PARABOLIC HARNACK INEQUALITY FOR THE MIXTURE OF
BROWNIAN MOTION AND STABLE PROCESS

RENMING SONG* AND ZORAN VONDRACEK**

ABSTRACT. Let X be a mixture of independent Brownian motion and symmetric stable
process. In this paper we establish sharp bounds for transition density of X, and prove

a parabolic Harnack inequality for nonnegative parabolic functions of X.

1. INTRODUCTION

Let W = (W, : t > 0) be a Brownian motion in Euclidean d-space R, and let Y = (Y} :
t > 0) be a rotationally invariant a-stable process in RY, where 0 < a < 2. Suppose that
W and Y are independent and define the process X = (X, : t > 0) by X; = W, +Y;. The
law of X started from x € R? will be denoted by P*. We will call the process X the mixture
of the Brownian motion W and the stable process Y. Although X is a Lévy process with
explicitly known generator and Lévy measure, until recently not much was known about
the Green function and transition density of this process. The main difficulty in studying
the process is the fact that it runs on two different scales. By realizing the process X as a
subordinate Brownian motion and using Tauberian theorems, the asymptotic behaviors of
the Green function of X near zero and infinity were established in [7]. These asymptotics
were used in proving an elliptic Harnack inequality for the nonnegative harmonic functions
of X. The study of elliptic Harnack inequality for purely discontinuous processes was
initiated only recently by Bass and Levin in [1] whose approach was also used in [7].

Parabolic Harnack inequality for nonnegative parabolic functions of purely discontinu-
ous symmetric Markov processes was established by Chen and Kumagai in [4] based on
the ideas developed in [2]. The processes they studied have a scaling property that was
essentially used in their argument. In a work in progress Chen and Kumagai were able to
extend the parabolic Harnack inequality to a more general class of purely discontinuous
symmetric Markov processes including sums of independent stable processes with differ-
ent scales. Their work so far does not include the process X described in the paragraph
above.
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The goal of this paper is to establish a parabolic Harnack inequality for the nonnegative
parabolic functions of the process X. In order to do this, we first establish sharp upper
and lower bounds for the transition density of X. Although our proof of these bounds is
elementary and does not extend to general Markov processes which have both a continuous
component and a discontinuous component, these bounds can serve as guidelines for the
general case.

The content of this paper is organized as follows. The upper and lower bounds on the
density of X are established in Section 2. In Section 3 we establish a lower bound for the
transition density of the process X killed upon exiting a ball, and in Section 4 we prove
the parabolic Harnack inequality.

2. BOUNDS FOR TRANSITION DENSITIES OF THE MIXTURE

Let p®(t,x) be the transition density of W, and p{® (¢, ) the transition density of Y.
Then
|z
TR
while it follows from [3] that there are positive constants Cy,Cy such that for all t > 0
and z € RY,

p?(t,2) = (4mt) 4 exp(~

(1) Cy min(t~¥* ¢z~ < p@ (¢, x) < Coymin(t= Y, t|z| 7).

The transition density p(t,z) of X is given by

plta) = [ pP(tx = p)p ey dy.
R

The purpose of this section is to obtain sharp bounds on p(t,z). In order to do this, we

will need to compare p® (¢, z) and p® (¢, z).

LEMMA 2.1. Let v > 0.

(i) There exists a positive constant ¢ > 0 such that for all x € R* and all t > 0
satisfying |x| < 1 <'t, it holds that
|z

e < o2 =y,
< et % exp( o )

(ii) For all x € R and all t € (0,1), it holds that

2
/e > /2 exp(—ﬂ).
vt

(iii) There exists a positive constant ¢ > 0 such that for all t > 0 and all |x| > 1, it
holds that
2
(2) /2 exp(—%) < ctlx|7.
f‘)/
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PROOF. We omit the easy proofs of (i) and (ii), and only give a proof of (iii).
For fixed = # 0, define f : (0,00) — (0,00) by
ft) =t exp(—|al*/(7t)) .

Then f(0+) = f(+o0) = 0. Further,
f1) = fO (= (d/2+ Dt + |z*/7).

This derivative is zero for )
to = |$‘ ’
(d/2+ 1)y
positive for ¢ < ty, and negative for t > t3. Thus f attains its maximum value at ¢y, and
j2f? )/ ( [« (d/2+ m)
max f = f(tg) = (— exp | —
W = @+ TR
= ((d/2+ 1)) exp(=d/2 = 1) ]~ = cla| 2.

It follows that for all ¢ > 0
£2 exp(— o2/ (v8)) < HF(8) < tela| 2 = etfo| = |o|*2 < ctfaf 0

since |z| > 1. O

REMARK 2.2. Note that the proof of (iii) shows that for |z| < 1 there does not exist a
positive constant ¢ independent of x such that (2) holds. Clearly, the reverse inequality

cannot be true either.
Now we will establish upper bounds for p(t, z).
LEMMA 2.3. There exists a positive constant ¢ such that for t > |z|®,
p(t,z) < ep(t,x).

PROOF. For all y € RY, p@(t,y) < Cot=¥*. For t > |z|*, we have that p®(t,z) >
Cit~%. Hence,

plt,x) = / dp(”(t,x—y)p(a)(t,y) dy
R

< Cyife / POt 2 —y)dy < (Co/CLPO (t, 7).
Rd

LEMMA 2.4. There exists a positive constant ¢ such that for t > |z|?,

p(t,x) < ep@(t,x).
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PROOF.

pta) = [ ot -yt dy
R

O)(t. oz —

(2) p(t,x —y) (o)

= p(t,x / ——pY(t,y) d
(t, ) o p(2)(t,x) (t,y)dy

= 0(t0) [ expl ol = o =yt ) dy

< pO(t,2) / exp(|z[2/(40))p (¢, y) dy
= POt 2 explal?/(48) < M pP ().
(]

LEMMA 2.5. Let p(t,x) := (47t)~ Y2 exp{—|z|?/(16t)}. There exists a positive con-
stant ¢ such that for all |z| <1 and all t < |z|?,

p(t,x) < max(p?(t,z), p' (¢, 7).
PROOF.

pta) = [ 0Pt ey dy
R

- / tl/a +[1/a (1/2 +/ (1/2 +/ (1/2
lyl<*5— <ly|l<*5— ly|>*=5—, ly—z|>|z|/2 ly|> =~ ly—=|<|z|/2

== [1—|—[2+[3—|—I4.
(i) For |y| < t/%/2 and t'/2 < |z| < 1, it holds that 2|y| < t¥/* < /2 < \:U] Hence
lz —y| > |2[/2, and so exp{—|z — y|>/(4t)} < exp{—|z|>/(16t)}. Clearly, p®(t,y) <
Cot=%_ Therefore,
L < Cydmt) 42 exp(—|x|2/(16t))t_d/a/

lyl<f5—

dy

l/a
= c(4mt) "2 exp(—|z[?/(161)) .

(ii) For |y| < t'/2/2 we have that 2|y| < t'/? < |z|, and so again |z — y| > |z|/2. Clearly,
P (t,y) < Cot|y|~@=*. Therefore,
L < Coldmt) 2 exp(—|z|?/(161)) / by~ dy
£ <lyl< £y
17/2

= op(dnt) exp(—\x|2/(16t))t/1/z r= e dr

2

() = ()7

= c3(4mt) "% exp(—|x|?/(16t)) t
(1 _ tl—a/Z)

)
= cy(dmt) "2 exp(—|z|2/(16t))
< ey(4nt) Y2 exp{—|z|?/(16t)} .
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(iii) Similarly as in (ii),

LS Colamt) P esp(—lef/(160) [ e dy

1/2
ly|>15=, ly—a|>|z|/2

< Calamt) exp(—[of/(160) ¢ | oy
Y=

= 04(47Tt)_d/2exp(—|x|2/(16t))t(tl/Q)_o‘
< cs(4mt) % exp(—|x[*/(16t)) ,

since t17%/2 < 1 for t < 1.
(iv) For |y — x| < |z|/2, we have |y| > |z|/2, and hence |y|~¢~* < 2¢+<|z|~4=2. Further,
since t < |z|? < |z]|® for |z| < 1, it holds that ¢|z|~4~* < (1/C})p'®(t, ). Thus

L < G / . Pt — y)tly| = dy
lyl>5=, ly—=[<|z|/2

< 06/ / p@(tz = y)tla| " dy
ly|>t5=, ly—a|<|z|/2

< el [ POt~ y)dy < cp®t0),
Rd
From the estimates above it follows that

p(t,z) < 0813(2) (t,x) + C7p(o‘) (t,z) < cg maX(f)(Q) (t, x),p(a) (t,x)).

LEMMA 2.6. There exists a positive constant ¢ such that for all t < |z|* and |z| > 1, it
holds that

p(t,z) < cp(a)(t,x) )

PROOF.
pta) = [ 9Pt ey dy
R
o)
lz—y|<|z|/2 lz—y[>[x|/2,|y| >t/ |lz—y[>|a|/2,|y|<t!/=
==. [1—|—12—|—[3.

(i) For |z—y| < |z|/2 we have |y| > |x|/2. Hence p(®)(t,y) < Cot|y|~4~ < Co2¢Ft|z|~4 =
crot|z| 747, Also, p@(t,z) > Cyt|z|~*. Therefore,

L, < Clot|$|da/ p(2)(t,x—y)dy
lz—y|<|z|/2

< et < enp(t, z).
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(ii) For |z —y| > |z|/2 we have exp{—|z —y|?/(4t)} < exp(—|x|?/(16t)). Also, p'¥(t,y) <
Cot|y|~4=*. Therefore,

Iy < 02<47”f)d/QeXp(—lml2/(16t)>/ |4 dy
lz—y|>|z|/2,[y| >t/
< 02(47rt)—d/2eXp(—|x|2/(16t))t/ ly|~%° dy
ly|>t/
< C12(47Tt)*d/2 eXp(—’$‘2/(16t))t(t1/0‘)*a

= cis(dmt)” P exp(—[z[*/(16t)) < clap' (¢, ),

where in the last inequality we used Lemma 2.1 (iii).
(iii) For |z —y| > |x|/2 we have exp(—|z —y|?/(4t)) < exp{—|z|?/(16t)}. Also, p'™(t,y) <
Cot=%_ Therefore,

I; < 02(47rt)_d/2exp(—\x|2/(16t))/ t=Yedy

|yl <t/

< c5(4mt) Y exp(—|z?/(161)) < c16p (¢, x),

where in the last inequality we used Lemma 2.1 (iii).
From the estimates above it follows that p(t,z) < cy7p\® (, z). d

REMARK 2.7. Suppose that ¢ < |z|* and |z| > R, where 0 < R < 1. Then p(t,z) <
cR*2pl®)(t,x), where the constant ¢ does not depend on R. This can be proved by
changing the estimates for Iy and I3, by using a modification of Lemma 2.1 (iii).

Next we establish lower bounds for p(¢, x).

LEMMA 2.8. Let p(t,x) := (4nt)~¥? exp(—|z|?/t). There exists a positive constant ¢
such that for all t < |z|,

pt,z) > cp?(t, z) .
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PROOF. For |y| < |z| we have that |y — x| < 2|z, and hence exp(—|z — y|*/(4t)) >
exp(—|z|?/t). Therefore,

pt,z) > / Ptz — y)p(t, ) dy
B(0,|z])

Vv

(4mt)~ exp(—|a /1) / P (t,y) dy
B(0,]z|)

= (4rt)~2 exp(—|m|2/t)/( " t=4/ep@) (1,71 y) dy
B(0,|x

— (dmt) 2 exp(—|al/t) / P (1, u) du
B(0,t—1/*|xz|)

> (ant) P exp(~[oft) [ p(10)du
B(0,1)

= ¢ (4nt)" Y% exp(—|z|*/t).

LEMMA 2.9. There exists a positive constant ¢ such that for every x € R% and every
y € B(x,|x|/2), it holds that

p(t,y)

>c.
p(a)(t’ gj) = ¢

ProoF. This result can be easily proved by looking at the following four cases. Case
Lt > |z|%t > |y|*; Case 2: t < |z|%t < |y|*; Case 3: ¢t > |z|%t < |y|* and Case 4:
t <lz|*t>|y|* We omit the details. O

LEMMA 2.10. There exists a positive constant ¢ such that for all t < |z|?,

p(t,z) > ep(t, x).
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PRrROOF.
pta) = [ B ) dy
R
(a)(t )
— @ P\%Y) @ 0 ) d
P ’I)/de(“)(t,:r)p (t,z —y)dy
> ep!(t,z) / p@(t,z —y)dy
B(z,|x|/2)
= o) [ ) dy
B(0,|z|/2)
— @) PO (1, u) du
B(0,t=1/2|z|/2)
> clp(o‘) (t,x) / p(z)(l, w) du = CQp(a) (t,z),
B(0,1/2)
where the third line follows from Lemma 2.9. O

LEMMA 2.11. There exists a positive constant ¢ such that for allt > 1 and all |z|* <t

we have

p(t,z) > cp(t, x).

PROOF. For |z]|® < t, p@(t,x) < Cot=¥. If |y — x| < t¥/%, then |y| < |z —y| + |z <
et/ If |y| < #1/2, then p@(t,y) > Ot~ ¥e. If t¥/* < |y| < 2tY/% then p@(t,y) >
Citly|=4 > C 274 2t=%/*_ Therefore,

pea) = [ e -yt dy
|$_y|St1/o¢

> eyt / p@(t,x —y)dy
|lz—y|<tt/o

= 03t_d/a/ P2 (t,y) dy = 03t_d/a/ PP (1, ) du
ly|<tt/e ly|<t=1/2¢1 /e

> cgtd/“/ PP (1, u) du = et > esp @ (t, z).
ly|<1

U

LEMMA 2.12. There exists a positive constant ¢ such that for all |x|* <t < 1 it holds
that

p(t,z) > ep?(t, z) .
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PRrROOF. If |y| < t1/9, then p{® (t,y) > C1t=¥*. Also, |xr—y| < |z|+]y| < 2tV implying
exp(—|x — y|?/(4t)) > exp(—4t¥/*/(4t)) = exp(—t?>/*"1) > 7!, since t¥/*~! < 1 for t < 1.

Therefore,

p(t,z) > / POtz —y)p!(t,y) dy
yl <t/

Vv

Oyt~ / PPtz —y)dy
ly|<tl/e

v

Oyt~ (4mt) =421 / dy

ly|<tt/e
= co(dmt) ™2 > cq(4mt) Y% exp(—|x|?/(4))

= CGP(Q) (t,z).
U

By collecting the results from previous lemmas, we obtain the lower and upper bounds
for the transition density p(t,z). In order to briefly state the result, we define

( ]5(2)(7571,)’ |l’|2<t< |.T|a§1,
(t ) ) maX(ﬁ(2)<t’ x)’p(a)<t’x))’ t < ‘SC|2 S 1’
y L) =
a1 p(2)(t7$), |$’a <t<1,
\ p(a)(t,l'), tZ].OI‘ |£L‘| Z]_’
and
[ p®(t,2), 22 <t <|z|* <1,
(t,7) max(p@ (¢, z), p (¢, 2)), t<|z)2 <1,
, ) =
42 pA(t, z), lZ|o <t <1,
[ P9t 2), t>1or|z|>1.

THEOREM 2.13. There exists a positive constant C3 such that

Cylqu(t, ) < p(t,z) < Caga(t, x).

3. LOWER BOUNDS FOR TRANSITION DENSITIES OF THE KILLED PROCESS

In this section we will establish a lower bound for the transition density of the process
X killed upon exiting a ball of radius R. Let p(t,z,y) := p(t,y — x). We first need the

following lemma.

LEMMA 3.1. There exists a constant Cy > 0 such that for every R > 0, every v € R?
and every t > 0,
Cyt
3 P (1pmm <t) < —
() (TB(vR)—)—R2/\Ra
where T ry = inf{s > 0; X; ¢ B(z,R)}.
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This result for R € (0,1] appears as Lemma 2.1 in [8]. By a slight modification of the
proof, the result follows for R > 1 as well.

Let R > 0, B = B(0,R), and let 75 denote the first exit time of X from B. Let X%
denote the process X killed upon exiting B. The transition density of X? is given by

pB(t,l’,y):p(t,l',y)—TB(t,.’E,y), x?l/EB?
where
TB<t7 xz, y) = Ew[p(t — 7B, XTB7 y) 1(t>TB)] .

LEMMA 3.2. There exist constants Cs > 0 and Cg € (0,1/10) such that:
(i) For every R >0, for all z,y € B(0,2R/3) and all 0 < t < 1 satisfying |vr — y|* <
t < Cs(R? A R*) it holds that
pB (t7 Z, y) > CStid/Q .
(ii) For every R > 1, for all z,y € B(0,2R/3) and all t > 1 satisfying |z — y|* <t <
CeR® it holds that
pP(t,a,y) > Cst= "
(iii) For every R > 1, for all z,y € B(0,2R/3) and all t > 1 satisfying |x — y|* >t
and t < CgR® it holds that
pB(ta z, y) Z OStR_d_a .

PRrROOF. We first find an upper bound for r2(¢,z,y). Suppose that 0 < R < 1. Note
that by combining Lemma 2.6 with Remark 2.7, if |y — z| > R/3 and t < |y — z|?, then
p(t,z,y) < c(R/3)*2pl(t, z,y) < cCy(R/3)* 2t |z — y|~ . Let z,y € B(0,2R/3) and
choose t < R*/10. Then |X,, —y| > R/3 and t < R*/10 < |X,, — y|?, so on {t > 75}

p(t =78, Xrp,y) < cCo(R/3)*2(t — 1) X5, —y| 70
< cCy(R/3)**(R/3)™ ™ < cyR™%t.

Note further that for € B(0,2R/3) it holds that P*(1p < t) < P*(Tp@rm) < t) <
Cyt/(R/3)* by Lemma 3.1. Therefore, for all z,y € B(0,2R/3) and all t < R?/10,

TB(ta z, y) = E* [p(t — 7B, XTB7 y) 1(t>7—3)]
< o RTTHPU(t > TR)
< 9o R IPHCiR™ = oo’ R
Suppose now that R > 1. If 1 > |y — 2| > R/3 > 1/3, and t < |y — 2|, it holds
by Remark 2.7 that p(t,y, z) < ¢(1/3)* 2p)(t,y,2). If 1 > |y — 2| > R/3 > 1/3, and
t > |y — 2| then by Lemma 2.3, p(t,y, 2) < cp®(t,y,2). If |y — 2| > 1, then the estimate
p(t,y,2) < ep™(t,y,2) follows from Theorem 2.13. Therefore, whenever |y — z| > R/3
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and for all t+ > 0, p(t,y,2) < p'(t,y,2) < cCotly — 2|7 < cCot(R/3)™*4. Let
x,y € B(0,2R/3). Then on {t > 75}

p(t — 75, Xrp, y) < cOot(R/3)™ % < 3R
Again by Lemma 3.1, P*(7p < t) < P*(7g@,r/3) < t) < Cat/(R/3)*. It follows that
rP(ta,y) = Ep(t — 75, Xop. y) Losrp)]
< s RTTUPE(t > TR)
< 93ROt CtR™™ = ey’ ™.
(i) Suppose first that 0 <t < 1 and R € (0,1]. For all 2,y € R? such that |z —y| < 1,

we have by Theorem 2.13 that p(t, z,y) > ¢5p® (t,y —x). Therefore, for z,y € B(0,2R/3)
and |xr — y|? <t < R?*/10 it follows that

pt,x,y) > cs(dmt) W2 o/t > e U2 = o2

It follows that for x,y € B(0,2R/3) and |z — y|* <t < R?/10
B(tal'?y) = p(t,l',y) _TB(twray)

_ C7t—d/2(1 _ C_Zt(d+4)/2R—d—4) > %t—d/2
Cr

p

provided that 1 — (cy/c7)t\@4/2R=4=4 > 1/2. This last condition is satisfied if
< e >2/(d+4) , ,
t< | =— R = CgR .
262
Suppose now that 0 < t < 1 and R > 1. The same argument as above shows that
for z,y € B(0,2R/3) and |z — y|*> < t < R*/10 it holds that p(t,z,y) > c;t~%2, and
consequently
B(t>x7 y) = p<t7$7 y) - TB(t7$7 y)
> C7tid/2 — C2t2Rid72a

— c7t*d/2(1 _ @t(d+4)/2Rfd72a) > %t,d/Q
Cr

provided that 1 — (cy/c7)t\@/2R=4=2e . 1/2. This last condition is satisfied if

p

c 2/(d+4)
t < (2_7> R2(d+2a)/(d+4) = ¢o Rz(d+2a)/(d+4)_
Co

Note that a < 2(d + 2a)/(d + 4). Therefore, if t < coR*, then t < co RH42)/(d+4) " and

consequently pB(t, z,y) > (c7/2)t~42.

Choose ¢1; = min(1/10, cg,c9). Then we have proved that for every R > 0, for all
z,y € B(0,2R/3) and all 0 < ¢ < 1 satisfying |z — y|* < t < ¢11(R?* A R*) it holds that
B C7,—aq/2
> —t .
( 2

po(t,z,y) >
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(ii) Let R > 1 and z,y € B(0,2R/3). Suppose that |z — y|* < t. By Theorem 2.13,
p(t,r,y) > Cy'p(t,z,y) > Cy'Comin(t~¥* t|x — y|=97%) > ¢t~ ¥*. By combining
with the upper bound for r2(¢, x, %), it follows that

pE(txy) = plt,z,y) —rP(tz,y)

= Clgt_d/a(]_ — ﬁtd/a‘f'QR—d—Qa) > gt_d/a
C12

provided that 1 — (cy/c12)t¥*+*2R=972¢ > 1/2. This last condition is satisfied if

1o a/(d+2a)
t < (-) R = ClgRa .
204

(iii) Let R > 1 and =,y € B(0,2R/3). Suppose that |z — y|* > ¢t. Again by Theorem
2.13, plt, z,y) > C5 'p(t, 2, y) > C5 ' Cymin(t=*, tla —y| =) = C5 ' Cotfw —y| = >
ciytR=4=%. By combining with the upper bound for r5(t,z,y), it follows that

p(ta xz, y) - TB(ta xz, y)
Cl4tRfd7a _ C4t2R72Oéfd

Cl4tR7dia(1 — 2tfiia)

C14

pP(t, z,y)

vV

A%

Ci4 —d—
> —tR
-2

provided that 1 — (¢4/c14)t R~ > 1/2. This is satisfied if

t < 2Ra = 015Ra .
264
We finish the proof of the lemma by choosing C5 = min(cs/2, ¢12/2, ¢14/2) and Cg =
min(ci1, €13, C15)- U

Let N = |2/Cg| where Cj is the constant from Lemma 3.2, and |- | denotes the smallest
integer function. The proof of the next result follows the proof of Theorem 2.7 in [5].

PROPOSITION 3.3. Let § € (0,1). There exists a constant C; = C7(5) > 0 such that for
all 0 < R < (2N/§)V, all x,y € B(0, R/2) and all 0 < t < R* A R it holds that

pP(t, @ y) > Cot~ e lomuP/(C1)

PROOF. Let R < (2N/§)Y*, z,y € B(0,R/2) and t < R*> A R®. Suppose first that
t < |z —y|? and define k = [4N|z — y|?/(6t)]. Then k > 2N/§ > 2/(Cs6), and therefore
t/k < (Codt)/2 < (1/2)C0(R* A R™) < Cs(R* A R*). Moreover,

Csd , Ceo [(N\Y]"  cso N
_— XY L — < — <
5 (R*ANRY) < 5 [(5> 5 1
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implying that t/k < 1. For [ =1,2,...,k — 1 let
— a4 (y—2)
2= . y—1x).
From k > 2N|z — y|*/(6t) it follows that |z — y|*> < dkt/(2N). Therefore

\[\/kt/N \/2N\[
H(ﬁ[) |

=1

\/ \/7_\/ \/C'GR2<C’6R<—
implying that for every [ =
(Zl,\/ \/7>CBO2R/3)

For (; € B(z;,+/0/(2N)\/t/k) and (;_1 € B(z_1,1/0/(2N)\/t/k), 1 =2,3,... .k — 1, we
have that |Cl - Q_1| < |Q - le + |Zl — Zl_1| + |Zl_1 — Gl—1| < 3\/5/(2]\7)\/15/]{3 < \/t/k.

Therefore,

|Zl - 2171| =

Define

Note that

t
G —Ga]? < z < Cs(R* AR%),

implying by Lemma 3.2(i) that p®(t/k, G_1,G) > Os(t/k)~%2. Hence

PPt ay) = ///pB @m) PP (é,g,@) LB (é,ckl,y) dCydGy ... dCors

t t
> [ (pna) e (o) o (o) dada...da
—d/2\ ¥ a2\ F-1 —d/2\ *
t ot t
> — = - _
> 5] (C(k;) ) (\B(O,m (5x7) ) (o(k) )
k
_ C56%2|B(0, 1)] 242 N4/ 1d/24—d/2
9d/2 Nd/2 642|B(0,1)]
2d/2Nd/2 2d/2Nd/2
> k1l d/2tfd/2
- eXp( 8 B0, 1) ) SU2[B(0, 1)
2U2N4/2  4N|zx — y|?
> ~1 4
- CmeXp( e B ) o )t
>

Cl7t

2
Cl7t—d/2 exp (_|5U Y| ) .
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Assume now that ¢ > |z —y|? and define k = |[4N/d]. Then again k > 2N/§ > 2/(C40)
implying t/k < Cst < Cs(R?* A R*) and t/k < 1. The same argument as above gives the
following estimate

k
5 <c55d/2|B<o, 1>!) 2PN apyare

9d/2 \d/2 (5d/2’B(O, 1)’
Cs642|B(0, 1)\ 242N/
9d/2 \d/2 542| B(0, 1)

2
:r E—
= Clgtid/2 > Clgtid/2 exp (—&> .
Clgt

po(t,x,y) >

(2N)d/2t7d/2

The claim follows by taking C7 = min(c;7, ¢13). O

PROPOSITION 3.4. Let § € (0,1). There exists a constant Cs = Cg(6) > 0 such that for
all R > (2N/6)Y, all x,y € B(0, R/2) and all t satisfying SR* < t < R® it holds that

pB (ta z, y) Z CStid/a .

PROOF. Let R > (2N/§)Y* and 6R* < t < R®. First note that §R* > 2N, implying
t > 2N. Define k = N. Then clearly t/k =t/N > 1. Also, since N > 1/Cg, we have that
t/k < Cst < CsR°.

Suppose that u,v € B(0, R/2). If |u —v|* < t/k, then by Lemma 3.2(ii) it follows that

—d/a
pB<t/]{?7 U, U) > 05 (%) > CSt_d/a .

If |u — v|* > t/k, then by Lemma 3.2(iii) it follows that pP(t/k,u,v) > Cs(t/k)R~4~.
But since dR* < t, we have that R < (t/§)/, implying

t t —(d+a)/ 51+d/a
pP(t/k,u,v) > 05% (5) =Cj N e = eygt =

Hence, for any u,v € B(0, R/2) it holds that pZ(t/k,u,v) > c1ot~¥*. Define
k-1
tl/a
S=1||Bl10,— | .
I(05)
I=1
Note that B(0,t/*/k) c B(0, R/2) since t < R®. Hence

i) = [ o[ (fna) o (160a) o (16 ) don e di
> [ (e (o) o (fooy) dada. .. da

(o) (o)) (o))

_ |B(O, 1)|k—lcllc9kdk(1/a—1)+dt—d/a _ CQOt_d/a ’

v
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where cog depends on d. Choose Cg = coq. U

COROLLARY 3.5. Let 0 € (0,1). There exists a constant Cy = Cy(5) > 0 such that for
all R >0, all x,y € B(0, R/2) and all t € (6(R* A R*), R* A R®) it holds that

PROOF. Suppose first that # < 1. By Proposition 3.3,
PP (t, @ y) > Cot~ e lomuP/(Ct)

We use that |z — y|?/t < 1/§ and t=%2 > R~ to obtain the estimate with cp; =
Crexp(—1/(C70)). If 1 < R < (2N/§)Y*, then again by Proposition 3.3,

PE(t,z,y) > Cyt= /2~ le=vI*/(Cr1)

Now we use the estimate

o —yP _ B> _1(2N (2-a)/a
— _— = C
t T O0R*T 4 2

)
and t < R* < R?, to obtain that

pP(t,x,y) > Cre™ /"R = ¢y R™%.
Finally, let R > (2N/6)'/*. Then by Proposition 3.4 it holds that
PPt ay) > Cst ™ > GsR™.

The proof is finished by choosing Cg = min(cyy, ¢z, Cy).

4. PARABOLIC HARNACK INEQUALITY

In this section we are going to prove the parabolic Harnack inequality following closely
the approach from [4]. Let us first introduce the space-time process Z, = (T + s, X).

The law of the space-time process starting from (¢,z) € [0, 00) x R? will be denoted by
P2),

DEFINITION 4.1. Let (t,z) € [0,00) x R? and let r1, 7, > 0. We say that a nonnegative
function ¢ : [0,00) x R? — [0, 00) is parabolic in [t,t + r1] x B(w,rs) if for any [s, ss] C
[t,t +7) and B(y,r) C B(y,r) C B(z,r) we have

q(s,2) = 9 (q(Z; V(s,z) € [s1,52) x B(y, ),

[Sl«SQ)XB(ym)))’

where Ti, s)xB(yr) = Inf{s 1 Z; & [s1,52) x B(y,7)}.
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Fort > 0, z € R? and R > 0, define
Q(t,z,R) =[t,t + (R* ANR™)] x B(z, R) .

For A C [0,00) x R let 04 = inf{t > 0; Z; € A} and A, = {y € R% (s,y) € A}
The idea for the proof of the next result comes from [6].

LEMMA 4.2. Let 6 € (0,1]. There exists a constant C1g = C1o(0) > 0 such that for all
R>0, anyz € R, anyv € B(z, R/3) and any A C Q(0, 2z, R/2)N([6( R2 A R%), 00) x R?),
A

0,v
P( )(O'A < TR) > Cwm,

where TR = TQ(0,2,R) -

Proor. We are going to estimate the expected time that the space-time process Z
spends in A before exiting Q(0,z, R). Let XP®®) denote the process X killed upon
exiting the ball B(z, R) and let pZ(*® be its transition density. Then

- o R2AR®
EO) / 1a(s, X,)ds = EOV / La(s, XPEH) ds = / PO ((s, X)) € A)ds
0 0 0
R2ARY R2AR™
= [ reremeayds= [ [ e o) dyds
0 é ) J As

(R2AR~
R2AR®
Co |A]
> - dyds =Co—,
/5(R2ARa) /AS Rd Rd

where the inequality follows from Corollary 3.5 by using that s € (§(R? A R*), R?> A R®)
and v,y € B(z, R/2). On the other hand,

TR [ TR
E(O’U) / 1,4(8, XS) ds = / ]P)(O’U)(/ 1A(8a Xs) ds > u) du
0 0 0

R2AR® ™"
= / P(O’”)(/ 1a(s, Xs)ds > u)du
0 0

R2AR® ™"
/ IP’(O’”)(/ 1a(s,Xs)ds > 0)du
0 0

< (REARY)POY) (g4 < 1R).

IN

The last two displays prove the lemma. ]

Define U(t,x,r) = {t} x B(x,r).

LEMMA 4.3. Let 6 € (0,1). There exists C1y = C11(0) > 0 such that for all R > 0, any
zeR? (t,2) € Q(0,2,R/3), v € B(z,R/3), r < R/4 and t > §(R? A R®),

(/3"

PO (00 t,0,/3) < TQ,28) = an-
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PRroor. Note that

PO opiers) < Tooer) = P*(x” ¢ B(x,r/3))

B(x,r/3
= [ N dy o2
B(z,r/3)
(r/3)? (r/3)"*2
= 0117 > Onw ;
which proves the corollary. Note that the first inequality above follows from Corollary
3.5, because v,y € B(z, R/2) and t > §(R* A R%). O

LEMMA 4.4. There exists a constant Cyy such that for any x € R, r >0, y € B(x,r/3)

and any bounded non-negative function h on [0,00) x R? that is supported in [0, 00) x
B(x,2r)c,

(4) E(&x) [h(Tra Xﬂ-ﬂ S ClQE(()’y) [h<TT7 XT’!')] ’
where T, = TQ(0.e,r)-

PROOF. A Lévy system (N, H) of the process X is given by N(z,dy) = —<%_ and

eyl
H, =t for some positive constant c¢. Thus the proof of the lemma is the same as that of
Lemma 4.9 in [4]. The fact that our process X has a continuous component does not play

any role since the function h is supported in [0, 00) x B(z, 2r)°. O

With these lemmas observed, the next theorem can be proved in a manner similar to
that in Proposition 4.3 in [4].

THEOREM 4.5. For every 0 € (0,1/18) there exists a constant Cy3 = Ci3(5) > 0 such

that for all R > 0, for every z € R and every non-negative function q on [0,00) x R?
that 1s parabolic and bounded on [0,4(R* A R*)] x B(z,2R),

sup q(t,y) < Cis  inf  ¢(0,y).
(ty)EQ(S(R2ARY),2,R/3) y€B(z,R/3)

Proor. Without loss of generality we may assume that

inf 0,y)=1/2.
sennt /3)61( y) =1/

Let v € B(z, R/3) be such that ¢(0,v) < 1. For any x € R? and t > 0, consider Q(¢, z,r)
for r < R/4 and let 7, = Tq(urm. Suppose that C C Q°(¢,x,r/3) == Q(t,z,r/3) N ([t +
S(r2 Ar®),00) X RY) = [t + 5(r> Ar®), t + (r/3)* A (r/3)%] x B(z,r/3). Then by Lemma
42,

C]
P (e < 7,) > C | .
(UC Ty ) - 107’d(’l“2 A TO‘)
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Note that there exists a constant ¢ such that cord(r? Ar®) < |Q%(t, z,7/3)| < cg'ri(r? A
r%). Hence, there exists a constant ¢; = ¢;(d) > 0 such that for all C C Q°(t,x,r/3)
satisfying |C|/|Q°(t,x,r/3)| > 2/3 we have

(5) PE) (oo < 7,) > €1
Define

c 1
(6) 77:§1 and 525/\(01277),

where (5 is the constant from Lemma 4.4.
Suppose there is some point (¢, z) € Q(6(R*A R*), z, R/3) such that (¢, ) > K, where
K is a constant to be determined later. Define

3\ 3\ 3 91/+2)
Cy — Inax -
? coChoé "\ coChoé (CLE)ErD |

where (g and C; are constants from Lemma 4.2 and Lemma 4.3 respectively. Choose

(7) r = cyRK~V/(@+2)

Then an easy computation shows that
5 d+2 . ad+2
s) |Q°(0, z,7/3)] > 3 | r > 2-3 |
RY(R? N\ R%) C1o€ K~ R™H2 = O (K

Let U = {t} x B(z,7/3). Suppose that ¢ > (K on U. Let @ = Q(0,z, R). Then by
Lemma 4.3

011(7”/3)d+2

1> q(0,0) = E®Vq(Zoynry)] = EKPO oy < ) > EK——prg—,

which contradicts the choice of r in the second inequality in (8). Thus, there exists at
least one point in U at which ¢ takes a value less than £ K.
We next claim that

(9) E(t7x) [q(Tr’XT'r) : XT’r ¢ B(x7 2r)] S nK7
where 7, = Tg( . 1f not, by Lemma 4.4, for all y € B(x, r/3),
glt,y) > Eg(r,, X.): X, ¢ B(x,2r)]

Cl_ZlE(t’m) lq(7, X5,) + X, ¢ B(z,2r)]
Cp'nK > ¢K .

v

v

But this contradicts the already proven fact that there exists at least one point in U at
which ¢ takes a value less than (K. Therefore, (9) holds true.
Let A be any compact subset of

A= {(s,y) € Q°(t,z,r/3); q(s,y) = K}
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Note that A ¢ Q(0, z, R/2). By Lemma 4.2

Chol 4|

1> q(0.v) >E®)q(Z -

A

) oa<Tgl> fKP(O’”)(UA <1g) > EK

By the first inequality in (8)

A RY(R? A RY)

(10) @z, /3)] = Cu|Q@ (60,1 /3 €K

1
< -.
-3

Since (10) holds for every compact subset A of A, it holds for A in place of A.
Let C := Q°(t,x,7/3) \ A. Then by (10), |C|/|Q°(t,z,7/3)| > 2/3. Let

M= sup q(s,y).
(s,)€Q(t,z,27)

Then

q(t,x) = E"gloc, Xoo) : 00 < 7]
+E(t’x) [Q(UC, Xac) s Ty S UCvXTr ¢ B(I’, 2T)]
+E(t’$) [Q(O'C, Xac’) P < JC7XTr € B(ZL’, 2T)] ’

The first term on the right is bounded by ¢ KP®®) (oo < 7,), the second term is according
to (9) bounded by 7K, and the third term is bounded by MP®%*)(g¢ > 7,). Therefore,

K < q(t,z) < EKPY) (00 < 7,) + nK + MPY) (00 > 7,) .
Note that by (5), P®*)(o¢ < 7,) > ¢;. Hence by use of (6),

M 1 —n— P8 (00 < 7) Jl-n—€a  1-2¢/3
K — PE2) (oo > 7,) T l-c¢ T 1-q

=1+28,

where 8 = ¢,/6(1 — ¢;). Hence, there exists a point (t1,z1) € Q(t,z,2r) C Q(0,z, R) =
0,3(R* A RY)] x B(z, R) such that ¢(t;, 1) > (1 + 3)K =: K;. Note that 0 < t; —t <
(2r)2 A (2r)* and |z — | < 2r.

Iterate the above procedure to obtain a sequence of points {(#x, xx)} in the following
way. Using above argument (with (¢;,21) and K instead of (¢,z) and K), there exists
(t,22) € Q(t1,x1,2r1) such that q(ts,22) > (1 + B)K; =: K,. Continue this proce-
dure to obtain a sequence of points {(t, zx)} such that (txi1, 2k11) € Q(tk, Tk, 27y) and
q(thit, ry1) > (1+ 8K = K. We have that 0 < tp1 — tp < (2r1)2 A (2r1)°,
|21 — x| < 21, Moreover, by (7),

e < CQRKk—l/(d—&-Q) <oo(l+ ﬁ)—k/(d+2)K—1/(d+2)R.
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Note that

CQK—I/@W)R
( —i—ﬂ) 1/(d+2)
(202K_1/(d+2)R)2
( —i—ﬂ) 2/(d+2) ’

Zrk < CQK_l/(d+2)RZ((1—l—ﬁ)_l/(d+2))k
k k

2(27%)2 < (QCZK—l/(d+2)R)2 Z((1+ﬂ) 2/( d+2))k

k k
N B N (2(2 K—l/(d+2)R)a
;(27";,3) < (2eK 1/(d+2)R) ;((1 +B3)” 2 d+2))k 2( 1+ B)-2/d+2) "

Therefore, we may choose K large enough so that (t, z;) € Q(0, z, R) for all k. This is a

contradiction because q(tg, x1) > (1 + 3)*K goes to infinity as k — oo. O
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