) and following the same argument in (i), we have

mia) = | . [ GV @ )y

e () Ao\ (1 2O Vp() e

=i | /m . W( s ) e (1 G Ry ) oY
We have [, GV (x,z)dz < oo and

O(3p(2) Adp(y)\ " ®(3p(y) V op(2))
DNB(z0,1/n) ( P(6p(y) ) (1 " (y) A op( )) 4y

DNB(20,1/n)N{6p(2)<dp(y)}

K—l

+ K1 log (1 +
DNB(z0,1/n){8p(2)>8p(y)}

1
<cK;! log (—) dy<ec, zelV.
DNB(z0,1/n) ®(dn(y))

Moreover, since

(6
limsup K, ! log (1 + M) dy < limsup K, '|D N B(z,1/n)| =0, z€V,
DNB(z0,1/n) o ))

n—00 n—00

for each z € V,

lim K * (
n—00 DNB(z0,1/n) (dp(y)

()
= lim K ' 0 —( (
_nlﬁoo Kn DmB(zO,l/n)l & (1 * (I)((SD(y

(On(

(0n(

= lim K' log (1 +

n—oo DNB(z0,1/n)



1

+ lim K;l —<I>(5D(z))) dy

<1og
n—oo DNB(zo0,1/n)

RS
(dp(y))

lim K, '|D N B(z,1/n)| =

=1 —log —(I>(5D(z)) Jim

Thus by the dominated convergence theorem, for all 2 = z(® = (0,s) in CS with s €
(0 2- :‘107”0)

e L () 3

:/VG’; (7, 2)dz. (9.9)

Combining (9.9) with Lemma 9.1 we conclude that (9.5) holds true for v = 1/2.

By Lemmas 6.7 and 6.8, we have that for large n anf y € D N B(Q, 2 "kqro)
n) < ex [ @n)ETG 0,
1%

s@ﬂmﬁﬂ/kﬁ%%@w

D
1, for v < 1/2

log(1/6p(y)), for v =1/2. (9.10)

< c3®(r0) 2 R (0p ()" {
Thus we see that g,’s are non-negative functions in D which are harmonic in DNB(Q, 2™ "kqro)
with respect to Y'? and vanish continuously on 9D N B(Q, 2 "kgry). Therefore, by (9.2),

CI)((SD(y))l/Q
®(dp(w))'/2

< Gy for all y € DN B(Q,2 ®koro)

where w = (0,2 %kgro) and Cs = Cg(2  "kgrg). Thus by (9.10), for all y € DNB(Q, 2 kor),

y . D(op(y))? 1/2
1m_)sup gn(y) < Cg hmﬁsup gn(w)W < ¢qlog(cs/ro)P(dp(y)) <.

This and (9.5) imply that for all z = z(®) = (0, 5) in C'S with s € (0,2 %kgry),

log(ro/dp(z)) < (ca/C7)log(cs /o),

which gives a contradiction.
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