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non-local operators with critical killings

Soobin Cho* Panki Kim' Renming Song' and Zoran Vondracek

Abstract

In this paper we discuss non-local operators with killing potentials, which may not
be in the standard Kato class. We first discuss factorization of their Dirichlet heat
kernels in metric measure spaces. Then we establish explicit estimates of the Dirichlet
heat kernels under critical killings in C'! open subsets of R? or in R?\ {0}. The decay
rates of our explicit estimates come from the values of the multiplicative constants in
the killing potentials. Our method also provides an alternative and unified proof of the
main results of [15, 16, 17].
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1 Introduction

Stability of Dirichlet heat kernel estimates under certain Feynman-Kac transforms was stud-
ied in the recent paper [19]. To be more precise, let X be a Hunt process on a Borel set
D C RY that admits a jointly continuous transition density pp(t,,y) with respect to the
Lebesgue measure. Let o € (0,2) and v € [0, A d), and define

op(x)\” oW\ (,-asa ¢
q_y(t’:)j’y):: (1/\ tl/a) 1A /a t / /\W )

where 0p(z) denotes the distance between x € D and D¢. Assume that pp(t,z,y) is com-
parable to ¢,(t,z,y) for (t,z,y) € (0,1] x D x D. Examples of processes satisfying this
assumption include killed symmetric stable processes in C'! open sets D (with v = «/2),
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and, when « € (1,2), censored a-stable processes in any C™! open sets D (with v = o —1).
Consider the following Feynman-Kac transform:

T, f(x) = E, [exp (—A;) f(Xy)],

where A is a continuous additive functional of X with Revuz measure p. If £ denotes the
L2-infinitesimal generator of X, then, informally, the semigroup (7}) has the L*-infinitesimal
generator Af(x) := (L — p)f(z). Under the assumption that p belongs to some appropriate
Kato class, one of the main results of [19] implies that the semigroup (7;) admits a continuous
density ¢”(t,z,y) which is comparable to ¢, (¢, z,y) for all (¢,z,y) € (0,1] x D x D. Hence
a Kato class perturbation preserves the Dirichlet heat kernel estimates and is in this sense
subcritical. Related results on the stability of the heat kernel estimates (without boundary
condition) under Kato class perturbations were obtained earlier in |38, 39].

Kato class perturbations of the Laplacian have been studied earlier and more thoroughly,
e.g. [1, b, 33, 37|, with the same conclusion that Kato class perturbations preserve the
(Dirichlet) heat kernel estimates. It is well known since [2| that, in the case of the Laplacian
in the whole space, the inverse square potential x(x) = c|x|72 is critical, and, in the case of
the Dirichlet Laplacian in a domain D, the potential x(z) = c¢dp(x)~? is critical. Criticality
of the potentials above can be explained as follows. In the whole space case, consider the
symmetric form

cu(x)?

E(u,u) = /Rd (|Vu(:v)|2 + PE ) dr, wuec CP(RY).

Due to Hardy’s inequality, this form is non-negative if and only if ¢ > —((d — 2)/2)? (here
d > 3), and the operator A — c|z| ™2 is defined as the L-generator of the form above. In the
case of a bounded smooth domain D, consider the symmetric form

cu(x)?
5D(l’)2

Again due to Hardy’s inequality, this form is non-negative if and only if ¢ > —1/4, and
the operator A — cdp(z)~2 is defined as the L%-generator of the form above. In both cases
above, when ¢ < 0, the potential x above can be interpreted as creation, and, when ¢ > 0,
the potential k can be interpreted as killing. Note that in both cases, even when ¢ > 0,
the potential k£ above does not belong to the Kato class. There exists a large body of
literature on the heat kernel estimates of critical perturbations of the (Dirichlet) Laplacian,
e.g., |3, 28, 30, 34, 35, 36]. In this paper we use probabilistic methods to study sharp two-
sided heat kernel estimates for critical perturbations of the fractional Laplacian in a smooth
domain D, as well as the fractional Laplacian in R?. When the potential involves both killing
and creation, there is no Markov process associated with the corresponding Schrédinger type
operator. Since our argument depends crucially on properties of Markov processes, we will
only deal with killing type potentials. To deal with critical perturbations involving creation,
different methods are needed, cf. [9, 10].

Let us describe some of our results in more detail. Let D C R? d > 2, be a CY! open
set and let X = (X;,P,) be the reflected a-stable process in D, a € (0,2), cf. [7]. When

£(u, ) :/D <|VU(ZL')|2—|— )dx, we CE(D).



a € (0,1], we denote by X the process X restricted to D (X does not hit 9D in this case),
while for a € (1,2), XP denotes the censored a-stable process in D. In this paragraph, we
will only describe some of our results in the case a € (1,2). So in the rest of this paragraph,
we will assume that o € (1,2). Similar results are also valid in the case a € (0, 1]. Consider
the potential x(x) = ¢;dp(z)~* where ¢; € [0,00) (the family of potentials we study is in
fact larger, see (3.5) for the full picture). The criticality of this type potentials can also be
interpreted using the fractional Hardy inequality in, for instance, |25, 8|. Let

Tf(2) =B, [ b D p(xP)| . we D>,

be the Feynman-Kac semigroup of X? via the multiplicative functional e Jo K(XP)ds - Alter-
natively, we can think of (7;) as the semigroup corresponding to the Schrodinger operator
L — K, where L is the generator of XP. We show that the semigroup (7}) admits a continuous
density ¢ (¢,x,y) and that there exists p € [@ — 1,a) depending on the constant c¢; such
that ¢ (¢, z,y) is comparable to

(Y (S (). o

for (t,z,y) € (0,1] x D x D, see Theorem 3.2. Moreover, the mapping [0,00) > ¢; —
p € [a — 1,a) is one-to-one and onto. If ¢; = 0 (no killing), then p = a — 1 and we
recover the heat kernel estimates for the a-stable censored process obtained in [16]. When
p = /2, the semigroup (7}) corresponds to the a-stable process killed upon exiting D and we
recover the heat kernel estimates from [15]. The novelty of our approach is that by changing
the constant ¢; in the potential x we can obtain a whole spectrum of boundary behaviors
of the heat kernel. In particular, we construct semigroups whose heat kernels satisfy the
assumptions from [19]. On the other hand, the interior estimates ¢t~%® At|z — y| 9=, which
correspond to the reflected a-stable process, remain unchanged.

Besides reflected a-stable processes on D, we can also consider processes which are lower
order perturbations of reflected a-stable processes. A typical example is the process X*? on
D with Dirichlet form of the type

)= [ [ - (A2 L) e,

where D is a bounded C*' open set, 8 < a < 2, A(d, —a) = a2 '7~42T((d + ) /2)T(1 —
«/2)~! and b is a non-negative constant (see Subsection 3.2 for the more general setup,
in particular, b need not be non-negative). Let X" denote the process X? killed upon
exiting D. We prove that the Feynman-Kac semigroup of X% via the multiplicative func-
tional e~ Jo *(X2)s hias a continuous transition density comparable to (1.1), where the critical
potential k(z) = ¢;0p(x)~ is the same as above.

Our final result concerns the isotropic a-stable process Z in R?, d > 2, and the singular
potential k(x) = ¢1]z|™*, ¢, > 0 (again, we in fact consider more general potentials — see
(3.17)). We show that the Feynman-Kac semigroup of Z via the multiplicative functional

e~ o 5(Z:)ds admits a continuous density comparable to

LAY W\ (,-asa t
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with p € (0, ) depending on ¢y, see Theorem 3.9. For a related result, cf. [10, Theorem 1.1].

Organization of the paper: the paper is divided into two major parts and an appendix.
The first part is Section 2 and the setup is quite general there. We consider a Hunt process
X on a locally compact separable metric space (X, p). The process X is not necessarily sym-
metric and may not be conservative. We assume that the process X is in strong duality (with
respect to a Radon measure m with full support) with another Hunt process X. We further
assume that both X and X are Feller and strongly Feller, and that their semigroups admit
a strictly positive and jointly continuous transition density p(¢,x,y). The main assumption
is that p(t,z,y) is, for small times, comparable to the function ¢(¢, z,y) defined in (2.6) in
terms of the volume of balls in (X, p) and a strictly increasing function ¢ satisfying a weak
scaling condition (2.3). In Subsection 2.2 we argue that X and X satisfy the scale invari-
ant parabolic Harnack inequality with explicit scaling in terms of ® and use this to obtain
interior lower bound on the transition density pp(t,z,y) of the process X - the process X
killed upon exiting an open subset D of X. Subsection 2.3 contains the definition of the class
K7 (D), T > 0, of possibly critical smooth measures p on D, cf. Definition 2.12. Using the
positive additive functional (A1) of X with Revuz measure y, we define the Feynman-Kac
semigroup of X associated with p:

TP f(x) = B, [exp(—A}) f(X])], t>0,2€D.

The Hunt process corresponding to (T} ’D) is denoted by Y. We analogously define the
dual semigroup (ﬁ” ’D) and denote the corresponding Hunt process by Y. We argue that
(T'") has a transition density (with respect to the measure m) ¢”(t,z,y) and that there
exists Cy > 0 such that ¢P(t,z,y) < Coq(t,z,y) for small t. The argument relies on the
3P inequality for ¢(¢,z,y) proved in Lemma 2.11. In Subsection 2.4 we prove some interior
estimates for the transition density ¢V (¢, z, ), where U is an open subset of D. Two examples
of critical potentials are given in Subsection 2.5. Finally, in Subsection 2.6, we show that
factorization of the transition density ¢”(¢,z,y) in x-fat open set D holds true. The result
is proved in Theorem 2.22 and states that for small time ¢, ¢”(¢,z,y) is comparable to
P.(¢ > t)@y(z > t)q(t,x,y), z,y € D. Here ¢ and C are the lifetimes of Y and Y respectively.
We note that this is a quite general result and, besides critical perturbations, includes also
subcritical perturbations (or no perturbation at all). Criticality and subcriticality of the
perturbation are hidden in the tail behavior of lifetimes, P, ({ > ¢) and R,(Z > t). To prove
Theorem 2.22, we follow the ideas in the proof of [18, Theorem 1.3], but we use Assumption
U, cf. Subsection 2.6, instead of the boundary Harnack principle.

The second part is Section 3. In this section we assume that X is either the closure of
a O™ open subset D of R? or R itself, d > 2, and we assume that the underlying process
X is either a reflected a-stable(-like) process on D (or a non-local perturbation of it), or
an a-stable process in R? (or a drift perturbation of it). The critical potentials have been
already described above and are essentially of the form either ¢10p(x)~* or ¢1|z|~. The
goal of this section is to estimate the tail of the lifetime P,({ > t) in terms of dp(z) and
|z| respectively. Together with the factorization obtained in Theorem 2.22, this gives sharp
two-sided estimates of transition density of the Feynman-Kac semigroup. The main step
in obtaining the estimates of the lifetime consists of finding appropriate superharmonic and



subharmonic function for the process Y. This relies on quite detailed computations of the
generator of Y acting on some appropriate functions. Although similar methods have been
already employed in some previous works, our calculations are quite involved and delicate.

The paper ends with an appendix devoted to a result about a continuous additive func-
tional for killed non-symmetric process.

Notation: We will use the symbol “:=” to denote a definition, which is read as “is defined
to be.” In this paper, for a,b € R we denote aAb := min{a, b} and aVb := max{a, b}. We also
use the convention 0~! = +oo. For two non-negative functions f and g, the notation f < g
means that there are strictly positive constants ¢; and ¢, such that ¢1g9(z) < f(z) < ca9(2)
in the common domain of the definition of f and g.

Letters with subscripts r;, R;, A;, C;, i = 0,1,2, ..., denote constants that will be fixed
throughout the paper. Lower case letters ¢’s without subscripts denote strictly positive
constants whose values are unimportant and which may change even within a line, while

values of lower case letters with subscripts ¢;,7 = 0,1,2,..., are fixed in each proof, and
the labeling of these constants starts anew in each proof. ¢; = ¢;(a,b,¢,...), 1 =0,1,2,...,
denote constants depending on a, b, c,.... The dependence on the dimension d > 1 may not

be mentioned explicitly.

For a function space H(U) on an open set U in X, we let H.(U) := {f € HU ) :
f has compact support}, Ho(U) := {f € H(U) : f vanishes at infinity} and Hy(U) := {f
H(U) : f is bounded}.

2 Factorization of Dirichlet heat kernels in metric mea-
sure spaces

2.1 Setup

We first spell out our assumptions on the state space: (X, p) is a locally compact separable
metric space such that all bounded closed sets are compact and m is a Radon measure on
X with full support. By B(z,r) = {y € X : p(z,y) < r} we denote the open ball of radius
r centered at x € X. For any open set V' of X and = € X, we denote by dy(x) the distance
between x and X\ V.

Let Ry € (0,00] be the largest number such that X\ B(z,2r) # 0 for all € X and all
r < Rg. We call Ry the localization radius of (X, p).

Let V(z,r) := m(B(z,r)). We assume that there exist constants d > dy > 0 such that

for every M > 1 there exists C'; > 1 with the property that

N do N d
Cif a < Viz, ) <Cuy A forallze Xand 0 <r<R<MRy. (2.1)
r V(z,r) r

Observe that
V(z,ner) > 2V (z,r) for all z € X and r € (0, Ry/ny), (2.2)

where ng := (2C})Y% v 2.



Now we spell out the assumptions on the processes we are going to work with. We assume
that X = (X¢,P;) is a Hunt process admitting a strong dual (with respect to the measure
m) Hunt process X = (X, P ») . We further assume that the transition semigroups (P;) and
(Pt) of X and X are both Feller and strongly Feller. In the sequel, all obJects related to the
dual process X will be denoted by a hat. We also assume that X and X admit a strictly
positive and jointly continuous transition density p(t¢, x,y) with respect to m so that

Puf(x) = /x plt, 2, 9)f(y)m(dy) and Bif(x) = /x plt, 9, 2) f(y)m(dy).

We will make some assumptions on the transition density p(t,z,y). To do this, we first
introduce some notation.

Let @ : (0,00) — (0,00) be a strictly increasing function with the following weak scaling
condition: there exist constants ¢;, , € (0,00), a; € (0, 1], a,, € [1,00) such that

mc%&§®m%Q@G3&,r§R<R@ (2.3)

r

Remark 2.1. Since the function ® is strictly increasing, for every Re (0,00), there exist
a; € (0,1] and a, € [1,00) such that

& <§)6’ < ‘i((f)) <a, (?)éu , 0<r<R<R (2.4)

We will use (2.4) instead of (2.3) whenever necessary. From (2.3) we can also get the scaling
condition for the inverse of ®:

1/ (E) o LB iV (E) v . 0<r<R<®R,). (2.5)
“ r d-1(r) r
Define
q(t,z,y) = 1_ A t , t>0, z,y€X. (2.6)
Viz,@1(t)  V(z, plz,y)®(p(z,y))
Remark 2.2. [t is easy to see that
1 t

q(t,z,y) < q(t,y,z) < Vi, o 1(0) A V(y, plz,y))®(p(x, y))

See [22, Remark 1.12]. Moreover, by integrating q(t, z,y) over the set {y : p(z,y) < ®71(t))},
one easily gets that for allt > 0 and x € X,

/3€ Gt 2. y) mldy) > 1. (2.7)



We will assume that there exists a constant Cy > 1 such that
Colalt,x,y) < pt,z,y) < Coglt,z,y),  (ta,y) € (0,T) x X x X (2.8)

for some T € (0, 00]. Then (2.7) and the lower bound in (2.8) yield that
1< [ dltny) midy) < G (2.9
x

for all (t,2) € (0,T) x X. If T = oo, then it follows that Ry = m(X) = oo, and X and X
are conservative (see the proofs of [31, Propositions 2.5 and 2.6]). If T < co, X (and X)
may not be conservative so the lifetimes may be finite. We add an extra point d (which is
called the cemetery point) to X and assume our processes stay at the cemetery point after

their lifetimes. All functions h on X will be automatically extended to X U {0} by setting
h(0) = 0.

Remark 2.3. When T € (0, 00), the value ofj is not important. That is, when T € (0, 00),
for every T > 0 there exists a constant Cy = Co(T') > 1 such that

Tyt 2, y) < plt, z,y) < Coglt, z, y), (t,z,y) € (0,T) x X x X. (2.10)

This is a consequence of the semigroup property of p(t,x,y), (2.1) and (2.8). Indeed, assume
T>T, letn:=|2T/T| > 2 and fiz it. It follows from (2.8), (2.1) and (2.3) that

q(t/n, z,w) < qt/n? z,w) < p(t/n? z,w), (t,z,w) € (0,T)x X x X
and
plt/n, 2 w) = @(t/m, 2 w) = 3t zw),  (fzw) € (0.T) x X x X.
Thus by the semigroup property of p(t,x,y), we have for each (t,x,y) € (0,T) x X x X,

pta) = [ o [ plt/ni. )t/ pmida) ()
- / - / Tt /n,,2) G0, 2 y)mldzn) -l s)
/ / (t/n2, 2, 2) - p(t/n2, zn1, y)m(dz1) - - -m(dzn_1)

=p(t/n,z,y) < q(t,2,y).

Let Cy(X) stand for the Banach space of bounded continuous functions on X vanishing at

infinity. Let (£,D(L)) and (£, D(L)) be the generators of (F;) and (P,) in Cy(X) respectively.
We assume the following Urysohn-type condition.
A: There is a linear subspace D of D(L) N D(E) satisfying the following condition: For
any compact K and open U with K C U C X, there is a nonempty collection D(K,U) of
functions f € D satisfying the conditions (i) f(z) =1 for z € K; (ii) f(z) =0 for z € X\ U;
(ili) 0 < f(z) < 1 for z € X, and (iv) the boundary of the set {z : f(x) > 0} has zero m
measure.



Assumption A implies that there exists a kernel J(z,dy) = J(z,y)m(dy) (satisfying
J(z,{z}) = 0 for all € X) such that X satisfies the following Lévy system formula (see
[13]): for every stopping time T,

E, Y f(X.,X,) / /sz,z (X,,dz)ds. (2.11)

s€(0,T]

Here f: X x X — [0,00|, f(z,z) = 0 for all z € X. The kernel J(z,dy) = J(x,y)m(dy) is
called the jumping kernel of X.

Since J satisfies E, (X))
x t
/f J(z,dy) = ltlw — (2.12)

for all bounded continuous function f on X and « € X\ supp(f), we have from (2.8) that

1 1 1
0 ety = Y S O e )

Similarly, X has a jumping kernel J(z, dy) = J(z,y)m(dy) with J(z,y) = J(y, z).

There are plenty of examples of processes satisfying the assumptions of this subsection.
Reflected stable-like processes in a closed d-set D C R? satisfy the assumptions of this
subsection, see [19]. Unimodal Lévy processes in R? with Lévy exponents satisfying weak
upper and lower scaling conditions at infinity, in particular, isotropic stable processes, satisfy
the assumptions of this subsection, see, for example, [11] and [18]. Another typical example
is given at the end of this section.

(2.13)

2.2 Preliminaries

In this section, we will argue that X and X satisfy the scale-invariant parabolic Harnack
inequality with explicit scaling in terms of ®. Note that X may not be symmetric and may
not be conservative.

Let 77 :=inf{t > 0: X; ¢ U} be the first exit time from U for X. If D is an open subset
of X, the killed process X? is defined by XP = X, if t < 75 and XP = 9 if t > 75, where
0 is the cemetery point added to X. Similarly, we define the killed process XD, Tt is well
known that X” and X? are strong duals of each other with respect to mp, the restriction
of m to D. Define

po(t,z,y) = p(t,=,y) = By [p(t — 75, Xox,y) 1 7h <t < (] (2.14)

where (¥ is the lifetime of X. By the strong Markov property, pp(t, z,y) is transition density
of XP and, by the continuity of p(¢,x,y), (2.10), the Feller and the strong Feller properties
of X, it is easy to see that pp(¢,x,y) is jointly continuous (see |26, p.34-35]).

The following lemma is basically [4, Lemma 3.8], except that we require neither symmetry
nor conservativeness.

Lemma 2.4. Suppose that there exist positive constants r,t and p such that

P, (X, ¢ B(z,r),s < (%) <p, re X sel0t. (2.15)

8



Then
P, ( sup p(X,, Xo) > 2r,t < (¥) < 2p, r e X
0<s<t
Proof. Let S :=inf{t: p(X;, Xo) > 2r}. Then using the strong Markov property of X and
(2.15),

P, ( sup p(X,, Xo) > 2r,t < (¥) =P, (S <t < ¢¥)

0<s<t
<P, (p(Xe, Xo) >, t <)+ P, (S <t <, p(Xy, Xo) <)
<p+P(S <t < p(Xy, Xo) <)
=+ By [LscpeexPus (p(Xi—s, Xo) > 1t = 5 < ¢¥)] < 2p.

O

Combining this lemma with (2.10) and (2.14), we can repeat the argument of the proof
of [14, Proposition 2.3] word for word to get the following result. Note that conservativeness
is not needed.

Proposition 2.5. For every a € (0, 1], there exist constants ¢ > 0 and € € (0,1/2) such that
for all zg € X and r € (0,aRy),

PB(or) (L, T,y) > m for x,y € B(x0,e® () and t € (0, ®(er)].  (2.16)
Let =, := (V4, Xs) be the time-space process of X, where V; = Vj —s. The law of the
time-space process s — =, starting from (¢, ) will be denoted as P(*®),

Definition 2.6. A non-negative Borel function h(t,z) on R x X is said to be parabolic (or
caloric) on (a,b] x B(xo,r) with respect to X if for every relatively compact open subset
U of (a,b] x B(zg,r), h(t,r) = EGD[h(Z =)] = E®2) [h(Erz) : 5 < (V] for every (t,7) €

T

U N ([0,00) x X), where 75 := inf{s > 0: Z, ¢ U}.

Theorem 2.7. For every a > 0, there exist ¢ > 0 and ¢;,¢co € (0,1) depending on d, T
and a such that for all zo € R, tg >0, R € (0,aRy) and every non-negative function u on
[0,00) x R? that is parabolic on (ty,te + 4c;®(R)] X B(zo, R) with respect to X or X,

sup  u(ti,y1) <c inf  u(ts, y2),
(t17y1)€Q7 (t27y2)€Q+

where Q_ = (to+c1P(R), to+2c1P(R)] x B(xg, caR) and Q4+ = [to+3c1P(R), to+4c1P(R)] x
lg(xo,CQ}%)

Proof. Note that by (2.13), there exists ¢ > 0 such that for all z # y € X with r <
p(x,y)/2 < Ro,

V(x,r)

C

J(x,y) < /B( )J(z,y)m(dz) and J(z,y) < W /B( )J(y,z)m(dz).



Thus, using this, Proposition 2.5 and (2.8), we see that the proof of Theorem 2.7 is almost
identical to the proof for the symmetric case in [23, Theorem 4.3]. We emphasize that the
conservativeness is not used in the proofs of |23, Lemmas 3.7, 4.1, 4.2 and Theorem 4.3|. We
omit the details. O .

Theorem 2.7 clearly implies the elliptic Harnack inequality. Using Theorem 2.7, we have

the following result. In the remainder of this section, D will always stand for an open subset
of X.

Proposition 2.8. For all a,b > 0, there ezists ¢ = c(a,b) > 0 such that for every open set

DCZX,
C

" Vi)
for all (t,z,y) € (0,aRy) x D x D with dp(x) A dp(y) > b®L(t) > 4p(x,y).

pD(ta xz, y)

Proof. See the proof of [32, Proposition 3.4]. O

The proof of the next result is also standard.

Proposition 2.9. For all a,b > 0, there ezists ¢ = c(a,b) > 0 such that for every open set
D C X, pp(t,x,y) > ctJ(z,y) for all (t,x,y) € (0,aRy) x D x D with op(x) A dp(y) >
bO~1(t) and b®~1(t) < 4p(x,y).

Proof. See the proofs of |18, Lemma 3.4 and Proposition 3.5]. O
Combining the two propositions above we get
Proposition 2.10. For all a,b > 0, there ezists ¢ = c(a,b) > 0 such that for every open set

D C X, pp(t,x,y) > cq(t,z,y) for all t € (0,aRy),z,y € D with ép(x) Adp(y) > bP~L(1).

2.3 3P inequality and Feynman-Kac perturbations

We first prove the following 3P inequality.

Lemma 2.11. For every a € (0,00), there exists ¢ > 0 such that for all0 < s <t < aRy,

q~(5> x, Z)a(t - 5, %, y)
q(t, z,y)

< cqls,z,2) +q(t —s,2,9), x,y,2€X, (2.17)

Proof. Note that, by the triangle inequality, either p(x,z) > 27'p(z,y) or p(z,y)
271p(x,y). Since the argument is the same, we only give the proof for the case p(z,y)
27 p(z,y). Thus we assume that p(z,y) > 271 p(z,y) and set

AR

qt,x,y,r) =tV (x,® ' (#) + (r)V(y,7), t,r>0andz,y € X. (2.18)

Note that by Remark 2.2 and the fact 1 A (1/r) < 1/(1 + ) for r > 0, we have that for all
t>0andz,y € X,

_ t
q(t,z,y) = = (2.19)

q(t,z,z, p(x,y))
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and
4tz p(,y)) < 4t y,y, p(x, ) =< 4t 2y, p(e,y)) < 4t y, 2, p(7, y))- (2.20)
We claim that
q(t, vz, p(x,y)) < c(q(t = 5,4,9, p(2,9)) + 4(s, 7, p(x, 2)). (2.21)
The assertion of the lemma follows easily from (2.21). Indeed, (2.21) implies that

5(5a$>2)67(t—5>2,y) = S(t—S) cj(t,x,z,p(m,y))
q(t, . y) t o q(t—sy,y,p(z9))a(s, 2,z p(z, 2))

1 1
<lo £0=00 (e ey * )

<( s Lt ) d(s,, 2, p(, 2)) + (¢ (2.9))
_C — — xqs’x7$’px72 q _S7y7y7pz’y .
q(saxvxup(xvz)) q(t_svyvyvp(’z?y))

We now prove the claim (2.21) by considering two cases separately.
(1) pla,y) < O (): In this case, qt,, 2, p(x,y)) = 1V (y, ®(8)) = tV(z, d(¢)). By
(2.1) and (2.5), if t/2 > s,

tV(y, @ '(t) < clt — )V (y, @t —5)) < clqlt — s,y,y,p(z,y)) + (s, 2,2, p(z, 2)] .
Similarly, if ¢/2 < s,
tV (z, @ (t)) < esV(x, @' (s)) < e(q(t — s,y,y, p(2,9) + (s, z, z, p(z, 2)).

Thus, by (2.20), (2.21) holds true.
(2) p(x,y) > ®1(t): The assumption p(z,y) > 27 p(x,y) and (2.1) imply that

Viz,20(y,2)) _ V(y,2p(x,y) +2p(y, 2)) _ V(y,6p(y, 2))
V(g oy, 2) V(y,p(y,2)) = Vi ply,2) = (222)
Combining (2.22) and (2.1) we get that for z,y,2 € D and 0 < s < t < aR,,
q(t,x, @, p(x,y)) < ®(p(z,y)) V(z, p(z, y))
< ®(p(z, 2) + p(2,9)) V(z, p(z, 2) + p(2,y))
< D (2(p(x,2) V p(2,9))) V (2, 2(p(x, 2) V p(2,9)))
< @(2p(z,9)) V(z, 2p(2,y)) + ®(2p(z, 2)) V(z, 2p(z, 2))
< c[®(p(z, ) V(y, p(z,y)) + ®(p(z, 2)) V(z, p(z, 2))]
<clg(t —s,9,y.p(z9)) + a(s,z, z, p(, 2))] .
We have proved (2.21). O

Recall that, for an open set D C X, a measure p on D is said to be a smooth measure
of XP with respect to the reference measure mp, if there is a positive continuous additive
functional A of X such that for any bounded non-negative Borel function f on D,

/f —hmE E/Otf(XsD)dAs]. (2.23)
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The additive functional A is called the positive continuous additive functional of X with
Revuz measure p with respect to the reference measure mp.
It is known (see [29]) that for any x € D, o > 0 and bounded non-negative Borel function

fon D, . -
E, ot f(XP)dA, = —ot T, dy)dt,
/0 eat f(XD) / c /D po(t, 2, 9) £ (y)(dy)dt

and we have for any x € D, t > 0 and non-negative Borel function f on D,

5| F(XP)iA, = /[ t [ ot wtanas (2.24)

We first introduce our class of possibly critical perturbations. For an open set D C X, a
smooth Radon measure p of X, ¢ > 0 and a > 0, we define

NEP#(t) = sup/ / q(s,x, 2)pu(dz)ds. (2.25)
z€eX 2€D:6p(z)>a®1(¢)

Definition 2.12. Let p be a smooth measure for both X? and XP with respect to the
reference measure mp and let 7' € (0, 00]. The measure p is said to be in the class KrD if
(1) sup NP#(t) < oo for all a € (0, 1];

t<T

(2) PI% NY# () = 0 for every relatively compact open set U of D.
—

Using condition (2), one can show that, for any relatively compact open subset U of D,
A, arX 1S & positive continuous additive functional of XYV with Revuz measure juy;, where
is the measure p restricted to U. See Appendix for the proof.

Remark 2.13. Note that by the semigroup property, it is easy to check that
NEP#(t) < NPH(s) + Co(T) NPH(t —s), 0<s<t<T,

where Co(T') is the constant in (2.10). Thus, if u is in the class K1 D, then sup,_ NPH(t) <
oo for alla >0 and T € (0,00).

For p € K1D, we denote by A“ the positive continuous additive functional of X P with
Revuz measure p and denote by A“ the positive continuous additive functional of XD with
Revuz measure p. For any non-negative Borel function f on D, we define

TP f(w) = Ee [exp(=ANF(XD)] TP f(2) = Be |exp(= AN F(XP)|, t20,0€D.
The semigroup (T7*” : ¢ > 0) (respectively (T/*” : ¢ > 0)) is called the Feynman-Kac

semigroup of X7 (respectively )A(D) associated with . By [40, Theorem 6.10(2)], /" and
TP are duals of each other with respect to the measure mp so that

/D T4 f ()9 )l da) / F (@) TP g(2)m(da). (2.26)
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LetY (}7, respectively) be a Hunt process on D corresponding to the transition semigroup
(TFPY ((T1P), respectively). For an open subset U C D, we denote by YV (Y, respectively)
the process Y (}7, respectively) killed upon exiting U.

Suppose that U C D is a relatively compact open subset of D. Since for any relatively

compact open set U, A} U A:f A is a positive continuous additive functional of XYV with

Revuz measure py, the transition semigroup of YV is (T} U’U). For simplicity, in the sequel
we denote this semigroup as (7} ’U). Moreover, for any t > 0,2 € U,

T f(x) = B, [f(0))] = B [exp (= AL, ) F(XD)]

B, [ it = [ [ oto.n fomtanas

Since py is in the standard Kato class for all relatively compact open subset U of D,
according to the discussion in [19, Section 1.2|, we have for any non-negative bounded Borel

function f on U,
FXD)D (-1 // / dARU - dAnU qARY
n=1

Define pY (¢, z,y) := py(t,z,y) and, for k > 1,

and

T f(2) = Ex [F(XV)] +Es

ot o, y) / /pU 8,2, 2)pt(t — s, 2, y)p(dz)ds. (2.27)

Repeating the discussion in [19, Section 1.2], one can conclude that

T f(q) = / & (b2 9) f(y)mldy),  (t.z) € (0,00) x U

where ¢"(t,2,y) = 370, pi(t, 2,y).
By Lemma 2.11, we have that for any p in Ky D, any relatively compact open set U of
D and any (t,z,y) € (0,1] x U x U,

// — 8,2, 2)q(s, z,y)u(dz)ds

< cq(t,z,y sup/ / s,u, 2)pu(dz)ds = cq(t, z,y) NJ*(t). (2.28)

ueX

Using (2.28) and the semigroup property, it is standard to show that pf; (¢, z,y) is continuous
in (¢,y) for each fixed x, continuous in (¢, z) for each fixed y, and > -, pf;(¢, x, y) converges
absolutely and uniformly so that ¢V (¢, z,y) is continuous in (¢,y) for each fixed x, and also
continuous in (¢, x) for each fixed y (for example, see [19]).
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Define ¢” (¢, z,y) := lim, .o, ¢”" (¢, z,y), where D,, C D are bounded increasing open sets
such that D, C D,4; and U2, D,, = D. Then, using the monotone convergence theorem
and

an(t,ZE,y) < pDn(tax>y) < p(taxay) < 60(T)a(tax>y)> t < T>

we see that ¢”(t,z,y) is the transition density of Y and ¢”(¢,z,y) < Co(T)q(t,z,y) for
t < T. Therefore, we obtain the following

Proposition 2.14. Suppose that D is an open set in X and p € K1 D. Then the Hunt
process Y on D corresponding to the transition semigroup (Tt”’D) has a transition density
qP(t, z,y) with respect to m such that for each T € (0,00), ¢°(t,z,y) < Co(T)q(t, z,y) for
t < T. Furthermore, if D is relatively compact, then qP(t,x,y) is continuous in (t,y) for
each fived x, and continuous in (t,z) for each fized y. If u € K(D) and T = o, then the
estimate qP(t,x,y) < cq(t,z,y) holds for every t > 0.

2.4 Interior estimates

In this subsection, we prove some interior estimates for the transition density ¢Y(¢,z,v),
where U is an open subset of D. Recall that, if 7' = oo, then Ry = m(X) = oc.

Theorem 2.15. Suppose that p € K1D. Then for every T € (0,00) and a € (0,1], there
exists a constant ¢ := c(a, ®, Co, M, sup,<p NP*(t)) > 0 such that for every open U C D,

q"(t, z,y) > cq(t, z,y) (2.29)

forallt € (0,T),z,y € U with 5y (z) Aoy (y) > a®~1(t). Moreover, if i € Koo D and T = oo,
then (2.29) holds for allt > 0.

Proof. Fix t € (0,7), z,y € U with dy(x) A dy(y) > a®!(t) and choose a bounded open
set VC{z€U:dy(z) >2'a®(t)} containing z,y such that dy (x) A dy(y) > 272a® (1)
(for example, one can take V = {z € U : dy(z) > 271a® 1 (¢)} N B(x,2(p(z,y) + ®71(t))).
Note that ¢V (t,z,w) > ¢"(t,z,w) for all w € V and w + ¢" (¢, z,w) is continuous.

For w e V| let

Pt = [ ([ pvte=s.n. vtz puta) ) s

Then for any bounded Borel function f on V', we have
E. [4" /(X)) = [ Bylt,z,w) fwpm(adw) (230
1%

Observe that, since dp(z) > dy(z) > 272a®~(t) for 2 € V, by Lemma 2.11 and Propo-
sition 2.10, we have that for w € B(y,2 3a®~1(t)),

t
py(t,z,w) < Ué/ /E](t—s,a:, 2)q(s, z,w)u(dz)ds
0o Jv
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</ = 5,2, 2)0(s, % w)p(dz)ds
z€D:6p(z)>a®~1(¢)
< Coc <supN ) q(t, x,w) < Coc <supN H(s )) Clpy(t,z,w)

s<T

2 (k/2)py(t, z,w).
Hence, for w € B(y,22a®1(t)),

1. 1
pyv(t,z,w) — %p%/(t,z,w) > §pv(t,:£,w). (2.31)

Using the elementary fact that 1 — A}V /k < exp(—AYY/k), we get that for any r <
273a®1(t),

1

E, [(1 = A /k)1pen (X)) < E, [exp(—ALY /k) Ly (X))] .

1
Viy,r)

<
;@

r)
2.31), (2.30) and Holder’s inequality, we have

vy
1 1

28V (y,7)

Thus, by

E [1Byr)(XV)] <

E, [exp(—Af /k) 1 (X))

DO = /\
—_

Vi{y,r)

2 [exp(— A )Ly (XY )})l/k (

IN

y 1-1/k
e (Lo (X) )}) |

Therefore,

E, [154,n(X/))] < E, [exp(—=A")1p,m(X])] .

1
Vi{y,r)

Since w — ¢V (¢, x,w) is continuous by Proposition 2.14, we conclude by sending r | 0 and
applying Proposition 2.10 again that for every t € (0,7],z,y € U with oy(z) A op(y) >
a®=!(t),
Y (t,z,y) > ¢  (t,z,y) > 2 py(t, 2, y) > 277Gt x, y).
([l

Let 7y :=inf{s > 0: Y; ¢ U} and 7y := inf{s > 0 : Y, ¢ U}. Since the proofs for the
dual processes are same, throughout the paper we give the proofs for Y only.

Corollary 2.16. (1) Suppose that p € K1 D. For any positive constants R,T and a, there
exists ¢; = c1(a, T) > 0 such that for allt € (0,T) and B(z,®~'(t)) C D,

inf P, (T3zam-1(0) > 1) A inf P, (Fp(pap-1(y > 1) > 2.32
zeB(:c,:zgfl(t)/z) (TB( a7 () ) zeB(:c,clzgfl(t)/z) (TB( a®= (1) ) =a ( )

and R
E, [TB(m,r)] NE, [?B(m,r)] > clé(r). (233)

Moreover, there exist r1,c3 > 0 such that for all v € (0,71] and B(x,r) C D,
Eo (7500 V B[] < 20(r). (2.34)

(2) If 1 € KooD and T = oo (and Ry = 00), then (2.32)~(2.34) hold for all r,t > 0.
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Proof. (1) For any 2z € B(x,a®!(t)/2), we have by Theorem 2.15 that
PZ(TB(x,aq)*l(t)) ) > IP) (TB z,a®~1(t)/6) > t)

z,ad 1
=/ gPEr OOt 2 y)ym(dy)
B(z,a®~1(t)/6)

> c/ L N t
~ JBeae1wpz) VI(z, @7Ht) V(2 p(z,9))@(p(2,y)) N

(2.33) is clear from (2.32). In fact,

E. (T8 = ®(r)Ps(TB@,n > ®(r)) > c1®(r).

We now prove (2.34). By the semigroup property and Proposition 2.14, we have that for
t>2sand s <1,

gPEN (¢, x,y) = / gPn (¢ — 285, 2, 2)qPn) (285, 2, y)m(dz)
B(z,r)

< sup P02 zy) = sup / g% (25 s 2, w0)qP P (25 s w, ) dw
z,y€B(z,r) z,y€B(x,r) J B(z,r)

2
S( sup qB(‘C”")(T“‘ls,z,y)) V(z,r)

z,y€B(z,r)

IN

2k
o S sup qB(xJ,)(Sa 2 y) V([L’, T)2k71+m+2+1
z,y€B(z,r)

2k
C k
< sup ———————— Vix,r)* L
(zEB(x,T’) V(Z? (I)_l(s))> ( )

Using this, we have that for all A >0 and r < ®7'(1/A),

A2FH1 ()

B, [rogen] < AD() + 3 /

=0 7 A2F®(r)

= A (1 ’ Z g (z yeB( i ( )qB(M) = y)> v T)>

z,r),t> A2k (r

/ g®@n(t, z, y)m(dy)dt
B(z,r)

cVix,r) g
<A2(r) 1+ Z 2 (25% Vi, <I>—1<A<I><T>>>>

Using (2.1), for all z € B(z,r), A>1and r < ®71(1/A),

cV(x,r) _ CV(z, O1(AD(r))) V(x,r)
V(z, 71 (AD(r)))  V(z, @71 (AD(r))) V(x, P71 (AD(r)))
Y 7’+<I> H(AD(r)) | r @
=V 1 (AD() 2(®—1<A<b<r>>)
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CV(z,2(I>‘1(A(I>(r)))C @l (@(r) \* 32% o0y A7/
T V(e o7 (AR(r)) 2<<I>—1(A<I>(r))) < G2epe AT

Choose A > 1 large so that & := c32%coc, A=%/% < 1. Then for r < 7y := ®71(1/A)

E:[mB@.n] < AD(r <1+22k 2 ) < c®(r).

(2) The proof is similar to the proof of (1). We omit the details. O

2.5 Examples of critical potentials
In this subsection, we give two examples of critical potentials.

Example 2.17. Suppose u(dz) = q(z)m(dz) with 0 < ¢(z) =< 1/®(dp(z) A 1). Since q is
bounded on every relatively compact open set U C D, NJ*(t) < Cot||q|| Loy — 0 as t = 0.
Moreover, for x € D, a € (0,1] and ¢ < 1,

/ | /ZED o 1O DM
<Ct+c/ /ZeD 1560 (2)>ad— (p(éD( )" a(s, x, z)m(dz)ds

<ct + FPTST / / s,x,z)m(dz)ds < ¢t + c———+— < ¢ < 0. (2.35)
@(a@ H(t))

Thus sup,, NaD’“(t) < oo for all @ € (0, 1] and so p is in the class Ky D.

Example 2.18. Suppose T = oo and u(dz) = q(z)m(dz) with 0 < ¢(z) = 1/®(0p(z2)).
Then Ry = oo and for all a € (0,1] and ¢ < oo,

NP#(t) < BT ilég/ / s,x,z)m(dz)ds < ————— (I)(a<I> D) < ¢ < 00. (2.36)

Thus p is in the class K D.

2.6 Factorization of Dirichlet heat kernel in x-fat open set
Recall that D(K, U) is the subset of D in Assumption A. In this subsection we assume that
the generator £ of X and the generator £ of X satisfy the following condition.

U: There exists 9 € (0,00] such that for any 1/2 < b < a < 1, there exists ¢ = ¢(a, b)
such that for every zy € X and r < r,

inf supmax(Lf(z), Lf(z)) <

FED(A(20,br,ar),A(z0,m/2,7)) zEX (I)(T> ’

¢ (2.37)

where A(z9,p,q) == {z € X:p < p(z,2) < q} and A(zp,p,q) :={x € X :p < p(x,2) < q}.
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Definition 2.19. Let 0 < k < 1/2. We say that an open set D is k-fat if there is Ry € (0, o0]
such that for all z € D and all r € (0, R;), there is a ball B(A,(z),xr) C D N B(z,r). The
pair (Ry, k) is called the characteristics of the k-fat open set D.

In the remainder of this subsection, T > 0 is a fixed constant and D is a fixed k-
fat open set with characteristics (Ry, k). Without loss of generality, we can assume that
Ry < Ry Arg Ary where 7 is the constant in Corollary 2.16(1). For (t,z) € (0,7] x D, set
re=® ()R, /(307 HT)) < R;/3. An open neighborhood U(z,t) of x € D and an open ball
W(x,t) C D\ U(x,t) are defined as follows:

By the definition of x-fat open set, we can find z = z,; € D such that B(z,3kr;) C
B(x,3r;) N D.

(i) If p(x,z) < 3kri/2, we choose y; € X such that xri/ng < p(x,y1) < kry, where
ng > 2 is the constant in (2.2). Then we define U(z,t) = B(z, kri/(4ng)) and W(x,t) =
B(y1, krt/(4ng)). We can easily check that U(x,t)UW(x,t) C B(x,3kr/2) C B(z,3kr:) C D
and U(z,t) N W(x,t) = 0.

(ii) If p(z, 2) > 3kr,/2, we define U(z,t) = B(x,kry) N D and W(x,t) = B(z, kry/(4ng)).

Note that in either case, we have,

kryf(2ng) < p(u,v) < 3ry for all w € U(x,t) and v € W(x, ). (2.38)

It follows from [40, Theorem 3.4] that the Lévy system of Y is the same as that of X,
hence the following Lévy system formula is valid: for any f: D x D — [0, co] vanishing on
the diagonal and every stopping time S,

B Y f06Y) =B [ [ 0200 i) (2:39)

t€(0,9]

Recall that 7y = inf{s > 0: Y, ¢ U} and 7y = inf{s > 0 : Y, ¢ U}. Note that
P.(Y, € D) = P, (Tu(m,) < (), where ( is the lifetime of Y.

TU (x,t)

Lemma 2.20. Suppose that u € K1D. There exists ¢ = ¢(T) > 0 such that for all (t,z) €
(0,7 x D and z = 2z, € D with B(z,3kr;) C B(x,3r;) N D and p(x,z) > 3kr/2, we have

Py (Yr,., € W(z,t))
P,(Ye,., € D) <cPy(Yy,., €D i 2.40
( U(x,t) ) y( U(x,t) )Py (}/;u(z’t) E W(QE, t)) ( )
and L
~ o~ ~ o~ P, (Yz e W(x,t
Py (Yayo. € D) <cPy(Yz,,, € D)= (A“W) S )), (2.41)
P, (Y;-u(z’t) € W(x,t))

for every y € B(xz,kr/2) N D.

Proof. Fix (t,z) € (0,T] x D and assume that B(z,3kr;) C B(z,3r;) N D and p(z,2) >
3kri/2. Recall that U(z,t) = B(x,kry) N D and W(x,t) = B(z, kr/(4ng)). Define Dy :=
B(x,9xr,/8) N D and Dy := B(x,9xr,/8)° N D. Take any

f € D(A(z, kry, 95r1/8), Az, Brry /8, 5k /4)).

18



Then, by Dynkin’s formula for X (see [13, (2.11)] and the proof of [13, (4.6)]), we have for
all y € B(x,kr/2) N D,

P, (Y,

TU (x,t)

EDl):Ey[exp( A )Xo eDl}

Z/l(:c t) T (a,t)

<E, [f(X%yt)) exp (— Ay t))} — f(y)

U(

By

TX t
/””ﬂ&ﬂwmﬁm
0

TX t
=&[/””£ﬂxgmmﬂ%Ms
0

< (swese)

By Assumption U, taking infimum over f on both sides gives

X
TU (x,t)
E, / exp(—Af)ds | = (Sllp Ef(z)) Ey ).
0

zeX

P, (Y,

TU (x,t)

C
S Dl) S —1)Ey[7-u(:c,t)]> Yy € B(ZL’, K'Tt/Q) N D

CD(?}

for some constant ¢; > 0.
On the other hand, by (2.38) and (2.39), we have that for all y € B(x, xr:/2) N D

Py (Yoo € D2) > Py (Yo, ., € W(z,1))

TU(z,t)
=E, [/ / J(Ys, w) (dw)d}
W(z,t))

=E [TZ,{(x t)] /VV(SL‘J) V(y’p(y,w))q)(P(y, w))

Thus, using that J(y,w) =< J(v,w) for (w,y,v) € Dy x (B(z,kr:/2) N D) x U(z,t), we
conclude that for all y € B(z, kr;/2) N D,

1
m(dw) = @Ey [Tu(x,t)] .

B, (Yo € D)= By(Yay ) € Do) = Ey[rues) /D J(y, wym(dw).
2

Finally, we have

P.(Y,., €D
( Ut ) §02®(7’t)/ J(z, w)m(dw)
P:c(Ym(x,t) € W(x,1)) Do
]P)y(Y:Fu( ) € D)
< . y € B(z,kr/2)N D
B C2Py(YTZ/{(z,t) < W(SL’,t)) Y (x Wrt/ )

Recall that ( is the lifetime of Y. We also denote by Zthe lifetime of Y.

Lemma 2.21. Suppose that p € KyD. For all M,T > 1, we have that, for allt € (0,T)
and x € D,

P.(C > 1) < Pu(C > t/M) < Pu(ryy(asy > t) X Pu(Ya,,,, € D)
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= P,(Y,

TU(z,t)

S W(CL’, t)) = t_lEm [Tu(x,t)]
and

Bo(C > ) = B > /M) = By(Fugusy > £) = Pa(Vay
=P (Y E W(l’, t)) = t_lﬁx [?Z/{(x,t)]a

Tu(

e D)

where U(x,t) and W(xz,t) are the open sets defined in the beginning of this subsection and
the comparison constants depend only on dy, d, d;,0,, T, M, Ry and k.

Proof. Fix t € (0,T], x € D and set r :=r, = ®~1(t) R, /30~ 1(T).
Case (i): p(z, z) < 3kr/2. By (2.32), we have

1> Pm(c > t/M) > Px(c > t) > Px(Tu(m,t) > t) = Pm(TB(m,Hr/Mno)) > t) >c>0.

On the other hand, by (2.38), (2.39) and (2.33),

TU(z,t)
1> Py(Yay, € D) > Po(Ya,., € W(x,1)) {/ﬁ / J(Ys, v)m(dv)ds
:ct
mW(x, 1)) Eq [T Ex[Tu(z,0) .
> ’ > : t ECE KT N, Z .
=TV (@ 3neBr) - 2 a@Br) — O (75 an0)] 2 €4

Therefore, we arrive at the assertion of the lemma in this case.

Case (ii): p(z,z) > 3kr/2. Note that

Px(g > t/M) < Px(Tu(x,t) > t/M) + Px(y

TU(z,t)

eD)< t_lEz[Tu(x,t)] + P.(Y;

TU(z,t)

€ D).
Fix a y € D such that B(y, k*r/2) C B(z,xr/2) N D. Then by Lemma 2.20 we have
P, (Y,

TU(z,t)

P, (Y,

TU(z,t)

€ W(x,t))
P (Y, e W(x,t))

TU(z,t)

€ D) < 5P, (Y,

TU(z,t)

€ D)

By (2.38), (2.39) and (2.33),

P, (Y,

TU (x,t)

e W(a,1) 2 By(Y,, , € W(z.1))

TB(y,x2r/2) V(x, T)Ey [TB(y HQT/2)]
=K J(Ys, dv)ds| > : >
! [/0 /V\/(x t) ( U)m( U) ’ 0 V(Ia BT)(I)(BT) “

and

V(SL’, T‘)Ew [Tu(x,t)]
V(z,r)®(r)

P, (Y,

TU (z,t) S W(ZIZ’, t)) = = CSt_lE:c [Tu(m,t)]-

It follows that

P.(¢ > t/M) < cot "By [my(an)] = Pu(Y;

TU(z,t)

e W(z, 1)) < P,(Y,

TU(z,t)

€ D).
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Note that B(z, (3 —2k)r)ND D U(x,t) UW(z,t) for every (t,z) € (0,7 x D. Thus by
(2.32),

]P):c(c > t) > PI(TB(I,gT)ﬁD > t) > E:c [we%/{)lgx 9 ]P)w(TB(:L‘,?)T’)ﬂD > t) : Y:ru(ac,t) € W(ZE, t)

> Eq weivl\}(fm) Pw(TB(wwr) > 1) : quw)

€ W(ZE, t):| Z ClOP:c(YTu(x,t) € W(l’,t))
The proof is now complete. O

Theorem 2.22. Let D be a k-fat set with characteristics (Ry, k). Suppose that p € KqiD.
Then for all T > 0, there exists ¢ > 1 such that for all (t,z,y) € (0,T) x D x D,

cIPL(C > P, (C > D)tz y) < qP(t ) < P> DB > Ot z,y).  (242)

Proof. Fix ¢t € (0,T] and set r := ®~1(¢t)R; /(307 1T)).
(1) We first prove the upper bound. By Lemma 2.21, for any =,y € D with p(z,y) < 4r,
we have

P12, x,y) = /D 0P (14, 2,w)qP(t/4,w, y)m(dw)

<G /D ¢ (14, 2, w)(t/4, w, y)m(dw)
S Cl]P):c(C > t/4)V(y, cb_l(t))_l S C2IP)SC(C > t)p(t/Q,l’, y)

Now, we assume p(z,y) > 4r. Let Uy := U(x,t) be the set defined before, Us := {w €
D : p(x,w) > p(x,y)/2}, and Uy := D\ (U; UUs). Since x € Uy, y € Us and U; N Uz = (),
by the strong Markov property, we have

P (t)2,2,y) = E,[¢”(t/2 — Ty Yoy 5 Y) 2 Ty < /2, Yo, € Uy
+ Ealq” (t/2 — 0y, Yoy, y) - Ty < 1/2,Yr, € Us] = 1 +11.
First, note that for every u € Us, p(u,y) > p(x,y) — p(z,u) > p(x,y)/2, which implies

that
Vi, p(x,y)) < V(u,p(z,y) + plu,y)) < V(u,3p(u,y)).

Therefore, using (2.1), for all (s,u) € (0,t/2] x U,
t

( V(@ 9) 3 @.9)

S C5p(t/27 z, y)

q S, U, y) S 035(57 u, y) S Cq

Now it follows from Lemma 2.21 that
I <esp(t/2,2,y)Pu(Ye, € D) <Pu(C>)p(t/2,2,y).

On the other hand, for all u € U; and w € Us, we have p(u,w) > p(z,w) — p(x,u) >
p(x,y)/2 — kr > p(x,y)/4, which implies that

Viz,p(x,y)) < V(u, p(x,y) + pu,2)) < V(u, (1+ s/4)p(z,y)) < V(u,8p(u, w)).
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Thus, by (2.1), (2.4), Lemma 2.21 and the Lévy system formula, and using the assumption
p(z,y) > 4r,

II_/ /U/U U (s, 2 1) (u, w0)qP (/2 — 5.0, y)m(dw)m(du)ds

1 t/2
S T (e 9) 3. 9) / Pu(r, > s)By(C > /2~ s)ds
1 o0
S ST (e 9) 3. 9)) / Palru > 5)d
= 2cg /2 t By, ] < Po(C > t)p(t/2, ,y).

Vi(z, p(r,y))®(p(z,y))

Thus for all z,y € D, ¢ (t/2,z,y) < ctP.({ > t)p(t/2,z,y), and, similarly, for all z,y € D,

g7 (t/2,2,y) < erPy(C > t)p(t/2, 2, y).
Finally, by the semigroup property, we conclude that

Plt,z,y) = /D P ()2, 2, w)g" (12, w, y)m(dw)

< EP,(C > B, > 1) / plt)2, 2, w)p(t2, w, y)m(dw)
< ECP, (¢ > B, (E > (L., y).

(2) For the lower bound, we use the notation W as before. By the semigroup property,
Ptr) = [ [ aP/30000 /30000 /30, m(dwym(d)
DJD
> [P (3w 3wy m(dwm(da).
W(z,t/3) J W(y,t/3

First, observe that for all (v, w) € W(z,t/3) x W(y,t/3), we have
dp(u),0p(w) = K(ar/3)°r/4,  (p(z,y) — 6(3a,)* 1)+ < plu,w) < plx,y) +6(3a,)" 7

By considering cases p(z,y) > 12(3a,)"%r and p(z,y) < 12(3a,)%r separately, we get
that for all (u,w) € W(z,t/3) x W(y,t/3),

1 t
D ~ ~
qg (t/3,u,w) =< q(t/3,u,w x( A )th,x,y.
(3 ) =300 = @) ™ Vi o, )@, )~ 7Y
Next, let g := x(a;/3)"% /8. By Theorem 2.15, for all (s,u) € (t/6,t/3) x W(z,t/3) and
w € B(u, cot), ¢°(s,u,w) < q(s,u,w) < V(u,r)"t. Moreover, by (2.38), for all u € W(x,t/3)
and (v,w) € U(x,t/3) x B(u,cot),

1 1

v, w) < Vo, o) Vie,re(r)
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Thus, by the Lévy system formula and Lemma 2.21, for every u € W(z,t/3), we have

qD(t/?)v x, u) > Ex[qD(t/?) = TU(z,t/3)» Y,

Tu(z,t/3)?

W) Tye/z) < t/3,Yx € B(u, cyr)]

TUu(z,t/3)

t/6
> / / / HE (5 )T (0, w)gP(t)3 — 5, w, w)m(dw)m(dv)ds
0 Z/{(xt/?) B(u,cgr)

t/3
> OV D / / (s > )V (u,r) " 'm(dw)ds

]P) (Tu(xt/i’) > t/g)

P.(¢ > t).

- V(a:,r)@(r) V(x,r)

Similarly for w € W(y,t/3), ¢°(t/3,w,y) > crav— V(yr (C > t). Therefore, we conclude that

Pl 2,y) > crsilt, o, y) / (2 (13, 2, u)m(du) / 7P (t/3,w, y)m(dw)
W(x,t/3) W(y,t/3)
> c P, (C>t) (§>t) q(t,z,y).

O

Using Theorem 2.15 and Corollary 2.16(2), the following global estimates can be proved
by the same argument. We omit the proof.

Theorem 2.23. Let D be a k-fat set with characteristics (0o, k). Suppose that p € KD

and T = 1y = 0o, where rq is the constant in Assumption U. Then there exists ci(k) >0
such that for all (t,z,y) € (0,00) x D x D,

P,(¢ > OB,(C > 1)t z,y) < ¢°(t,x,y) < alPo(C > OP,(C > Od(t, z,y).  (243)

Example 2.24. Suppose that (X, p,m) is an unbounded Ahlfors regular n-space for some

€ (0,00). Assume that p is uniformly equivalent to the shortest-path metric in X. Suppose
that there is a diffusion process ¢ with a symmetric, continuous transition density p*(¢, x,y)
satisfying the following sub-Gaussian bounds

g\ /(1)
¢ pla,y)%
nidy P <_Cz <%) ) <P(tny)

1/(dw—1)
c3 plx,y)™
- tn/d exp ( ¢4 ( n ) ) ) (244)

for all z,y € X and t € (0,00). Here d,, > 2 is the walk dimension of the space X. Examples
of ¢ include Brownian motions on unbounded Riemannian manifolds, Brownian motions on
Sierpinski gaskets, Sierpinski carpets or more general fractals. Let o € (0,d,,) and let T be
an («/d,)-stable subordinator independent of £. We define a process X by X; = &7,. Then
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X is a symmetric Feller process. It is easy to check that X has a transition density p(¢, x,y)
satisfying

p(t,z,y) < ( A 4) : (2.45)

pla,y)re
for all x,y € X and t € (0,00). It follows from [13, Appendix A] that Assumptions A and
U above are also satisfied with ®(r) = r®. Therefore, by Theorem 2.22 and (2.45), if D is a
r-fat open set in X and p € KD, then for all (¢t,z,y) € (0,79) x D x D,

_n t
) <Rl > 0B >0 (175 A

3 Dirichlet heat kernel estimates of regional fractional
Laplacian with critical killing

In this section we assume that d > 2, X is either the closure of a C*! open subset D of
R? or R? itself, and the underlying process is either a reflected a-stable process in D (or a
non-local perturbation of it), or an a-stable process in R (or a drift perturbation of it). We
investigate Dirichlet heat kernel estimates under critical killing. We first recall the definition
of reflected a-stable processes.

Let 0 < a < 2 and A(d, —a) = a2 '7 %21 ((d + a)/2)['(1 — a/2)"'. Here I is the
gamma function defined by T'(\) := [~ ¢} e~"dt, A > 0. For a C"! open subset D of RY,
let (€, F) be the Dirichlet space on L?(D,dz) defined by

F o= {u e L}(D); /D/D (“Ej)__y&yjy dwdy < oo},

E(u,v) = %A(d, —) /D/D (u(z) = uly)(v(z) = v(y)) dxdy, wu,v € F.

‘SL’ _ y|d+a

It is well known that W/%?(D) = F and the Sobolev norm || - ||a/2,2,p is equivalent to V&
where &1 :=E+ (-,  )r2(p)- As noted in (7], (€, F) is a regular Dirichlet form on D and its
associated Hunt process X lives on D. We call the process X a reflected a-stable process in
D. When D is the whole R?, X is simply an a-stable process.

It folows from [21] that X admits a strictly positive and jointly continuous transition
density p(t, z,y) with respect to the Lebesgue measure dz and that

p(t,z,y) < (t‘d/o‘ A m) (t,z,y) € (0,1) x D x D. (3.1)
When o € (1,2), the killed process X is the censored stable process in D. When
a € (0,1], it follows from |7, Section 2| that, starting from inside D, the process X neither
hits nor approaches 9D at any finite time. Thus, the killed process X? is simply X restricted
to D (without killing).
We will see that, for all o € (0, 2), the killed isotropic a-stable process Z” can be obtained
from X through a Feynman-Kac perturbation of the form (3.7) with  satisfying (3.5).
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It follows from [16] that, when « € (1,2), the transition density p¥(, z,y) of X has the
following estimates:

Pt y) = (1 A 5;’15”2))0_1 (1 A i[igay))a_l <t—d/a A L) (3.2)

|£L’ _y|d+a

for (t,z,y) € (0,1) x D x D.
It follows from [15] that the transition density p%(t,z,y) of ZP has the following esti-

mates:
anN 1/2 aN 1/2
pa(t,x,y) = (1 A 6D(tz) ) (1 A %p(y) ) (t_d/a A é) (3.3)

t |£L’ _y|d+a

for (t,z,y) € (0,1) x D x D.

In Subsection 3.1, we will establish explicit Dirichlet heat kernel estimates under critical
killing, which also provides an alternative and unified proof of (3.2) and (3.3).

In Subsection 3.2, we consider non-local perturbations of (€, F) when D is a bounded
C1! open set. Subsection 3.3 covers the case D = R?\ {0} and drift perturbations.

3.1 C"! open set

In this subsection, we assume that X is a O'! open set in R? with characteristics (Ry, A),
and that X is a reflected a-stable process in D. It is easy to check that the process X
satisfies the assumptions in Subsection 2.1 and Assumption U.

For d > 2 and p € (—1,a), we define C(d,a,p) := A(d, —a)“2B(%£L, L)y (a, p),
where [3(-,-) is the beta function, wy_; is the (d — 2)-dimensional Lebesgue measure of the

unit sphere in R4~ and

Y(a,p) = /0 u _(?(_1 t;f;—p_ Vat.

Observe that
dt

dy(a,p) _ /1 (t2 ! — ") log |
dp 0 (L—t)t+e

is positive for p > (o — 1)/2 and thus p — ~(a, p) is strictly increasing on ((a —1)/2, ).
Moreover, we have

Cld,a,a0 — 1) =C(d,,0) =0 and limC(d,a,p) = occ. (3.4)

pla

Let H, be the collection of non-negative functions x on D with the property that there
exist constants C7,Cy > 0 and n € [0, ) such that x(z) < C; for all € D with dp(z) > 1
and

Ik(z) — Chdp ()| < Codp(z) ™", (3.5)
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for all x € D with dp(z) < 1. If @ < 1, then we further assume that C; > 0. It follows from
(3.4) that we can find a unique p € [ — 1,a) N (0, «) such that C} = C(d,a,p). For any
p€a—1,a)N(0,«), define

Hao(p) :={Kk € Hq : the constant C; in (3.5) is C(d, o, p)}. (3.6)

Note that He = Upcja—1,0)n(0,0) Ha(p). We fix a k € Ho(p) and let Y be a Hunt process on D
corresponding to the Feynman-Kac semigroup of X through the multiplicative functional
e~ Jo #(XP)ds That is,

E, [f(Y))] = E, [e~Jo x(XP)ds f(XtD)} . t>0,x€D. (3.7)

Note that the lifetime ¢ of Y is finite since we have assumed that C'; > 0 when a < 1. Since,
by Example 2.17, k(z)dx € KD, it follows from Theorem 2.22 that Y has a transition
density ¢”(t,x,y) with the following estimate:

t
D - —d/a S
q (t>Iay) - IP)SC(C > t)IPy(C > t) |:t A |$ . y|d+a:| ) (38)
for (t,z,y) € (0,1] x D x D. To get explicit estimate of P,({ > t), we will estimate

Py (Tu(zs) < ¢) and use Lemma 2.21.
For f € C?(D), define

Lof(z) = A(d, —) lim fy) = (=)

€l0 D, | |y — l»|d+o¢ dy and Lf(l’) = Laf(I) - K(:)j')f(;)j’)
,y—x|>e€

The operator L coincides with the restriction to C2?(D) of the generator of the transition
semigroup of Y in Cy(D).

Lemma 3.1. Let 0 < p < g < a and define

Then there exist Ay = Ai(q,d,a, A, Cy,m, Ry) > 0 and Ay = As(q,d,a, A, Cy,m, Ry) €
(0, (Re A1)/4) such that the following inequalities hold:
(i) If ¢ > p, then
AT op(2)17 < Lhy(z) < Ajép(x)T®

for every x € D with 0 < dp(x) < As.

(ii) If ¢ = p, then
| Lhy(x)| < A1(0p(2)P™" + [log dp(x)])

for every x € D with 0 < ép(x) < As.

Proof. Without loss of generality, we assume Ry = 1. Let x € D with dp(z) < 1/4. Choose
a point z € D such that dp(x) = |x — z|. Then there exist a C1! function v : R"! — R
such that ¢(z) = Vi(z) = 0 and an orthonormal coordinate system C'S, such that

DN B(z1)={y=(y,yq) in CS, : yqa > ¥(y)} N B(z,1),
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and z = 0 and @ = (T, 24) = (0,z4) in CS,. Define wy(y) = (y4)? for y € RL and wy(y) =0
otherwise. According to |7, (5.4)], we have

A(d, —a) lim Wal9) = WalZ) 0 o(d e, g)2 (3.9)

€l0 Ri,\y—zbs |y - Z|d+a
for all z € ]Ri. Now, observe that
Lhy(w) = Lahy(2) — C(d, @, p)at™ = (k(2) — C(d, a, p)ag)hy(a) = I — [T — 111,

By our assumption, we have [[1]]| < Cozl™".
For any open subset U C R? define ry(z) = A(d, —a) [, Iy—iﬁ' Since h,(z) =
wy(z) = x4, by (3.9) we have

— A(d.—a) lim haly) = ho@) p Vb
I'=Ad —a) 1e¢0 |:/]Rd,y—x>5 |y — x| " W+ rl)hl )}

— A(d,—a) Tim [ / haly) —waly) / aly) = wy(z)
el0 Re,|y—z|>€ |y - $| Re,|y—z|>€ |y - ZE'|

= a,q)zi —a) lim hay) = waly) kp(x) — Kpa (2))wy(x
- C. e+ Al o)t | [ Wy (e (a) = g () )]

iy + ko) o)

According to |7, Lemma 5.6, if 1 < a < 2, then there is a constant ¢ = ¢(d, «) such that
|kp(z) — Kpd (z)| < cx)™®. By a similar calculation as in [7, Lemma 5.6], one can show that

for a <1, |kp(z) — /{Ri(aj)| < ¢(]log zq|1{a=13 +1). Thus, for any 0 < a < 2, we get
(10 (%) — fipa (2))wy(2)] < cxf(wg ™ + [logzal) < c. (3.10)

Therefore, it remains to bound I, := fRd"y_be %dy. Since D is a C™! open set, it
satisfies the inner and outer ball conditions. Thus we can assume that B; = B(eq, 1) C D
and By = B(—ey, 1) C D¢ where e4 := (0,1). We define E := {y = (7, va) : 7] < 1/4,|ya| <
1/2}, E; :={y € E : ys > 2|y|*} and Ey := {y € E : —yg > 2|y|*}. Then it is easy to see
that £y C BiNE C D and Ey C BoN E C D¢ Thus, since h,(y) = w,(y) = 0 for y € Es.

I — hq(y) — wq(y)d hq(y) — wq(y)d
e d+a y+ d+a Yy
Ec|ly—x|>€ |y - $| Eq,|ly—x|>€ |y - I|
i / hy(y) — wq(y)
E\(F1UBy) jy—z|>¢ Y — @[T
First, it is easy to see that if x4 < 1/4, then |J; | < cflo/ci1 [77o 1] = c.
For y € Ey, we have 0p(y) < dps(y) <ya+1— /1 —[4]* < ya+ [y < 2y4. Thus,

~12\qg _ ,,4 1\/2q—1 ~12,,9—1
J2,e < / (yd + |y| )d+a yddy < / Q( )|d.7i|ayd dy
By ly-a>e Y~ 2| Bily-sl>e Y~ 7]

dy = Jl,s + J2,5 + J3,e-

=12 .9-1
S ng—‘rl_a/ %dz
B(0,1/z4) |z — eq|
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Note that
>2.9-1 12 .,9-1 >2.9-1
/ ‘Z| - d+adz :/ ‘Z‘ = d+adz+/ |Z| 5 d+adz
B(0,1/z4) |z — e4] B(0,2) |z — e B(0,1/x4)\B(0,2) |z — e
< c/ |z —eq|* ™z + c/ |z|atimdmo g,
B(0,2) B(0,1/24)\B(0,2)

2 xgl
<c /ll_adl+/ 177%dl | .
0 2

It follows that Jo, < c(1 + |logzgl). Also, since dp(y) > 65, (y) > 1 — /(1 —ya)2 + Y2 >
L= /1= (ya = [91%) > 5(ya = 9I*) > fya for y € By,

1— 1— 1,2+ [7]2)2 — 2 772,971
> / (1 - /(1 —ya) d+a|y| = Yig, s / 9l Vg,
By ly—z|>e |y - I| Enly—x|>e |y - I|

Thus, we have |Jy.| < ¢(1 + | logz4l).
Lastly, let mg4_;(dz) be the (d — 1)-dimensional Lebesgue measure. Then there exists a
constant ¢ > 0 such that for all 0 <[ < 1,

ma—1({y : 7] = 1, —2|9]* < ya < 2[7*}) < .

Since |hq(y)|, |wq(y)| < 47[y|** for y € B\ (Ey U Ey),

1/4 1/4
| J3.e| < C/ / 127 my o (dy)dl < C/ 12a-2ql < e.
0 [yl=l,y€ E\(E1UE?) 0

Combining the above estimates, we conclude that |I| < ¢(1 + log |z4]).
If ¢ > p, we note that C(d, «,q) > C(d,a,p) and g —a < 0A(g—a+1)A(g—mn). O

Fix a ¢ € (p,«) such that ¢ < p —n + a. Then define Az := Ai(p) V Ai(q), Ay :=
As(p) A As(q), where Ay and A,y are constants in Lemma 3.1, and

01(2) 1= hy(z) + hy(2).
By Lemma 3.1, for any x € D with ép(z) < A4, we have
Lvy(x) > A3'6p(2)* — A3(0p(z)P~" + |log dp()]).

Thus, there exists A5 € (0, Ay) such that Lvy(z) > 0 for all € D with op(z) < As.
Define vy(z) := hy(x) — 3he(z). By the same argument, we can find A € (0, A4) such
that Lvy(z) <0 for all z € D with dp(x) < Ag.

Now, we are ready to estimate IP):C(YTM(M
that D is a k-fat open set with characteristics (1, ) and we can take r, = t'/%/3 in the
definition of U(x,t) (see Subsection 2.6). Without loss of generality we assume k < Az A Ag.

Pick any (t,2) € (0,1] x D and set r := 7(t) := (A5 A Ag)t"/* = 3(As5 A Ag)r; > 3kry.

) € D). We continue to assume Ry, = 1. Note
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If 6p(x) > r/3, then we have P,(Y,,, , € D) =< 1 in view of Lemma 2.21 and (2.33).

Assume that dp(z) < /3. Let w € 0D be the point such that |z — w| = dp(x). Define
D(l):={y € D : |y —w| <(}. By Dynkin’s formula (after a standard mollification, see [32,
Proposition 4.7]), we have

5D(1')p < 'Ul(l') < E:c [Ul(}/:ru(x,t))}'
Note that
E, [Ul (Y‘Fu(m) )}

<E,[v1(Ynr) t Yrus € D(0)] + Z Ex[vi(Yagen) t Yoo € D@777)\ D(277)]
n=0

€D(r)) + ¢y 20ITLPP (Y,

TU(z,t)

SCO’T’pr (Y

TU (z,t)

e D(2""'r)\ D(2"r))

n=0

and that for every n > 0,

P, (Y,

TU(x,t

TU(z,t)
< ClEx/ / Y, — 2|7 *dzds
0 D+ 1)\ D27 1)

< (27 ) 20r) TR [Tuy | = 6327 B [T -

, € D(2" 1)\ D(Q"r))

Since

TU(z,t)
P, (YTL{(ac,t) € D(r)) > c4E, [/ / Y, — z|_d_adzds] > 51 B [Tz,
0 D(r)

we deduce that

Sp(x)P < cor’Py (Ve € D(r)) + ¢ i p(mtlamnaprp (v, € D(2r))
n=0
< C7TPP$ (Y;u(z,t) € D(T)) < C7TPP$ (Y;u(w,t) € D)’
where in the second inequality we used the fact that ¢ < a.
We also have that
o) > va(a) 2 Buloa(Va )] 2 577Pe(Vay ) € W 1))

P
Therefore, in view of Lemma 2.21, we get P, (Tu(m) < C) = <6D(x)> . Finally, from (3.8)

I8
we conclude that

Theorem 3.2. Suppose that D is a CY' open set in R, d > 2, with characteristics (R,
A). ForallT >0, p € [aa—1,a)N(0,a) and n € [0,a), there exists a constant ¢ =
c(Ch, Co,p,a,d,n, T, Ry, ) > 1 such that for all k € Ha(p), the transition density ¢”(t, z,y)
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of the Hunt process Y on Dt corresponding to the Feynman-Kac semigroup of XP via the
multiplicative functional e~ Jo "X2)s sqtisfies that

(1 A ‘llﬁf))p (1 4 5?15 )) {t_d/a : m]
<¢"(t,z,y) <c (1 A 5t15f))p (1 A 5515«1)) [t_d/a " W]

for (t,z,y) € (0,T] x D x D.

Remark 3.3. Theorem 3.2 also holds in d = 1. In fact, let D C R be a union of open
intervals with a localization radius ro and C(1,a,p) = A(l, —a)y(c,p). The first difference

of the proof appears in the bound of |II1| in Lemma 3.1. We use the following calculation
instead of [7, Lemma 5.6]:

(o) = iz, ()] € [ cryr(0) = o ()] = AL =) | [ [T

=@<<ro—x>-a+<ro+x> <

provided ép(x) < 19/2. Moreover, the bound for |I.| is easy in Lemma 3.1: Since hy(y) =
wy(y) fory € (—oo, 1), Ie < cf:)o yi1mdy = c.

Remark 3.4. It follows from [7, pp.94-95] that ZP can be obtained from X via a Feynman-
Kac perturbatz’on of the form e Joxp(XP)ds  In yiew of (3.10), kp satisfies condition (3.5)
with Cy = A(d ) i wicrg(etl 1) By direct calculation, we can see that y(a, o /2) = 1/a.
This means that C’l = C(d,a,a/2). Thus Theorem 3.2 recovers (3.3). When a € (1,2),
Cy =0 is allowed. Thus, by taking k = 0, Theorem 3.2 recovers (3.2) as well.

We also remark here that Theorem 3.2 provides examples of processes studied in [19] (see

(3.5) and [19, Proposition 4.1(ii)]).

3.2 Non-local perturbation in bounded C!! open set

Recall that A(d, o) = a2*7'n=%20(42)(1 — 2)~'. We also recall that we write y = (¥, ya)
for y € R% For u: RL — [0,00), A € (0,00) and 3 € (—o0,2), we define

dy

d
W, I'GR+

L} u(x) := lim (u(y) - u(x))
0 {yGRi:€<|y—m|<)\}
In the remainder of this subsection, we will assume that § € (—o0,2) . For any real number
pand y € RY, let g(y) := yj = dga (y)".

Lemma 3.5. For all positive p,\ and 5 € (—o0,2), there exist ¢; = ¢1(p,d, 5,\) > 0 and
o = co(p,d, B, \) € (0, 4) such that, for every x € RL with 0 < x4 < ca, the following
inequalities hold:

1 if p> 3
‘deg( N <eiq|logzy  if p=p;
zh’ if p < B.

30



Proof. When g < 0, then clearly for x € Ri,

/ |y — 74 5|5+ (d) Y s (d) 8
L ] _x,\dyg/ z| 7 pdzgcd/s__ P =c(ld)——=N"".
R4 ly — x|*F Hy=el<) B(0,\) 0 p—p

We now assume 3 > 0. For simplicity, take z = (6, z4) and denote eg = (0,1). Then by
the change of variables z = y /x4, we have

B Ya — Tq
Lgg(z) =p.v. /d Wl{\y—xm} dy

zg — 1 _. .pB
_:L'd pV /Rd 1/ |Z—ed|d+51{|z_ed|<)\/xd}dz =Ty Il.
Using the change of variables z = |z; — 1|u, we get
1 A |
L :/Rdl (|a]? + 1)@+5)/2 <p.v./0 |24 — 1|1+51{\Zd <A@ +1)~ 1/2/rd}dzd) du

1
=: Irdu
/HW (a2 + D@dr 24

Fix @ and let M := (|u|> + 1)*/2. Then

1—e 1 Mz g+ 1

Z Mzg Z—
I, =1i Sl £ T dzy | . 3.11
([ i [ i) o

1+e€

By using the change of variables w = 1/z,4, we get that, for e < A/(Mz,), the second integral
in (3.11) is equal to

T wf1lP Bl l—e ,B=1=p _ 4B-1 T f—1-P _ -1
dw = dw + dw .
/A{xd (]_ J— w)l‘f‘ﬁ /de (1 — w)l‘f‘ﬁ Z (]_ J— w)l‘f‘ﬁ

Mzg+2 Mazg+2

—€

Note that from |7, p.121], we see that

1~1ks wﬁ_l_p — wﬁ_l d
w
/1 (1 —w)'+s

< et P,

—€

Therefore, using (w? — 1) + (w177 — /1) = (1 — wP)(1 — wP~B=D)wh~1=P we have

T R B Meglx 1 — P
I, = lim [ (1— w)+? w dw — /(1_ s mdw =: Iy — Ips.
Mz g+ Mz g +

First, it is easy to see that

s » 1 if g€ (0,1);
0 < Ip < / ’ ﬁdw < cdlog(l+ Mag/N) if B=1;
0 (1+ Mag/N)P1 if B e (1,2).
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Next, since g < 2, the fraction in I5; is integrable near 1. Thus,

(1= wP) (1 — wrmB7Y)
— B—1—p
Iy = /de (1= w)+? w dw.

Mazg+X

Note that, if MmiA > 1/4, then clearly, I5; < ¢ < oo. If M””d 5 < 1/4, then

120 (1 —wP) (1 — wr~(B-1) !

B—1-p B—1-p

I <c+ /de T w dw <c+c " w dw.
]\/Icvd+/\ Mzd+)\

Thus
{(1 + M (Mazg)=? if p> B
I <c )
log(1+ A/ (Mzg)) ifp=p.

Therefore, if p > 3, then for small x4,

|$d BII‘

1
SCIZ B/Rdl (|a|2 + 1)(d+6)/2
(L4 A/ ([ + 1))~ Pdu if 8 € (0,1);
X & (14 X/ (([a]> + 1D)Y224))P=8 +1og(1 + (|u)? + 1)Y2z4/\))du if = 1;
(UMl + 1) 22a) )P0 + (1 + ([al* + 1) 2zq /NP Ndu i 5 € (1,2)

1
<
—/ ([aP + 1)o7
(za + A/ ([Tl + 1)2)P~du if 8 € (0,1);
X (g + M2 + 1)V2)=8 £ log(1+ (|[af2 + 1)Y2/N\))du  if 8 = 1;
((wq + X/ ([a)> + DY2)P=8 4 (1 + (|a> + DY2/N)PYdu if B € (1,2)
Jgaor ([U? + )7 D24 if e (0,1);
<e(N) § fpa B D an i =1 =c(A,f) < oo,
Jgan ([U? +1)~@D2qqif g € (1,2)

If p= (>0, then for small x4,

1
|| <c — X
ra—1 (Ju|? 4+ 1)d+p)/2

(
log(1 4+ X/((Ju]? + 1)"%xy))du if 3€(0,1);
log(1+ \/((|a]? + 1)2xq)) + log(1 + (|02 + 1)2xq/N)]du  if B =1;
log(1+ X/((([a|*> + 1)Y2zq)) + (1 + (|u]® + 1)Y224/X)V]du if B € (1,2)

log(1+ A\/zq)du if g€ (0,1);
log(1 + A/zg) +log(1 + (Jaf> + 1)V2/N)]du  if B = 1;
log(1 4 A zg) + (14 ([af> + 1)Y2/N)8~Y]du if B € (1,2)

1
<
—/ (laP? + 1)@572
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<clog(1+ \/z4).

We now assume that 0 < p < 5. Note that

Mz gy

I /1 (1 —wP)(1 — wpP=B=D) s1p g /W wh—1-p _ yB-1 ;
= w w — w.
2 1oy, (1 _ w)1+ﬁ ( N (1 _ w)1+6

T May _de)+

Since w — w”~!~P is integrable near 0,

1 L1 — wP)(1 — wp—(B-1)
L < ah / ( / A= wn)(d = w770) i dw) di.
0

ra-1 (JU)? + 1)@+A)/2 (1 —w)+s

On the other hand, —:L’fl_ﬁll < C(d)[[’fl_ﬁllg, where

(W24 1)1/ 24
> 1 (u2+1)1/2xd+A wﬁ_l_p(]. — wp) d—2
I = (2 1 D)@ . A= w)? dwu® “du.
0 Ay, )+

Note that

v/(v+A) , B—1—p 1 — wP v/(v+A)
sup / v ( 1:;) ) dw < ¢ sup / (1 —w)Pdw
v>21 J1-7 /v (1-w) v>2x J1-a/w

Av 1 1
= csup / tPdt < csup(v+N)P(= — ) < esup 0”72 < o0,
v>2X J A/ (v4)) v>2\ voov+ A v>2A

and, for zg < A,

A 11— 2/3
- /U/(U+ ) wﬁ 1 p(l l—wp) dw <o sup / / wﬁ—l—pdw .
za<v<2A Jo (1 —w)t*s za<v<2x Jo

Thus for x4 < A,

(u24+1)1/2a

1,2, 1112 2, 1)1/2 B=1-p(1 — P
(u2+1)1/2z,<2) /(u D Z0g4n W (1 —w?) d—2
0< i, < dwu® “du
v _/0 (u2 + 1) [, (1 —w)+?

(W241)1/2a

) 7 11—
" /oo Lw2i1)1/20,>2) /<u2+1)1/%d+A w7 (1 — wP) dwu2du
0 (1

@@ Jo T A=)

e8] d—2
< ¢ du < 0o
= Jo (w2 1)d+n)/2 )

O

Throughout the remainder of this subsection we assume that D is a bounded C'*! open
subset of R? and o € (0V 3,2). We also assume that b(x,y) is a symmetric Borel function
on D x D such that Cy; := sup, ,p [b(z,y)| < co and the function

B(z,y) == A(d, —a) + |z — y|* "b(z,y), z,y€ D,
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is bounded below by a positive constant, that is, Cpo < B(z,y) for some Cpo € (0,00).
Clearly, B(z,y) is bounded above by A(d, —a) + (diam(D))*#C},;. Note that, 3 and b can
be negative, as long as the condition above is satisfied. Let (£ F) be the Dirichlet form
on L*(D,dx) defined by

e@mwwzgﬁlgmw—mwmmwww»

By [21], (£P), F) is a regular Dirichlet form on D and its associated Hunt process X (%)
is conservative and lives on D. Moreover, since B(z,y) is bounded on D x D between two
strictly positive constants, the form (£(%), F) satisfies the assumptions of [7, Remark 2.4],
so we can freely use results of [7, Section 2|. Further, X¥) admits a strictly positive and
jointly continuous transition density p(t, z,y) with respect to the Lebesgue measure dx such
that

B(z,y)

Wd[lfdy, u,v € F.

t

Ot ¢t A SR
" | — y| o

} < p(t,x,y) < Co [t—d/“ A (3.12)

|z —y|T*e

for (t,x,y) € (0,1) x D x D. The process X B satisfies Assumptions A and U.
If m > 0, by taking 8 = a — 2 and b(x, y) = A(d, —a)(o(m"*|z —y|) — 1)|z — y|~2 with

d _1 & «@ S 7‘2
o(r) =27+ ( ;a) / sl i ds,
0

we cover the reflected relativistic a-stable process X™ with weight m > 0 in D. When
a € (1,2), the killed process X™? is the censored relativistic a-stable process in D. When
a € (0,1], it follows from [7, Section 2| that, starting from inside D, the process X™ neither
hits nor approaches 9D at any finite time. Thus, the killed process X" is simply X™
restricted to D.

Recall that for u : D — [0, 00),

: dy
Lsu(z) = A(d, —f) lim (u(y) — u(z)) ————, reD.
’ 0 JiyeD e<|y—z|} |z — y|dh
Let bz y)
. Yy
Lgpu(x) :=lim (u(y) — u(z)) ——=—dy, reD.
’ £l0 {yeD: e<|y—z|} |$ - y|d+ﬁ

Let p € [a — 1,a) N (0,), k € Ho(p). If B > p, then we always assume that, there exist
Cys >0 and B; > B — p such that

b(z,y) — b(z,7)| < Cypslz —y|™*, x,y€D. (3.13)

Note that, under (3.13), for any bounded Borel function u satisfying |u(z) —u(y)| < clz —y|P
on D,

Lauta)| < [ uty) — ufo) LR gy o BT

Y
{yeD: e<|y—z|} ‘SL’ - y|d+ﬁ *A(da _B)
< c1 + Cg‘LﬁU(l’”. (314)

Recall that for an open set D and ¢ > 0, hy(x) = dp(x).
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Lemma 3.6. Let D be a bounded CY' open set with characteristics (Ry, A). For any q > p,
there exist constants ¢; > 0 and c3 € (0,(Ry A 1)/4) depending only on p,q,d, 3, Ra, A,
diam(D), Cy1,Ch2,Chs, 1 such that for every x € D with 0 < dp(x) < co, the following
inequalities hold:

1 if ¢ > p;
|Lgphg(z)| < c1 q [logdp(z)| if ¢ =5;
(SD(I’)q_B qu < ﬁ

Proof. Without loss of generality we assume diam(D) < 1 and let x € D with ép(z) < Ry/4.
Choose a point z € 9D such that dp(z) = |z — 2|. Then, there exists a C*! function
[ : R4 — R such that I'(z) = VI'(2) = 0 and an orthonormal coordinate system CS, with
origin at z such that

DN B(z,Ry) ={y=(y,yq) in CS, :ys >T(y)} N B(z, Ra),

and z = 0 and = = (T, z4) = (0,24) in CS,. Define wy(y) := (y4)? for z € RE and wy(y) := 0,
otherwise. For any open subset U C R?, define &y () := A(d, —3) fUCﬂB(x yly— x| Pdy.
Since hy(x) = wy(x) = 2, using (3.14) we have

Lohy(e) = Ad.~5) Timg | [ L B =2 by 4 Rl o)

€lo |y — x|d+F

. hq(?J) - wq(y) wq(?J) - wq@) ~ }
=A(d,—p3) 1 L D7 /77 7d
A(d, —p) elg)l |:/1>|y—m|>e ly — z|dtP Y+ /1>y—x>e ly — 2| F Yy + Kp(z)wy(x)

= L7 w,(x —p4) lim —hq(y)—wq(y) kp(x) — Kga (2))w,(x
- jyuyle) + A=) i | [ By (o) — R ()]

By a similar calculation as in [7, Lemma 5.6], for any 0 < 5 < 2, we get
(R (x) = Ra (@))wy(2)] < cxl(zy™ + [logzal) < e.

haW)=ws@) 7, When g < 3, by the proof

Therefore, it remains to bound I, := lim f1>‘y_w‘>6 Tes:

of Lemma 3.1,

sup |[[ < sup
e<1/2 e<1/2

hq(y) - wq(y)
———"2dy| < c(1 +log|xyg|).
/]Rd7|y—:c|>e ly — w|dh ( [zal)

When ¢ > 3, by [20, (3.13)], we get sup.s|le| < ¢. The lemma now follows from these
bounds, Lemma 3.5 and (3.14). O

Let p € [a—1,a) N (0,a), k € Ha(p), and define

Lf(z) = Laf(z) + Loy f(z) — k(z) f(z) = Lf(x) + Lgyf(2).

Combining Lemmas 3.1 and 3.6, we get the following lemma.
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Lemma 3.7. Let 0 < p < g < a and f < o and define
hy(x) := dp(z)™.

Then there exist ¢; > 0 and ¢y € (0,(Rg A 1)/4) depending only on Rs,p,q,d, a,f,A,
Ca,m,Ch1, Cpa,Chs, b1 such that the following inequalities hold:

() Ifq>p, i
crtop(z)T* < Lhy(z) < ¢10p ()
for every x € D with 0 < dp(x) < co.
(ii) If 4 = p, i
Ly (2)] < e1(dp(2)?~ " + |log ép()])

for every x € D with 0 < dp(x) < co.

We now follow the argument of the previous subsection (choosing ¢ € (p,(p — (nV B) +
a) A «r)) and can conclude the following.

Theorem 3.8. Suppose that D is a bounded C*' open set in R?, d > 2, with characteristics
(Ro, A). ForallT >0,p € [a—1,a)N(0,a), f < a and n € [0,«), there exists ¢ =
c(Cy, Cy,p, a0, B,d,m, b, diam(D),T,Cy1,Cpa,Chrs, 01) > 1 such that for all K € Ho(p), the
transition density q°(t, z,y) of the Hunt process Y on D corresponding to the Feynman-Kac

semigroup of X BD wvia the multiplicative functional e~ Jo w(XSP)ds satisfies that

(1) () [ ]
<q"(t,z,y) <c (1 A 5D(I))p <1 A 5D(y))p {t—d/a A #]

tl/a tl/e |1» — y|d+a

for (t,z,y) € (0,T] x D x D.

We remark here that Theorem 3.8 recovers [19, Theorem 4.8|. Let s} be the killing
function of the killed relativistic a-stable process Z™ in D. It follows from |7, pp.94-95]
that the killed relativistic a-stable process Z™? can be obtained from X" via a Feynman-
Kac perturbation of the form e~ fo #8(X7"”)ds Tt follows [24, p. 278| that 0 < kp(z)—krG(z) <
cdp(x)>=@ for all x € D. Combining this with (3.10), we get

(55 (%) — kg (2))wg(2)] < exf(zg® + [logza|) <.

Now by the same argument as in Remark 3.4, we see that Theorem 3.8 recovers the main
result of [17] for bounded C*! open set D.

3.3 RI\ {0}

In this subsection we assume that X = RY, d > 2, X is an isotropic a-stable process on R?
and D = R4\ {0}. Obviously, D is a (1/2)-fat open set with characteristics (oo, 1/2) and X
satisfies Assumptions A and U. Since X does not hit {0}, the killed process X? is simply
the restriction of X to D.
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Recall that A(d, —a) = a2~ 17~920((d + ) /2)T(1 — a/2)". Let p € (0, ) and define

d—3 x 2 ) lta
2 v s2 —sin® 6 + cosf
il / sind_29( : )
0

s2 —gin% 6

do, s>1,

and
Cla,d,p) = A(d, —a) /1 (7 — 1)(1 — s~ P)g(s2 — 1)~ 1= H(s)ds.

Note that p — C(a, d, p) is strictly increasing on (0, «). The function H(s) is positive and
continuous on [1, +00) with H(s) < s* for large s and

s(s* = 1) H(s) < (s — 1), s>1,

(see the paragraph after |27, Theorem 1.1]). Thus

liglé(a,d,p) =0 and limC(a,d,p) = occ. (3.15)
D

pla

Applying |27, Theorem 1.1] to u, := |z|P, we get that
—(=A)*?uy(x) = Cla,d,p) 277, |2 > 0,2 € R™. (3.16)

Let G, be the collection of non-negative functions on D such that for each k € G, there
exist constants Cy > 0, Cy > 0 and 7 € [0, «) such that x(z) < C for all x with |z| > 1 and

}/{(ZL') — Cl|:)3|_a} < Colz|™", (3.17)

forall z € D with |z| < 1. By (3.15) we can find a unique p € (0, ) such that C}, = C'(d, a, p).
Define

Ga(p) := {k € G, : the constant Cy in (3.17) is C(d, o, p)}. (3.18)

Note that G, = UycpcaGa(p). We fix a k € G,(p) and let Y be a Hunt process on D corre-
sponding to the Feynman-Kac semigroup of X via the multiplicative functional e~ Jo w(XP )ds

that is,
E, [f(Y})] =E, [eF “(XSD)de(XtD)} , t>0,z€D.

Note that, since C; > 0, the lifetime ¢ of Y is finite. Since, by Example 2.17, k(z)dz € K1 D,
it follows from Theorem 2.22 that Y has a transition density ¢” (¢, z,y) with the following
estimate

q°(t,,y) < P.(C > t)P,(¢ > t) {t_d/o‘ A m} : (3.19)

for (t,z,y) € (0,1) x D x D, where ( is the lifetime of Y. Moreover, when Cy = 0,
k(z)dx € KD by Example 2.18. Thus, by Theorem 2.23, (3.19) holds for all £ > 0.
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Define
Lf(z) = —(=A)*?f(x) — k(z) f ().

Fix a ¢ € (p, @) such that ¢ <p—n+ « and let A = 6’(d,a,q) — 5’(d,a,p) > 0. Define

0 (w) = ) Fugl@), va(a) = ) — o).

Since, for |z| < Cy*,

Lvi(2) > Ala]*™* — |2”|C(d, a, p)|2|~ = k(x)| — [2]|C(d, @, p)||~* = k()]
> Ala|™ = 2C(JaP™7 + [2[*77)

and

Lvs(w) < =27" Alz|"* + [2]|C(d, @, p) ] = r()| +27'|*|C(d, o, p) || = #(x))|

<
< =271 A2 + (3/2)Cola P + 2|77,

there exists ¢; > 0 such that Lvy(z) > 0 and Lvy < 0 whenever 0 < |z| < ¢;. Pick any
(t,7) € (0,1) x D and set r = r(t) = ¢;t'/* for t < 1. Now we can follow the argument
before the statement of Theorem 3.2 and get Py (7o) < ¢) =< (LA |z|/r)" for ¢t < 1.

Moreover, if x(z) = C(o,d,p)|z|~®, we can simply take vy(z) = vy(z) = u,(x) and
r(t) =tV for all t > 0 and get Py (ry(e0) < ¢) < (LA |z|/r(t))? for all ¢ > 0.

Therefore, we conclude that

Theorem 3.9. For all positive T > 0, p € (0,a) and n € [0,«a), there exists a ¢ =
c(Ch,Co,p,a,d,n, T) > 1 such that for all k € G.(p), the transition density q(t,z,y) of
Y, the Hunt process on R\ {0} associated with the Feynman-Kac semigroup of the isotropic

a-stable process Z via the multiplicative functional e~ o ©(Zs)ds - satisfies that

- |z \" I\ [,-a/a t
(Y (i Y feren
|z )" I\ [, -asa t

for (t,z,y) € (0,T) x (R?\ {0}) x (R4\ {0}). Moreover, if k(z) = C(a, d,p)|x|~®, then the
above estimates holds for allt > 0.

Let o € (1,2) and g be an R%valued C* function with ||g]lec + [[Vglleo < 0. Let X9
be an a-stable process with drift g, that is, a non-symmetric Hunt process with generator
—(=A)*2f(x)+g-Vf(x), see [12]. Let X9 be the Hunt process obtained from X9 by killing
with rate ||div g||. The generator of X9 is —(—A)*2f(z) + g - Vf(z) — ||divg||ef(x). By
[12], the transition density p(t,z,y) of X9 satisfies

t

7= gldre (t,z,y) € (0,1] x R? x R?. (3.20)

pt,z,y) <t A
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The dual of —(=A)*2f(z) + g Vf(2) = [divgllef(z) is —(=A)*2f(z) — g Vf(z) -

A~

div g(z) f(x) — ||divg||sf(x), which is the generator of a Hunt process X9 which can be
obtained from an a-stable process with drift via the killing potential —div g(x) — ||divg||co-
It is easy to check that X¢ and X9 are strong duals of each other with respect to the Lebesgue
measure. Moreover, since a € (1,2), Assumption U holds true.

Fix a k € G,(p) and let Y9 be a Hunt process on D corresponding to the Feynman-Kac

semigroup of X9¥ via the multiplicative functional e~ Jo r(x¢ ’D)ds, that is,
E, [f(V))] = B, [ =00 p(xpP)] ¢ > 0,0 € D.

The lifetime ¢ of Y9 is finite. Since x(x)dx € K;i(D) by (3.20), it follows from (3.20) and
Theorem 2.22 that Y9 has a transition density ¢%(¢, z,y) with the following estimate

#t2.9) = PlC OG> 1) [0 ], (3.21)

for (t,z,y) € (0,1] x D x D, where ( is the lifetime of Y9. Note that with u, = |z|?, we get
that
19 V()| + |[divglolup(2)] < Clavd,p) 2™, 0 < Jz] < 1. (3.22)

From (3.16), (3.22) and the assumption a € (1,2), we see that terms g-V f(z) —||divg|| oo f ()
and —g - Vf(z) — divg(z)f(x) — ||divg||ef(z) can be treated as lower order terms. Thus,
using (3.22) and the assumption o € (1,2), by repeating the argument of the first part of
this subsection, we can easily get the following result.

Theorem 3.10. Suppose that o € (1,2). For all positive T > 0, p € (0,«a) and n € [0, a),
there exists a ¢ = ¢(Ch, Ca, D, ||9]loc, @, d, 0, T, ||Vllew) > 1 such that for all k € G,(p), the
transition semigroup q°(t,x,y) of Y9 satisfies that

- P P . t
< (1ngi) (1mafe) [ n =]
’ ] \” I\ [,-a/a t
Sq(t,w,y)§0<1/\tm) <1/\tm> [t Y AW},
for (t,z,y) € (0,T) x (R*\ {0}) x (R*\ {0}).

Note that, Theorem 3.10 also holds for the fundamental solution to 9, = —(—A)*/2 +
g- V —k(x).

4 Appendix: Continuous additive functionals for killed
non-symmetric processes

We keep the assumptions and the notations in Sections 2.1-2.3. In this section, D is an open
subset of X and U is a relatively compact subset of D.
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Lemma 4.1. If h € D(L) is non-negative, bounded and has compact support contained in
U, then for anyt > 0,

1 ~
lim sup—/ PVh(2)P, (157 < €)m(dz) < oo.
e—0 € Ju

Proof. Noticing h()@ff) =0, we get

= [(@nt) - Pbeymian) = - [ B, [ EME) oy o

from which the conclusion follows immediately. a

Lemma 4.2. Let p € Ky D for some T > 0. If A is the continuous additive functional of
XP associated with ju, h € D(L) is non-negative, bounded and has compact support contained
wmn U, then for any bounded Borel function f on U and t > 0,

1 - €
lim= [ PYh(z) <Ex / Lxe, f(XsD)dAs) m(dx) = 0.
U 0

e—0 €

Proof. Since by the strong Markov property

X

e—Tf b
1T§<EEX%/O f(Xs )dAS ’

E, /0 Ly, f(X])dA, = E,

we have
Ex/ Lxo f(XPYdA,| < (supEy/ |f(X£)|dAS) P, (7 < e).
o U7 yeX 0
The assertion now follows from Lemma 4.1 and condition (2) in Definition 2.12. a

Proposition 4.3. Let € KpD for some T > 0. If A is the continuous additive functional
of X associated with p, then (Atmg;) is the continuous additive functional of XV associated
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Proof. Let Ay := A;,.x. Then A” is a continuous additive functional of X". Let h € D(L)
be non-negative, bounded and have compact support contained in U, and let f be a bounded
Borel function supported in U. Define

0= [ 0. [ FXATma)

oo [ 1B, [ AXOaTman = [ h@E, [ FX )AL i)
— [ P E [ rxaad@midn) = [ BRI [ 1, X ddm(dn)

Since

it follows from Lemma 4.2 that

lim 2 =9 _ i L [ BUaa / F(XPYdAum(dr) = / PVh(x) f(x)pu(d)
U

e—0 € e—0 € U

which implies

/ / F(XVYdAYm(dx) / / PUh(z)f(z)p(dz)ds = /U h(x) /O tPsUf(x)ds,u(dx).

Using the dominated convergence theorem and the monotone convergence theorem, one can
show that the equality above is valid for all bounded non-negative Borel functions h and f
supported in U. Therefore,

/f p(dz) —hmEmU[ /fXU dAU}
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