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Abstract

Minimal thinness is a notion that describes the smallness of a set at a boundary point. In
this paper, we provide tests for minimal thinness for a large class of subordinate killed Brownian
motions in bounded C''! domains, C'**! domains with compact complements and domains above
graphs of bounded C**! functions.
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1 Introduction

Let X = (Xy,P,) be a Hunt process in an open set D C R?, d > 2. Let 9y D and 0,,, D be the Martin
and minimal Martin boundary of D with respect to X respectively. For any z € 9y D, we denote
by MP(z,z) the Martin kernel of D at z with respect to X. The family of all excessive functions
for X will be denoted by S. For a function v : D — [0, 00] and a set E C D, the reduced function
of v on E is defined by RE = inf{s € S: s > v on E} and its lower semi-continuous regularization
is denoted by ﬁf A set E C D is said to be minimally thin in D at z € 0,,D with respect to X if
EJ"E/ID(.%) # MP(-, 2), cf. [14]. A probabilistic interpretation of minimal thinness is given in terms
of the process X conditioned to die at z € 9,,D: For any z € 0, D, let X* = (X7,PZ) denote the
MP(., z)-process, Doob’s h-transform of X with h(-) = MP (-, z). The lifetime of X* will be denoted
by ¢. It is known (see [24]) that limy¢ X7 = 2, Pi-a.s. For E C D, let Tg :=inf{t > 0: X} € E}.
It is proved in [14, Satz 2.6] that a set E C D is minimally thin at z € 9,,D with respect to X if
and only if there exists z € D such that PZ(Tg < () # 1. This shows that minimal thinness is a
concept describing smallness of a set at a boundary point.

The history of minimal thinness goes back to Lelong-Ferrand [25] who introduced this concept
in case of the half-space in the setting of classical potential theory. Minimal thinness for general
open sets was developed in Naim [27], while probabilistic interpretation (in terms of Brownian
motion) was given by Doob (see e.g. [12]). Various versions of Wiener-type criteria for minimal
thinness were developed over the years culminating in the work of Aikawa [2] who, by using the
powerful concept of quasi-additivity of capacity, established a criterion for minimal thinness for
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subsets of NTA domains. For a good exposition of these results and methods cf. [3, Part II, 7]. In
case of a C1'! domain D C R, the finite part of the minimal Martin boundary 9,,D coincides with
the Euclidean boundary 0D, and Aikawa’s criterion reads as follows: Let E be a Borel subset of
D. If FE is minimally thin at z € 9D, then

/ |z — 2| "% dx < o0. (1.1)
ENB(z,1)

Conversely, if F is the union of a subfamily of Whitney cubes of D and (1.1) holds, then E is
minimally thin in D at z.

Note that all works listed above pertain to the classical potential theory related to Brownian
motion. For more general Hunt processes, although the general theory of minimal thinness was
developed by Follmer already in 1969, see [14], until recently no concrete criteria for minimal
thinness were known. The first paper addressing this question was [20] which dealt with minimal
thinness of subsets of the half-space for a large class of subordinate Brownian motions. Quite
general results for a large class of symmetric Lévy processes in k-fat open sets were obtained in
[23]. The special case of a C™! open set D was given in [23, Corollary 1.5]. We present here a
slightly simplified version of the main result of [23]. Assume that X is an isotropic Lévy process
in R? d > 2, with characteristic exponent W(z) = W(|z|) satisfying the following weak scaling
condition: There exist constants 0 < §; < d < 1 and a1, as > 0 such that

A AW(E) < U(M) < apX?2U(t),  A>1t>1, (1.2)

We note that many subordinate Brownian motions, particularly all isotropic stable processes, satisfy
the above condition. Let X be the process X killed upon exiting a C!' open set D. If a Borel set
E C D is minimally thin in D at z € 9D with respect to X, then (1.1) holds true. The converse
is also true provided FE' is the union of a subfamily of Whitney cubes of D. Thus one obtains the
same Aikawa-type criterion for minimal thinness regardless of the particular isotropic Lévy process
X as long as X satisfies the weak scaling condition (1.2). This is a somewhat surprising result. An
explanation for this hinges on sharp two-sided estimates for the Green function of X which imply
that the singularity of the Martin kernel M P (x, z) near z € 9D is of the order |z — z|~¢ for all such
processes.

The purpose of this paper is to exhibit a large class of (non-Lévy) Markov processes for which
the Aikawa-type criterion for minimal thinness depends on the particular process and is different
from (1.1). This class consists of subordinate killed Brownian motions via subordinators having
Laplace exponents satisfying a certain weak scaling condition. Let us now precisely formulate the
setting and results.

Let W = (W;,P,) be a Brownian motion in R?, d > 2, with transition density

|z —y|?

d
' — (4mt)" 2 _
p(t,x,y) = (4t) 2€Xp< i

), t>0, z,y e R%.

Let S = (S;)t>0 be an independent subordinator with Laplace exponent ¢ : (0,00) — (0, 00), i.e.,
Ele %] = e M ¢t > 0, A > 0. The process X = (X;,P,) defined by X; = Wg,, t > 0, is
called a subordinate Brownian motion. It is an isotropic Lévy process with characteristic exponent
U(z) = ¢(|z|?). Let D be an open subset of R? and let X? be the process X killed upon exiting
D. This process is known as a killed subordinate Brownian motion. By reversing the order of
subordination and killing one obtains a different process. Assume from now on that D is a domain



(i.e., connected open set) in R%, and let WP = (W} P,) be the Brownian motion W killed upon
ex1t1ng D. The process Y = (VP P,) defined by Y;? = WL, ¢t > 0, is called a subordinate killed
Brownian motion. It is a Hunt process and its infinitesimal generator is given by —¢(—Ap) where
A|p is the Dirichlet Laplacian.

Recall that the Laplace exponent of a subordinator is a Bernstein function, i.e., it has the
representation

6(0) = bA + / (1— ) p(dr)

(0,00)
with b > 0 and p a measure on (0, 00) satisfying f(O,oo)(l Az) p(dr) < oo, Which is called the Lévy
measure of S. The potential measure of the subordinator S is defined by U fo (S; € A)dt.
A Bernstein function ¢ is called a complete Bernstein function if its Lévy measure has a completely
monotone density. A Bernstein function ¢ is called a special Bernstein function if the function
A= A/@()) is also a Bernstein function. The function A — A/¢(\) is called the conjugate Bernstein
function of ¢. It is well known that any complete Bernstein function is a special Bernstein function.
For this and other properties of complete and special Bernstein functions, see [28].
In this the paper we will impose following assumptions:

(A1) the potential measure of S has a decreasing density u;
(A2) the Lévy measure of S is infinite and has a decreasing density u;

(A3) there exist constants o > 0, A\g > 0 and § € (0, 1] such that

¢'(At)
¢'(A)

Sat_‘S forall t>1 and A > Ag.

Depending on whether our domain D is bounded or unbounded, we will consider the following two
sets of conditions.

(A4) If D is bounded and d = 2, we assume that there are op > 0 and dy € (0,2) such that

¢'(\t) —
> o9t forall t>1 d A> X
(;5’()\) = 00 or a = an = AQ

(A5) If D is bounded and d = 2, we assume that

/1d/\<oo
o (N '

(A6) If D is unbounded then we assume that d > 3 and that there are 3,01 > 0 such that

u(At)
u(A)

>oit? forallt>1and A>0. (1.3)

Assumptions (A1)—(A5) were introduced and used in [18] and [19]. It is easy to check that if ¢ is
a complete Bernstein function satisfying condition (H1): there exist aj,as > 0 and 1,92 € (0,1)
satisfying

a1 (t) < o(At) < apA2e(t),  A>1,t>1,



then (A1)-(A4) are automatically satisfied. One of the reasons for adopting the more general setup
above is to cover the case of geometric stable and iterated geometric stable subordinators. Suppose
that o € (0,2) for d > 2 and that o € (0,2] for d > 3. A geometric («/2)-stable subordinator
is a subordinator with Laplace exponent ¢(\) = log(1 4+ A%/2). Let ¢1()\) := log(1 + A*/2), and
for n > 2, ¢p(A) := d1(dn—1(N)). A subordinator with Laplace exponent ¢, is called an iterated
geometric subordinator. It is easy to check that the functions ¢ and ¢, satisfy (A1)—(A6), but
they do not satisfy (H1).

Assumption (A1) implies that ¢ is a special Bernstein function, see, for instance, [33, Theorem
5.1]. Moreover, (A3) implies b = 0, (A2) implies that p((0,00)) = oo, and (A5) is equivalent to
the transience of X. In case d > 3, X is always transient.

Condition (A6) is only assumed when D is unbounded and can be restated as

-
“(R)z(n(R) , 0<r<R<o. (1.4)
u(r) r

Under (A1)—(A3), the inequality in (1.4) is valid with 8 = 2 — 6 whenever 0 < r < R < 1, (see
(2.11) and (2.12) below). So (A6) is mainly a condition about the behavior of w near infinity. It
follows easily from [21] that if ¢ is a complete Bernstein function satisfying, in addition to (H1),
also condition (H2): there exist as,as > 0 and J3, 04 € (0,1) satisfying

as B (t) < p(At) < agN19(t), A<1,t<1,

then (A6) is satisfied, see [21, Corollary 2.4]. There are plenty of examples of complete Bernstein
functions which satisfy (A6) but not (H2). For any m > 0 and « € (0,2), the function ¢(\) :=
(A m?/ a)o‘/ 2 — m, the Laplace exponent of a relativistic stable subordinator, is such an example.

Recall that an open set D in R? is said to be a (uniform) C'"! open set if there exist a localization
radius R > 0 and a constant A > 0 such that for every z € 9D, there exist a C'!'-function v =
Y, : R — R satisfying 1(0) = 0, V4)(0) = (0,...,0), [|VY|leo < A, [VY(2) — Vip(w)] < Az —w|,
and an orthonormal coordinate system C'S, with its origin at z such that

The pair (R, A) is called the characteristics of the C1'! open set D.

Recall that an open set D is said to satisfy the interior and exterior balls conditions with radius
Ry if for every z € D, there exist z € D and y € D such that dist(z, dD) = Ry, dist(y, D) = Ry,
B(x,Ry) C D and B(y,R;) C D°. Tt is known, see [4, Definition 2.1 and Lemma 2.2], that an
open set D is a C1! open set if and only if it satisfies the interior and exterior ball conditions. By
taking R smaller if necessary, we will always assume a C'™! open set with characteristics (R, A) also
satisfies the interior and exterior balls conditions with the same radius R.

We can now state the main result of this paper. By §(z) we denote the distance of the point
x € D to the boundary 9D.

Theorem 1.1 Assume that ¢ is a Bernstein function satisfying (A1)—(A6). Let D C R be either
a bounded CY' domain, or a C*' domain with compact complement or a domain above the graph
of a bounded C*' function.

(1) If E is minimally thin in D at z € 0D with respect to Y?, then

/ 3(2)?p(d(x) )¢/ (v — 2|2
ENB(z,1)

|z — 2| T e(|z — 2|72)?

dr < co. (1.5)
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(2) Conversely, if E is the union of a subfamily of Whitney cubes of D and (1.5) holds true, then
E is minimally thin in D at z € 0D with respect to Y'P.

Since minimal thinness is defined for points in the minimal Martin boundary, the first step in
proving this theorem is the identification of the finite part of the (minimal) Martin boundary of
D with its Euclidean boundary. In case of a bounded Lipschitz domain, special subordinator S,
and d > 3, this was accomplished in [31, Theorem 4.3] (see also [33, Theorem 5.84]). The method
employed in [31, 33| heavily depended on the fact that the semigroup of the killed Brownian
motion WP in a bounded Lipschitz domain D is intrinsically ultracontractive which implies that
all excessive functions with respect to WP are purely excessive. In fact, [31] proves that there is
1-1 correspondence between the cone of excessive (respectively non-negative harmonic) functions of
WP and the cone of excessive (respectively non-negative harmonic) functions of Y2, thus allowing
an easy transfer of many results valid for WP to results for Y. In case of an unbounded domain,
the semigroup of WP is no longer intrinsically ultracontractive and the method from [31] cannot be
used to identify the finite part of the (minimal) Martin boundary of D with its Euclidean boundary.

In the case of killed subordinate Brownian motions, one of the main tools used in identifying the
(minimal) Martin boundary of a (possibly) unbounded open set is the boundary Harnack principle.

In the present case of subordinate killed Brownian motions, the boundary Harnack principle is
not yet available. As a substitute for the boundary Harnack principle, we first establish sharp two-
sided estimates on the Green functions of subordinate killed Brownian motions in any C'! domain
with compact complement or any domain above the graph of a bounded C'! function. This is done
in Section 3, see Theorems 3.1 and 3.2. In Section 4, by using some ideas from [31], we then show
that the Martin kernel M}l,)(‘, -) can be extended from D x D to D x D, cf. Proposition 4.4. By
using sharp two-sided estimates of the Green function, we subsequently establish in Theorems 4.5
and 4.6 sharp two-sided estimates for the Martin kernel M{? (z,2), x € D, z € 9D. The remaining
part of the section is devoted to proving that the finite part of the (minimal) Martin boundary
of D can be identified with its Euclidean boundary in case D is either a bounded C'' domain, a
C1! domain with compact complement or a domain above the graph of a bounded C'! function.
We note that in case of a bounded C*! domain (and under the assumptions (A1)—(A5)) this
gives an alternative proof of some of the results form [31]. Results of Sections 3 and 4 might be of
independent interest.

Having identified the finite part of the (minimal) Martin boundary with the Euclidean boundary,
we can follow the method developed by Aikawa, cf. [2] and [3, Part II, 7], which was also used in
[23], to prove Theorem 1.1. One of the main ingredients of this method is the quasi-additivity
of the capacity related to the process Y, see Proposition 5.9. This depends on the construction
of a measure comparable to the capacity which relies on an appropriate Hardy’s inequality. The
first result on minimal thinness is a criterion given in Proposition 6.2 stating that a subset E of
D is minimally thin at z € 0D (with respect to Y?) if and only if > 00, R]\E/l"g("z) (x0) < o0; here
E,=En{zeD: 2" <|z—2| <27} and zg € D a fixed point. The proof of this general result
depends on an inequality relating the Green function and the Martin kernel of Y?, cf. Corollary
4.14. The inequality itself hinges on sharp two-sided estimates of the Green function of Y? (cf.
Theorems 3.1 and 3.2) and sharp two-sided estimates of the Martin kernel (cf. Theorems 4.5 and
4.6). With the quasi-additivity of capacity and the criterion for minimal thinness from Proposition
6.2 in hand, it is rather straightforward to complete the proof of Theorem 1.1.

As an application of Theorem 1.1, we derive an analogue to a criterion in the classical setting
for minimal thinness in the half-space H of a set below the graph of a Lipschitz function f : R4~ —



[0,00). In the classical case and the case of killed subordinate Brownian motions in the half-space
studied in [23], the criterion states that the set A = {(Z,zq) € H: 0 < g < f(Z)} is minimally
thin at 0 if and only if f{\5|<1} f(@)|Z|7¢dx < co. For the subordinate killed Brownian motion Y
the criterion depends on the underlying Bernstein function ¢ and says that A is minimally thin at
0 if and only if

dr < 00,

/ f@)Po(f(@) %) (12]2)
(F<y |2z 72)?
see Proposition 6.5 and Remark 6.6 for the precise statement.

Finally, we give some examples. We first look at three processes related to the stable process:
(1) XP — the isotropic a-stable process killed upon exiting D, (2) Y? — the subordinate killed
Brownian motion in D with (a/2)-stable subordinator, and (3) Z” - the censored a-stable process
in D. Following [26] we briefly indicate how to prove criteria for minimal thinness for the censored
process, and then compare minimal thinness of a given set with respect to these processes and the
index of stability a. Roughly, minimal thinness for Z” implies minimal thinness for X which
in turn implies minimal thinness for Y, see Corollary 7.3 for the precise statement. We also
show that the converse does not hold. At the end of Section 7, we give some examples related to
subordinate killed Brownian motions via geometric stable subordinators.

Organization of the paper: In the next section we give some preliminaries on Bernstein functions
satisfying conditions (A1)-(A5) and on the subordinate killed Brownian motion Y” and its rela-
tion to the killed subordinate Brownian motion. In Section 3 we prove sharp two-sided estimates
for the Green function and the jumping kernel of YP. In Section 4 we identify the finite part of
the (minimal) Martin boundary with the Euclidean boundary and give sharp two-sided estimates
on the Martin kernel of YP. We continue in Section 5 with the proof of the quasi-additivity of
the capacity. Results about minimal thinness are proved in Section 6. The paper concludes with
criteria for minimal thinness with respect to processes related to the stable case, and with respect
to subordinate killed Brownian motions via geometric stable subordinators.

In this paper, we use the letter ¢, with or without subscripts, to denote a constant, whose value
may change from one appearance to another. The notation c(-,...,-) specifies the dependence of
the constant. The dependence of the constants on the domain D (including the dimension d) and
the Bernstein function ¢ will not be explicitly mentioned. For any two positive functions f and
g, f =< g means that there is a positive constant ¢ > 1 so that ¢! ¢ < f < cg on their common
domain of definition. We will use “:=” to denote a definition, which is read as “is defined to be”.
For a,b € R, a Ab:= min{a, b} and a V b := max{a, b}.

2 Preliminaries

In this section we first collect several properties of Bernstein functions and then collect some results
on the subordinate killed Brownian motion Y? and its relation to the killed subordinate Brownian
motion XP.

Lemma 2.1 (a) For every Bernstein function ¢,

1/\)\§M§1\//\, forallt >0,A>0. (2.1)
(t)
(b) If ¢ is a special Bernstein function, then X\ +— X2¢/(\) and \ )\2$E§\>)‘g are increasing

functions. Furthermore, for any v > 2, limy_q )ﬂ% = 0.



(c) If ¢ is a special Bernstein function, then for every d > 2, v > 2, A > 0, b € (0,1] and
a € [1,00) it holds that

/() —2 /(=2 r(\—2

L S W WO N )

aTFINTT G2 = 7 g(72)2 = TN (A7)

,  forallt e [bh,aN. (2.2)

Part (a) is well known, part (b) is proved in [18, Lemma 4.1], and part (c) can be proved in the
same way as [19, Corollary 2.2] where the proof is given for v = 2. We will frequently use all three
properties of the lemma, often without explicitly mentioning it.

Let W be a Brownian motion in R?, D € R? a domain, and WP a Brownian motion killed
upon exiting D. We denote by p”(t,z,9), t > 0, 2,y € D, the transition densities of WP, and
by (PP )t>0 the corresponding semigroup. Let S be a subordinator independent of the Brownian
motion W. Let V,” = Wéz be the corresponding subordinate killed Brownian motion in D. The
process Y is a symmetric Hunt process, cf. [32]. We will use (£P,D(EP)) to denote the Dirichlet
form associated with Y. The killing measure of £ has a density xp given by the formula

k() :/ (1— PP1(a)) ul(dt), w€D. (2.3)
(0,00)
It follows from the general theory of Dirichlet forms that for every v € D(EP) it holds that
EP (v, v) > / v(x)?kp(x) dr . (2.4)
D

Let (RP);>0 be the transition semigroup of Y”. We will need to compare this semigroup with
the semigroup of the killed subordinate Brownian motion. Recall that X; = Wy, is the subordinate
Brownian motion and (X”);>0 is the subprocess of X killed upon exiting D. Let (QP);> denote the
transition semigroup of XP. Tt is well known, cf. [32, Proposition 3.1], that (RP);>¢ is subordinate
to (QP)i>0 in the sense that

RPf(z) < QPf(x) forall Borel f: D — [0,00) all t >0 and all 2 € D. (2.5)

Let jx(x) denote the density of the Lévy measure of the process X. Then

jx(z) = /( |l 0) () = /( ) ten (L) (i)

Clearly, jx is a continuous function of z on R%\ {0} and radial (that is, jx () = jx(|z|)). Let
denote the killing function of XP. Then

/ﬁ;‘g(aj):/ jx(x—y)dy, xeD, (2.6)
and ng is a continuous function of z € D.

Lemma 2.2 For any open set D C R?,

kY (x) < kp(x), for almost all z € D. (2.7)



Proof. Using (2.5), the Lemma follows from the argument of [30, Proposition 3.2]. O

Assume ¢ is a Bernstein function satisfying (A1) so that the potential measure of S has a
decreasing density u(t). Then the Green function of the subordinate killed Brownian motion Y7,
denoted by UP(z,y), 2,y € D, is given by the formula

e} o0
UP(z,y) = / PP (t,z, y)u(t) dt = / rP(t,a,y)dt, z,yeD. (2.8)
0 0
Similarly, the Green function of X, denoted by Gx(z,v), z,y € R?, is given by
Gxlow) = [ ptayuydr, yer?, (29)
0

Since pP(t,x,y) < p(t,z,y) for all z,y € D, we see from (2.8) and (2.9) that
UP(z,y) < Gx(z,y), forallz,yc D. (2.10)

Assume now that ¢ is a Bernstein function satisfying (A1)—(A5) and let S be a subordinator
with Laplace exponent ¢. The potential density u(t) of S satisfies the following two estimates:

N A
and, for every M > 0 there exists ¢; = ¢ (M) > 0 such that

¢t

For the upper estimate see [18, Lemma A.1], and for the lower [18, Proposition 3.4]
The density p(t) of the Lévy measure of S satisfies the following two estimates:

pt) < (1—=2"H1t2¢t Y, t>o0, (2.13)
and, for every M > 0 there exists co = co(M) > 0 such that
p(t) > et/ (tY), 0<t< M. (2.14)

For the upper estimate see [18, Lemma A.1], and for the lower [18, Proposition 3.3].
Recall that Gx (x,y) denotes the Green function of the subordinate Brownian motion X; = W,.
When d > 3 we have that there exists c¢3 > 0 such that

¢'(lz —y[?)
|z = y|*2e(|lz —y[72)*”
This can be proved by following the proof of [21, Lemma 3.2(b)] using (2.11) and [18, Lemma 4.1].

Moreover, by [18, Proposition 4.5] we have the following two-sided inequality: For every d > 2 and
M > 0, there exists ¢4 = c4(M) > 1 such that

/ -2 / -2
o Y=y ¢ (lz—y| ™)
c < Gx(z,y) <ca ;
e e R e P T T
The Lévy density of X also has the following two-sided estimates by [18, Proposition 4.2]: For
every M > 0 there exists ¢5 = ¢3(M) > 0 such that

e TP () < ix(r) < esrT? ¢ (r7?), e (0,M]. (217)

Gx(z,y) <cs z,y € RY. (2.15)

|z —y| < M. (2.16)

Thus, by using Lemma 2.1(a) and (c), for every M > 0,
Jx(r) <ecjx(2r), re(0,M]. (2.18)



3 Kernel estimates on subordinate killed Brownian motion

In this section we assume that D C R? is either a bounded C''' domain, or a C%! domain with
compact complement or a domain above the graph of a bounded C!! function. We assume that
the C1! characteristics of D is (R, A).

Recall that (P)¢>0 denotes the transition semigroup of the killed Brownian motion W and
pP(t,z,y), t > 0, z,y € D, is the corresponding transition density. It is known that pP(t,z,y)
satisfies the following short-time estimates (cf. [35, 36, 29]): For any T' > 0, there exist positive
constants c¢1, co, ¢3, ¢4 such that for any ¢ € (0,7] and any x,y € D,

Pt <a (P00 (0 01) oy (<2 gy
pP(t,x,y) > c3 (512[(23) A 1> (5’3\[(3) A 1) t=42 exp (-M) . (3.2)

Thus, by the semigroup property and (3.1), we get there exist positive constants cs, cg, ¢7, cg such
that for every t > 3

Pt x,y) // (1,2, 2)pP(t — 2, z,w)pP (1, w, y)dzdw
YAL) (8(y) A1)

<5 ( 1
/ / exp (—cglz — 2[%) (t —2)" Y2 exp <—%’f:2w’2> exp (—cglw — y|?) dzdw

cs (6(x) A1) (6(y) A1)
/Rd /Rd exp (—cslr — 2|%) (t —2)" % exp <—Cd:__2w|2> exp (—cglw — y|?) dzdw

< 7 (5(x) A 1) (5(5) A 1) 12 exp (—8"”;”') .

<

Combining this with (3.1), we have that there exist positive constant cg, c19 such that for all ¢ > 0
and any x,y € D,

PP (t,2,y) < co (ji(:f\)1 A 1) (\Z(yA)l A 1) 42 exp <—W) . (3.3)

We will use the following bound several times: By the change of variables s = c|z — y|?/t, for every
c>0and a € R, we have

/Olacy2 <5\(2) A 1) <5\%) A 1> 792 oxp (-M) gt
() () () et

1—(a/2) < 0(z) A 1) ( o) /\1) |:U—y_“+2/ §%/272¢75 . (3.4)
‘.f - y‘ T — y’ c

v

Our first goal is to obtain sharp two-sided estimates on UP. Under stronger assumptions on
the Laplace exponent ¢ such estimates were given in [33, Theorem 5.91] for bounded D. In the
remainder of this section ¢ is a Bernstein function satisfying (A1)—(A5). We first consider the
case |z —y| < M.



Theorem 3.1 For every M > 0, there exists a constant ¢ = ¢(M) > 1 such that for all z,y € D
with |z —y| < M,

6(x)6 (o — |2
( ,.i ’ ;7/) : 1) = .jrd(l%u?— ;\—%2
3()3) | 1) (1 — )

|z —y[? [z —yl*2e(lz —y[72)*

Proof. Upper bound: It follows from (2.10) and (2.16) that there exists a constant ¢; > 0 such
that for all z,y € D with |z —y| < M,

<UP(z,y)<ec ( (3.5)

¢'(lo —y|™?)
|z —y|*2(|lz —y[72)*

UD(:c,y) < Gx(z,y) < (3.6)

Let ¢y be the constant c¢jp in (3.3). Since t — i&ii;% is increasing, using (2.11) we have that

for r > 0,
L(r) = /T2 74271 oxpy <—¢>u(t) dt < ¢3 /TQ =9/21 oxp (_ CQTQ)t72 ¢'(t™") di
0 ' o ! o(t=1)?

¢I —2 r? a4 er? L ¢/ —2 fe’e) d B
§C3¢(§i2)2/0 t72 3exp (‘T) dt = cqr™¢ 4¢<§,T_2)2 /62 t2le " dt. (3.7)

On the other hand, since u is decreasing, using (2.11) we have that for r > 0,

L(r) = / 210 dt < u(r?) / /21y

r2

1) 0o /(0 —2
§C5r4z(§r_2)2 / 2 td/Qldtgcwd‘*z(f:z)z. (3.8)

It follows from [18, Lemma 4.4] that

L= / 42y (1) dt < oc. (3.9)
(2M)?
Thus from (2.8), (3.3) and (3.7)—(3.9), we have that, for |z — y| < M,

Dﬂf = = D X u
UP(z,y) /0 PP (¢, 2, y)ut) dt

lz—y|? (2M)? oo
<[" Pty [ Peaguods [ P d
0 g2 (2012
‘$7y|2 CZ|:E — y|2
§07/ t2715(2)6(y) exp <_t> u(t) dt
0

(2M)2 0o
ber / 19215 ()5 (y)u(t) db + ¢ / 1425 (2)5 (3 )ult) dt
foyl? (2012

6(2)d(y) ¢'(lo —y|™?)
[z =yl |z —yl*2e(lz —y[72)*

<erd(@)3(y) (L(le — yl) + Io(la — yl) + L) < cs

10



/(=2
In the last inequality above we use the fact that r — r—44 i(ff_Q)% is a decreasing function and

is thus bounded from below by a positive constant on (0, M?]. Together with (3.6) this gives the
upper bound in (3.5).
Lower bound: Since u is decreasing and |x — y| < M, by (3.2) and (2.12),

UP(z,y) > ¢ /Ohc_y2 <5\(2) A 1> <5(\/yi) A 1> =2 exp (M) u(t) dt

> coul|z — y[?) /Ox_ylz <5(¢‘? A 1) (‘5(\/? A 1) 1412 expy <—010|xt_y‘2> dt
2 oy /I (7 ) (g na) e (2080 )

By combining this with (3.4) we arrive at

090> e (P2 n1) (2 01) &1 =y )

|z — 1y |z —yl |z =yl 2¢(Jx —y|~2)?
;:<5@0My)A1> ¢ |z —y|?)

|z —y[? |z —y|*2(|lz —y[72)*

O

We now assume d > 3 and consider our two types of unbounded C*! domains and give different
estimates for UP.

If D C R? is a domain above the graph of a bounded C! function, then it follows from [35, 29]
that there exist positive constants ci, ca, cs and ¢4 such that for any ¢ € (0,00) and any z,y € D,

pP(t,z,y) <1 <5\(}Ut) A 1) <5\%) A 1) t=42 exp (-M) , (3.10)
Pt 2 o (DD A1) (B ) e (-0 (3.11)

Clearly for a > 2,

[ G n) ) s 225 (2250) (P50 s 012

By the change of variables s = |x — y|?/t and the inequality

<*/§6(m)m> g\/§< o) /\1>, s> 1,

|z —y| |z —y|

it is easy to see that for a € R and b > 0, there exist a constant ¢ = ¢(a,b) > 0 such that

P 6@) N (38 | e e (MY
/0 <ﬁ:c>< 5(\;)% AM))Z 5(y)p51> tl)t (3.13)
~ \lz—yl |z — y] lz —ylo—2 :

11




If D ¢ R?is a C*! domain with compact complement, then it follows from [36] that there exist
positive constants ¢, cg, 7 and cg such that for any ¢ € (0,00) and any z,y € D,

pDﬁﬁay)§C5<;ZiilAl> <J§iﬁ»A1>t@Qema<—cdxtm2>, (3.14)
fm%wzw<%fﬂu>Q%?ﬂu)wwmp(gmgw). (3.15)
Clearly for a > 2,
/:pr <\ji(f\)1 A 1> <\2(‘Z)1 A 1> =2t
<23 (Fhhe ) (P ) e (310)

By the change of variables s = |x — y|?/t and the inequalities

(wffﬂdAl>§<0x—iﬁ%wu/“>S‘@<ufgﬂaAl>’521’

it is easy to see that for a € R and b > 0, there exists a constant ¢ = ¢(a, b) > 0 such that

/olm_w (ji(i)l " 1) (ji( 11)1 " 1) v e <_w> “

<e(@Zim ) (B e (347
and
AzW(%?ﬂﬂ)&%?ﬂﬂ)t“@m(ﬁmzw>ﬁ
> (G2 ) (ot ) e 19

Theorem 3.2 Suppose that d > 3 and that ¢ is a Bernstein function satisfying (A1)—(A3) and
(A6). (1) Let D C R? be a domain above the graph of a bounded C*' function. There exists a
constant ¢1 > 1 such that for all z,y € D,

C;(5W>AQ<5@>AQ“W‘M%SU%%w

lz —y] |z — 1y |z — y|d2

<o (501) ()

(2) Let D C R% be a C*' domain with compact complement. There exists a constant ¢; > 1 such
that for all x,y € D,

G Y. R

-y Al ) oyt

5(x) 5(y) u(lz — y[?)
< — A1l Al .
_q<w—MA1 )(m—wAl [ — g2
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Proof. We give the proof of (2) first.
Upper bound: Using (1.3) and the fact u is decreasing, we have from (3.14) that

D = ~ D X u
UP(z,y) —/0 PP (¢, 2, y)ult) di

<c /OOO <\2(i)1 A 1) (\jf(?j\)l A 1) /2 exp (—M) u(t) dt
<aale ~ yullz ~ o) | o (1) (25 n1) e (—"””jf"Q) i
+cru(lz — y[?) /jy|2 (ji(i)l A 1> <\/E(y)1 A > —d/2 gy,

Together with (3.16)—(3.17) we obtain the upper bound.
Lower bound: Since u is decreasing, by (3.15)

UL (z,y) 264/0$_y2 <\j§i)1 A 1) <\2('71)1 A 1) =2 exp <—C5|xt_y|2> u(t) dt

>cqul|z — y|?) /Ox_yp <ji(”/”\)1 A 1) <\2(9A)1 A 1) /2 oxp <—C5|xt_y|2> dt. (3.19)

Combining (3.19) and (3.18) we arrive at

> G NP Y R N
u (l"’y)Z%(m—yMlAl) <Ifc—y|A1M> o —y|t2

Using (3.4) and (3.10)-(3.13), instead of (3.14)—(3.19), the proof of (1) is similar to (2). O

Proposition 3.3 The Green function UP is jointly continuous in the extended sense, hence jointly
lower semi-continuous, on D X D.

Proof. Let z,y € D, z # y, and set n = |x—y|/2. Let (x5, yn)n>1 be a sequence in D x D converging
to (z,y) and assume that |z, — y,| > 1. For every t > 0, lim, o0 p”(t, T, yn) = pP(t,z,y).

Moreover 9

D —d/2 ‘xn — yn’2 —d/2 n
p (tamnvyn) < (47Tt) exXp _T < (47Tt) exp —4—t .

Since the process X is transient, we have that

00 2
/ (4mt) =2 exp <_Zt) u(t)dt < co.
0

Now it follows from the bounded convergence theorem that

o

lim UP(z,,y,) = lim PP (t, T, yn)u(t) dt = / pP(t, 2, y)u(t) dt = UP (z,y).
0

n—o0 n—o0 0

On the other hand, from Theorem 3.1 we get that

lim UP (2, yn) = 400 = UP (z,2).
(Inyyn)%(xvx)

13



Thus UP is jointly continuous in the extended sense, and therefore jointly lower semi-continuous.
g

We now recall a result from analysis (see [34, Theorem 1, p. 167]): Any open set D C RY is the
union of a family {Q;};en of closed cubes, with sides all parallel to the axes, satisfying the following
properties: (i) int(Q;) N int(Qx) =0, j # k; (ii) for any j, diam(Q;) < dist(Q;,0D) < 4diam(Q);),
where dist(Q;,0D) denotes the Euclidean distance between Q; and dD. The family {Q;}jen above
is called a Whitney decomposition of D and the Q);’s are called Whitney cubes (of D). We will use
z; to denote the center of the cube @;. For each cube Q; let @ denote the interior of the double

of Qj'

Corollary 3.4 (i) For every M > 0 there exists a constant ¢y = c1(M) > 1 such that for all
Whitney cubes Q; whose diameter is less than M,

T UP (2 y) <UP(2,y) < aUP()y), (3.20)

for all z,2" € Q; and ally € D\ Q; with dist(y, @Q;) < M.
(i1) For every M > 0 there exists a constant ca = ca(M) > 0 such that for all cubes Q; whose
diameter is less than M and all z,2" € Q);, it holds that

UP(z,2") > ¢2Gx(x,2'). (3.21)

Proof. (i) From the geometry of Whitney cubes it is easy to see that there exists a constant ¢ > 1
such that for every cube @); it holds that

¢ 1o(x) < 6(x;) < cd(x), forallz ey,
c o —y| <|v;—y| <clz—y|, foralzeQ;and ally e D\ Q; .

Together with Theorem 3.1 and Lemma 2.1(c), these estimates imply that
UP (z,y) < UD(xj,y) , forallz € @ and all y € D\ Q} with dist(y, Q;) < M,
with a constant independent of @);. This clearly implies the statement of the corollary.

(ii) If z, 2" € Qj, then |z — 2| < diam(Q;) < dist(Q;,9D) < d(x) A d(z") A (4M). Thus it follows
from (3.5) and (2.16) that

/ /11—2
o ¥z — |2)
(@.2) 2 & g — o)

5 = C2 Gx(x,2').

Let JP(x,y) be the jumping density of Y'” defined by
JP(2,y) = /0 pP (t,x,y)u(t) dt.

Clearly JP(z,y) < jx(|z —y|), =,y € D.
Using (2.13), (2.14), (2.17) and the fact that t2¢/(¢) is increasing (see Lemma 2.1(b)), the proof
of the next proposition is very similar to that of Theorem 3.1.

14



Proposition 3.5 For every M > 0, there exists a constant ¢ = ¢(M) > 1 such that such that for
all z,y € D with |x —y| < M,

o (B0 ) S D) iy < (S00) ) Slui)

|z —y|? |z —yldt2 — |z —y|? |z — y|d+2

For any open subset B of D, let UP-®(z,y) be the Green function of Y'? killed upon exiting B.
We define the Poisson kernel

KPB(z,y) = /BUD’B(x,z)JD(z,y)dz, (x,y) € B x (D\ B). (3.22)

Using the Lévy system for Y, we know that for every open subset B of D and every f > 0 on
D\ B and z € B,

E, [f(Y2); Y2_ 4 YP] = / KPP,y f(y)dy. (3.23)
D\B

Lemma 3.6 For every M > 0, there exists ¢ = ¢(M) > 0 such that for any ball B(zo,r) C D of
radius v € (0, 1], we have for all (z,y) € B(xo,r) X (D \ B(zo,r)) with |z —y| < M,

¢'((ly — x| —7)7?)

(ly — ol = r)**3

KPP0 (,y) < cd(y) o(r2)L. (3.24)

Proof. Let B = B(zg,7). Since UP"B(x,y) < Gx(x,y), (3.22) and Proposition 3.5 imply that for
every (r,y) € B x (D \ B) with |z —y| < M,

KD’B(m,y)S/ Gx(z,2)JP(z,y)dz

< et / Gvta) (110 5 1) 92070

_y‘Q

¢’ |Z yl~?)
<c(M / Gx(x,z) Iz =2 2dz. (3.25)

Since |z — y| > |y — x| — r and t — t=973¢/(t72) is decreasing (see Lemma 2.1(b)),

/ _ 2 / _ —
/G xzqﬁ!z yl~ )dz<¢((!y zo| — 1) /Gxxz

=yt T (ly = @ —r)4H?
¢'((ly — x| =)~
< (y — 20| — r)4+3 /B(o,zr)G (0, 2)dz. (3.26)

By (2.16), we have

¢'(121?) o (r?)
Gx(0,z2)d —d=27 = ) g 3 d
/3(072” x(0,2)dz < ¢ /13(0,27«)‘ z|” EEE z 02/0 r 522 r
27 e3p(27 1) < 2e49(r %)L (3.27)

Combining (3.25)—(3.27), we have proved the proposition. 0
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4 Martin boundary and Martin kernel estimates

In this section we assume that D C R? is either a bounded C''' domain, or a C%! domain with
compact complement or a domain above the graph of a bounded C!! function. We assume that
the C1:! characteristics of D is (R, A).

Denote by YD the subordinate killed Brownian motion via a subordinator with Laplace expo-
nent A\/¢(N\). Let p(dt) be the Lévy measure of the (possibly killed) subordinator with Laplace
exponent A\/¢(\), the conjugate Bernstein function of ¢(A). Since u((0,00)) = oo, we also have
£((0,00)) = oo, \

= u(oo - —e 0
Sy = o)+ [ =)

and
u(t) = il(t,0)) + u(ox). (4.1)

(See [33, Corollary 5.5] and the paragraph after it.)
Denote by (Rt )t>0 the transition semigroup of Y2 and by UP the potential operator of V2.
For any function f which is excessive for W2 we define an operator VD by

VP f(z) = u(o0) f () +/ (f(x) = PPf() idt), weD.

(0,00)
Let GP(z,y) = [;° p"(t,z,y)dt be the Green function of WP.
Lemma 4.1 For any x,y € D, we have
UD(‘T;a y) = VD(GD<'7 y))(l’)

Proof. By the semigroup property, for every s > 0,

GP(ay) = [ pPamat= [ okt [P+ s

0 0 0

= [Pt PP [T o @ = [P e+ PEGP (o).

Thus
| @@y - PP @i = [ [ o e wpdeitas) (42)
(0,00) (0,00) JO

Using (4.1) we see that

VD D . xTr) = D$ i S
VPGP () (x) = u(00)GP (x,y +/(Om)/ (t, 2, y)dtfi(ds)
= u(oo GD:L‘y—i—/Ou pP(t,z,y)dt

o0

= u(c0)GP(,y) + /0 (00))pP (¢, 2, y)dt = UP(z, ).



Note that according to the pointwise version of the Bochner subordination formula one can
regard —V as the generator of YP. This provides an intuitive explanation of Lemma (4.1), namely
VPUP (-, y) = VPVPGP(- y) = —AGP(-y) = =4,

Fix a point zy € D and define the Martin kernel with respect to Y'? based at zy by

5 ZL‘,yED, y#% (43)

We will establish some relation between the Martin kernel for Y2 and the Martin kernel for WP.
Define the Martin kernel with respect to WP based at xy by
GP (z,y)

MD(x’y) = m, x,yGD, y;«émo (44)

Since D is a C! domain, for each z € 9D there exists the limit

MP (z,2) == lim MP(z,y).
Yy—z
In the next lemma, we extend [33, Lemma 5.82] by including our two types of unbounded C*:!
domains and the case d = 2 for bounded C'! domains.

Lemma 4.2 If (y;);>1 is a sequence of points in D such that lim;_,o y; = 2z € 0D, then for each
t>0 and each x € D,

lim PP <GD("yf) ) (z) = PP(MP (-, 2))(x).
j—o0 GP(z0,y;) ' ’

Proof. Recall that the C! characteristics of D is (R,A). Fix x € D and let Ry := (R A |xg —
z| A |z — z|)/4. We assume all y; are in B(z, R1/2) N D. For any r € (0, R1], there exists a ball
B(A,(z),r/2) C DN B(z,r). It is well known (see [1, page 140] and [17, Theorem 7.1]) that there
exist ¢, 8 > 0 such that for any r € (0, R;] and any (y,w) € DN B(z,r) x (D \ B(z,2r)),

B
-z
\MP (w,y) — MP(w, 2)| < e MP (w, A, (2)) ('y - |> . (4.5)
Let g(w) = |w|~%*?2 be the Newtonian kernel when d > 3 and be the logarithmic kernel g(z) =
<log ﬁ) V1 when d = 2. Using the estimate of p” (¢, z,y) in (3.1) and the Green function estimates

of Brownian motion, we have the following estimates: for every t > 0 there exists a constant
co = c2(t,0(z), R1) > 0 such that

pD(tvxvy)MD(yaz) §czg(y—2) VyeB(ZaRl)mDv (46)
PPt 2, y)MP (y,y;) < c2g(y — y;) Wy € B(y;, R1) N D. (4.7)
In fact, since
( i(y) A 5(y)> <9,
ly =yl 9(yy)
for d > 3,
GP(y,y;)



< ea(t. 8(2) ) ( 3(y) /\1)( 9(y;) /\1) = g2

(yj) \ly — yjl ly = vl
< st @) 5 (2 Ay g2
< catt.0(o) (20 0 SO by < 2ealn 0 12

This proves (4.7) for d > 3, and by letting y; — z, we get (4.6) for d > 3. The proofs of (4.6) and
(4.7) for d = 2 are similar.
The inequalities (4.6) and (4.7) imply that for every » < R; and sufficiently large j,

/ PP (1,2, y)(MP(y, ) + MP(y, 2))dy < 25 / o(y)dy. (48)
DNB(z,r) B(0,2r)

Given € > 0, choose 0 < r; < Ry small such that fB(O 2T1)g(y)dy < ¢/(4c). For y € D\ B(z,r1),
by (4.5) we get that

N
M2 () = MO ()] < by, 4, () () (4.9

Therefore, using the fact that y — MP(y, 2) is excessive for WP, for every large j
GP(,y5) >
pP (’J z) — PP(MP(-, 2))(z
PP (o) (@)= PPQIP (2w

S/ PPt z,y)(MP (y, y;) + MP(y, Z))dy+/ PPt x,y) | MP (y,y;) — MP(y, 2)|dy
DﬁB(Z,Tj) D\B(zvrl)

RN L L\P
<e/2+ co <|yj7’1|> /DPtDMD(-,Arl(z))(y)dy<5/2—i—62<’y]7q1 ‘) MD(x,Arl(z))Ss.

a

Using the previous lemma, the proof of the next lemma is the same as that of [33, Theorem
5.83(b)]. So we omit the proof.

Lemma 4.3 If (y;);>1 s a sequence of points in D converging to z € 0D, then for every x € D,

. D GD('ayj) 2) = lim vD(GD(vy]))(x) _ 1D D Nz
5 77 (o) 0 = fim s 5 = PP )

Let us define the function HZ (z, z) := VP (MP(-,2))(z) on D x dD. Let (y;) be a sequence of
points in D converging to z € 9D, then from Lemma 4.3 we get that

V (G7(,y5))(x) U"(z,y5)
HP (2 = lim 22 = lim ————2 4.1
Y( 72) jlco GD(':U()vyj) jlco GD(£07yj) ’ ( O)

where the last equality follows from Lemma 4.1. In particular, there exists the limit

UP (20, y;)
lim =20 Y3) _ gDy 411
j=o0 GP (20, y;) v (@0,2) (4.11)
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Now we define a function M? on D x 0D by

_ HD
W, z) 1= A 2]

= , x€D,zedD. (4.12)
HP (w0, 2)

From the definition above and (4.10)—(4.11), we can easily see that

D

—D
=M D oD. 4.13
D3y—sz UD(fo,y) y(.%',Z), reb,zc ( )

Thus we have proved the following result.

Proposition 4.4 The function M)l,j(', -) can be extended from D x D to D x D so that for each
z € 0D we have that

D
b o UP(ny)
My (o) = i MY 9) = I 5D ng, )

The following two types of sharp two-sided estimates for M?(m,z) now follow easily from
Theorems 3.1 and 3.2.

Theorem 4.5 Assume that ¢ is a Bernstein function satisfying (A1)—(A5). Let D C R? be a
bounded C*' domain, or a CY' domain with compact complement or domain above the graph of a
bounded CY' function. For every M > 0 and z € D, there exists a constant ¢ = c¢(M, z) > 1 such
that for all x € D with |z — z| < M,

1 @)z —27%) 7D 3(z)¢' (| — 2[?)

< M < .
w2t gw — o 2 = My (@) S e g — 2o

(4.14)

Note that the constant ¢ in Theorem 4.5 will in general depend on z € dD. This is inconse-
quential, because the point z will always be fixed.

Theorem 4.6 Assume that ¢ is a Bernstein function satisfying (A1)—(A3) and (A6). (1) Let
D c R? be a domain above the graph of a bounded CY' function. There exists a constant ¢; > 1
such that for all x € D and z € D,

(|2 — 2*)|wo — 2| u(lz — 2[*)|zo — 2|

< M?(m, z) < c16(x)

-1 u
O og — 2Pl — 2 =

ullzo— 2P)w —2f8 (4.15)

(2) Let D C R% be a CY' domain with compact complement. There exists a constant co > 1 such
that for all x € D and z € 0D,

(2 ) (oAt sl Bl o

|z — 2| A1 |z — 2| A1 ) u(|zg — 2]?)|x — 2|2 —

<o (00 ) (B2t e ot (w.16)

x—2z| A1 |z — 2| A1 ) u(|lzo — 2|2)|z — 2|42

Remark 4.7 (1) Theorem 4.5 in particular implies that M?(-, z1) differs from M?(-, z9) if z; and
zo are two different points on 9D.
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(2) From Theorem 4.6, we have limps,—00 M?(x, z) =0 for any z € 9D. In fact, for |z — z| >
|z — 29| we have u(|z — z|) < u(|zo — 2|). It is clear that

2 2
- — 2N - —z A1l
lim sup <5(w)|x0 Ay ol ) < lim sup <|x0 cl i ) <o
D3>x—o00 |3§‘—Z‘ |IL‘—Z|/\1 D3z—00 |ZL'—Z| |ZL'—Z|/\1

Thus, in both cases,

u(lz — 21*)|wo — 27 o — 2|42

. =D . .
limsup My (x, z) < c¢limsup < climsup

= 0. 4.17
fim sup S e = o) — 22 = CHmSUP (4.17)

Using the continuity of UP in the extended sense (Proposition 3.3) and the upper bound in
(2.16), one can check that Y satisfies Hypothesis (B) in [24]. Therefore, D has a Martin boundary
Oy D with respect to Y2 satisfying the following properties:

(M1) D UOyD is a compact metric space (with the metric denoted by d);

(M2) D is open and dense in D U 9y D, and its relative topology coincides with its original
topology;

(M3) M{(x, -) can be uniquely extended to dpsD in such a way that

(a) M{(x,y) converges to MP (z,w) as y — w € dy D in the Martin topology;
(b) for each w € D U dp D the function x — M (z,w) is excessive with respect to Y2;

(c) the function (z,w) — M (x,w) is jointly continuous on D x ((D\ {z¢}) Udy D) in the
Martin topology and

(d) M{?(-,wl) + M{?(-,wg) if wy # wo and wy,wy € Iy D.

Recall that a positive harmonic function f for Y is minimal if, whenever h is a positive
harmonic function for Y2 with h < f on D, one must have f = ch for some constant c¢. A point
z € Oy D is called a minimal Martin boundary point if M{(-,z) is a minimal harmonic function
for Y. The minimal Martin boundary of Y? is denoted by 9, D.

We will say that a point w € dp D is a finite Martin boundary point if there exists a bounded
sequence (yn)n>1 C D converging to w in the Martin topology. Recall that a point w on the Martin
boundary dp D of D is said to be associated with z € 0D if there is a sequence (yn)n>1 C D
converging to w in the Martin topology and to z in the Fuclidean topology. The set of Martin
boundary points associated with z is denoted by 95,D.

By using Proposition 4.4, the proof of next lemma is same as that of [22, Lemma 3.6]. Thus we
omit it.

Proposition 4.8 For any z € D, 95, D consists of ezactly one point w and M (-, w) = M?(-, z).

Because of the proposition above, we will also use z to denote the point on the Martin boundary
07D associated with z € 0D. Note that it follows from the proof of [22, Lemmas 3.6] that if (y,)n>1
converges to z € dD in the Euclidean topology, then it also converges to z in the Martin topology.

In the remainder of this section, we fix z € 9D. The proof of the next result is same as that of
[22, Lemma 3.8]. Thus we omit the proof.

Lemma 4.9 For every bounded open O C O C D and every x € D, Mg(YTlg, z) is Py-integrable.
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Using the results above, we can get the following result.

Lemma 4.10 Suppose that ¢ is a Bernstein function satisfying (A1)—(A6). For any x € D and
r e (0,RA(6(x)/2)],

M)Q(x7 z) = E:v[Mij?(Yfg(zyr),Z)] :
Proof. Recall that D satisfies the interior and exterior balls conditions with radius R. Thus, for
all € (0, R], there is a ball B(A,(z),r/2) C DN B(z,r). Fix € D and a positive r < R A @.
Let
272m

N, 2= r and z, =A4,,(2), m=01,....

Note that
B(Zmyms1) € DN B(z,27 ) € DN B(2z,mm) € DN B(z,r) € D\ B(z,7)

for all m > 0. Thus by the harmonicity of M2 (-, 2,,), we have

MP (2, 2m) = By | MP (V2 W),zm)] .
Choose my = mg > 2 such that n,,, < 0(z¢)/4.
To prove the lemma, it suffices to show that {MP (YTDB y T),zm) :m > mg} is Py-uniformly

integrable. Fix an arbitrary ¢ > 0. We first note that if D is unbounded, by Theorem 3.2 there
exists L > 2r V 2 such that for every m > mg and w € D \ B(z, L),

o) e (S ) (L)) ule sl

UP(zg,2m) ~ 0(zm) \Jw —zm| A1 |lw— zm| A1 |w — 2,472
< S (5(em) A1) (8() A1) A= Eml) e = 2nl)
= o(zm) " [ — 2|72 = S — 2|42
(b/(‘w - Zm’72) ¢I((L/2)*2) -
= o= el 2w — 2 2R DL R~ 4

In the above inequalities, we have used Lemma 2.1(b). If D is a bounded domain we simply take
L = 2diam(D) so that D\ B(z,L) = 0. Thus

Eo |MP(YD  2a)iYD €D\ B(z L) <Z. (4.18)

TB(x,r)’ ? T TB(x,r -

By Theorem 3.1, there exist m; > mg and ¢; = ¢1(L) > 0 such that for every w € (D N B(z,L)) \
B(z,nm) and y € DN B(z, Mm+1),

MP (w, zn) < et ME (w,y), m > mj.
Letting y — z we get
M (w, 2) < et MP (w, 2), m >my,w € (DNB(z,L))\ B(z,nm). (4.19)
Since M{,)(YTI;(I T),z) is P,-integrable by Lemma 4.9, there is an Ny = Ny(g) > 1 such that
€
E, [M{?(YT’J:; o MP(YE 2y > Nofey| < o (4.20)
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By (4.18), (4.19) and (4.20),
[M{;’( D el MPOYD, 7)) > N and YTB( € D\B(z,nm)}

TB(x,
zm) > Noand Y2 € (DN B(z D)\ B(z,1m)|

IN
5@

D D
( TB(z, >7zm)7MY (YTB(I )’

VE, [M?(Yf;( L) YR ED\B(Z,L)}
€ € e 3e
< E, [M{?(Yf;(x LAaMPEh )>No}+1<012—q+zzz.

By (3.24), we have for m > my,

E, [My (Y2 am)iYE e DﬂB(z,nm)}

Bz, M) T 1p

:/ M?(w,zm)KD’B(x’r)(x,w)dw
DNB(z,mm)

"(Jw — x| —r)~2
< cpgp(r?) 7! /D B )Mlj/j(wv Zm)é(w)é(ﬁg — 1] ’_T)d)+3 )dw.
NB(z,mm

Since |w — x| > |z — 2| — |z — w| > 6(x) — nm > Ir, applying Lemma 2.1(a)—(c), we get that

E, [MP(YP an)iYP e DmB(z,nm)}

B T LTp g,

s<gr-d-3¢%<cw/4>-2yﬁ«3r/4>—2y-l/; o MR
N sNm

< C4r_d_3¢’(r_2)¢(7“_2)_1UD(:):0, Zm) ! /D o UP (w, Zm)0(w)dw. (4.21)
NB(z,mm

Note that, by Theorem 3.1 ,

C
UP (20, 2m) "' < —

- (4.22)

and by (2.16)

/ S(w)UP (w, 2 )dw < / 0(w)G x (w, zm)dw
DNB(z,mm) DNB(z,mm)

/ _ —2
6677m/ ¢ (|w = 2| ) de
D

NB(z,mm) |w - Zm‘d+2¢(|w - Zmliz)

ce7) / ¢ lw = Zm|_2) dw
m —
B(zm,21m) |w - Zm’d+2¢(|w - Zm’ 2)2

/ -2 20m 1 (n—2
_ WM/ ¢'(Jw| ) ﬁwzwm/ G I
B( 0

0,20m) [W|T2(|w] ) rip(r=?)?

2nm 1 o
I /0 . (W) dr < cgnmd((2nm) ). (4.23)

IN

IN

It follows from (4.21)—(4.23) that

E, [My (Y2 zm)iYP  eDn B(z,nm)]

TB( ) TB(
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1 < c(r)
((2nm)~2) — o((2nm)~2)

Thus there exists mo > mq such that for all m > mao,

< Cgridig(ﬁ/(TiZ)(ﬁ(Tiz)il

E, [M{?(YD 2m); YD >EDﬁB(z,nm)}§ :

TB(z,r)’ ) T TB(x,r

|

Consequently, for all m > mo,

E, [M{?(YD o) MP(YD ) > N} <e

TB(z,r)’ TB(xz,r)’
which implies that {M{? (YTZ;(I T),zm) :m > mg} is Py-uniformly integrable. 0
Using this, we can easily get the following

Theorem 4.11 Suppose that ¢ is a Bernstein function satisfying (A1)—(A6). The function
MP (-, 2) is harmonic in D with respect to Y.

Proof. The proof is the same as that of [22, Theorem 3.10]. O

Theorem 4.12 Suppose that ¢ is a Bernstein function satisfying (A1)—(A6). Every point z on
0D is a minimal Martin boundary point.

Proof. Fix z € dD and let h be a positive harmonic function for Y such that h < M{(-,z). By
the Martin representation in [24], there is a finite measure on dyrD such that

M) = [ P = [ MR (w) pldu) + AP, ().
Onm D O D\{z}
In particular, (9 D) = h(zg) < MP(z0,z) = 1 (because of the normalization at x(). Hence, y is
a sub-probability measure.
For € > 0, put K, := {w € Oy D : d(w, z) > €}. Then K, is a compact subset of dy;D. Define

u(zx) == ME (z,w) p(dw). (4.24)
K.

Then u is a positive harmonic function with respect to Y'? satisfying

u(@) < h(z) — p({DMP(@,2) < (1= p{z}) MP (2, 2) (4.25)

By (M3)(c), our estimates in Theorems 4.5 and 4.6 and the fact limpsy 0o M{Z (7, 2) = 0 (cf. Re-
mark 4.7) we see from (4.24) and (4.25) that u is bounded, limps,_y, u(x) = 0 for every w € 9D
and limps, 00 u(x) = 0. Therefore by the harmonicity of u, u = 0 in D.

We see from (4.24) that v = g, = 0. Since € > 0 was arbitrary and dy D \ {z} = Ueso K, we
see that ju9,, p\(-} = 0. Hence h = p({zH)ME (-, z) showing that MPL(-,z) is minimal. O

Combining Remark 4.7(1) and Theorem 4.12, we conclude that

Theorem 4.13 Suppose that ¢ is a Bernstein function satisfying (A1)—(A6). The finite part of
the minimal Martin boundary of D and the finite part of the Martin boundary of D both coincide
with the Fuclidean boundary 0D of D.
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We conclude this section with following inequality, which will be used in Section 6.

Corollary 4.14 Fiz z € 0D and assume that vo € D N B(z, R) satisfies R/4 < §(x9) < R and
M is the Martin kernel of D based on mo. Then there exists ¢ = c(z) > 0 such that for all
x,y € B(z, R/4) with %|ZL‘ —z| < |z —yl,

UP (z,y)

m < cUD(xo,y). (4.26)

Proof. It follows from Theorem 3.1 and Theorem 4.5 that
UP(z,y) = 6@)dy)e—yl~ ¢ (lx —y| >)o(jx — y| %) 2
MP(z,2) =< 0(x)|z— 2" (|l — 2 Do (jz — 2|72) 72,
UP(zo,y) = 6(y)lwo —yl™ ¢ (|0 — y| ") (|0 —yl ™) 7> < 6(y).

Since |zg — y| > R/4 and r — 7~ 4¢'(r=2)¢(r=2)~2 is decreasing, we can estimate UP (xg,y) >
c16(y). Using the monotonicity of r +— r=4=4¢/(r=2)p(r=2)72, we get

¢'(lz —yI™?) <. ¢'((3lz — 2))/4)~2)
[z —y|o(le —y[72)? T (Blr = 2) /)3l — 21)/4) %)%

Applying Lemma 2.1(c) we get that UP (x,y)/M{ (z,z) < ¢16(y). This completes the proof. O

5 Quasi-additivity of capacity

Throughout this section we assume that ¢ is a Bernstein function satisfying (A1)—(A5). Let Cap
denote the capacity with respect to the subordinate Brownian motion X and Capp the capacity
with respect to the subordinate killed Brownian motion Y. The goal of this section is to prove
that Capp is quasi-additive with respect to Whitney decompositions of D.

We start with the following inequality: There exist positive constants ¢; < c¢o such that

clrdgi)(rﬂ) < Cap(B(0,7)) < CQngZ)(r*Q) , for every r € (0,1]. (5.1)

Using (2.16), the proof of (5.1) is the same as that of [23, Proposition 5.2]. Thus we omit the proof.

For any open set D C R? let S(D) denote the collection of all excessive functions with respect
to YP and let S¢(D) be the family of positive functions in S(D) which are continuous in the
extended sense. For any v € S(D) and E C D, the reduced function of v relative to £ in D is
defined by

RE(z) = inf{w(z) : w € S(D) and w > v on E}, z e R4, (5.2)

The lower semi-continuous regularization EUE of RE is called the balayage of v relative to E in
D. Note that the killed Brownian motion WP is a strongly Feller process. Thus it follows by [5,
Proposition V.3.3] that the semigroup of Y also has strong Feller property. So it follows easily
from [5, Proposition V.2.2] that the cone of excessive functions S(D) is a balayage space in the
sense of [5].

In the remainder of this section we assume that D C R¢ is either a bounded C'! domain, or a
CY! domain with compact complement or a domain above the graph of a bounded C1! function.
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Given v € §¢(D), define a kernel k,, : D x D — [0, c0] by

ky(z,y) == , z,y €D. (5.3)

We will later consider v(y) = UP(y,z0) A 1. Note that k,(z,y) is jointly lower semi-continuous on
D x D by the joint lower semi-continuity of UP, cf. Proposition 3.3, and the assumptions that v
is positive and continuous in the extended sense. For a measure A on D let \,(dy) := A(dy)/v(y).
Then

D X
koA(2) = /D k(. y) A(dy) = /D Wwy):v&) /D UP(z,y) ﬁéy)) _ U(I@UDMdy).

We define a capacity with respect to the kernel &, as follows:
Cy(E) :=inf{||A]| : k,bA > 1 on E}, EcCD,

where ||A|| denotes the total mass of the measure A on D. The following dual representation of the
capacity of compact sets can be found in [15, Théoréme 1.1]:

Co(K) =sup{u(K): w(D\ K)=0,k,u <1on D}. (5.4)

For a compact set K C D, consider the balayage ﬁff . Being a potential, fif = UPNEY for a
measure A5V supported in K. Recall that (£P,D(EP)) is the Dirichlet form associated with Y.
Define the Green energy of K (with respect to v) by

Yo(K) ;:/ / UD(as,y))\K’”(daz))\K’”(dy):/ UPNE? () NEV (da) = EP(UP N P \Ewy
D JD D

As usual, this definition of energy is extended first to open and then to Borel subsets of D. By
following the proof of [23, Proposition 5.3] we see that for all Borel subsets £ C D it holds that

T(E) = Co(E). (5.5)

Note that in case v =1, v1(F) = C1(E) = Capp(F).

Let {Q;};>1 be a Whitney decomposition of D. Recall that z; is the center of Q; and Q; the
interior of the double of @;. Then {Q;, Q;} is a quasi-disjoint decomposition of D in the sense of
3, pp. 146-147).

Definition 5.1 A kernel k : D x D — [0, +00] is said to satisfy the local Harnack property with
localization constant r1 > 0 with respect to {Q;, Q5 } if

k(z,y) < k(2',y), for all z,2’ € Q; and ally € D\ Q; (5.6)
for all cubes Q; of diameter less than 1.

Definition 5.2 A function v : D — (0,00) is said to satisfy the local scale invariant Harnack
inequality with localization constant r1 > 0 with respect to {Q;} if there exists ¢ > 0 such that

supv < ciélfv, for all Q; with diam(Q;) < ry. (5.7)
Qj J
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Lemma 5.3 If v € §¢(D) satisfies the local scale invariant Harnack inequality with localization
constant r1 > 0 with respect to {Q;}, then the kernel k, satisfies the local Harnack property with
localization constant r1 > 0 with respect to {Q;, Q;}

Proof. This is an immediate consequence of Corollary 3.4(i). O

Typical examples of positive continuous excessive functions v that satisfy the scale invariant
Harnack inequality are functions v =1 and v = UP(-,z9) A ¢ with 29 € D and ¢ > 0 fixed.

Lemma 5.4 For every M > 0, there exists a constant ¢ = ¢(M) € (0,1) such that

cCapp(Q;) < Cap(Q;) < Capp(Q5) (5.8)

for all Whitney cubes whose diameter is less than M.
Proof. By (5.4) and (5.5) we have that for every compact set K C D,
Capp(K) = sup{u(K) : supp(u) C K,U”u <1 on D},

If supp(u) C K and Gxp < 1 on RY, then clearly UPu < 1 on D. This implies that Cap(K) <
Capp(K) for all compact subset K C D, in particular for each Whitney cube Q).

Let p be the capacitary measure of @Q; (with respect to Y?), ie., u(Q;) = Capp(Q;) and
UPu < 1. Then by Corollary 3.4(ii) for every = € Q; we have

1> UPp(z) = / UP (z,y) u(dy) > / G (z,y) p(dy) = Gy (en) (x)
Q .

J Qj

By the maximum principle it follows that Gx(cu) < 1 everywhere on RY. Hence, Cap(Q;)
(cp)(Qj) = cCapp(Q;).

2
O

Lemma 5.5 Suppose that v € S¢(D) is a function satisfying the local scale invariant Harnack
inequality with localization constant r1 > 0 with respect to YP. Then for every Qj of diameter less
than r1 and every E C @) it holds that

7w(B) = 0(2;)*Capp (). (5.9)
Proof. The proof is same as the proof of [23, Lemma 5.8(i)]. O
Definition 5.6 Let {Q;} be a Whitney decomposition of D and v € S°(D). A Borel measure o

on D is locally comparable to the capacity C, with respect to {Q;} at z € D if there exists r,c > 0
such that

0(Q;) <Cyp(Qj), for all Q; with Q; N B(z,r) #0,
o(E) < cCy(E), for all Borel E C DN B(z,2r).

Recall that (£, D(£P)) is the Dirichlet form associated with Y2.
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Lemma 5.7 (Local Hardy’s inequality) There exist constants ¢ > 0 and r > 0 such that for every
v e DEP) and z € OD,

EP(v,v) > ¢ / o(2)26(5(2)2) dx . (5.10)

DNB(z,r)

Proof. Since D is a C™! domain, there exist by > 1, Ry > 0 and a cone C whose vertex is at the
origin, such that for every z € 9D and = € DN B(z,b1R1/2), there exists C, which is a rotation of
C', such that

(C+z)N{bd(z) < |& —y| < R1} C D". (5.11)

Choose r € (0,by Ry /2) small that ¢((byr)~2) > 26(R;?).
Fix v € D(EP) and z € dD. By (2.4) and (2.7),

EP (v, v) > / v(x)’kp(z) de > / v(x)?kN (z) d .
DNB(z,r) DNB(z,r)
Let x € DN B(z,7). By (2.6), (5.11), and the lower bound in (2.17),
Kp(r) = /D j(w—y)dyZ/(A jla —y)dy

c C+x)N{b16(z)<|z—y|<R1}

> |z —y| "2 |z —y| ) dy

“ /(C+x)ﬁ{b16(ar)<|a:—y|<31}
> o [ ot s = a0 ) — (i)
> ) b3 ds = €2 1 1

= 27 lep((b1(2))7%) 2 e30(5(2) 7).

In the second to last inequality we used ¢((b16(x))~2) > ¢((bir)~2) > 2¢(R;?) and, in the last
inequality we used (2.1). O

For v € §¢(D), define

Proposition 5.8 Let v € S¢(D) satisfy the local scale invariant Harnack inequality with localiza-
tion constant r1 > 0 with respect to the Whitney decomposition {Q;}. Then o, is locally comparable
to the capacity C, with respect to {Q;} for every z € D.

Proof. Fix z € 9D and let 7 = (11 Ar2)/2 where rg is the constant r in Lemma 5.7. Since v satisfies
the local scale invariant Harnack inequality with localization constant ri, we have v < v(z;) on
any Q; of diameter less than 71. By Lemma 5.5, 7,(Q;) < v(z;)?Capp(Q;) for any Q; of diameter
less than r. On the other hand, by Lemma 5.4 and (5.1),

0u(Qj) = / v(2)?¢(5(x) %) dz = v(x;)*¢((diam(Q;)) ~*|Q;] < Cap(D) < Capp(Q;)

J

for all Q; with Q; N B(z,7) # 0. Thus 7,(Q;) < Capp(Q;).
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Using local Hardy’s inequality, Lemma 5.7, for any Borel subset £ C D and compact K C
E N B(z27r),

Y(E) > 4(K)=EPUPNEY UP K ch/K(UD/\K’”)(x)ng(é(:c)2)dm

= cl/ v(x)?p(6(x) %) dx = croy(K) .
K
This proves that v,(E) > ci10,(E). O

Now we can repeat the argument in the proof of [3, Theorem 7.1.3] and conclude that v, = C,
is quasi-additive with respect to {Q;}.

Proposition 5.9 For any Whitney decomposition {Q;} of D and any v € S°(D) satisfying the
local scale invariant Harnack inequality with respect to {Q;}, the Green energy v, is locally quasi-
additive with respect to {Q;} for every z € 0D: There exist r,c > 0 such that for every z € 0D,

¢! Z%(E NQ;) <w(E) < CZ%(E NQj;) for all Borel E C DN B(z,r).
Jj=1 Jj=1

6 Minimal thinness

Throughout this section, we assume that ¢ is a Bernstein function satisfying (A1)—(A6) and that
D C R% is either a bounded C'' domain, or a C*! domain with compact complement or a domain
above the graph of a bounded C! function. We assume that the C%! characteristics of D is (R, A).

We start this section by recalling the definition of minimal thinness of a set at a minimal Martin
boundary point with respect to the subordinate killed Brownian motion Y2.

Definition 6.1 Let D be an open set in RY. A set E C D is said to be minimally thin in D at
2 € O D with respect to Y if RAE/15(~,Z) # MP(,2).

For any z € O,,D, let YP* = (YtD’Z,IP’;) denote the M (-, z)-process, Doob’s h-transform of
YP with h(-) = MP(-,z). The lifetime of YP»* will be denoted by (. It is known (see [24]) that
limyp¢ Y;D’Z =z, P2-ais. For E C D, let T := inf{t > 0 : Y;D’Z € E}. Tt is proved in [14, Satz
2.6] that a set £ C D is minimally thin at z € 9, D if and only if there exists z € D such that
Pi(Te <) # 1.

We assume now that z is a fixed point in 9D and the base point x of the Martin kernel M@
(cf. (4.3)) satisfies xp € DN B(z, R) and R/4 < (xo) < R.

The following criterion for minimal thinness has been proved for a large class of symmetric
Lévy processes in [23, Proposition 6.4]. The proof is quite general and it works whenever (1) the
cone of excessive functions of the underlying process forms a balayage space, and (2) the inequality
in Corollary 4.14 relating the Green function and the Martin kernel of the processes is valid. In
particular, the proof works in the present setting. For F C D, define

E,=En{zeD:27"1<|z—2[<2™"}, n>1.

Proposition 6.2 A set E C D is minimally thin in D at z with respect to YP if and only if
[e'e) E,
> onet RM}L)(_,Z) (z0) < o0.
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Let us fix z € dD. Define v(z) = UP(x,29) A 1 so that v € S¢(D). By Theorems 3.1 and 4.5
we see that for x close to z,
MP(z,2) _ ¢'(Jz — 2[?)
v(z) o z|tHg(jz - 2]72)2

with a constant depending on z and z(, but not on z. By using Lemma 2.1(b), we see that there
exists a constant ¢y > 0 such that for large n,

p(n1)(d+4) gy (92(n+1)

n(d+4) 1/ (92n
12 o'(2 )v(:c)<Mil/)(:c 2) < ¢

] —¢(22n)2 < ,2) < ¢(22(n+1))2 v(ix), xz€kE,.

This implies that

CIIW 2(”+1)(d+4)¢/(22(n+1))

B(22(nt1))2 R,

n

REn < REn <

¢(22n)2 Vo= TMP(h2) —

In particular,

on(d+4) ¢/ (2271)

e RE»(24) < 0. (6.1)

ZRMD( @ ) < o0 if and only if

n=1
Since }/%f” is a potential, there is a measure \, (supported by E,,) charging no polar sets such that

RE» = UP,. Also, REn = v = UP(-,20) on E, (except for a polar set, and at least for large n),
hence

REr(z9) = UPAn(wo) = / UP(0,) Mn(dy) = / o(y) A(dy)
= /nRE” n(dy) = //UDﬂcy n(dy) An(dz) = 7o(En).

We conclude from (6.1) that

00 . ' . 2n(d+4)¢/(22n)
Z R]Wne(,z) (.’L‘(]) < 00 if and Only if W ’YU(ETL) < 00. (62)
n=1 n=1

Thus we have proved the following Wiener-type criterion for minimal thinness.

Corollary 6.3 E C D is minimally thin in D at z with respect to Y'P if and only if

o0 2n(d+4) ¢/ (22n)

PYCEDE Yo(En) < 00.

n=1
Now we state a version of Aikawa’s criterion for minimal thinness.

Proposition 6.4 Let z € 0D and E C D, let {Q;} be a Whitney decomposition of D and let x;
denote the center of Q;. The following are equivalent:

(a) E is minimally thin at z with respect to Y7
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(b)

v?(x;) ¢ (dist(z, Q)2
T (z5)¢' (dist(z, Q;) %)

o dist (2, Q) o (dist(2, Q5)2)? Capp(ENQ;) < oo;

J:Q;NB(z,1)

(¢)

dist?(Q;, 0D) ¢/ (dist(z, Q;)~2)
Capp(ENQ; . :
j:Qjm%(:z’l)#w dlSt(Z, Qj)d+4¢(dist(z, Qj)—2)2 apD( N Q]) < o0 (6 3)

Proof. By using Proposition 5.9, the proof is analogous to the proofs of [23, Proposition 6.6 and
Corollary 6.7], cf. also [26, Proposition 4.4], therefore we omit the proof. O

Proof of Theorem 1.1: Assume that E is minimally thin at z € 0D. By Proposition 6.4, the
series (6.3) converges. By Proposition 5.8, the measure

o(A) = / 6(5(x) 2 dr, ACD,
A
is comparable to the capacity Capp with respect to the Whitney decomposition {Q;}. Therefore
Capp(BNQ)) = (BN Q) =1 [ 1g,()ol6(w) ) do.

For z € Q; we have that dist?(Q;,dD) = §(z) and dist(z, Q;) < |z — 2|. Therefore,

dist?(Q;, OD) ¢/ (dist(z, Q;)2)
Capp(ENQ;
o j:Qjﬂ%(:z,n;éwdiSt(z’Qj)d“(ﬁ(dist(z,Qj)‘Q)? o (ENQ))
>0 > [ A 1 et ) s

§:Q;NB(2,1)#0 |z — z|HH(Jx — 2| 72)2

Caf UL,
EnB(s1) |7 — 2T (lr — 2| 72)?
Conversely, assume that E is a union of a subfamily of Whitney cubes of D. Then ENQ); is

either empty or equal to @;. Since Capp(Q;) =< 0(Q;) = fQj #(5(x)~2) dx, we can reverse the first
inequality in the display above to conclude that

Z dist*(Q;,0D)¢/ (dist(z, Q;)~2)
QB0 dist(z, Q;)* ¢ (dist(z, Q;)~2)?

Cof SePWEIE-D,
N ENB(z,1) .

|z — 2| (|l — 2] 72)?

Capp(ENQy)

a

Theorem 1.1 will be now applied to study minimal thinness of a set below the graph of a
Lipschitz function. We start by recalling Burdzy’s result, cf. [7, 16]: Let f : R%™! — [0,00) be a
Lipschitz function. The set A = {z = (Z,z4) € H: 0 < zg < f(Z)} is minimally thin in H with
respect to Brownian motion at z = 0 if and only if

/~ f@)|74dz < . (6.4)
{lzl<1}
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It is shown recently in [20] that the same criterion for minimal thinness is true for the subordinate
Brownian motions studied there. By using Theorem 1.1 one can follow the proof of [20, Theorem
4.4] and show the Burdzy-type criterion for minimal thinness in Proposition 6.5. In the proof we
will need the following simple observation: For any T' > 0, we have for t € (0, T,

/ t r2p(r=2) dr < t3¢(t72), (6.5)
0

Indeed, since 72¢(r=2) < t2¢(t~2) for all 0 < r < t, it follows that fg r2¢(r=2)dr < 3¢(t72). On
the other hand, since ¢ is increasing, fg r2¢(r=2) dr > ¢(t~2) f(f r?dr = §¢(t_2).

Proposition 6.5 Assume that d > 3 and that f : R4~ — [0,00) is a Lipschitz function. Suppose
D = {x = (T,2q) € R : 24 > h(T)} is the domain above the graph of a bounded C*' function h.
Then the set

A:={z=(T,2q) eRY: h(T) < xq < f(T) + h(T)}

is minimally thin in D at 0 with respect to Y'P if and only if
>\3 =2\ A (|77 —2
[ @U@ DD 66)
{lz[<1}

|Z| (|2 ~2)?

Proof. Without loss of generality we may assume that f(0) = 0. We first note that by the Lipschitz
continuity of f, it follows that |Z| < |z| < ¢1]7]| for x = (Z,24) € A. Hence by Fubini’s theorem we

have
z2p(x;) ¢ ( !fl?\ %) xdfb )9 (|z]7%)
/A /x|<1 dx/lA T, Tq dzxg

EECR FIEERrRE
@,
B /%|<1 |z|d+4¢(|z|~2)2 dz /0 20(x,?) dwg
/ F(@)3(f(@)2)¢' (|12]72) .
|z[<1

= P X
|Z| 42 9(|Z]~2)? ’

X

(6.7)

where the last asymptotic relation follows from (6.5) with 7' = supjz<; f(z). It follows from
Theorem 1.1 that if A is minimally thin in D at 0, then (6.6) holds true.

For the converse, let {Q;} be a Whitney decomposition of D and define £ = Ug,na.9Q;; clearly
A C E. Let Q] be the interior of the double of @; and note that {Q}} has bounded multiplicity,
say N. Moreover, if Q; N A # ), then by the Lipschitz continuity of f we have Q7 N Al < Q4]
Moreover, for x € Q} we have |z| < dist(0, Q;). Therefore

2632 (|| 2) 26(x32)¢ (2] 2)
/A (el 2 d“/E T EEa

[ oo,

2] (||72)?

QjNA#D "I

dist2(Q*, D)(dist—2(Q%, D)@ (dist2(0, Q)
< ’fﬁA J J
S 2 AT . g ot 0.6,
R LA IR W O g L (RO
s 2 /Qm PEr L / 2l (a2 68)

Q;NAZD

31



If (6.6) holds, then (6.7) and (6.8) imply that

/ 22p(x; )¢ (x| ~2)
FE

2l (e 22 <

Hence, by Theorem 1.1, F is minimally thin, and thus A is also minimally thin. ]

Remark 6.6 In case d > 2 and a bounded C1' domain, we can get an analog of Proposition 6.5.
Let z € 9D and choose a coordinate system C'S with its origin at z such that

B(Z?R) nD= {y = (ga yd) in CS': |y| < Rayd > h(@}’

where h is a Cb!-function h : R*! — R satisfying 2(0) = 0. Let f : R%~! — [0, 00) be a Lipschitz
function and

A={x=(Z,zq) € D: |z| < R,h(z) <zq < f(T) + h(z)}.
Then the set is minimally thin in D at z € D with respect to Y'? if and only if (6.6) holds true.

7 Examples

In this section we assume D is either a bounded C'! domain in R? or a half-space. We first
compare criteria for minimal thinness for three processes in D related to the isotropic a-stable
process. The first process is the killed isotropic a-stable process XP, 0 < o < 2, that is a
killed subordinate Brownian motion X; = Wg, where (S;):>0 is an («/2)-stable subordinator. The
corresponding Laplace exponent is the function ¢(\) = A\%/2_ The second process is the subordinate
killed Brownian motion Y;? = W£ with the same (a/2)-stable subordinator. The third process is
the censored a-stable process Z”. The process ZP is a symmetric Markov process with Dirichlet
form given by

C(o,v) = /D /D (v(y) — v(@))2(y — z) dy .

where j(z) is the density of the Lévy measure of the isotropic a-stable process. The censored stable
process was introduced and studied in [6]. When a € (1,2), ZP is transient and converges to the
boundary of D at its lifetime.

Hardy’s inequality for the Dirichlet form of ZP was obtained in [10, 13]. Let GZ be the Green
function of ZP. If D is a bounded C*! domain, sharp two-sided estimates on Gg were obtained in
[8]. If D is a half-space, say the upper half-space, then it follows from [6] that the censored a-stable
process in D satisfies the following scaling property: for any ¢ > 0, if (Z);>0 is a censored a-stable
process in D starting from x € D, then (CZt[/)ca)tZO is a censored a-stable process in D starting

from cz. Thus the transition density plg (t,x,y) of ZP satisfies the following relation:
pZ(tw,y) =t YopR (Lt a7 ), t> 0,2,y € D.

Now using the short-time heat kernel estimates in [9] we immediately arrive at the following global
estimates:

. e N @\ L Sp(a)\ !
pP(t,xy) =t7a [ 1A <1/\ ) (1/\ ) , on (0,00) x D x D.

‘I _ y‘ tl/a tl/a
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Using the above estimates, one can easily get sharp two-sided estimates on Gp from which one can
easily show that
G%(2,y)

=0.
23D —00 Gg(z, y)

Sharp two-sided estimates on G? give sharp two-sided estimates on the Martin kernel of ZP. The
arguments in [8] imply that the finite part of the minimal Martin boundary of D with respect to
ZP and the finite part of the Martin boundary of D with respect to Z” both coincide with the
Euclidean boundary 9D of D.

Based on these results, one can follow the proof of [26, Proposition 4.4] (which is an analog
of Proposition 6.4) line by line and see that the same results also hold when D is a half-space.
Therefore the following holds.

Proposition 7.1 Let a € (1,2) and d > 2. Let D be either a bounded CY' domain in R? or a
half-space, z € 0D, E C D, and let x; denote the center of Qj. Let xog € D be fized, Cap” be the
capacity with respect to ZP and v(z) = GL(z,10) A 1. The following are equivalent:

(a) E is minimally thin at z;
(b)

> dist(z, Q) Pu(a;)?Cap” (B N Q) < o0 (7.1)
3:QiNB(=z,1)70

Z dist(Q;, 0D)*@=1

dist(z, Q;)d+a—2 Cap”(ENQ;) < . (7.2)

5:Q;NB(2,1)#£0

It is shown in [26] that the measure o(A) := [, 6(2)~*dx is comparable to Cap® with respect to
the Whitney decomposition. Further, it follows from [8, Theorem 1.1] that v(xz;) < dist(Q;,0D) =
§(x)%@=1 for all x € Q;. With this in hand one can use the argument in the proof of Theorem 1.1
to prove the following criterion for minimal thinness with respect to the censored a-stable process.

Theorem 7.2 Assume that o € (1,2). Let D be either a bounded C*' domain in R% or a half-
space, d > 2, and let E be a Borel subset of D.
(1) If E is minimally thin in D at z € D with respect to ZP, then

§(x)*—2
/EﬂB(z,l) |z — z|dte2

(2) Conversely, if E is the union of a subfamily of Whitney cubes of D and is not minimally thin
in D at z € 0D with respect to Y, then

5 a—2
ENB(z,1) |z — 2|
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Note that for X the integral in the criterion for minimal thinness is

1
[
EnB(=1) |T — 2]

while for Y the corresponding integral becomes

5(w)2—a
——dx.
/EmB(z,l) |z — z|dt2e

Corollary 7.3 Let D be either a bounded C™' domain in R with d > 2 or a half-space with d > 3.
Let E be the union of a subfamily of Whitney cubes of D and z € 9D.

(i) Let 1 < a < 2. If E is minimally thin at z with respect to ZP, then it is minimally thin at z
with respect to XP.

(ii) Let 0 < a < 2. If E is minimally thin at z with respect to X, then it is minimally thin at z
with respect to Y.

(iii) Let 1 < an < ag < 2. If E is minimally thin at z with respect to the ay-stable censored process,
then it 1s minimally thin at z with respect to the ao-stable censored process.

(iv) Let 0 < a1 < ag < 2. If E is minimally thin at z with respect to YL with index o, then it is
manimally thin at z with respect to YP with index ;.

Proof. All statements follow easily from criteria in Theorems 1.1 and 7.2 together with the
observation that since 6(z) < |z — 2|,

(\f(—x)zry_a =1= <|.f(—m)z|>a_2 |

A criterion for minimal thinness of a set below the graph of a Lipschitz function with respect

a

to the censored stable process is given in the following result which can be proved in the same way
as Proposition 6.5.

Proposition 7.4 Let o € (1,2). Assume that f : R¥™1 — [0,00) is a Lipschitz function. Suppose
that D = {x = (Z,24) € RY: 0 < x4}. Then the set

A={z=@F,aq) €D: 0< 24 < f(@)}

is minimally thin in D at 0 with respect to ZP if and only if

~a—1
/ {(Ldf < 00. (7.3)
(<1 |72
In case of X P the criterion reads
/ &Z)d'f < 00, (7.4)
(7<1} |Z]

while for YP with d > 3, (6.6) becomes
73—«
/ @ o (7.5)
{

<1y [T
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Example 7.5 Let d > 3 and D = {z = (Z,24) € R : 0 < 24}, f : R¥™! — [0,00) a Lipschitz
function and put A:={z = (T,zq) € D: 0 < x4 < f(2)}.

(1) If f(Z) = |2|” with v > 1, then an easy calculation shows that all three integrals in (7.3)-(7.5)
are finite if and only if v > 1. Thus, for all three processes, A is minimally thin at z = 0 if and
only if v > 1.

(2) Let f(z) = |5\(10g(1/\§|))_6, B > 0. Then f is Lipschitz. By use of (7.3)-(7.5) it follows easily
that A is minimally thin at z =0

1
with respect to Z? if and only if 8 > o1
o —

with respect to X if and only if 8 > 1,

1
with respect to Y if and only if 3 > 3o
-«

Since 1 < 1/(3—a) for a € (0,2) and 1 < 1/(a—1) for @ € (1,2) this is in accordance with Corollary
7.3. By choosing 8 and « appropriately, we conclude that none of the converse in Corollary 7.3
holds true.

We conclude this paper with an example about minimal thinness with respect to subordinate
killed Brownian motion in the half-space via geometric stable subordinators. We define Li(\) =
log A, and for n > 2 and X > 0 large enough, L, (\) = Li(L,—1(\)). Applying Proposition 6.5, we
can easily check the following.

Example 7.6 Let d > 3 and a € (0, 1]. Suppose that D = {z = (z,74) € R?: 0 < 24} and Y is
the subordinate killed Brownian motion in D via a subordinator with Laplace exponent log(1+\%).
Assume that f : R“"1 — [0, 00) a Lipschitz function and define A := {z = (T,24) € D: 0 < x4 <
f(@)}

(1) Let f(z) = |z| (Ll(l/m))_ﬁ with 8 > 0. Then A is minimally thin at z = 0 with respect to
YP if and only if 3 > 0.

(2) Let n > 2 and f(F) = |7|(La(1/|F]) -+ Ln(1/|7])) * (Lns1(1/|7))) 7 with 8 > 0. Then A is
minimally thin at z = 0 with respect to Y if and only if § > 1/3.

Acknowledgements: We are grateful to the referee for the insightful comments on the first version
of this paper.
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