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Abstract

Minimal thinness is a notion that describes the smallness of a set at a boundary point. In this paper,
we provide tests for minimal thinness at finite and infinite minimal Martin boundary points for a large
class of purely discontinuous symmetric Lévy processes.
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1 Introduction

Minimal thinness is a notion that describes the smallness of a set at a boundary point. Minimal thinness
in the half-space was introduced by Lelong-Ferrand in [35], while minimal thinness in general open sets was
developed by Naim in [38]; for a more recent exposition see [4, Chapter 9]. A probabilistic interpretation in
terms of Brownian motion was given by Doob, see e.g. [19].

A Wiener-type criterion for minimal thinness of a subset of the half-space (using a Green energy) has
already appeared in [35]. A refined version of such a criterion (using the ordinary capacity) was proved in
[20]. A general version of the Wiener-type criterion for minimal thinness in NTA domains was established by
Aikawa in [1] using a powerful concept of quasi-additivity of capacity. In case of a smooth domain, Aikawa’s
version of the criterion implies several results obtained earlier, cf. [5, 18, 36, 41]. A good exposition of this
theory can be found in [2, Part II, 7).

All of these results have been proved in the context of classical potential theory related to the Laplacian,
or probabilistically, to Brownian motion. Even though the concept of minimal thinness for Hunt processes
admitting a dual process (and satisfying an additional hypothesis) was studied by Foéllmer [22], concrete
criteria for minimal thinness with respect to certain integro-differential operators (i.e., certain Lévy processes)
in the half space have been obtained only recently in [28]. To be more precise, in [28] the underlying process
X belongs to a class of subordinate Brownian motions, where the Laplace exponents of the corresponding
subordinators are complete Bernstein functions satisfying a certain condition at infinity. The first result of
[28] was a necessary condition for minimal thinness of a Borel subset E of the half-space H C R, d > 2: If
E is minimally thin in H (with respect to the process X) at the point z = 0, then

/ ||~ dr < oo.
ENB(0,1)

Here, and in the sequel, B(z,7) denotes the open ball centered at z € R? with radius > 0. In the classical
case this was proved in [5] for d = 2 and in [18] for d > 3. The method applied in [28] was based on a result
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of Sj6gren, [40, Theorem 2]. The second result of [28] was a criterion for minimal thinness in H of a set
under the graph of a Lipschitz function which in the classical case is due to Burdzy, see [11] and [25].

The goal of this paper is to generalize the results from [28] in several directions. We will always assume
that d > 2. We work with a broader class of purely discontinuous symmetric transient Lévy processes and
prove a version of Aikawa’s Wiener-type criterion for minimal thinness of a subset of a (not necessarily
bounded) r-fat open set at any finite (minimal Martin) boundary point. By specializing to C1'! open sets,
we get an integral criterion for minimal thinness in the spirit of [5, 18]. Moreover, in case the processes
satisfy an additional assumption governing the global behavior, we obtain criteria for minimal thinness of a
subset of half-space-like open sets at infinity. In the classical case of the Laplacian, such results are direct
consequences of the corresponding finite boundary point results by use of the inversion with respect to a
sphere and the Kelvin transform. In the case we study, this is much more delicate, since the method of
Kelvin transform is not available.

Let us describe the results of the paper in more detail. We start with a description of the setup of this
paper.

We assume that 7 +— j(r) is a strictly positive non-increasing function on (0, c0) satisfying

j(r) <c¢j(r+1) for r > 1, (1.1)
and X is a purely discontinuous symmetric transient Lévy process in R? with Lévy exponent Wx (£) so that
E,. [eig'(Xt_XO)] = e_t%‘(g), t>0,z € Rd,f e R%.

We assume that the Lévy measure of X has a density Jx such that

v iy < Jx(y) < vi(lyl), for ally € RY, (1.2)

for some v > 1. Since [;°j(r)(1Ar?)r?~1dr < oo by (1.2), the function « — j(|z|) is the Lévy density of an
isotropic unimodal Lévy process whose characterlstlc exponent is V(|¢|) = [pa(1 —cos(& - y))j(|yl)dy. The
Lévy exponent ¥y can be written as Ux (£ fRd —cos(€ - y))Jx (y)dy and, clearly by (1.2), it satisfies

M(lE]) < Uy (€) <P(J¢]), forall £ € RY. (1.3)

The function ¥ may be not increasing. However, if we put ¥*(r) := sup,, ¥(s), then, by [8, Proposition
2], we have
U(r) < U*(r) < 72U(r).

Thus by (1.3),
()1 (€]) < Ux(€) <P(€]), forall € € RY. (1.4)

Moreover,
T* () < 2(1+ A2)T*(t) for every t >0 and A\ > 1, (1.5)

(see [26, Lemma 1]).
We will always assume that ¥ satisfies the following scaling condition at infinity:

(H1): There exist constants 0 < §; < d2 < 1 and aq,as > 0 such that
A AP () < U(M) < apA?20(t), A>1,t>1. (1.6)
Then by [8, (15) and Corollary 22], for every R > 0, there exists ¢ = ¢(R) > 1 such that

LYY
1
c e

U(r—1)
d

<jr)<c

for r € (0, R). (1.7)



Note that the class of Lévy processes described above contains the purely discontinuous unimodal Lévy
processes dealt with in [8, 10]. The condition (H1) governs the small time and small space behavior of the
process X . Thus it is sometimes referred to as a local condition.

In this paper, we will always assume that the condition (H1) is satisfied and X is a purely discontinuous
symmetric transient Lévy process with Lévy density Jx satisfying (1.2).

To study minimal thinness at infinity, we need to add another scaling condition on ¥ near the origin:

(H2): There exist constants 0 < d3 < §4 < 1 and a3, a4 > 0 such that
asAZ1W(t) < W) < ag\®PT(t), A<1,t<1. (1.8)

Since d > 2, (H2) implies that X is transient. Condition (H2) governs the large time and large space
behavior of X and so it is sometimes referred to as a global condition.

We will impose the condition (H2) only when we discuss minimal thinness at infinity and we will explicitly
mention this assumption when stating the results or at the beginning of the section.

Let (£, F) be the Dirichlet form of X on L?(R¢, dz). It is known that (£, F) is a regular Dirichlet form on
L*(RY,dz) and F = C(R4) o {f € L*(R?,dx) : E£(f, f) < oo}, where & (u,u) = E(u,u) + [pa u?(z)da.
Moreover, for u € F,

S = [ (ule) = ul)*Ix(e = y)dody.

For any open D C R?, we use X = (X P,) to denote the subprocess of X killed upon exiting D. The
Dirichlet form of XP? is given by (£, Fp), where

Fp={u € F:u=0on D¢ except for a set of zero capacity}.

The Hardy inequality is one of the main ingredients in Aikawa’s construction of a measure comparable to
the capacity, which is fundamental in proving quasi-additivity of capacity (see [1, 2]). We introduce a local
Hardy inequality for the Dirichlet form (£, Fp) in the next definition and show in Section 5 that it holds
under natural conditions on the open set D.

Definition 1.1 We say that (£, Fp) satisfies the local Hardy inequality at z € 0D (with a localization
constant o) if there exist ¢ > 0 and ro > 0 such that

E(v,v)zc/ v (2)U(p(z) N dr, veFp.
B(z,r0)ND

We recall now the definition of k-fat open set and introduce the necessary notation.

Definition 1.2 Let 0 < k < 1. We say that an open set D is k-fat at z € 9D if there is a localization radius
R > 0 such that for all v € (0, R] there exists a (non-tangential) point A, (z) € DN B(z,r) such that the ball
B(A(z),kr) C DN B(z,r). We say that an open set is k-fat with localization radius R if D is k-fat at all
z € 0D with localization radius R.

Without loss of generality, we will assume that R < 1/2 and « < 1/4.

The first main result of this paper is the following Aikawa’s version of the Wiener-type criterion for
minimal thinness. For any open set D C R?, we use Gp to denote the Green function of X”. See Definition
6.1 for the definition of minimal thinness in D with respect to X.

Theorem 1.3 Assume that D C R is k-fat with localization radius R and that (£,Fp) satisfies the local
Hardy inequality with a localization constant ro at z € 9D. Fiz a point xy € D with kR < dp(xo) < R.



(1) If a Borel set E C D is minimally thin in D at z with respect to X, then

/ < Gp(z, o) )2 U(p(z)™Y)  da
BEnB(z(ni/)Are) \GD(Ajz—z((2),20) ) ¥(lz — 2[71) |z — 2[4

(2) Conversely, if E is the union of a subfamily of Whitney cubes of D and is not minimally thin in D at z

< 0.

with respect to X, then

/ ( Gp(x, ) >2 W(p() ) dx
EnB(z(nk/)Are) \GD(Ajz—z((2),20) ) ¥(lz —2[7) |z — 2[4

When D is a half space, or when D is a C"! open set and X is a purely discontinuous unimodal Lévy

processes, we have an explicit form of the integral test. We first recall the definition of a C™! open set.

Definition 1.4 An open set D in R? is said to be a (uniform) CY* open set if there exist a localization radius
R > 0 and a constant A > 0 such that for every z € dD, there exist a CY'-function 1 = v, : R~ = R
satisfying ¥(0) = 0, Vy(0) = (0,...,0), [|[VY|leo < A, |Vi(z) — Vip(w)| < Alx — wl|, and an orthonormal
coordinate system C'S, with its origin at z such that

B(ZaRl) npD = {y = (gv yd) in CSZ : |y‘ < Rv Yd > 1/)@)}
The pair (R, A) is called the characteristics of the CY! open set D.

A CO%! open set D with characteristics (R, A) can be unbounded and disconnected; the distance between
two distinct components of D is at least R.

Recall that an open set D is said to satisfy the interior and exterior balls conditions with radius R; if for
every z € D, there exist z € D and y € D° such that dist(z, dD) = Ry, dist(y,dD) = Ry, B(x,R;) C D
and B(y, Ry) ¢ D°.

It is known, see [3, Definition 2.1 and Lemma 2.2], that an open set D is a C1'! open set if and only if it
satisfies the interior and exterior ball conditions. By taking R smaller if necessary, we will always assume a
C11 open set with characteristics (R, A) satisfies the interior and exterior balls conditions with radius R.

Corollary 1.5 Suppose that either (i) D is a half space; or (ii) D C R% is a CY! open set and v = 1 in
(1.2). Assume that E is a Borel subset of D.
(1) If E is minimally thin in D at z € 0D with respect to X, then

/ |t — z|7%dx < 0o
ENB(z,1)

(2) Conversely, if E is the union of a subfamily of Whitney cubes of D and is not minimally thin in D at
z € OD with respect to X, then
/ |z — z|7%dx = 00
ENB(z,1)

We sometimes write a point z = (z1,...,24) € R? as (Z, z4) with Z € R9~!. Throughout this paper, H,
stands for the set {z = (Z,z4) € R?: 24 > b}. We will denote the upper half space Hy by H.

An open set D is said to be half-space-like if, after isometry, there exist two real numbers by < by such
that H, € D C H,. Without loss of generality, whenever we deal with a half-space-like open set D, we will
always assume that Hy C D C H.

Now we state our results on minimal thinness at infinity. In Section 7 we will first extend the main result
of [32] to purely discontinuous unimodal Lévy processes so that, for a large class of unbounded open sets
including half-space-like open sets, the infinite part of the (minimal) Martin boundary consists of a single
point. We call such a point infinity and denote it by oco.



Definition 1.6 We say (€, Fp) satisfies the Hardy inequality if there exists ¢ > 0 such that
E(v,v) > c/ v (2)U(6p(z) Hdr, veFp.
D

Here is the second main result of the paper.

Theorem 1.7 Suppose that (H2) holds and v = 1 in (1.2). Assume that D C R? is a half-space-like open
set and that (£, Fp) satisfies the Hardy inequality. Let E be a Borel subset of D and xo = (6, 5).
(1) If E is minimally thin in D at infinity with respect to X, then

/ |2|*Gp (x, 20)* ¥ (0p (x) ™) de < co.
ENB(0,1)¢

(2) Conversely, if E is the union of a subfamily of Whitney cubes of D and is not minimally thin in D at
infinity with respect to X, then

/ |2|*Gp (x, 20)* ¥ (0p(x) 1) de = oo
ENB(0,1)¢

Again, when D is a half-space-like C1'! open set, we get the following corollary.

Corollary 1.8 Suppose that (H2) holds and v = 1 in (1.2). Assume that D C R? is a half-space-like C1
open set and that E is a Borel subset of D.
(1) If E is minimally thin in D at infinity with respect to X, then

/ lz| "4 dx < oo.
ENB(0,1)¢

(2) Conversely, if E is the union of a subfamily of Whitney cubes of D and is not minimally thin in D at

/ lz| "% dz = .
ENB(0,1)¢

In order to prove these results we need various potential-theoretic results for the underlying process such

infinity with respect to X, then

as Harnack inequality, boundary Harnack principle, sharp estimates of the Green function and the Martin
kernel in D C R%, and identification of the Martin boundary of D with the Euclidean boundary. All of
these results have been established previously, some of them quite recently, under various conditions on the
process X and the open set D. The main novelty is that local results for possibly unbounded open sets are
obtained only under local conditions on the underlying precess X — a fact that leads to significant technical
difficulties. Therefore we start the paper with three preliminary sections that establish all necessary results.
In Section 2 we first recall some previous results from [33]. The main new result is Theorem 2.11 where we
prove sharp local estimates of the Green function of X in case D is a (not necessarily bounded) k-fat open
set. It is proved in [33] that the finite part of the (minimal) Martin boundary of any k-fat set D coincides
with the Euclidean boundary of D, see [33, Theorem 3.13]. The main result of Section 3 is Theorem 3.2
which gives sharp estimates of the Martin kernel at a finite boundary point of a k-fat open set. In Section
4, we assume (H2) holds and extend some results previously known for subordinate Brownian motions.

In Section 5, we will discuss both local results and global results (under the condition (H2)). In that
section, we study quasi-additivity of capacity with respect to a Whitney decomposition of D. Here we
closely follow the method from [1], but use more delicate estimates for the underlying Lévy process. The
main novelty here is that we prove local quasi-additivity only under local assumptions on the process X, see
Proposition 5.11(1). One of the main ingredients in proving quasi-additivity is a construction of a measure
comparable to capacity. Here one needs a Hardy-type inequality for the associated Dirichlet form. We



assume the (local) Hardy inequality and at the end of the section give some sufficient conditions for this
inequality.

Section 6 is devoted to the proof of Theorem 1.3. After recalling the definition of minimal thinness and
giving a general criterion, we establish in Lemma 6.3 the main technical tool for proving the Wiener-type
criterion for minimal thinness at a finite boundary point given in Proposition 6.4. Arguments leading from
this criterion to its Aikawa’s version given in Proposition 6.6 are analogous to those of [2, Part I, 7] and rely
on the (local) quasi-additivity. The proof of the main Theorem 1.3 is a consequence of Aikawa’s criterion and
the existence of a comparable measure. In the case when X is a unimodal Lévy process and D a C'*'-open
set, explicit boundary behaviors of the mean exit times in terms of the distance to the boundary lead to
Corollary 1.5, see also the proof of Corollary 6.7 — Aikawa’s Wiener-criterion for C! open set.

In Section 7 we assume that (H2) holds and that X is a unimodal Lévy process . In this section we
study minimal thinness at infinity under global assumptions on the underlying process and prove Theorem
1.7. The proofs, although similar to these from the previous section, contain non-trivial modifications (in
particular the main technical Lemma 7.2) and are given in full. The starting point of the section is Theorem
7.1 where we extend a recent result from [32] stating that the (minimal) Martin boundary of an open set
which is k-fat at infinity consists of precisely one point. Besides half-space-like open sets, infinite cones
are another example of unbounded sets which are k-fat at infinity. Minimal thinness at infinity for infinite
cones seems to be more delicate, even in the classical case, see [37, Theorem 1]. That is why we restrict our
consideration to half-space-like open sets.

Finally, in Section 8 we study the question of minimal thinness of a set below the graph of a Lipschitz
function, both at a finite and infinite boundary point. In case of minimal thinness at a finite boundary point
we state in Proposition 8.1 a Burdzy’s type criterion which generalizes [28, Theorem 4.4]. As an application
of Theorem 1.7 and Corollary 1.8 we prove the main result of Section 8 — a criterion for minimal thinness at
infinity under the graph of a Lipschitz function, see Theorem 8.2.

“

We conclude this introduction by setting up some notation and conventions. We use “:=” to denote a
definition, which is read as “is defined to be”; we denote a A b := min{a,b}, a V b := max{a,b}; we often
denote point z = (21,...,24) € R? as (Z, zq) with Z € R4"!; we denote by B(x,r) the open ball centered
at x € R? with radius > 0; for any two positive functions f and g, f =< g means that there is a positive
constant ¢ > 1 so that ¢! g < f < ¢g on their common domain of definition; for any Borel subset E C R?
and x € F, diam(FE) stands for the diameter of E, |E| stands for the Lebesgue measure of E in R?, int(E)
stands for the interior of F and dg(z) stands for the Euclidean distance between x and E€; N is the set of
nonnegative integers. The values of the constants R, 41, d2, 03, d4, C1, Ca, ... remain the same throughout this
paper, while ¢, ¢y, 1, co, . .. represent constants whose values are unimportant and may change. All constants
are positive finite numbers. The labeling of the constants cg, 1, ca, . . . starts anew in the statement and proof

of each result. The dependence of constant ¢ on dimension d is not mentioned explicitly.

2 Green function estimates

Throughout this paper, we always assume that j is a strictly positive non-increasing function on (0, c0)
satisfying (1.1) such that (H1) holds, and that X is a purely discontinuous symmetric transient Lévy process
with Lévy exponent ¥y (§) and a Lévy density Jx satisfying (1.2).

As a consequence of (H1), (1.4) and [39, Proposition 28.1] we know that for any ¢ > 0, X; has a
density p;(z,y) which is smooth. We will use G(z,y) := [, pi(x,y)dt to denote the Green function of X.
Since X is a Lévy process, G(z,y) depends on x — y only. Moreover, by the symmetry assumption on X
G(z,y) = G(y,z). For simplicity we use G(z) for G(z,0).

Given an open set D C R? we define XP(w) = X;(w) if t < 7p(w) and XP(w) = 9 if t > 7p(w),



where 0 is a cemetery state. Throughout this paper, we use the convention that any function f on D is
extended to the cemetery state by f(9) = 0. Since Jx satisfies the assumption [13, (1.6)], by [13, Theorem
3.1], for every open set D, X has a Hélder continuous density pp(t,z,y). For any open set D in R, let
Gp(z,y) = fooo pp(t, =, y) dt be the Green function of X?. The function G'p is jointly lower semi-continuous
on D x D, see Remark 2.6.

We first recall the definitions of harmonic functions with respect to X and XP.

Definition 2.1 Let D be an open subset of R?. A nonnegative function u on R is said to be (1) harmonic
in D with respect to X if u(x) = By [u(X,,)] for each z € B and every open set B whose closure is a compact
subset of D; (2) regular harmonic in D with respect to X if for each x € D, u(x) = By [u(X,,), 7D < o0 .

Definition 2.2 Let D be an open subset of RY. A nonnegative function u on D is said to be harmonic with

respect to XP if u(z) = E, [u(XTDU)] for every x € U and every open set U whose closure is a compact subset
of D.

Obviously, if « is harmonic with respect to X, then the function equal to v in D and zero outside D is
harmonic with respect to X in D. All nonnegative functions that are harmonic in D with respect to X are
continuous, see [33].

For notational convenience, we define

O(r) = #, r> 0.
v (r=)
The right continuous inverse function of ® will be denoted by the usual notation ®~!(r).

The following two results are proved in [33].

Theorem 2.3 ([33, (1.4), (2.1) and Theorem 2.19]) For every M > 1 there exists C1(M) = C1 (M, U, ~) >
0 such that for all x € B(0, M),
—12(Jz) O(|])

Edi ||
Lemma 2.4 ([33, (1.4), (2.1) and Lemma 2.12]) For every bounded open set D, the Green function
Gpl(z,y) is finite and continuous off the diagonal of D x D and there exists ¢ = ¢(diam(D), U,~) > 1 such
that for all x,y € D,

Cy(M)

< G(z) < Ci(M)

O(lz —yl)
Gp(z,y) <c T

Before we state the interior lower bound on the Green function, we first recall a result from analysis (see
[43, Theorem 1, p. 167]): Any open set D C R? is the union of a family {Q;};en of closed cubes, with
sides all parallel to the axes, satisfying the following properties: (i) int(Q;) N int(Qy) = 0; (ii) for any j,
diam(Q;) < dist(Q;,9D) < 4diam(Q);), where dist(Q;, 0D) denotes the Euclidean distance between @; and
OD. The family {Q,},en above is called a Whitney decomposition of D and the @);’s are called Whitney

cubes (of D). We will use z; to denote the center of the cube Q;.

Lemma 2.5 (1) For every L, T > 0, there exists ¢ = ¢(T,L,¥,v) > 0 such that for any bounded open set
D with diam(D) < T, z,y € D with |z — y| < L(ép(z) A dp(y)),

O(lz —yl)

GD(-T,:U) 2 c .
|z —yl

(2.1)

(2) For every M > 1, every L > 0 and any open set D, there exists ¢ = ¢(M,L,¥,~) > 0 such that for
every Whitney decomposition {Q;} of D, every cube Q; such that diam(Q;) < M and all z,y € Q; with
|z —y| < L(0p(z) N dp(y)),

®(lz —yl)

Gp(z,y) > ¢ .
|z —yl



Proof. (1) This part is exactly [33, Lemma 2.14].

(2) Fix Q; with diam(Q;) < M. Recall that z; is the center of Q;. Let D := D N B(x;,8M), so that
diam(D) = 8M. Let z,y € Q; be such that |z —y| < L(dp(z) Adp(y)). Since dist(Q;,0D) < 4diam(Q;) <
4M, we see that d5(x) = dp(x) and d5(y) = dp(y). Thus |z —y| < L(05(x) A d5(y)). From part (1) we

conclude that (2.1) holds with ¢ = ¢(M, L, U, ). O

Remark 2.6 By the domain monotonicity of Green functions and Lemmas 2.4 and 2.5(i), one can easily see
that the function Gp is jointly lower semi-continuous on D X D. In fact, Gp is continuous in the extended
sense at the diagonal: lim, yy_,(20,20) GD(2,y) = Gp (w0, 20) = +00 for any xo € D.

We record a simple consequence of (H1), which we will use several times: There exists a positive constant

¢1 > 0 such that for all positive r, s, A with As <r <1,

&(s)
sd

D(r
r(d) (2.2)

<c (Afd Vv A*d+251)

In the remainder of this section, we assume that D is a k-fat open set with localization radius R. Without
loss of generality we may assume that R < %. Recall that for each z € 9D and r € (0, R), A,(2) is a point
in D N B(z,r) satisfying B(A,(z),kr) C D N B(z,r). We also recall that Gp(-,y) is regular harmonic in
D\ B(y,¢) for every € > 0 and vanishes outside D.

Lemma 2.7 (Carleson’s estimate) There exists a constant ¢ = ¢(¥,~,k) > 1 such that for every z € 9D,

0<r<kR/4,ye D\ B(z4r),
Gp(z,y) < ¢Gp(Ar(2),y), =€ DnNDB(zr). (2.3)

Proof. By the boundary Harnack principle in [33, Theorem 2.18(ii)], it suffices to show that for y €

D\ B(z,4r),
Gp(z, Agr/i(2)) < 1 4®(r) < e2Gp(An(2), Asrye(2)), x€DNB(z,7). (2.4)

Since |z — Ay (2)| > 0p(Ayr/i(2)) —0p(x) > 4r —r = 3r, the first inequality in (2.4) follows from Theorem
2.3 and (2.2). On the other hand, since |A;(2) — Au/(2)] < 87! < 857 2(0p(Aur/n(2)) Adp(Ar(2))), the
second inequality in (2.4) follows from Lemma 2.5(1) and (2.2). The assertion of the lemma follows. O

Next we show a localization result for unbounded x-fat set.

Proposition 2.8 Let D be an unbounded k-fat set with localization radius R > 0. There exist k1 =
ki1(k,R,d) € (0,k] and Ry = Ri(k,R,d) € (0,R] such that for every zo € 9D there exists a Kki-open
set D(zp) with localization radius Ry satisfying D N B(zg,1) C D(z9) C D N B(zp,2).

Proof. Recall that R < 1/4 and x < 1/2. We first note that by making « smaller if necessary, we can
assume that for any » < R and z € D, there exists A,(z) € D such that B(A.(2),kr) C D N B(z,r).
This means that the k-fatness of D at every boundary point z € 9D implies that the x-fatness property
(with possibly smaller x) holds also true at every interior point z € D. In particular, a non-tangential point
A.(2) € DN B(z,7) is well defined for every 2 € D.

Let zo € 9D and define

D(z0) = (D N B(z0,1)) | J U U B(A(2),5r)

2€DNB(z0,1) "€(0,R]



Clearly, DNB(z0,1) C D(z9) C DNB(zp,2). We claim that D(z) is k1-fat with localization radius R, where
k1 = K/32. Actually, we show that for every w € D(z) and every s € (0, R] there exists A,(w) € D(z0)
such that B(A,(w),k1s) C D(z) N B(w, s).

Let w € DN B(zp,1). By the very definition of D(zy), for each s € (0, R] we have that B(As(w), ks) C
D(z0) N B(w, s). Hence, we can take Ay(w) = Ay(w).

Suppose now that w € B(A,(z), xr) for some z € D N B(z, 1) and r € (0, R]. We consider two cases: (i)
s < 8r, and (ii) 8 < s < R. In the case s < 8r, first note that 2k;s = (k/16)s < kr/2. Consider the line
segment connecting w and A, (z) and let A,(w) be the point on this segment at the distance 215 from w.

If v € B(Ags(w), K158), then

~ ~ 3
o —w] < o= A, (w)] + [A,(w) —w] < k15 + 2015 < s <2

and |[v — A,(2)| < Jw — A,(2)|] < r. This proves that B(As(w), k1s) C B(A(2), kr) N B(w, s/2) C D(z) N
B(w,s/2). If 8r < s < R, then B(z,s/4) C B(w, s/2). Indeed, if v € B(z, s/4), then

3
lv—w| <|v—z|+ |z — A(2)] + |4 (2) —w| < S rtrr<i4Zrcl
4 4 2 2

Take A, (w) = Ag/a(2). Then B(A(w), k1s) C B(A4(2),k8/4) C D(20) N B(z,8/4) C D(20) N B(w, 5/2).

Finally, assume that w is in the closure of Uzem Uve(o,r) B(Ar(2), kr). Then there exist sequences
(Wn)n>1, (Zn)n>1 in DN B(zp,1) and (ry,)n>1 in (0, R] such that w,, € B(A, (z,),kry) and w = lim, wy,.
Let s < R and choose n > 1 so that |w, —w| < s/4. By what has already been proved, there exists A;(wy,) €
D(zp) so that B(As(wy), k1s) C D(z0) N B(wy, s/2). Define As(w) = As(w,,). If v € B(As(w), k1), then

o= ] < Jo— Ay(wa)| + | As(wn) = wal + |wn —w] < w15+ 3+ 7 <5

Thus B(As(w), k15) C D(z9) N B(w, s). O

Without loss of generality (by choosing R and x smaller if necessary), we assume in the sequel that
R =R; and Kk = k1.

Fix 29 € D with kR < dp(x0) < R (later we will fix a point z € 9D and restrict further that zg €
B(z,R)N D) and set £, := 2. Define r(z,y) := ép(z) Vop(y) V |z — y| for 2,y € D, and

{A €D:p(A) > 5r(z,y), [z —A|lV]|y—Al< 5r(x,y)} if r(z,y) <er

{0} if r(z,y) > e;. (25)

B(z,y) := {

Set Cy := CﬂQ)@(%)(%)_d7 where C(2) is the constant from Theorem 2.3. By Lemma 2.4 we
see that Gp(z,z¢) < Cy for x € (D N B(xo,2)) \ B(xo, %)
Now we define
g(x) := Gp(z,x0) A Ca. (2.6)
We note that for y € DN B(xo,2) with dp(y) < 6e1, we have g(y) = Gp(y, zo), since 61 < ‘SDEli“) and thus

|y — 20| > dp(x0) — 61 > W-
The following lemma follows from [33, Theorem 2.10].

Lemma 2.9 (1) There exists ¢ = ¢(k, R, ¥,v) > 1 such that for every x € D N B(xg,2) satisfying op(x) >
270,31 we have ¢! < g(x) < c.

(2) There exists ¢ = c(k, R,W,v) > 0 such that for every x,y € D N B(xg,2), ¢ 1g(A1) < g(Az) < cg(Ay)
for every Ay, Ay € B(x,y).



With these preparations, we can prove the following two-sided estimates on the Green functions of
bounded -fat open sets (without loss of generality, assuming that diam(D) < 1), which extend [29, Theorem
1.2]. As we mentioned in [29, Theorem 1.2], with (1.6), Lemma 2.4-2.5(1), [33, Theorems 2.10 and 2.18] at
hand, one can easily adapt the arguments of [7, Proposition 6]. Since these are more or less standard now,
we omit the details. (See also the proof of [27, Theorem 6.4].)

Theorem 2.10 If D is a bounded k-fat open set with localization radius R, then there exists a constant
¢ = c(diam(D), R, k,¥,~) > 1 such that for every x,y € D and A € B(x,y),

1 9@)g(y)2(jr —y)) 9(x)g(y)@(|x — yl)
g(A)? |z —y|? g(A2 |z —yl®

where g and B(x,y) are defined by (2.6) and (2.5) respectively.

S GD(%@/) S c

(2.7)

In fact, it is the next result, which covers unbounded k-fat open sets, that we will use in the following

section.

Theorem 2.11 Suppose that D is a k-fat open set with localization radius R and z € 0D. Assume that
o € B(z,R) N D with kR < 0p(xz0) < R. There exists C3 = C3(V,vy, R,k) > 1 such that for all z,y €
B(2,27"k?R) N D and A € B(z,y) it holds that

—19(x)g(y)®(Jx —y|) 9(x)g(y)@(jz — yl)
O Al gt = P S O

Proof. By Theorem 2.10, we only need to prove the theorem for unbounded D.

(2.8)

First, note that g(-) = Gp(-,x0) on B(z,kR/4). Using Proposition 2.8, we choose a bounded x-fat
open set Dy with localization radius R such that D N B(z,1) C Dy C D N B(z,2). First note that, since
§p,(z) Vép,(y) = dp(z) Vép(y) <27 "k%R, by the boundary Harnack principle in [33, Theorem 2.18(ii)],

(Gp, (2, 20) A C2)(G, (¥, 20) AN Ca) _ G, (2,20)G, (¥, 20) _ 9(2)9(y)

= = 2.9
(Gp, (A, o) N C2)? Gp, (A, z0)? g9(A)? 29)
It follows from (2.9) and Theorem 2.10 that
9(2)g(y)@(x = yl)
> >
GD(I7y)_GD1(I7y) ZC g(A)2|$—y‘d
On the other hand, by the strong Markov property, the symmetry of Gp, (2.9) and Theorem 2.10,
x (|l —
Cpl,9) = G, (2,9) + BolGly, Xy, )) < 2 OIANE ) 4 g1 0, x, ),
g9(A)?|z —y|
Thus, since inf,<; ®(a)a~¢ > 0, it suffices to show the first inequality below:
9(@)g(y) _  9(=)g(y)®(|z - y])
E,[Gp(y, X,, )] < < : 2.10
3:[ D(y7 Dy )] =G g(A)2 =G g(A)2|1. _ y|d ( )
Let o := 272kR and 7, := 27 3k?R. Since
|z — Al < |z — 2| +[A—2| <27K2R+5r(z,y) <11-27k*R < 273k’ R =1y,
we have A € DN B(z,m1). Thus by Lemma 2.7,
Gp(A,x0) < ¢5(Gp(Ay,(2),70) A Gp(An, (2),20))- (2.11)
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Applying the boundary Harnack principle in [33, Theorem 2.18(ii)] to Gp(-,w) and Gp(-, o) and using
(2.11), we get

GD (y’ ‘TO)
Gp(Any(2),20)

9(y)
SCSCGMEw[GD(A’OO (Z),X.,—Dl )] (2.12)

/ Gp(y,w)P.(X7,, € dw) <ce / Gp(Apy(2), w)Py (X5, € dw)
D\ D, D\D;

Using the boundary Harnack principle in [33, Theorem 2.18(ii)] and (2.11) again,

Eo[Cp(Ay (), Xnp )] < 720 70)

S G (A (), a0) An @GP (A (), X, )

9(z)
< C7C5M]EA"1 (2) [G'D(A770 (Z),XTDl )] . (2.13)
By the strong Markov property and Theorem 2.3,

EAm (z) [GD (Ano (Z), XTD1 )] < EAnl (2) [GD (Ano (Z)7 XTD1 )] + GDI (Am (Z)7 A770 (Z))

®(a
= G (A, (), A (2)) £ Gy, (), A (2)) < s sup T = ey < . (2.14)
azmn1
Combining (2.12)—(2.14), we have proved the first inequality in (2.10). O

We remark in passing that one of the reasons we introduced the function g, instead of using only the
function Gp(-,zg), is that the function g satisfies the local scale invariant Harnack inequality defined in
Definition 5.4 while the function © — Gp(z,zo) does not.

3 Martin kernel and estimates

In this section we discuss Martin kernels and their estimates. Let D be an open set in R%. Fix a point

zo € D and define

GD(I7y)
M =" D .
D(‘Tvy) GD(J;O’y), T,y € ) y#zo

As the process X P satisfies Hypothesis (B) in [34], D has a Martin boundary dy;D with respect to X and
Mp(z, -) can be continuously extended to dyD. The Martin kernel at z € dp D (based at xg € D) is
denoted by Mp(z, z).

Recall that a positive harmonic function f for X is minimal if, whenever h is a positive harmonic
function for X with h < f on D, one must have f = ch for some constant c.

Definition 3.1 (1) A point z € Oy D is called a finite Martin boundary point if there exists a bounded
sequence {wy,} C D converging to z in the Martin topology.

(2) A point z € Oy D is called an infinite Martin boundary point if every sequence {wy} C D converging to
z in the Martin topology is unbounded (in the Euclidean topology).

(3) A point z € Op D is called a minimal Martin boundary point if Mp(-, z) is a minimal harmonic function
for XP. Denote by 0,,D the minimal Martin boundary of XP.

In [33, Section 3], we showed that the finite part of the (minimal) Martin boundary of any x-fat set D
coincides with the Euclidean boundary of D, see [33, Theorem 3.13].
Using Theorem 2.11, we get the following Martin kernel estimates. Recall that g is defined by (2.6).
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Theorem 3.2 Suppose that D is a k-fat open set with localization radius R and z € 0D. Assume that xg €
B(z, R)N D with kR < dp(z¢) < R. There exzists a constant Cy > 0 such that for all x € B(2,27"k?R)N D,

L 9@ - ) . g(@)®(la — 2))
O Al — 2 = Mrla) < G 2

Proof. Fix a point 71 € B(z,27"k%2R) N D. First we deal with the Martin kernel M7 based at ;. Since
op(x) Vop(y) Ve —yl = |z —2z[ and 6dp(xe) Vip(y) V |z —y| — |o1 — 2|

as y — z, applying Theorem 2.11 to (x,y) and (z1,y) respectively, we get

9(@)@(jz — yl)|wr — 2| __ 9@)®(fz —2|)
9(z1)@(jz1 = 2)g(Aje—z ()] — 2|7 g(Aja—zy (2))2 ]2 — 2|

The assertion of the theorem follows immediately from the relationship Mp(z,-) = M5 (z,-)Mp(z1,-). O

M7 (z,z) <

4 Some results under (H1) and (H2)

In this section we assume that (H2) also holds. We will extend some known results and prove a new Green
function estimate. Our approach is heavily based on some recent results in [8, 9, 12, 14, 15, 33]. Note that
(H2) implies transience of the process X (since we are always assuming d > 2).

First note that if both (H1) and (H2) hold, there exist a5, ag > 0 such that

2(01A63) 2(62V44)
as i SLIJ(R)S% R , a>0,0<r<R<o0, (4.1)
T U(r) T

of. [31, (2.6)].
It follows from [8, 15] that there exists a constant C5 > 1 such that

O(|])
|4

< G(x) < Cs for all z € R? (4.2)

and

1 1
< Jx(z) < C5W,

for all z € RY. (4.3)

The next result is proved in a more general setting in [12, Section 3]. In fact, one can also follow the
proofs in [14, Section 3] to see that all the arguments of [14, Section 3] with T" = co go through using the
(global) parabolic Harnack inequality in [15], (1.1), (1.2), (4.1), (4.3) and the semigroup property. Thus by
following the arguments in [14, Section 3] line by line, one can also prove the next proposition. We omit the
details.

Proposition 4.1 Suppose that (H2) holds. Let a be a positive constant. There exists ¢ = c¢(a,¥,7) > 0
such that for any open set D, pp(t,z,y) > c((271(t)) "% AtIx(x —y)) for every (t,x,y) € (0,00) x D x D
with 6p(x) Adp(y) > a®~1(¢).

Using (4.3) and Proposition 4.1, the proof of the next lemma is almost identical to that of [33, Lemma
2.14]. We omit the details.
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Lemma 4.2 Suppose that (H2) holds. For every L > 0 and every open set D, there exists ¢ = ¢(L,¥,~) > 0
such that for every |r —y| < L(dp(x) Adp(y)),

Gp(z,y) > cw. (4.4)

We now recall the following (global) scale invariant boundary Harnack inequality from [33] that will be
used in Section 7.

Theorem 4.3 ([33, Theorem 2.18(i)(ii) and Remark 2.21]) Suppose that (H2) holds. There exists
¢ =c(VU,v) > 0 such that the following hold for all r > 0.

i) For every zo € R%, every open set U C B(zg,r) and for any nonnegative function u in R? which is
Y ) Y op ) Yy g
regular harmonic in U with respect to X and vanishes a.e. in U N B(zg,r) it holds that

Ealr) [y saDuldy < u@) < eBal) [y zauy)dy
B(zo,m/2)¢ B(zo,m/2)¢
for every x € U N B(zp,7/2).
(ii) For every zo € R, every open set D C R? and any nonnegative functions u,v in R which are regular
harmonic in D N B(zg,r) with respect to X and vanish a.e. in DN B(zg,r), we have

(@) §c4v—y)7 for all z,y € DN B(zp,7/2).

The next theorem is a consequence of [9, Theorem 4.1 and Corollary 4.5] and Theorem 4.3(i).

Theorem 4.4 Suppose that (H2) holds and v = 1 in (1.2). There exists ¢ = ¢(¥) > 0 such that for every
CY1 with characteristics (R, \), v € (0, R], z € D and any nonnegative function u in R? which is harmonic
in DN B(z,r) with respect to X and vanishes continuously on DN B(z,r), we have

for every x,y € DN B(z, 5). (4.5)

5 Quasi-additivity of capacity

In this section we will prove two types of results — local and global. For the global case, we assume that
(H2) holds. We always state the condition (H2) explicitly when we deal with the global case.

Let Cap denote the capacity with respect to X and Capp, the capacity with respect to the killed process
XP. The goal of this section is to prove that Cap,, is (locally) quasi-additive with respect to Whitney
decompositions of D.

We first revisit [42, Section 5.4.1] and extend [42, Proposition 5. 55] Recall that G(z,y) (and Gp(z,y))

)

is the Green function of X (and XP, respectively), and let Gu(z) = [G(z,y)u(dy) and Gpu(z) =
fD p(dy).
For any compact subset K of R%, let Px be the set of probability measures supported by K. Define
;= inf G
0= g [ Gut

Since the kernel G satisfies the Maria-Frostman maximum principle saying that supgs Gu = Supgpp(,) G
(see, for example, Theorem 5.2.2 in [16]), it follows from ([23], page 159) that for any compact subset K of
Rd

1 1

C = . 5.1
P = i SPocomm Ci@) oK) (5-1)
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Furthermore, the infimum is attained at the capacitary measure pg.
Using (5.1), the proof of the next lemma is same as that of [42, Lemma 5.54].

Lemma 5.1 Let K be a compact subset of R%. For any probability measure pn on K, it holds that

Gu(z) <e(K)< sup Gu(x). (5.2)

1m
x€Supp(p) zE€Supp(p)

Proposition 5.2 There exist positive constants ¢y < co such that
d d
clm < Cap(B(0,1)) < 02@ for every r € (0,1]. (5.3)
Furthermore, if we assume (H2), (5.3) holds for all r > 0.

Proof. We first consider the first claim. By (5.1) it suffices to show that

(I):;) < e(B(0,7)) < Q% for every r € (0,1]. (5:4)

C1

For every w € B(0,r), consider the intersection of B(0,r) and B(w,r). This intersection contains the
intersection of B(w,r) and the cone with vertex w of aperture equal to 7/3 pointing towards the origin. Let

C(w) be the latter intersection. Then by Theorem 2.3,

P(|w — i)
/ G(w,y)dy > G(w,y)dy > 01/ Gigil)dy = cl/ L‘Z‘)dy
B(0,r) C(w) B(w,r) |w — y B(O.r) vl

Thus by (H1),

)
inf / G(w,y)dy > c1/ (|?{1|)dy > co®(r). (5.5)
weB(0,r) J B(0,r) B(0,r) |yl
On the other hand, Theorem 2.3 and (H1) also give
O(|lw — ¢
sup / G(w,y)dy < cs sup / Mdy < 03/ (“ii‘)dy < ey ®(r). (5.6)
weB(0,r) 7/ B(O,r) weB(0,r) 7 B(0,r) lw -yl B(0,2r) Yl

By applying Lemma 5.1 with the normalized Lebesgue measure on B(0,r), the proposition now follows from
(5.2), (5.5) and (5.6).

If we assume (H2), we use (4.1) and (4.2) instead of Theorem 2.3 and (H1) respectively. Then we get
(5.4) for all r > 0 by the same argument. O

For any open set D C R? let S(D) denote the collection of all excessive functions with respect to X?
and let S¢(D) be the family of positive functions in S(D) which are continuous in the extended sense. Recall
that positive harmonic functions with respect to X are in S¢(D). For any u € S(D) and E C D, the
reduced function of u relative to E in D is defined by

RE(z) = inf{v(z) :v € S(D) and v > u on E}, 2 €R% (5.7)

The lower semi-continuous regularization .ﬁf of RZ is called the balayage of u relative to E in D. Since the
process X P has a continuous transition density pp (¢, ,y), its semigroup is strongly Feller. Thus it follows
easily from [6, Proposition V.2.2] that the cone of excessive functions S(D) is a balayage space in the sense
of [6].
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Given u € 8¢(D), define a kernel k,, : D x D — [0, 0] by
GD(-'L', y)
u()u(y) ’

Note that k,(z,y) is jointly lower semi-continuous on D x D by Remark 2.6 and the assumptions that u is
positive and continuous in the extended sense. For a measure A on D let A, (dy) := A(dy)/u(y). Then

(
b@) = [ muta M) = [ SNy = [ Gl 2 = G,

We define a capacity with respect to the kernel k,, as follows:

ky(x,y) = x,y€D. (5.8)

Cy(E) :=inf{||\] : kukA>1on E}, ECD,

where ||A|| denotes the total mass of the measure A on D. The following dual representation of the capacity
of compact sets can be found in [24, Théoréme 1.1]:

Cu(K) =sup{p(K): u(D\K)=0,k,pu <1on D}. (5.9)

For a compact set K C D, consider the balayage Iflff . Being a potential, Eff = Gp U for a measure N
supported in K. Define the Green energy of K (with respect to u) as

Yu(K) = /D /D Gp(z, ) NS (dx) NS (dy) = /D GpANE(z) NS (dx) = E(Gp A, Gp o).

As usual, this definition of energy is extended first to open and then to Borel subsets of D. The following
proposition relates the energy -, with the capacity C,.

Proposition 5.3 For all Borel subset E C D it holds that v,(E) = C,(E).

Proof. Clearly, it suffices to prove the proposition for compact subsets K of D. Note first that

sup{u(K) : p(D\ K) =0,kyp <1lon D} = sup{p(K): p(D\K)=0,Gppy <uon D}
= bup{/ ,ADN\K)=0,GpA<wuon D}.

Since AX%(D\ K) = 0 and GpAS* = RE < w on D, we conclude from the above and (5.9) that
CulE) = [ () N (ay) = [ GoA ) N dy) = ().
K K
Conversely, Gp A&t = Ri{ = wu on K, hence by the definition of C,(K) we have

Cu(K) < /D u(y) N (dy) = /K G A () XU (dy) = 4, (K.

Note that in case u =1, y1(E) = C1(E) = Capp(E).

Let {Q,};>1 be a Whitney decomposition of D. Recall that z; is the center of Q;. For each Q;, let Q;
denote the interior of the double of @;. Then {Q;, Q;} is a quasi-disjoint decomposition of D in the sense
of [2, pp. 146-147].
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Definition 5.4 (1) A kernel k : D x D — [0, +00] is said to satisfy the local Harnack property with respect

k(z,y) < k(z',y), for all z,2’ € Q; and all y € D\ Q] (5.10)

for all cubes Q; whose diameter is less than 1 for some r1 > 0 (with constants independent of the cubes).
(2) A kernel k: D x D — [0, +o0] is said to satisfy the Harnack property with respect to {Q;, Q3 } if (5.10)
holds for all cubes Q;.

Definition 5.5 (1) A function u: D — (0,00) is said to satisfy the local scale invariant Harnack inequality
with respect to {Q;} if for some r1 > 0 there exists c1 = c1(r1) > 0 such that
supu < ¢ ig)lfu7 for all Q; with diam(Q;) < r1 . (5.11)

Qj
(2) A function u : D — (0,00) is said to satisfy the scale invariant Harnack inequality with respect to {Q;}

if there exists co > 0 such that
supu < ¢g iélf’u,7 for all Q; . (5.12)
- j

OF

Lemma 5.6 If u € S°(D) satisfies the (local) scale invariant Harnack inequality with respect to {Q;}, then
the kernel ky satisfies the (local) Harnack property with respect to {Q;, Q7 }.

Proof. Note that for all @; with diam(Q;) < r1 (respectively for all @), the function Gp(-,y) is regular
harmonic in Q; for every y € D\ Q;. Together with the assumption that u satisfies the (local) scale invariant
Harnack inequality, this proves the claim. O

Typical examples of positive continuous excessive functions u that satisfy the local scale invariant Harnack
inequality are functions v = 1 and uw = Gp(-,zg) A ¢ with g € D and ¢ > 0 fixed. Similarly, if X satisfies
(H2), the scale invariant Harnack inequality holds for the same functions, see [15, Theorem 4.12].

We record now two lemmas.

Lemma 5.7 (1) There exists a constant ¢ = c(¥,v,71) € (0,1) such that

cCapp(Q;) < Cap(Q;) < Capp(Q;) (5.13)

for all Whitney cubes whose diameter is less than ry.
(2) Suppose that (H2) holds. Then there exists a constant ¢ = ¢(¥,~y) € (0,1) such that (5.13) holds for all
Whitney cubes.

Proof. (1) By (5.9) and Proposition 5.3 we have that for every compact set K C D,
Capp (K) = sup{p(K) : supp(n) C K,Gpp < 1on D}.

If supp(p) C K and Gu < 1 on R, then clearly Gpu < 1 on D. This implies that Cap(K) < Capp(K) for
all compact subset K C D, in particular for each Whitney cube Q);.

If z,y € Qj, then |z — y| < diam(Q;) < 7 and |z — y| < diam(Q;) < dist(Q;,0D) < dp(z) A dp(y).
Thus by Lemma 2.5(2) and Theorem 2.3 there exists ¢ € (0,1) such that for all @, of diameter less than rq
it holds that

Gp(z,y) > cG(z,y), x,ycQ;. (5.14)

Let u be the capacitary measure for @; (with respect to X ), i.e., u(Q;) = Capp(Q,). Then by (5.14) for
every x € (); we have

1ZGD/J($>:/Q.GD($>?J) p(dy) 2/Q‘cG(x,y)u(dy)ZG(cu)(x)-
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By the maximum principle it follows that G(cu) < 1 everywhere on R?. Hence, Cap(Q;) > (cp)(Q,) =

¢ Capp(Q;)-
(2) The proof is analogous: We use Lemma 4.2 instead of Lemma 2.5(2), and (4.3) instead of Theorem 2.3.

O

Lemma 5.8 (1) Suppose that w € S¢(D) is a function satisfying the local scale invariant Harnack inequality
(5.11). Then for every Q; of diameter less than r1 and every E C Q; it holds that

Yu(E) = u(z;)*Capp(E). (5.15)

(2) Suppose that (H2) holds and let u € S¢(D) be a function satisfying the scale invariant Harnack inequality
(56.12). Then (5.15) holds for every Q; and every E C Q;.

Proof. (1) It suffices to prove (5.15) for compact subsets K C E C Q; and for @; of diameter less than r;.
Since k satisfies the local Harnack property for {Q;, Q}}, we have u < u(z;) on @;. Hence RE =< u(z;)RE,
implying GpAE® < u(x;)GpAE! (everywhere on D). Therefore,

u(K) = /K G N (2) N (dr) = u(z) /K GoNS () N (de)

; K@) NOY(dr) =< u(x;)? Kl(dz) = u(z;)%Ca .
u<xj>/KGDA () A (dr) (»/KA (dz) = u(z;)*Capp (K)

(2) The proof is analogous to the proof of (1). O

Definition 5.9 Let {Q;} be a Whitney decomposition of D.
(1) A Borel measure o on D is locally comparable to the capacity C,, with respect to {Q;} at z € OD if there
exists r1,c1 > 0 such that

0(Qj) < Cu(Qj), for all Q; with Q; N B(z,m1) #0,
o(E) < c1Cy(E), for all Borel E C DN B(z,2r).

(2) A Borel measure o on D is comparable to the capacity C,, with respect to {Q;} if there exists co > 0 such
that 0(Q;) < Cu(Qj) for all Q;, and o(E) < ¢2Cy(E) for all Borel E C D.

In order to construct a comparable measure we need (local) Hardy’s inequalities. Recall that the local
Hardy inequality at z € 0D and the Hardy inequality are introduced in Definition 1.1 and Definition 1.6
respectively.

Define

ou(E) ::/Eu(x)Q\II(JD(x)_l)d% EcCD.

Proposition 5.10 (1) If (£,Fp) satisfies the local Hardy inequality at z € 0D, then for any Whitney
decomposition {Q;} of D and any v € S°(D) satisfying the local scale invariant Harnack inequality for
{Q;}, ou is locally comparable to the capacity C,, with respect to {Q;} at z.

(2) Suppose that (H2) holds and that (€, Fp) satisfies the Hardy inequality. Then for any Whitney decom-
position {Q;} of D and any v € S°(D) satisfying the scale invariant Harnack inequality for {Q;}, oy is
comparable to the capacity C, with respect to {Q;}.
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Proof. (1) Fix z € 0D and let 7, = ro/2 where 7 is the constant in the Definition 1.1. Since u satisfies the
local scale invariant Harnack inequality for {Q;}, we have u < u(z;) whenever diameter of (); is less than
1. By Lemma 5.8(1) we have that v, (Q,) < u(z;)*Capp(Q,) whenever diameter of @; is less than r;. On
the other hand,

ou(Q;) :/ u(@)*W(0p(2) ") do =< u(z;)*¥((diam(Q;)) ) |Q;]. (5.16)

Lemma 5.7(1) and Proposition 5.2 imply that

(diam(Q;))

(diam(Q,)) = U((diam(Q;)) 1) Q] for all Q; with Q; N B(z;r1) #0.

Capp(Q;) = Cap(Q;)

X

Thus, ’Vu(Q]) = Ju(Qj)‘
Using the local Hardy inequality, for any Borel subset E C D N B(z,2r1) and compact K C E,

'YU(E)

Y

() = E(GoNE GpAK™) > ¢ /K (GoNE) ()20 (0 (2) 1) da

c1 /K u(z)? W (5p(x) ') dr = ciou(K).

This proves that v, (E) > c10,(E).
Part (2) is proved analogously. O

Now we can repeat the argument in the proof of [2, Theorem 7.1.3] and conclude the following.

Proposition 5.11 (1) If (£,Fp) satisfies the local Hardy inequality at z € ID, then for any Whitney
decomposition {Q;} of D and any u € S°(D) satisfying the local scale invariant Harnack inequality for {Q;},
the Green energy v, is locally quasi-additive with respect to {Q;} at z: There exists a positive constant 4 > 0
such that
Yu(B) =< Z'yu(E NQ;) forall Borel EC DN B(z,r1).
j=1

(2) Suppose that (H2) holds. If (£, Fp) satisfies the Hardy inequality, then for any Whitney decomposition
{Q;} of D and any u € S°(D) satisfying the scale invariant Harnack inequality for {Q;}, the Green energy
Yu 18 quasi-additive with respect to {Q;}:

Yu(B) =< Z’yu(E NQ;), forall Borel ECD.
i>1
Proof. (1) Choose r; to be the constant from Definition 5.5 and let E C DN B(z,r1). If ENQ; # 0,
then diam(Q;) < dist(Q;,9D) < r1. By subadditivity of ., we have that v,(E) < >, v.(E N Q;). For
the reverse inequality we may assume that v, (E) < co. Then there exists a measure p such that k,u > 1
on E and ||p|| < 2v,(E). For each @; such that ENQ; # 0, we decompose the measure p into p; := Qs
and pf; 1= fp\@;- Then either (i) kup; > 2 on ENQj, or (ii) kuply(z) > 1 for some z € ENQ;. Let
J1 denotes the set of indices j for which (i) holds, and Jo those for which (ii) holds. For j € J; we have
Yu(E N Qj) < 2| pyl. Since the number of overlaps of {Q}} is uniformly bounded, it follows that

S w(ENQ) <2 sl < allpll < 2e17u(E). (5.17)
JEJ YISO
For j € Ja, by the local Harnack property of k, (Lemma 5.6) we have

Futt(y) = kst (4) = /

1
ku(ya ’LU) ,u;(dw) Z 02/ ku(z,w) ,U,; (dU)) = Cgku,u($) Z —C2 .
D\Q; 2

D\Q;
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Therefore,

co=:c3' on UQj’

JjEJ2

N | =

kup >

implying that v,(U;jes, Q;) < csllpll < 2¢37v,(E). Since by Proposition 5.10 o, is locally comparable to ,,
it follows from the o-additivity of o, that

YNowENQ) < D @) <> ou(@))

JjE€J2 JEJ2 JEJ2

C40u< U Qj) < C5’Yu( U Qj) < c67u(E) .

JEJ2 JjEJ2

IA

Together with (5.17) this finishes the proof.
Part (2) is proved analogously. O

In the remainder of the section we discuss sufficient geometric conditions which imply the (local) Hardy
inequality.
For v € Fp,

5(11,@):/]3/[)@(95)—@@)) Jx(@—y) dydx+2/ o(2)2kp (2) dz (5.18)

D

where kp is given by kp(z) == [,. Jx(z —y) dy.

For x € D, let z, be the point on 0D such that |z, — x| = dp(z). We say D satisfies the local exterior
volume condition at z € dD if there exist ro, ¢ > 0 such that for every x € B(z,ro)ND, |D°NB(24,0p(x))] >
cdp(z).

Proposition 5.12 The local Hardy inequality holds at z € 0D if D is an open set satisfying the local exterior
volume condition at z.

Proof. Let x € B(z,79) N D. Note that kp(z) < [}, & — y|~W(lz — y|"")dy. If y € D° N B(z,,6p(x)),
then |z — y| < |z — 22| + |22 — y| < 20p(x). Hence ¥(|z —y|™!) > U(2715p(2)7!) > c3¥(dp(x)~ ). This
implies that

[ e s tee -y ay = [ 2=yl — g ) dy
c D¢NB(zz,0p(x))
> 036D(x)_d‘l/(5p(x)_1) |D¢ N B2y, 6p(x))] > 04\1'(6,3(3:)_1) ,

where in the last inequality we used the local exterior volume condition at z. Thus by (5.18) we have that

E(v,v) > /Dv(x)inD(x) dx Z/B v(z)?kp(x) de > cl/ v(x)*V(6p(z) 1) d.

(z,70)ND B(z,r0)ND

d

We say D satisfies the exterior volume condition if there exist ¢ > 0 such that for every x € D, |D°N
B(zz,6p(2))| > c¢dp(x)?, where 2, is a point on dD such that |z, — x| = §p(z).

Proposition 5.13 Suppose that (H2) holds and that D is either unbounded k-fat open set whose upper
Assouad dimension is strictly less than d — 2(02 V 04) (see [17, Definition 2.1] for the definition) or an open
set satisfying the exterior volume condition. There exists a constant ¢ > 0 such that

S(v,v)2c/r)vz(x)\ll(5p(x)*l)dx, veFp.
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Proof. If D is an unbounded s-fat open set whose upper Assouad dimension is strictly less than d—2(d2Vd4)
then it follows from [17, Theorem 4 and Proposition 9] that

E(v,v) / / V2 JIx(r — )dydec/ 02 (2)U(5p(z) ™) da.
D
Since kp(z) < [p. |z —y|79W(lz —y|~!) dy, for all z € D, if D is an open set satisfying the exterior volume
condition, the proof is similar to that of the previous proposition. So we omit the proof. O

6 Minimal thinness at a finite Martin boundary point

We start this section by recalling the definition of minimal thinness and proving a general result for minimal
thinness of a set at any minimal Martin boundary point.

Definition 6.1 Let D be an open set in R?. A set E C D is said to be minimally thin in D at z € 0,, D
with respect to X szM () 7 Mbp(:,2).

For any z € dy D, let XP% = (X%, IP2) denote the Mp(-, z)-process, Doob’s h-transform of X with
h(-) = Mp(-, 2). The lifetime of XP* will be denoted by (. It is known (see [34]) that lim¢ xPz =,
Pz-a.s.. For E C D, let T := inf{t > 0 : X”* € E}. It is proved in [22, Satz 2.6] that a set E C D is
minimally thin at z € 9,, D if and only if there exists z € D such that PZ(Tg < () # 1.

The following proposition gives two more equivalent conditions for minimal thinness.

Proposition 6.2 Let D be an open set in R, A C D and z € 0,,D. The following are equivalent:
(1) A is minimally thin in D at z with respect to X.
(2) There exists an excessive function w = Gpu + Mpv such that liminf,_,, ;ca MZ((Z)Z) >0.

(8) There exists a potential w = Gpp such that liminf, . ;ca MZ(("I;)Z) = +400.

Proof. We sketch the proof following the proof of [4, Theorem 9.2.6]. Clearly, (3) implies (2).

Assume that (2) holds. Then there exists a Martin topology neighborhood W of z and a > v({z})
such that u > aMp(-,z) on ANW. If R;\q/[mvg/z Mp(-,z), then u > RA™W > aMp(-,z) everywhere.
Thus v — aMp(-, z) is excessive, hence v — aMp(-,z) = Gpp + Mpv for a (non-negative) measure v on
0D. On the other hand, u —aMp(-,2) = Gpp + Mpvjpp\(z} + (v({z}) — a)Mp(-,z). This implies that
U =vpp\{z} + (¥({2}) —a)d. yielding v({z}) = v({z}) — a < 0, which is a contradiction. Hence }A%ﬁ;v(‘iz) #
Mp(-, 2), i.e., A is minimally thin at z. Thus (2) implies (1).

Suppose that (1) holds. By [22, Lemma 2.7], there exists an open subset U C R? such that A C U,
and U is minimally thin in D at z with respect to X. By the analog of [4, Theorem 9.2.5], there is a
decreasing sequence (W,,),>1 of Martin topology open neighborhoods of z shrinking to z and such that
ﬁﬂ;v(v"z) (o) <27™. Let ug := Y o RJI{EDV(V - Then u, is a sum of potentials, hence a potential itself since
ui(xg) < oco. Further, ﬁj{g;lx(vnz) = Mp(-, z) on the open set U N W,. Therefore, ui(x)/Mp(x,z) = oo as
x — z, x € U. Thus (3) holds. O

Note that this proposition holds true regardless whether z is a finite or an infinite Martin boundary point.

In the sequel we assume that D is a x-fat open set with localization radius R and that z is a fixed
point in 9D. Without loss of generality we assume R < 1/10. Recall that xg € D N B(z, R) satisfies
kR < dp(xg) < R. Let Mp be the Martin kernel of D based at xo.
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Lemma 6.3 There exists Cg = Cs(¥,7, R, k) > 0 such that for every x,y € B(z,27"k2R)ND with |z —y| >

%|x—z|,
! ) SC@GD(wo,y>. (61)

Proof. Recall that C3 and Cy are the constants from Theorem 2.11 and Theorem 3.2 respectively, and that
g(-) = Gp(-,x0) on B(z,kR/4). We have

(|2 — y|)|z — 2| Go (Y, 20)Gp(Afp—z (), 20)?
O(|z — 2)|z -yl Gp(A,x0)? ’

Gpl(z,y)

— 7 K
Mp(x,z) — C3Ca

(6.2)

where A € B(z,y) and B(x,y) is defined by (2.5). Since |z —y| > 3|z — z|, we have r(z,y) = dp(z) Vip(y) v
o -yl > 3o — 2.
By the definition of A4, ,)(2), 00(As,(4 4 (2)) 2 rk3r(z,y) > kr(z,y)/2. Moreover,

4 4
| A4r(z,y)( )l < |.13—Z‘ + |Z_A%r(a:,y)(z)| < §|$—y| + g’/‘(ﬂ?,y) < 37”(3),:1./)

and |y — A%T(I’y)( 2)| <|y—x|+|z— A4T(m v) (2)| < 4r(x,y) < 5r(x,y). Hence A4T($ 0 (2) € B(z,y).
By Lemma 2.7 and Lemma 2.9(2),

GD(A\zfz|( ) .230) < ClGD(A4T($ y)( ) 330) = CQGD(A4r(w y)( ),1‘0) < CgGD(A,JJQ). (63)

Moreover, by (2.2), ®(|x —y|)|z — 2|¢/(®(|x — z|)|x — y|?) < c4. The assertion of the lemma now follows from
this, (6.2) and (6.3). O

The following proposition is an analog of [6, Proposition V. 4.15]. For E C D, define E,, = EN{z € D :
27l <z —z2[ <27}, n>1.

Proposition 6.4 A set E C D is minimally thin in D at z with respect to X if and only if ., Rﬁ"D(' 2) (x0)
0.

Proof. Assume > 7 Rz\EfD( 2 (zg) < oo. Then there exists ng € N such that Y ° RJ\EZL( 2 (x0) <
1Mp(zo,2).Let B = B(z,27"). Then A := BNE C U2 E,,. Therefore, R‘]@ oy (@) < Zno Mo (-12) (xo) <
%MD(xmz), implying R‘Ii‘/ID(HZ) < %MD(:EO,Z). Hence, there exists an excessive function u such that
u > MD( z) on A and u(zg) < $+Mp(zo,z). By the Riesz decomposition, s = Gpu + Mpr. Hence,

Mpv(zg) faMD Mp(zo,y) v(dy) < £ Mp(zo, 2) implying that v({z}) < 3. Therefore,

lim inf ﬂ

1
>1>-> .
v—za€A Mp(x,2z) — 2 v({zh)

But this means that A is minimally thin in D at z with respect to X. Clearly, E is also minimally thin in
D at z with respect to X.

Conversely, suppose that F is minimally thin in D at z with respect to X. By Proposition 6.2, there
exists a potential u such that liminf, . ;cp MZ((?’Z) = +oo. Without loss of generality, we may assume
that u(zg) < (2Cs)~!. There exists ny € N with 27 < 277x2R such that u(x) > Mp(z,z) for all

r € ENB(z,27™). Thus, E C B(2,27™)¢U{u > Mp(-,2)}. For n > n; define

o
F,={zxeD: 2" <|z—2 <27 u(z) > Mp(x,2)} and F:UFn.

21



Let x € E,. Since | —z|] < 27™  we have that u(x) > Mp(z, 2) and thus x € F,,. This shows that E,, C F,,
n > ny. Therefore, it suffices to show that > > RMD( Z)(xo) < 0o. Since u > Mp(+, z) on F, it follows that
Ry, (o) (@0) < u(xo).

Let i € {1,2,3}. For every n € N, let U,, = Fy,, +3n+i. Since i € {1,2,3} is arbitrary, it suffices to show
that > 07 | RU Z)(;vo) < oo. Let U = U;Z, Un. Then U C F and thus Ry, (20) < u(xo). Note that
since U is open, RMD( 2 = RM (,2) (see [6, page 205]). Since u is a potential, the same holds for RM (2)7
hence there exists a measure p such that RM (2) = = Gpu. Moreover, since RU Mb(-12) is harmonic on U
(cf.[6, II1.2.5]), p(U°) = 0. Let py == pg, . Since U, are pairwise disjoint,

M=Zun and GDM:ZGDMn-

Fix n € N and consider [ € N, z € U,,, y € U;. If I > n, then
ly — 2| < g m—3l=i < 2173(1*”)|x —z| < |x -z,

and hence |z — y| > |z — z| — |y — 2| > 3|z — z|. If I < n, then analogously, |v — z| < 1|y — 2|, hence
|z —y| > |y —z| — |z — 2| > 2|y — 2| > 3|z — z|. Thus, in both cases,

3 3 —
|x—y|21|x—z|215[)(x), xeUpyeU,l#n.

Define ), = p — p, and let « € U,,. We have

GD(xvy)

5 m i (dy).- (6.4)

Gty (x) = /D Gp(z,y) i(dy) = Mp(z, )

By (6.1) we have that

Gpl(z,y)

Gpn,(r) = Mp(z,2) M (z.2)

i (dy) < CoMp(, 2) /D G (0,y) 1l (dy)

1
< CeMp(z, z)Gppu(z) < CeMp(x, z)u(zg) < iMp(x,z).

Since Gpun + Gppl, = Gpu = R%@(,z) = Mp(-,2z) on U, it follows that Gpu, = Mp(-,z) — Gpu, >
Mp(:,2) — $Mp(-,z) = $Mp(-,z) on Uy. This implies that Gppu, > F R () Finally,

ZRMD( 2 (z0) < 2ZGDMn(370) = 2Gpp(xo) < o0

n=1
O
By Theorem 3.2, for large n,
(27") g(x)®(27")
ot 9@ ) < gpotmna dIRET) g
oAy = Mo o(Ar ()P
This implies that
_ o(27™) d(27™)
12nd E, < E, < 2(n+1)d E, )
G = it = G e
In particular,
i Rff ¢ Z)(xo) < oo if and only if i 2"dLﬂ)2Rf" (z0) < 0. (6.5)
2 Mt 22, )
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Note that }A%f" is a potential, hence there exists a measure \,, (supported by E,,) such that ﬁgEﬂ = Gpin.
Also, Rf” =g =Gp(-,x9) on E, (except for a polar set, and at least for large n), hence

RE(20) = Gohalro) = ﬁ G (0, 4) An(dy) = / 9(y) M(dy)
/,RE W(dy) = //Gmy () An(d) = 7, (E)

E,

We conclude from (6.5) that

S . RS o2
RE» xp) < oo if and only if gnd =~
2 Mt 0 2

n=1

(E,) < 0. (6.6)

Thus we have proved the following Wiener-type criterion for minimal thinness.

Corollary 6.5 E C D is minimally thin in D at z with respect to X if and only if

Z?"d A () <

Now we prove a version of Aikawa’s criterion for minimal thinness.

Proposition 6.6 Let E C D. Let {Q;} be a Whitney decomposition of D and let x; denote the center
of Q;. If (£,Fp) satisfies the local Hardy inequality with a localization constant ro at z € 0D, then E is
minimally thin in D at z with respect to X if and only if

) _g P(dist(z,Q;
S i) LI, (£0Q)) < o0
5:Q;NB (2.0 /2) #0 g\ dist(2.Q;)
Proof. Let r; := ro/2. Further, let V,, = {x € R? : 27771 < |z — 2| < 27"} so that B, = ENV,. If
Vo, N@Q; # 0, then dist(z,Q;) =< 27". Since g satisfies the local scale invariant Harnack inequality, by the
local quasi-additivity of -y, at z (Proposition 5.11(1)),

ZQnd 7*”) e Z2nd e n(”))) ST (ENQ))

n=1 Q;NB(z,r1)#0

> > dist(z,Q,) 7 (dist(z, &) Yo(En N Q;)

. 29
JQNB () 0 m:V QA0 9 a0 (2))

. O(dist(z, Q,))
= dist(z, Q;)~ —d J Yo (En N Qj)
Qijng);ém (AdISt(Z Q] ( )) niVanQ?j?ﬁw I !

Z diSt(Z,Qj) d ((I)A(j:j:z(Q (Z))))2 g(EmQj)

QiNB(z,r1)#0

X

X

In the second line above we used the fact that g(As—n(2)) and g(Agis(z,q,)(?)) are comparable, which is a
consequence of [33, Theorem 2.10]. For the last line we argue as follows: One inequality is the subadditivity of
capacity. For the other note that there exists NV € N such that for every Q;, Zn,VnﬂQﬁé@ 1=3,1v,ng, < N.
Hence, Y, 1. 0, 4070(ENVVa N Q) € Y0 vr 0020 70(ENQ)) < Nyg(EN Q).

Finally, by Lemma 5.8 we see that v,(E N Q;) < g(z;)?Capp(E N Q;) which completes the proof by
Corollary 6.5. O

The next result is an analog of [2, Part II, Corollary 7.4.4].
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Corollary 6.7 Suppose that either (i) D is a half space; or (ii) D C R? is a C™' open set and v = 1 in
(1.2). Let x; denote the center of Q;. Then E is minimally thin in D at z € 0D with respect to X if and
only if

Z dist(z, Q;) ~?®(dist(Q;, 0D))Capp(E N Q) < oo

J:Q;NB(z,1)#0

Proof. The function g is harmonic in D N B(z,2r;) where r; := kR/4. Since X satisfies (H1), applying
[33, Theorem 2.18(i)], we get that for Q; N B(z,71/10) # 0,

9(Adist(2,0,)(2) = Eayiea,) () [TDNB (= 2m)] / : i(ly = z)g(y)dy (6.7)
z,r1)°
and
00) < B rorceaal [ 3y =Dy (©5)
z,r1)°

Suppose that D is a C™! open set and v = 1. Since C''! set satisfies the interior and exterior ball
condition, by combining (6.7) and (6.8) with [9, Theorem 4.1 and Corollary 4.5], we get

9(Adise(=,0,)(2)) < O(dist(z,Q;))"/? and g(z;) < (dist(Q;, 0D))"/.

In case when D is the half space H, the two relations above are immediate consequence of [9, Proposition
2.4], the boundary Harnack principle in [33, Theorem 2.18(ii)] and the fact that V(z) := V(z4), where V is
the renewal function of the ascending ladder height process of the d-th component of X, is harmonic in H
with respect to X. Thus the corollary follows immediately from Proposition 6.6.

O

Proof of Theorem 1.3: Let ry := /2 and without loss of generality we assume ro < xR/4. Assume that
E is minimally thin in D at z with respect to X. Recall that g(z) := Gp(z,z9) A Cz and g(-) = Gp(-,zo)
on B(z,kR/4). Thus, by Proposition 6.6,

Z dist(z,Q;) ™ Gp(zj,20)*Capp(ENQ;) < o0

J:Q;NB(z,r1)#£0

®(dist(z, Qj))
GD (Adist(z,Qj)(Z)a x0)2

First note that for Q; N B(z,71) # 0,
Capp(ENQ,) > co(ENQ;) = cl/ 1g, (z)\I/(JD(z)fl) dx .
E

Next, dist(z, Q;) =< |z — z| and Gp(xj,z0) < Gp(x,xo) for € Q;. Therefore,

O (dist(z, Q;))
GD(AdiSt(Z,Qj)(Z)7 xO)

Z dist(z, Q;) ¢

Q;NB(z,r1)#0

Y /|x—z| dGD(A(“”l(Z)') )2GD(x,x0)21Qj(x)qf(5D(:c)*1)dx
Q;NB(z,r1)#0 T2

= 7 — 5|—d Gp(z,x0) 2 W(op(x)h) .
) 2 /l : (GD(AT 21(2), ffo)) \IJ(|17—2|*1)1Q1( )d

2Gp<$j,$0)ZCapD(E N Qj)

%

Q;NB(z,r1)#
_ oo opi( Gpl@mo)  \*WOp@)
) /mgm S (Gt m) Byt
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G 2 w(op(x)!
Z / ( D(Z‘,Jfo) ) ( D(l‘) 71) |.’L'—Z|_ddﬂf.
BnB(zr) \GD(Ap—z)(2),20) ) Y(|z —2[71)
Conversely, assume that F is the union of a subfamily of Whitney cubes. Then £ N Q; is either empty or

equal to Q;. Since Capp(Q;) =< 0(Q;) = [, U(6p(z)~ ) dx for Q; N B(z,r1) # 0 by Proposition 5.11(1),
we can reverse the first inequality in the display above to conclude that

P (dist ;
Z dlSt(Z,Qj)idG A( 15 (ZvQJ))
5:Q;NB(z,r1)£0 D( dist(z,Q_j)(Q)uxO)

Gp(z,20) * W(op(x)~h) .
< C3/EQB<Z,5M>(GD<Am_z|<z>,xo>) Bl oy 0 A

QGD(.TZj,$0)QCapD(E N Q])

O

Proof of Corollary 1.5: We have seen from the proof of Corollary 6.7 that there exists r > 0 such that
for Q; N B(z,r) # 0,

g(Adist(z,Qj)(Z)) = GD(Adist(z,Qj)(Z)ﬂ "Eo) = (I)(dISt(Z7 Qj)>1/2

and

g(z;) = Gp(xj,xo) < @(dist(QjﬁD))l/Q.
Combining the two relations above with the proof of Theorem 1.3, we immediately arrive at the conclusion
of Corollary 1.5. O

7 Minimal thinness at infinity

Throughout this section we assume that (H2) holds and the constant ~ in (1.2) is 1. Thus X is a unimodal
Lévy process satisfying the global weak scaling conditions in [9, 10]. We will establish results for minimal
thinness at infinity. Even though the results are analogous to those of the previous section, their proofs
contain non-trivial modifications. In particular we will use the recently established boundary Harnack
principles given in Theorems 4.3 and 4.4. Thus we include all details except in the proof of Theorem 7.1.

We first extend the main result in [32]. Let x € (0,1/2]. We say that an open set D in R? is x-fat at infinity
if there exists R > 0 such that for every r € [R, 00) there exists A, € R? such that B(A,,xr) C DN B(0,r)°
and |A,| < k7 1r.

Theorem 7.1 The Martin boundary at infinity with respect to X of any open set D which is k-fat at infinity
consist of exactly one point co. The point oo is a minimal Martin boundary point.

Proof. The theorem is proved in [32] when X is a subordinate Brownian motion with Lévy exponent
V(&) = ¢(€]?) where ¢ is a complete Bernstein function satisfying (H1) and (H2). The method in [32] is
quite robust and can be applied to unimodal Lévy processes satisfying the global weak scaling conditions. In
fact, since we have (4.1), [33, Lemma 2.2], (4.2) and (4.3) (instead of [32, (2.2), Lemma 2.2, (2.8) and (2.9)]
respectively), using Theorems 4.3 and 4.4 instead of [30, Theorem 1.1] and [31, Theorem], one can follow
the proofs in [32, Section 3] line by line and obtain the corresponding results in [32, Section 3]. Once we get
the corresponding results in [32, Section 3|, then all arguments and results in [32, Section 4] stay the same
so that the theorem holds. We omit the details since these would be a simple repetition of proofs in [32]. O

Since half-space-like open sets are k-fat at infinity, the Martin boundary at infinity with respect to X of
any half-space-like open set consists of exactly one point co and this point is a minimal Martin boundary
point.
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In the remainder of this section we assume that D C R? is a half-space-like open set and that H; ¢ D C H.

Let 2o = (0,5) and let Mp be the Martin kernel of D based at .

Before we prove Proposition 7.3, which is an analog of Proposition 6.4 at infinity, we establish an inequality

involving Green functions and Martin kernel at infinity. We recall from [10, 12] that for the half space H we

have the following estimates: There exists a constant ¢ > 1 such that

_ 0(jz —y)) ®(0u(x)) " ®(du(y) \"/°
Cul@y) = 2 <“<1><|x—y>> <“<I><|x—y|>> '

This implies
671@(6[[-}1(58))1/2 < My(z,00) < c‘I’(éH(:ﬁ))l/z.

Relation (7.1) also implies that for every u,v € Hy,

1/2 1/2
Gy, (u,v) > clw <1 A W) (1 A (I)((SH(U)))) > coGyl(u,v).

|u — vl|d D(|u — v D (ju — |

Moreover, if |z| > 10, then |z — z¢| < |z| > dg(x). Thus for |x| > 10,

o(|z)) [, @(u(2))"* 1\ e(u(x)"?
2] (“ <I><|x>) <“<1><x|>) TR

Lemma 7.2 There exists C; > 0 such that for every z,y € B(0,10)° N D with |z —y| > 3|y|,

Gu(x,xg) <

Gp(z,y) < C7Gp(zo,y)Mp(z,00).
Proof. We claim that for every w € B(0,10(|z| V |y|))¢ N D with ép(w) > 3,

Go(ry) _ " Gp(z0,y)
Gp(z,w) = ~Gp(xg,w)

By letting w — oo with dp(w) > 3, this implies (7.5) immediately.
We prove (7.6) through 3 steps.

(7.1)

(7.2)

(7.3)

(7.5)

(7.6)

Step 1. We first prove (7.6) for H. Since |z — w| < |zg — w| and dg(z) < |z| < |w| — |z| < | — w|, by (7.1),

Gu(z,y)Gu(zo, w)
Gy(z,w)

==yl \o(e—y| P(|lz —yl O(|zo — wl O(|z — wl)
®(dn(2)) 2@ (u(y)? _ (0u(y)'*

o — g7 BEu@) 2 P fr—yl?

Thus, by our assumption |z —y| > 2|y| and (7.4),

Gu(z,y)Gu(xo, w)
Gu(z,w)

< caly| @ (Gu(y)) " < esGu(o, y).

We have proved (7.6) for H.

2(|z ~y) ( @(6H<x>>)>” i ( ¢><6H<y)>) )1/2 ( @(5H<xo>))>”2 ( D (0 () >”2

Step 2. We assume 0p(x) A dp(y) > 3. Then using the monotonicity of Green functions (7.3) and Step 1,

we have

Gp(z,y) _ Gu(z,y)

GH(z7y)
Gp(z,w) = Gu, (z,w)

< ¢
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Step 3. Let

1 = {(i 3) it dp(r) < 3 and Y1 1= { _ . <3 (7.7)

We use Theorem 4.3 when dp(x) < 3 and get

Gp(z,w)

Gp(z1,w)
GD(‘T, IO)

GD(m,w) = GD(.’E(),$> Z C11 GD(.’L‘07.’13). (78)

Since |z — y| > 3|y| > L2, we use Theorem 4.3 when Jp(z) < 3 and get

Gp(z1,y)

GD(xay) N GD(xlva)

= <
Go (% fo) Gp (xo, 33) = C12

Gp(zo, ). (7.9)

If 6p(z) < 3 then |y — 21| > [y — 2| — |z — 21| > |y — 2| — 3 > 5. Thus using Theorem 4.3 again when

dp(y) < 3, we get

Gp(y, 1) Gp(y1,71)
Gp(z1,y) = =—=—"—Gp(y,x0) < cis———2Gp(y,x0)- 7.10
p(z1,y) Gy, 70) p(y; o) < 13 Gl 7o) p (¥, o) (7.10)
From (7.9)—(7.10),
Gp(z1,1) Gp(y, o)
Gp(z,y) < cja——""Gp(xp,z) =—"—=. 7.11
p(z,y) MG (@ a0) p(o )GD(yth) (7.11)
Combining (7.8) and (7.11) and using Step 2, we conclude that
Go(z,y) _ ClsGD(xlayl) Gp(zo,y) _ s <GD($1,?J1) GD(fL'Oaw)> Gp(zo,y) _ 16 Gp(20,y)
Gp(z,w) = " Gp(z1,w) Gp(zo,y1) Gp(r1,w) Gp(xo,y1) ) Gp(xe,w) =  Gp(ro,w)
O
For EC D and n > 1, define E" = EN{z € D: 2" < |z| < 2"F1}.
Proposition 7.3 The set E is minimally thin in D at infinity with respect to X if and only if
oo
n=1

Proof. Assume (7.12) holds. Then there exists 79 € N such that y°° Rﬁ;(. ooy (T0) < 1 Mp(zg,00). Let
B= B(O,%”O). Then A := B°NE C U2 E™. Therefore, RAE/[D(.W)(JSO) <> RAE/IHD(‘M)(xO) < $Mp (2o, 00),
implying RﬂD(. o) < %MD(I(), 00). Hence, there exists an excessive function u such that u > Mp(-, 00)
on E and u(xg) < %MD(JT(),OO). By the Riesz decomposition, s = Gpu + Mpv. Hence, Mpv(zg) =

Jo,, 0 Mp (20, 2) v(d2) < 2 Mp(zo,00) implying that v({oco}) < 1. Therefore,

lim inf u(@)

1
—_—>1> - .
rz—00,2€E MD(lL',OO) == 2 > V({OO}>

By Proposition 6.2 this means that E is minimally thin in D at infinity with respect to X.
Conversely, suppose that F is minimally thin in D at infinity with respect to X. By Proposition 6.2,
there exists a potential u such that
u(z)

liminf ———— = .
w—lgol:)glEE MD(J?, OO) oo
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Without loss of generality, we may assume that u(xg) < (2C7)~!, and C7 is the constant from Lemma
7.2. There exists n; € N with n; > 10 such that u(x) > Mp(z,00) for all z € E N B(0,2")¢. Thus,
E C B(0,2")N{u > Mp(-,00)}. For n > n; define

F,={zeD: 2" <|z| < 2" u(x) > Mp(x,00)} and F:UFn.

Let x € E™. Since |z| > 2", we have that u(x) > Mp(z,00) and thus z € F,,. This shows that E™ C F,,

n > ny. Therefore, it suffices to show that )~ RAF/;D( o0y (T0) < 00. Since u > Mp(-,00) on F\, it follows
that Rﬁ‘D(.’m) (z9) < u(xo) < ec.
Let i € {17 2,3}. For every n € N, let U,, = F},, +3n+i - Since i € {1,2,3} is arbitrary, it suffices to show

that > "7 MD( Oo)(aro) < oo. Let U =J,—;U,. Then U C F and thus RII\]/ID('7OO)(.I‘Q) < u(xp). Note
that since U is open, RMD( o) = RJI\QD( o) (see [6, page 205]). Since w is a potential, the same holds for

R%D( 00) hence there exists a measure u such that RY, = Gpp. Moreover, since R%D(. o0) is harmonic

Mp(+,00)
on U° (cf.[6, IT1.2.5]), u(U¢) = 0. Let py, := Hyw, - Since U, are pairwise disjoint,

oo oo
M:Zun and GDM:ZGDMn~
n=1 n=1
Fix n € N and consider I € N, z € Uy, y € U;. If I > n, then |z| < 2mt3ntitl < ol=3(=n)jy| < 11y and
hence |z —y| > |y| — |z| > 2|y|. If | < n, then analogously, |y| < 1|z|, hence |z —y| > |z — |y > 2|z| > 3|y|.
Thus, in both cases, |z —y| > %|y| for every x € U,, and y € Uj, | # n.
Define p], = p — py, and let € U,,. By Lemma 7.2

Gy (z) = /D Gop () s (dy) < CrMp(x, o0) /D G (z0,y) 1y (dy)

1
< CsMp(x,0)Gpu(xo) < C7Mp(z,00)u(zo) < §MD(33700)-

Since Gpun, + Gpul, = Gpp = RJI\J/ID(‘QO) = Mp(-,00) on U, it follows that Gpu, = Mp(-,00) — Gpul, >

Mp(-,00) = Mp(-,00) = §Mp(:,00) on U,,. This implies that Gppun > 3Ry . Finally,
(o)
ZRMD( o) (zg) < QZGDun(xO) = 2Gpu(xg) < 00
n=1
O
Lemma 7.4 There exists ¢ > 1 such that
¢ G p(z,20)|x|? < Mp(2,00) < cGp(x,20)|2|* 2 € B(0,30)°ND. (7.13)

Proof. Step 1. Assume dp(x) > 3 and |z| > 10. For w € B(0,10|z|)° N D with dp(w) > 3, using the
monotonicity of Green functions and (7.3),
GD(wi) - GH(.T,U))
GD(.’E(),’LU)GD(QT,,%()) - GH(xo,w)GH(x,xo)'

Thus by (7.2),

Mp(z,00) _ Mg(z,00) _ ®(0u(x))"/?
Gp(z,x0) — Gu(z,r0) ~ Gulw,x0) (7.14)
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Now (7.13) follows from (7.14) and (7.4) immediately.

Step 2. Assume dp(x) < 3 and |z| > 30. Let x; := (&, |x|/3) so that z,z; € B((%,0),|z|/2) N D and
xo ¢ B((%,0),2|z|/3) N D. In fact, |xo — (%,0)] > |(Z,0)] —5 > |z| — |z4| — 5 > |z| = 9 > 2|x|/3. Thus by
Theorem 4.3, we have that for w € B(0,10|x|)° N D with dp(w) > 3,

Gp(z,w) Gp(z1,w)
GD(JJ,$0) GD(QH,-TO)’

X

which implies that
Mp(z,00) _ Mp(z1,00)

= . 7.15
Gp(xz,z0)  Gp(x1,20) (7.15)
Moreover, since |z|/3 < |x1| < 2|z|, by Step 1 and (7.15),
MD(I',OO) - MD(Sﬂl,OO) ~ |I’1|7d ~ |l‘|7d.
Gp(z,z0)  Gp(x1,20)
We have proved the lemma. O

Let g(z) := Gp(x,20) A Cs where Cg := Cs(sup,95 ®(s)s™%) > 0 so that, by (4.2), g(x) = Gp(z, z0) for
every z € B(0,30)°N D. Lemma 7.4 implies that for n > 5,

er 12"g(x) = ¢ 12" G p(x,20) < Mp(x,00) < e12"Gp(x,20) = 12"g(x), x € E"

This implies that for n > 5, cf12”den < RELD(_ ) < 012”den . In particular,

> ORI (soy(@0) <o ifand only if > 2™RE"(w) < 0o, (7.16)
n=1 n=1

Note that ﬁf " is a potential, hence there exists a measure A, (supported by E,,) such that figEn = GpA,.
Also, RgEn(~) =g(-) = Gp(-,z0) on E™ for n > 5, hence

n

RE" (29) = /J@Mn(dy): /E RE" (4) An(dy) = /D /D G (2 4) An(dy) A (d) = 74 (E™) .

We conclude from (7.16) that

Z Rﬁ;(,m)(mo) < oo if and only if Z 2"y (E™) < o0. (7.17)

n=1 n=1

Thus we have proved the following Wiener-type criterion for minimal thinness.

Corollary 7.5 The set E C D is minimally thin in D at infinity with respect to X if and only if Y-, ond
g (E™) < 00.

Remark 7.6 Note that [2, Part I, 11.3, Page 71] has a similar criterion (attributed to Lelong-Ferrand) in
case when D is the half-space H and X is Brownian motion: F is minimally thin at infinity if and only
if Y07 27~y (E™) < co. Here y(E™) = yy(E™) is the Green energy defined with respect to the function
V(z) = x4 (and not g(x)) - see [2, Part I, page 66].

Finally, we prove a version of Aikawa’s criterion for minimal thinness.
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Proposition 7.7 Suppose that (€, Fp) satisfies the Hardy inequality. Let {Q;};>1 be a Whitney decompo-
sition of D, EE C D, and let x; denote the center of Q;. Then E is minimally thin in D at infinity with
respect to X if and only if

Z dist(0, Q;)*G p (x5, 20)*Capp(ENQ;) < co.
J:Q;CB(0,2%)°
Proof. By Corollary 7.5, F is minimally thin in D at infinity with respect to X if and only if ZZO:I Q"d'yg(E") <
oo. Further, let V,, = {z € R : 2" < |z < 271} so that E" = ENV,,. If V,,NQ; # 0, then dist(0, Q;) =< 2".
By the quasi-additivity of v, (Proposition 5.11(2)),

ZQnd Z 'Yg(Eanj)
n=1

j:Q; CB(0,25)¢

Z Z diSt(O,Qj)d’yg(En ﬂQj)

j:Q;CB(0,2%)¢ n,V,,NQ,; #0

- Do dist(0,Q) D 1(E"NQ))

j:Q;CB(0,2%)¢ n,V,NQ; #0

= Z dist(0, Q1) %y, (ENQ;).

J:Q; CB(0,25)¢

X

Z 2nd,yg (En)
n=1

X

For the last line we argue as follows: One inequality is the subadditivity of capacity. For the other note that
there exists N € N such that for every @Q;, vavanﬂé@ 1=>,1v.ng, < N. Hence, Zn,Vanﬁé@ vq(EN

Finally, since g satisfies the scale invariant inequality (5.12), it follows from Lemma 5.8(2) that ~,(E N
Q;) < g(x;)*Capp(E N Qy). Since g(x) = Gp(z,x0) for € B(0,30)° N D, this completes the proof. O

Proof of Theorem 1.7: Assume that F is minimally thin at co. By Proposition 7.7,

Z dist(0, Qj)dGD(xj,mo)zCapD(E NQ;) <oo.
JQ;CB(0.2°)
First note that
Capp(ENQ;) > cioi(ENQ,) = / 1g, (:c)\Il((sD(:c)fl) dz .
E
Next, dist(0, Q;) = |z| for x € Q;. Therefore,
Z dist(O,Qj)dGD(xj,xo)QCapD(EﬂQj)

7:Q; CB(0,25)¢

02/E\x|dGD<x,x0)2q/(5D(x)—1) S 1g,@ds

3:Q; CB(0,2%)¢

02/ 121G (1, 20) 20 (5 (2) ) d
ENB(0,28)¢

Y

Y

Conversely, assume that E is the union of a subfamily of Whitney cubes. Then E N Q; is either empty

or equal to Q;. Since Capp(Q;) < 01(Q;) = fQ- U(6p(xz)~1) dz, we can reverse the first inequality in the
J

display above to conclude that

Z dist(0,Q;) " *Gp(zj,20)*Capp(E N Q;) < 03/ |z|*G p (z, 0)* ¥ (6p(z) 1) de .
. e ENB(0,25)°
§:Q;CB(0,25)
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Proof of Corollary 1.8: By integrating the heat kernel estimates in [10, Theorem 5.8], one can easily get
that, for z € B(0,10)° N D,

O(|z — wol) (

®(dp(x) \'? ®(dp(x0)) \/* _ @(6p(x))"/?
)) <1A> - 200p(@)) 7= (7.18)

O(|z — 2o (|2 — 20l) lefd 7

(see the proof of [14, Theorem 7.3(iv)]). Thus the corollary immediately follows from this and Theorem 1.7.
O

Remark 7.8 Note that by using (7.18) we have the following sharp two-sided Martin function estimates for
half-space-like C™! open set D: for every z € 0D,

D(dp(x))"/2|xo — 2|

Mp(z,z) < P

(7.19)

and

Mp(x,00) =< ®(0p(x))/2. (7.20)

8 Minimal thinness of a set under the graph of a function

In this section, we will study minimal thinness of a set below the graph of a Lipschitz function, both for
finite and infinite boundary points. We start by recalling Burdzy’s result, cf. [11, 25].

Let f : R9™1 — [0,00) be a Lipschitz function. The set A = {x = (T,24) € H: 0 < 24 < f(2)} is
minimally thin in H with respect to Brownian motion at z = 0 if and only if

/ F@)|F 7 < oo. (8.1)
{lz|<1}

It is shown recently in [28] that the same criterion for minimal thinness is true for the subordinate Brownian
motions studied there. By using Corollary 1.5 one can follow the proof of [28, Theorem 4.4] (cf. also the
proof of Theorem 8.2 below) and show that the following Burdzy’s criterion for minimal thinness holds.

Proposition 8.1 Assume that D := {x = (Z,24) € R? : x4 > h(Z)} is the domain above the graph of
a bounded CY' function h and that f : R9™Y — [0,00) is a Lipschitz function. Suppose either h = 0 or
v =11n (1.2). Then the set A :={x = (T,zq) € D: W(T) < x4 < f(Z) + h(T)} is minimally thin in D at
z = (0,h(0)) with respect to X if and only if (8.1) holds

We omit the proof and concentrate on a similar question for minimal thinness at infinity.

Theorem 8.2 Suppose that (H2) holds and v = 1 in (1.2), and let D = {x = (Z,74) € R : 24 > h(T)}
be the domain above the graph of a bounded CY' function h. Let f : R¥~! —[0,00) be a Lipschitz function.
Then the set A = {x = (T,24) € R : h(Z) < 24 < f(T) + W(@)} is minimally thin in D at infinity with
respect to X if and only if

| r@prta <o, 8.2)
{lz|>1}

Proof. Without loss of generality we may assume that f(z) = 0 for |Z] < 1, h(0) = 0 and A = {& =
(T,2q) € R : |7] > 1,h(T) < 24 < f(T) + h(z)} We first note that by the Lipschitz continuity of f and
boundedness of h, it follows that |Z| < |z| < ¢1|@] for 2 = (Z,24) € A. Hence by Fubini’s theorem we have

f(@)+h(Z)
/ \x|—ddx=/ di:'/lA(%,xd)m_ddxdx/ \%|‘dd%/ dxd:/ F@E T, (8.3)
A |Z|>1 |Z|>1 h(T) |Z|>1
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It follows from Corollary 1.8(i) that if A is minimally thin in D at infinity, then (8.2) holds true.

For the converse, let {@Q,} be a Whitney decomposition of D and define E = Ug,naxe®j; clearly A C E.
Let Q7 be the interior of the double of @; and note that {Q;‘} has bounded multiplicity, say N. Moreover,
if @; N A # 0, then by the Lipschitz continuity of f and h we have |Q5 N Al < |Q;]. Moreover, for z € QF
we have |z| < dist(0,Q;). Therefore

/|x|_ddm§/ x|~ dx = Z
A B Q;NA0
<c3 Z /

|x\_ddx§03N/ lz| =4 da . (8.4)
Q;nA#p 7 @iNA A

/ | lz| "4 dx < ¢y Z |Q; N A|dist(0,Q;) ¢

Q;NA#D

If (8.2) holds, then (8.3) and (8.4) imply that [, |z|~?dz < co. Hence, by Corollary 1.8(ii), £ is minimally
thin, and thus A is also minimally thin. O

Example 8.3 Suppose ¢ > 0and § > 0. By Theorem 8.2, the set A := {x = (T,24) € H: 0 < 24 < ||}
is minimally thin in H at infinity with respect to X if and only if § > 0.

Acknowledgements: We are grateful to the referee for helpful comments, and in particular for suggesting
a simpler (and better) version of Theorem 8.2 and providing its proof.
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