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Abstract

We study minimal thinness in the half-space H := {x = (Z,24) : @ € R 24 > 0} for a
large class of rotationally invariant Lévy processes, including symmetric stable processes and
sums of Brownian motion and independent stable processes. We show that the same test for
the minimal thinness of a subset of H below the graph of a nonnegative Lipschitz function is
valid for all processes in the considered class. In the classical case of Brownian motion this test
was proved by Burdzy.
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1 Introduction

Minimal thinness is a notion that describes the smallness of a set at a boundary point. More
precisely, let D be a domain in R, d > 2, let 9™ D (respectively ™ D) denote its Martin boundary
(respectively minimal Martin boundary) with respect to Brownian motion, and let M (x, 2), z € D,
z € OM D, be the corresponding Martin kernel with respect to Brownian motion. For A C D, let
ﬁ;‘ﬂ) (2) denote the balayage of MP(-,z) onto A. The set A is said to be minimally thin in D
at z € 0™D with respect to Brownian motion if ﬁfﬂ) (+2) # MP(.,z). The concept of minimal
thinness in the context of classical potential theory was introduced and studied by Naim in [25]; for
a recent exposition see [1, Chapter 9]. A probabilistic interpretation of minimal thinness is due to
Doob, see, e.g., [15]: A C D is minimally thin in D with respect to Brownian motion at z € 9™ D if
there exists a point x € D such that with positive probability the MP(-, z)-conditioned Brownian
motion starting from x does not hit A.

We recall now two results about minimal thinness in the half-space H := {x = (z,z4) : T €
R4 x4 > 0}, d > 2, with respect to Brownian motion. The Martin boundary of H with respect
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to Brownian motion can be identified with 9H U {co}, where 9H = {(7,0) : 7 € R¢"!} and all
boundary points are minimal. The first result is due to Beurling [3] in the case d = 2 and Dahlberg
[14] in the case d > 3. By B(z,r) we denote the ball centered at z € R? with radius r > 0.

Theorem 1.1 Let A be a Borel subset of H and assume that

/ lz| "4 de = oo (1.1)
ANB(0,1)

Then A is not minimally thin in H with respect to Brownian motion at z = 0.

The second result is a test for the minimal thinness of a subset of H below the graph of a
nonnegative Lipschitz function originally proved by Burdzy [9] using a probabilistic approach. An

alternative proof using Theorem 1.1 was given by Gardiner [17].

Theorem 1.2 Let f : R — [0,00) be a Lipschitz function with Lipschitz constant a > 0. The
set A :={x = (T,xq) € H: 0 < xq < f(T)} is minimally thin in H with respect to Brownian
motion at z = 0 if and only if
f@)|z|"%dE < 0. (1.2)
{lz[<1}

The goal of this paper is to show that the above two theorems are still valid in exactly the same
form when Brownian motion is replaced with a wide class of rotationally invariant Lévy processes
(see Theorems 4.3-4.4). The precise description of this class will be given in the next section — for
now it suffices to know that it includes rotationally invariant a-stable processes, o € (0,2). The
Martin boundary theory for Hunt processes admitting a dual process (and satisfying an additional
hypothesis) was developed by Kunita and Watanabe [24], while the concept of minimal thinness
for such processes was studied by Follmer [16]. To the best of our knowledge no concrete criteria
for minimal thinness in the spirit of Theorems 1.1-1.2 have been obtained for any discontinuous
processes, not even the symmetric stable ones. Time is now ripe for such results due to the recent
progress in the potential theory of rotationally invariant Lévy processes, in particular subordinate
Brownian motions. Our proofs of the analogs of Theorems 1.1-1.2 will heavily rely on the very
recent work [19, 21, 22, 23] where a boundary Harnack principle and sharp estimates of the Green
function of certain subordinate Brownian motions were obtained.

We find the conclusion of our main result, Theorem 4.4, surprising since the test (1.2) is the
same for all processes in the considered class. In particular, for symmetric a-stable processes,
the criterion for the minimal thinness of the set A in H at z = 0 does not depend on the index
of stability «. This is in contrast with the following criterion for the thinness of thorns: Let
f :[0,00) — [0,00) be an increasing function such that f(r) > f(0) for all » > 0, and f(r)/r is
non-decreasing for sufficiently small > 0. Let A := {x € H : |z| < f(zq)}. Then A is thin in H



at 0 with respect to Brownian motion if and only if

d—3
/1<f(r)> ﬁ<oo, d>4,
0 T T

1 —14
/ ‘logm —T<oo, d=3.
0 T T

On the other hand, for o € (0,2), A is thin at 0 with respect to the symmetric a-stable process if

d—a—1
/1<f§jd)> %<oo, d > 3.
0

The above criterion for the thinness of thorns in H at 0 with respect to a-stable processes can be

and only if

proved by using Wiener’s test for stable processes [5, Corollary 4.17] and by slightly modifying the
proofs in [26, pp. 67-69] (by changing cylindrical surfaces to full cylinders).

This paper is organized as follows. In the next section we precisely describe the class of sub-
ordinate Brownian motions for which we will study minimal thinness in the half-space, recall from
[21, 22, 23] relevant results on the boundary Harnack principle for those processes, and derive
necessary estimates for the Green function of the half-space (for points close to the boundary and
to each other). In Section 3 we use these Green function estimates to obtain two-sided estimates
on the Martin kernel for points close to the origin and to each other. These estimates and the
boundary Harnack principle suffice to identify the finite part of the minimal Martin boundary of H
with OH. This result may be of independent interest. We then show how the studied processes fit
in the framework of minimal thinness in [16] and recall both the potential-theoretic and the proba-
bilistic definitions of minimal thinness. In the last section we state and prove Theorems 4.3-4.4, the
analogs of Theorems 1.1-1.2 for our processes. The main ingredients of the proof are Lemma 4.1
and Proposition 4.2 which are generalizations of [30, Theorem 2]. Instead of the estimates of the
classical Green function and Martin kernel we use our estimates from Sections 2 and 3 for points
close to the origin and the boundary Harnack principle for points away from the boundary.

We will use the following conventions in this paper. The values of the constants C1(R), ..., C5(R),
depending only on d, R > 0 and the Laplace exponent of the subordinator, will remain the same
throughout this paper, while the constants c, cg,c1,c2,... stand for constants whose values are
unimportant and which may change from one appearance to another. All constants are positive
finite numbers. We assume d > 2 and the dependence of the constants on the dimension d may not
be mentioned explicitly.

For two nonnegative functions f, g, f(t) ~ g(t), t — 0 (f(t) ~ g(t), t — oo, respectively) means
that lim;_, f(¢)/g(t) = 1 (im0 f(¢)/g(t) = 1, respectively). On the other hand, f(t) =< g(¢),
t— 0 (f(t) < g(t), t — oo, respectively) means that the quotient f(t)/g(t) stays bounded between
two positive constants as ¢ — 0 (as ¢t — oo, respectively). Simply, f < ¢g means that the quotient

f(t)/g(t) stays bounded between two positive constants on their common domain of definitions.



For any open set U, we denote by d7(z) the distance between = and the complement of U, i.e.,
S (x) = dist(x, U¢). We will use dx to denote the Lebesgue measure in R?. For a Borel set A C R?,
we also use |A| to denote its Lebesgue measure and diam(A) to denote the diameter of the set A.

[43

Finally, we will use “:=" to denote a definition, which is read as “is defined to be”.

2 Preliminaries on subordinate Brownian motion

In this section we will first describe a class of subordinate Brownian motions and their potential
theory. Recall that a subordinator S = (S)¢>0 is simply a nonnegative Lévy process with Sy = 0.

The Laplace exponent of S is a function ¢ : (0,00) — (0, 00) having the representation

H(N) = aX + / (1 —e M)n(dt), (2.1)

(0,00)

where a > 0 is the drift and 7 the Lévy measure of S, i.e., a measure on (0,00) satisfying
f(O,oo)(l A t)n(dt) < oco. The Laplace exponent ¢ determines the distribution of S; through the
formula Elexp{—AS;}] = exp{—t¢(A)}. Formula (2.1) shows that ¢ is a Bernstein function, i.e. a
nonnegative C° function on (0, c0) satisfying (—1)""'¢( > 0 for all n > 1. Since the sample
paths of S are nondecreasing functions, the subordinator S can serve as a stochastic time-change.

More precisely, let Y = (Y3, P2);>0 4ere be @ Brownian motion in R independent of S with
E [eiﬁ(’”t%)] — P ceRre > 0.

The stochastic process X = (X, Py);>0 ere defined by the formula X; := Y, is called a subordinate
Brownian motion. It is a rotationally invariant Lévy process in R? with characteristic exponent
D(€) = ¢(J¢|?) and infinitesimal generator —¢(—A). Here A denotes the Laplacian and ¢(—A) is
defined through functional calculus.

A Bernstein function ¢ is a complete Bernstein function if its Lévy measure n has a completely
monotone density, which will be denoted by n(t). We will consider the following class of subordi-
nate Brownian motions determined mainly by the asymptotic behavior at infinity of the Laplace
exponents of the corresponding subordinators:

Hypothesis (H): d > 2, ¢ is a complete Bernstein function, and there exists « € (0, 2] such that
H(N) = X¥20(N) as A — oo, where £ : (0,00) — (0,00) is measurable, locally bounded above and

below by positive constants, and slowly varying at oo. Additionally,
e in case a € (0,2) and d = 2, assume that there exists v < 1 such that liminfy_,o ¢(A)/AY > 0;

e in case a = 2, assume that d > 3, ¢ has a positive drift a and the Lévy density n of ¢ satisfies
the following condition: for any K > 0, there exists ¢ = ¢(K) > 1 such that

n(t) < en(2t), te (0,K). (2.2)

In this case one can take ¢ = 1.



In case the above hypothesis holds true we will say that subordinate Brownian motion X satisfies
(H). It is easy to check that in this case X is transient. Moreover, in this case the potential measure
U of the corresponding subordinator S has a density u which is also completely monotone (see,
e.g., [2, ITI, Theorem 5], [8, Corollary 5.4 and Corollary 5.5] and [28, Remark 10.6]).

In the case a € (0,2), (2.2) is a consequence of the asymptotic behavior of ¢ at infinity given
in the first sentence of (H), see [21, Theorem 2.10].

Subordinate Brownian motions satisfying (H) and with o € (0,2) were studied in [19, 21, 22].
Such a subordinate Brownian motion X is a purely discontinuous Lévy process in R? with charac-
teristic exponent ® satisfying ®(&) < [£|*4(|€]?), |£] — oo, € € RY. This class of processes includes
a-stable processes, corresponding to ¢(\) = A\/2 relativistic a-stable processes, corresponding to
d(N) = (A +m?*)¥2 —m, m > 0, sums of independent a-stable and S-stable processes, corre-
sponding to ¢(A) = X¥/2 4 A\/2 0 < B < a < 2, and many others (see [22] for further examples).

Subordinate Brownian motions satisfying (H) with o = 2 and d > 3 were studied in [23].
This class of processes includes independent sums of Brownian motion and S-stable processes
corresponding to ®(&) = alé|? 4 b%|€|? with a,b > 0, and independent sums of Brownian motion
and relativistic S-stable processes corresponding to ®(&) = al¢|?+ (A +m?/#)P/2 —m with a,m > 0,
and many others.

Let us first consider one-dimensional subordinate Brownian motions. Suppose that B = (Bt)¢>0

is a Brownian motion in R, independent of S, with
E [e“’(Bt—Bo)} — e geR, t>0.

The subordinate Brownian motion Z = (Z;);>0 in R defined by Z; := Bg, is a symmetric Lévy
process with characteristic exponent ®(6) = ¢(6?), § € R. Define Z; := sup{0V Z; : 0 < s < t}
and let L = (L; : t > 0) be a local time of Z — Z at 0. L is also called a local time of the process
Z reflected at the supremum. Then the right continuous inverse L, L of L is a subordinator and
is called the ladder time process of Z. The process 7L;1 is also a subordinator and is called the
ladder height process of X. (For basic properties of the ladder time and ladder height processes,
we refer the readers to [2, Chapter 6].) Let x denote the Laplace exponent of the ladder height
process of Z, and let V' be its potential measure. By a slight abuse of notation we also use V to
denote the function V' (t) = V((0,t)), t > 0.

From now on we assume that the process X is a subordinate Brownian motion satisfying (H).

Since X is transient, it has a Green function G(x,y) given by

_lz—y|?

Gla,y) = /0”(4m)_d/2€ #ou(t) dt,

where u is the potential density of the subordinator S. If we define

o 7‘2
G(r) = / (4mt)~¥2eTu(t)dt >0,
0



then G(-) is a non-increasing function on (0,00) and G(z,y) = G(|x — y|) for all z,y € R%.
When X is a subordinate Brownian motion satisfying (H), the Green function G(z,y) of X

satisfies the following sharp estimates
G(a,y) : 2 —y| =0 (23)
T,y) =< — T—y . .
|z —yl|9o(|z —y|=2)

The Laplace exponent x of the ladder height process of Z is a complete Bernstein function, the

function V is a smooth function and satisfies
V)=o)Vt 0. (2.4)

For these two results see [19, 21, 22] in case a € (0,2), and [23] in case o = 2. In fact, when o = 2,

we have more precisely,

T(d/2 - 1)
G(x,y) ~ 4a7rd/2\x — y\d_Q ) ‘CC - y‘ —0, (25)
V(t) ~at, t—0. (2.6)

We record two consequences of estimates (2.3) and (2.4).

Proposition 2.1 Suppose that X is a subordinate Brownian motion satisfying (H). Let R > 0.
(i) There ezists a constant C1(R) = C1(d, ¢, R) > 1 such that for all x,y € H satisfying |z —y| < R
it holds that

- —a_ Gz —yl) -
o —y| ™t < M= 20 < —y|7. 2.
Ci(R) "z —y[ ™" < Vi =D = C1(R)|z — y| (2.7)
(ii) There ezists a constant Cao(R) = Ca(d, ¢, R) > 1 such that
Co(R)! < V(t)—2/ G(0,2)dz < Co(R), 0<t<R. (2.8)
B(0,1)

Proof: Fix R > 0. We have by (2.3) and (2.4) that for |z —y| < R

1
|z =yl (lz —y[)?)

Now (2.7) follows immediately with the constant depending only on R, d, ¢.
For part (ii) note that for 0 < ¢t < R,

t t 1 to
G0,z)dx =c / r=1G(r) dr x/ rd=1 dr = ,
/B(O,t) (0.2) o (r) 0 rd=ef(r=2) £(t=2)

where in case a € (0, 2) the last asymptotic equality follows by a property of slowly varying function

G(lz —yl) = and  V(|z —y|) = o(jz —y[*) 71/,

¢ (see [4, Theorem 1.5.11] - Karamata’s theorem), while in the case a = 2 the last asymptotic

equality is trivial. Combining this with (2.4) we obtain (2.8). O



A nonnegative function h on R? is harmonic in an open set D C R? with respect to X if for
every open set B such that B C B C D and every = € B it holds that h(x) = E,[h(X,,)]. Here
5 = inf{t > 0: X; ¢ B} is the first exit time of X from B. A nonnegative function h on R is
regular harmonic in an open set D C RY with respect to X if h(z) = E,[h(X,,)] for all z € D.
The following Harnack principle is a consequence of [21, Theorem 4.7] when « € (0,2), and [27,
Theorem 4.5] when o = 2.

Theorem 2.2 (Harnack inequality) Suppose that X is a subordinate Brownian motion satisfy-
ing (H). For every R > 0, there exists ¢ = ¢(R,¢,d) > 0 such that for every r € (0, R), every
r € RY, and every nonnegative function h on R which is harmonic in B(x,r) with respect to X
we have

sup  h(y) <c inf h(y).

yEB(x,r/2) yEB(z,r/2)

Recall that H = {z = (Z,24) : T € R¥™! 24 > 0} is the half-space in R? and that 0H = {z =
(z,0) : T € R} denotes its boundary. Let z € OH. We will say that a function h : R? — R
vanishes continuously on H°NB(z,r) if h =0 on H°NB(z,r) and h is continuous at every point of
OHNB(z,r). By [11, Lemma 4.2] and its proof (which works for all subordinate Brownian motions
satisfying (H)), we see that, if h is a nonnegative function in R? that is harmonic in HNB(z,r) with
respect to X and vanishes continuously on H°N B(z,r), then h is regular harmonic in H N B(z,r)
with respect to X. Thus, using the Harnack inequality and a Harnack chain argument, the following
form of the boundary Harnack principle is a consequence of [22, Theorem 1.3] and [21, Theorem
4.22] in case o € (0,2), and [23, Theorem 1.2] in case av = 2. Note that the distance of the point
x € H to the boundary 0H will be denoted by g (x). Clearly, éy(x) = x4 for z € H.

Theorem 2.3 Suppose that X is a subordinate Brownian motion satisfying (H). Then, for every
R > 0 there exists a constant C3(R) = C3(d, ¢, R) > 0 such that for r € (0,2R], z € OH and
any nonnegative function h in R? that is harmonic in H N B(z,r) with respect to X and vanishes

continuously on H¢ N B(z,r), we have

h(y)
V(éu(y))

Recall that 77 = inf{t > 0: X; ¢ H}. The process X = (X}1);~¢ obtained by killing X upon
exiting H is defined by

ha) C5(R)

Von@) = for every x,y € HN B(z,r/2). (2.9)

XtI{ — Xt 5 t < TH ,

87 t>TH )
where 0 is the cemetery point. The killed process X is a symmetric Hunt process. Any function
h on H is automatically extended to 0 by setting h(9d) = 0. A nonnegative function h is harmonic
with respect to X if for every open set B such that B C B C H and every = € B it holds that

h(z) = E¢[h(X1L)]. A nonnegative function s on H is said to be excessive with respect to X



if s(x) > Eu[s(X[T)] for all t > 0 and x € H, and lim;o E;[s(X)] = s(z) for all z € H. Since
a subordinate Brownian motion is always a strong Feller process, any function which is excessive
with respect to X is lower semi-continuous.

For every D C H, X admits a Green function G : D x D — (0, 0o] defined by

GD(x,y) =G(z,y) —E;[G(X+,,y)], z,yeD.

The Green function GP is symmetric and continuous (in extended sense). We extend the domain
of the Green function GP to R¢ x R? by setting GP to be zero outside of D x D.
We will frequently use the well-known fact that G”(-,y) is harmonic in D \ {y}, and regular

harmonic in D \ B(y,¢) for every ¢ > 0. Moreover, by the strong Markov property, for all open
sets D1 C Dy C H,

GDl(xay) = GD2({1}’y) - E.I[GD2(XTD17:U)] S GDQ(%Z/), T,y S Dl- (210)

The following sharp estimates of G for points close to the boundary and to each other will be

crucial in the sequel.

Theorem 2.4 Suppose that X is a subordinate Brownian motion satisfying (H). Then, for every
R > 0 there exists a constant Cy(R) = Cy(d, ¢, R) > 0 such that for all x,y € H satisfying
|t —y| < R and dg(z) N du(y) < R it holds that

Cy(R)™? (1 A W) <1 A V<5H(y)>> G(z,y) < GY(z,y)

V(lz —yl) V(lz —yl)
< Cu(R) (1 A m) <1 A ‘m> G(z,y). (2.11)

Proof: Fix R > 0. We first note that by the argument in [10, Lemma 5.1] (using (2.4) and (2.6)),
(2.11) is equivalent to

1 V(6 (z))V(éu(y))
‘ <1 NV (e — )

V(0u(2)V(0u(y))
V(lz—yl)?

> G(z,y) < GH(z,y) <c (1 A > G(z,y) (2.12)
for some constant ¢ = ¢(d, ¢, R) > 1. By translation invariance, we can assume z,y € B(0,V5R/2)N
H.

Recall that a domain in R? is a connected open set in R%. A domain D in R? is said to be a
CY! domain if there are Ry > 0 and Ag > 0 such that for every z € 9D, there exist a C1!-function
o = ¢, : R 5 R satisfying ¢(0) = 0,Vp(0) = (0,...,0), |[Vo(z) — Ve(w)| < Aol — w|,
and an orthonormal coordinate system CS, : y = (y1,...,%4—1,Yd) := (¥, yq) with origin at z
such that B(z,Ry) N D = {y = (¥, ya) € B(0,Rp) in CS, : yq > ¢(y)}. The pair (Ro,Ao) is
called the C'1! characteristics of the C1! domain D. Choose a bounded C™' domain D such that
B(0,3R)N H C D C H and such that its C"! characteristics (Rg, Ag) depends only on d and R.



The estimates (2.12) with H replaced by D and for all z,y € D were proved in [22, Theorem 1.1]
in case a € (0,2), and in [23, Theorem 1.4] in case o = 2. Note that ¢ depends on d, ¢, R only.
It follows from (2.10), [22, Theorem 1.1] and [23, Theorem 1.4] that

6" (o) 2 G2 (o) 2 o (1 L CPEDTECLIN) i) — o (1.0 HEEDTCAEN ) 61,

thus it suffices to show the second inequality in (2.12).
Let 2 := (0, R/2). By Theorem 2.3 applied to G (-, w),

H V(0u(y)) Hipo w w
o G (y,w)Px(X,, € dw) < C3(R)7V(R/2) o G" (zr,w)Px(X,, € dw)
<3V (0u(y)) G(R)P(X7p, € dw) < sV (6u(y))Po(Xr, € H\ D).

H\D
Using the boundary Harnack principle for P.(X,, € H \ D), we also have

V(6u(z))

Py(X,, € H\ D) < 5Py, (X, € H\ D) TR/

<6V (du(z)).
Since

V(6u(@)V (0 (y) < er (1 A

V(g (x)V (0 (y)) V(S (x))V(Suy))
V(|lx —yl|)? > < cg (1/\ Ve =y )G(z,y),
we obtain

GH (y, w)Py(Xrp, € dw) < c (1 A V(‘S‘fi((g)i/gg(y))> G(z,y). (2.13)

H\D
Since, by (2.10) and the symmetry of G,

G (z,y) = G (z,y) + B [G™ (X7p,y)] = G (2,) + E.[G" (y, X5,)],

we obtain the second inequality in (2.12) using (2.13), [22, Theorem 1.1] and [23, Theorem 1.4]. O

Remark 2.5 In case ¢(\) = aA+b°\?/2 with a,b > 0 and § € (0,2), the estimates (2.11) are valid
for all z,y € H. This was proved in [10, Theorem 1.7] by using the heat kernel estimates obtained
in [10] and a lengthy computation.

3 Martin kernel and minimal thinness

In this section we always assume that X is a subordinate Brownian motion satisfying (H). Recall
that X is the process obtained from X by killing it upon exiting H.

In the remainder of this paper we will use zo to denote the point (0,1) € H and set
G (z,y)
GH(z0,y)”
As the process X satisfies Hypothesis (B) in [24], H has a Martin boundary 0™ H with respect
to X satisfying the following properties:

MH(w7y) = l’,yGH,y?é$0-



(M1) HU O™ H is compact metric space;

(M2) H is open and dense in H U 0™ H, and its relative topology coincides with its original
topology;

(M3) MH(x, ) can be uniquely extended to ™ H in such a way that, M (x,y) converges to
MH (z,w) asy — w € OM H, the function z — M (2, w) is excessive with respect to X the
function (z,w) — M (z,w) is jointly continuous on H x O™ H and M (-, wy) # MY (-, ws)

if wy # wo;

For any w € OM H, the function  — M (x,w) is called the Martin kernel of X corresponding
to w. A point w € O™ H is called a finite Martin boundary point if there is a bounded sequence
{wyp} C H converging to w in the Martin topology.

Recall that a positive harmonic function h with respect to X is minimal if every positive
harmonic function ¢ with respect to X such that g < h is proportional to h. The minimal Martin
boundary of X is defined as

OmH = {z € & H : M¥ (., 2) is minimal harmonic with respect to X }.

A point z € 9™ H is called a finite minimal Martin boundary point if there is a bounded sequence
{wyp} C H converging to z in the Martin topology.

We will show that the finite part of the minimal Martin boundary of H with respect to X
coincides with dH. The claim above can be proved by using Theorems 2.3-2.4 and following the
methodology from [6], [19, Section 5] and [12, Section 6]. Since the Martin boundary of H with
respect to X contains also non-finite boundary points, slight modifications of the argument are
called for. In order to make the paper more readable, we provide below the details for most of the
proofs.

The Lévy measure of the process X has a density J, called the Lévy density, given by
J(x) = /000(47rt)d/26x|2/(4t)n(t)dt, z eRY,
Recall that 1 denotes the Lévy density of the subordinator S. Thus J(z) = j(|z|) with
jr) = /0 OO(47rt)_d/Qe_TQ/(‘“)n(t)dt, r> 0.

Note that the function r — j(r) is continuous and decreasing on (0,00). When hypothesis (H) is

satisfied, j enjoys the following properties:

(a) For any K > 0, there exists ¢ = ¢(K) > 0 such that

jr) <ej(2r), Vr € (0, K); (3.1)

10



(b) There exists ¢ > 0 such that

jir)y <cjlr+1), Vr > 1. (3.2)

(See [22, (2.17)—(2.18)] in case a € (0,2) and [23, (2.5)—(2.6)] in case o = 2.) We further have (see
[21, Theorem 3.4]) that in case o € (0, 2),

jlr) =< Rt r—0. (3.3)
For an open set U C R%, let
KY(z,2) = /UGU(a:,y)J(y —2)dy, (x,2)eUxU".
Then for any nonnegative measurable function f on R%,
B lf(Xo )i Xy # X)) = [ KV(@2) ()

Note that when subordinate Brownian motion X satisfies (H) there exist ¢1,ca,71 > 0 such
that for every r € (0,71] and 71 € R,

K@ (@ y) < e j(ly— o] —r) (0 2)e((r — o — 1)) ) (3.4)
< aj(y—ai|—r)er?) (3.5)

for all (x,y) € B(x1,7) X WC and

-1/2

KB@) (21 4) > e j(ly — z1])p(r2) 71, for all y € B(a1,7)" . (3.6)

In case a € (0,2), (3.4) and (3.6) were shown in [21, Proposition 4.10], while (3.5) follows from
(3.4) and the fact that ¢ is increasing. In case v = 2, the proof is analogous to the proof of [21,
Proposition 4.10], except that one uses [20, Proposition 3.1] instead of [21, Proposition 4.9], and
[27, Proposition 3.5] instead of [21, Lemma 4.2].

We use the notation that A4,(Q) := (Q,r/2) for Q € dH. Note that H N B(Q,r) contains the
ball B(A4,(Q),r/2).

Using (H) and [4, Theorems 1.5.3 and 1.5.11], there exists a positive constant R, := R.(d, ¢) <
1 A r1 such that

| 1
and for every r < 2R,,
1 . (0872 72) 4(16r72) 0(872r72) £(16r72)
;< mn (Ut gy < me (N ) <2 69)

We will fix the constant R, in remainder of this section.

The next lemma is proved by the same argument as that of [6, Lemma 5] and [19, Lemma 5.2]

in case o € (0,2).

11



Lemma 3.1 Suppose that X is a subordinate Brownian motion satisfying (H). There exist positive
constants ¢ = c(d, ¢) and v = v(d, ¢) € (0, ) such that for all Q € OH, r € (0, R,], and nonnegative
function h in R which is harmonic with respect to X in H N B(Q,r) and vanishes continuously on
HeN B(Q,r) we have

o(r ) h(A(Q)) < A G4 r 2 (A4 4, (Q)),  k=0,1,..
In case a = 2 we may take v = 1.

Proof: Without loss of generality, we may assume Q = 0. By Theorem 2.3, there exists a constant
C3(R.) = C3(d, ¢, Ry) > 0 such that for r € (0,2R,],

V(91 (Ar(0)))
V(0 (As-,(0)))
This and (2.6) complete the proof of the lemma in case o = 2.

Assume now that o € (0,2). Fix r < R, and let n := 47%r, Ay := A,,(0) and By =
B(Ag,mk+1), k=0,1,.... Note that the By’s are disjoint. So by the harmonicity of h, we have

V(r/2)
V(4=Fr/2)

h(Ar(0)) < C3(R.) h(Ag=i,(0)) = C3(Rx) h( A=, (0)).

k—1

h(Ag) > > Eg, [h(XTBk): 75, € Bl Z/B KBr(Ay, 2)h(2)dz.

=0
Theorem 2.2 implies that
KB (A, 2)h(2)dz > coh(4)) | KPr(Ay, 2)dz
B By

for some constant ¢y = ¢o(d, ¢) > 0. Since dist(Ag, B;) < 2n;, by (3.6) and the monotonicity of j

we have

K5 (A, 2) 2 e j(12(Ak = 2)) Sl f) ™! 2 erildm) o 2) ™", 2 € Bu. (3.9)
Further, by (3.9), (3.1) and (3.3) we have

J(4m) > J (1) S o(n5)
)

KBr (A, 2) > > >
(4i.2) cl(b(nkfl) o) =t d(nely)

, zZ€DB

for some constat ¢ = c3(d, ¢) > 0. Thus we have

/ KB’“(Ak,z)dz > qm, z € B
B, ¢>(nk+1)
for some constant c4 = c4(d, ¢) > 0. Therefore,
k-1
WA (1) = 5 > h(AD e 2)
1=0

12



for some constant c¢5 = c5(d, ¢) > 0. Let ay, := h(Ak)¢(77k_f1) so that aj > cs5 Zé:ol a;. By induction,
one can easily check that ay > c6(1 + ¢5/2)*ag for some constant c¢g = cg(d,a) > 0. Thus, with
y=In(1+%)(In4)~' > 0 we get

P(r (A (Q)) < 64" p(4%Fr ) R(Ay 1, (Q)).

Note that we can choose ¢5 > 0 small enough so that v < «. This completes the proof in case
a € (0,2). O

By modifying the proof of [19, Lemma 5.3], one can obtain the following

Lemma 3.2 Suppose that X is a subordinate Brownian motion satisfying (H). Suppose Q € OH
andr € (0,R,]. Ifwe H\ B(Q,r), then

GH(A,(Q) w) > co(r?)! / J(z — Q)GH (2, w)dz
B(Q

77‘)0
for some constant ¢ = c(d, ¢) > 0.

Proof: This proof is similar that of [19, Lemma 5.3], we give the details here for completeness.
Without loss of generality, we may assume @ = 0. Fix w € H \ B(0,r) and let A := A,(0) and
h(-) := GH(-,w). Since h is regular harmonic in H N B(0, 3r/4) with respect to X, we have

h(A)

v

Ea [h (XTHmB(o,3r/4)) s Xrnon e € B(O’T)C} = /B(O e KHNBOSY (A, 2)h(z)dz
- [ GHOPOMIN (A, ) Ty — 2)dyh(=)ds.
B(0,r)¢ JHNB(0,3r/4)
Since B(A,r/4) C H N B(0,3r/4), by the monotonicity of the Green functions,
GHOBOSN(4,y) > GPATID(A ), y € B(A,r/4).
Thus

h(A) > / / GBATID (A, ) I (y — 2)dyh(=)d= = / KBATD (A, 2)h(2)dz,
B(0,r)¢ J B(A,r/4) B(0,r)c

which is greater than or equal to cag((r/4)=2)~! fB(O e J(z— A)h(z) dz for some positive constant
co = c2(d, ¢) by (3.6). Now the conclusion of the lemma follows immediately from (3.8) and (3.1)—
(3.2). O

Using the above lemma, (3.1), (3.2) and (3.5), the proof of next lemma is almost the same as
that of [19, Lemma 5.4].

13



Lemma 3.3 Suppose that X is a subordinate Brownian motion satisfying (H). There exist positive
constants ¢; = c1(d,¢) and ca = ca(d,¢) < 1 such that for any Q € O0H, r € (0,R,] and w €
H\ B(Q,4r), we have

E, GH(XTHmBk,’LU) : XTHmBk € B(Qﬂ")c <a 015 GH(xaw)y x € HN By,
where By, := B(Q,47%r), k=0,1,....

Proof: Without loss of generality, we may assume @ = 0. Fix r < R, and w € H \ B(0,4r). Let
nk :=4"%r, By, := B(0,n;) and

ug(z) = E, [GH(XTHmBk,w);XTHmBk € B(O,r)c} , x € HnNBy.
Note that for x € H N By
ugy1(7) = Eg [GH(XTHmBk,w); THABiy: = THNBys Xruop, € B(O,r)c} < ug (). (3.10)
Let Ay := A, (0). Since GH (-, w) is zero on H®, we have
wk(A) = Ba, |G (Xopopyr ) Xryo, € BO,T)']

< Eg, [GH(XTBk7w)? XTBk € B(Oar)c} = / KBk(Ak,Z)GH(Z,w)dZ.
B(0,r)c
By (3.5) we have that there exists a constant ¢; = ¢1(d, ¢) > 0 such that

ur(Ax) < &1 ¢(nk2>‘1/3(0 )cj(lzl )G (z,w)dz k=1,2,.... (3.11)

Note that [z]/2 < |z| — mx < |z for 2z € B(0,4R,) \ B(0,r) and |z| — Rx < |z] — mx < |2| for
z € B(0,4R,)¢. Thus using (3.1)—(3.2), we see that Lemma 3.2 and (3.11) imply that

uk(Ak) < chb(Tik_Q)z GH(A(),U)), k= 1,2,....
P((47%r)72)
Now applying Lemma 3.1 we get
ugp(Ag) < 63477kGH(Ak,w), k=1,2,....

Finally, Theorem 2.3 gives that for k = 1,2, ...

ug () up—1(x) Up—1(Ag—1) ok
— T < 4T,
GH(z,w) = GH(z,w) = P GH(Ap_q,w) =

a

Now the next theorem follows from Theorem 2.3 and Lemma 3.3 in the same way as [6, Lemma
16] follows from [6, Lemmas 13-14]. We omit the details.

14



Theorem 3.4 Suppose that X is a subordinate Brownian motion satisfying (H). For each x € H
and each z € OH there exists the limit

M (2, 2) .= lim M (z,y).

y—z
Moreover, the mapping (x,z) — M (x,2) is continuous on H x OH.

Remark 3.5 Note that Theorem 3.4 shows that the finite part of the Martin boundary of H can
be identified with a subset of OH .

We recall here that the Martin kernel for the killed a-stable process in H is explicitly known
(see [7]) and is given by
Sy (x)a/2
|z — 2|
M (z,00) = 0p(x)*?, zeH.

M (z,z) (14 |2)))¥?, zeH, zecdH,

The same form of the Martin kernel is valid for the killed Brownian motion in H with « replaced
by 2. We cannot hope to obtain explicit formulae for the Martin kernel for the process X, but
the following sharp two-sided estimates for points close to the origin and to each other will suffice

for our purpose.

Theorem 3.6 Suppose that X is a subordinate Brownian motion satisfying (H). For every R > 0,
there exists a constant Cs5(R) = C5(d, ¢, R) > 0 such that for all x € H and all z € OH satisfying
|z| < R and |x — z| < R/2 it holds that

—1V(0u(z))
|z — 2|

V(du(z)) 2\d/2

—= (1 .

) (14

Proof: Let z € H and z € 9H such that 2| < R and |z — 2] < R/2. Let y € H be such
that |y — z| < R/2 and dg(y) < dm(xz) A |z —y|. Then |z —y| < R, du(x) ANdu(y) < R and
O (z) Vm(y) < 2|x — y|. Hence, by Theorem 2.4 and (2.12)

C5(R) (142" < M (x,2) < C5(R)

V(0u(x)V(3u(y))
GM(ay) _ — Vi C@Y) V@u(e) Glay) V(w—y)®

H - Sp(x 5 _ 2
T roy) ™ Vol oGl Gy~ V() Vil o) Gleory

Let y — z; by Theorem 3.4 the left-hand side converges to M (z,z), while the right-hand side

converges to
V(©u(x)) G(z,2) V(ao— 2])?
VD) V(z—=2)? Glwo,z)

By use of Proposition 2.1(i) and the fact that |zg — z| = (1 + |2[2)'/? it follows that

V(0u(x))
|z — 2|

MH(z,2) = (1+ =),
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which proves the theorem. O

Theorem 3.6 in particular implies that M (-, z1) differs from M (., 25) if z; and 2y are two
different points on OH. Together with Remark 3.5, this shows that the finite part of the Martin
boundary of H can be identified with 0H.

Now using Theorem 2.4, (3.4) and Lemma 3.1, we can prove the next two lemmas by the

arguments in the proofs of [18, Lemmas 4.6-4.7] and [19, Lemmas 5.6-5.7].

Lemma 3.7 Suppose that X is a subordinate Brownian motion satisfying (H). For every z € 0H
and B C B C H, M¥(X,,, z) is P,-integrable.

Proof: Take a sequence {zy,}m>1 C H \ B converging to z. Since M (-, z,) is regular harmonic
with respect to X in B, by Fatou’s lemma and Theorem 3.4,
E, [MY (X,,,2)] = E, [ lim M (X,,, )| < liminf M7 (2, 2) = M (2,2) < oo.

m—o0 m—ro0

Lemma 3.8 Suppose that X is a subordinate Brownian motion satisfying (H). For every z € 0H
and r € H,

M (z,2) = E, [MH (XH z)} ,  for every0<r§R*/\é6H(a:).

TB(z,r)’

Proof: Without loss of generality we assume that z = 0, and fix € H and r < Ry A 30(z).
Let 1, :=4"™r and 2, := A,,,(0), m =0,1,.... By the harmonicity of M (-, z,,,), to prove the
lemma, it suffices to show that {MH (Xrp(ary2m) 1 m > mo} is Py-uniformly integrable for some
large mg.

Using Theorem 2.3, there exist constants mg > 0 and ¢; > 0 such that for every w € H\B(z, ),

GH(w’Zm) < C]_ hm GH(w7y)

M (w, 2,) =
(W 2m) = Gl(agzm) = BB Gl (2, )

=g M (w,z), m>mg. (3.12)

Using (3.12) and Lemma 3.7, for any € > 0, there is an Ny > 1 such that

E, {MH (X_,.B(M),zm) M (XTB(I,T)’Zm> > Ny and Xrpem € H\ B(z,nm)

€ €
< By (M7 (Xpy02) s M (Xop,,002) > No| < e =7 (3.13)
On the other hand, by (3.5), we have for m > my,
E, {MH (Xg ,zm> ; Xop,y €HN B(z,nm)} = / M (w, 2 KB@T) (2, w)dw
(x’r) 7 HOB(ZJ]TTL)

< e / M (w, 2n)j(jw — 2] — 1)$(r=2) "L dw
HNB(z,mm)
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for some ¢3 = ca(d, ¢) > 0. Since |w —z| > |z — z| — |z —w| > 0u(x) — Ny > 3r —r = 2r, using the
monotonicity of j in the above equation, we see that

E, {MH (XH T),zm> ; Xopom €HN B(z,nm)}

TB(zx,

< ef(r)d(r)! /

M (w, z)dw < ¢4 GH(azo,zm)_l/ GH(w, z,)dw(3.14)
B(znm)

B(Z»T]m)
for some c3 = ¢3(¢p) > 0 and ¢4 = c4(p,r) > 0. By Lemma 3.1 there exists there exist ¢5 =
cs5(p, mo,r) and v € (0, o) such that

o> )

H 1 < pogv(m=—mo) P\Z T )
G (1'07 Zm) =065 ¢(42m07~—2)

GH (20, 2my) L. (3.15)

Further, by (2.3) we have that there are constants ¢; = ¢;(¢, mg,r) > 0, i = 6,7,8,9, such that

dw
G (w, zp)dw < 06/
/B(o,nm> (10, 2m) oz 10— 27w — 2 F)

21m d
< o [ i < eo(Cn) ) < oL (316)

where the third inequality follows from (3.7) and the fourth from (3.8). Putting together (3.15)
and (3.16) we arrive at

H
GH (20, 2m) ™ / GH (1, 2yn) < e1p4=1m=mo) &_(70: Zmo ) (3.17)

B(zm) p(42mor=2)
for a constant c19 = c10(¢, mo,r) > 0. Using (3.13), (3.14) and (3.17), we can take m; =
mi(e, ¢, mo,r) > myp large enough so that for m > my,

By [ M (Xryoom) s M7 (Xoy, )0 2m) > Nol
< B [ MY (Xegyom) s Xegoy € H O B(, 1) |
1E, [MH (XTB(x’r),zm> - M (XTB(x’T),zm> > No and X, € H\ B(z,9m)

) GH($07 Zmo)

—y(m—mo
< acipd S(A2mor—2)

+6
4

is less than e. As each M (X,

ey #m) 18 Pa-integrable, we conclude that {MH(XTB(I’T),zm) :

m > mg} is uniformly integrable under P,. O
The proof of next result is taken from [12, Theorem 6.10].

Theorem 3.9 Suppose that X is a subordinate Brownian motion satisfying (H). For every z € 0H,
the function x — MU (-, 2) is harmonic in H with respect to X',
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Proof: Fix z € 0H and let h(x) := M (x,z). Consider an open set D; C D; C H, z € Dy, and
put r(z) = R, A 365 (z) and B(z) = B(z,r(z)). Define a sequence of stopping times {T},,m > 1}
as follows: T :=inf{t > 0: X; ¢ B(Xo)}, and for m > 2,

m =

T . Tm—1+ TB(Xr,, ) ° or,, . it Xpn €Dy
D, otherwise.

Note that Xfél € 0Dy on N2 {T,, < 7p,}. Thus, since limy, oo T}y, = 7p, Pr-a.s. and h is
continuous in D, using the quasi-left-continuity of X, we have lim,,_ o0 h(Xﬁ )= h(X%l) on
N> {75 < 7p, }. Now, by the dominated convergence theorem and Lemma 3.8,

h) = lim By [(X7); Uplo{Tn = 7p,}] + lim Eq [R(XF,); MpZo{Tn < 7p,}]

m—0o0
=E, [h(Xgl ); U o{Ty, = 7p, }} +E, [h(Xf,il); Mozo{Tn < 7D, }} =E, [h(Xfél ﬂ :

a

The following two lemmas will serve as a counterpart of Theorem 3.6 for estimating the Martin

kernel M (z,w) when z and w are far away.

Lemma 3.10 Suppose that X is a subordinate Brownian motion satisfying (H). For every R > 0
and ¢ € (0,1), there exists a constant ¢(R,e) = c(d, ¢, R,€) > 0 such that for all z € OH with
|z| < R, all x € HN B(z,¢), and all w € O™ H \ (OH N B(z,2¢)) it holds that

W (g (x) < M (z,w) <V (dg(x)).

Proof: Fix z € OH with |z|] < R and w € M H \ (0H N B(z,2¢)). Let yo := (,£/2). Consider a
sequence {w,} C H N B(z,&/2) such that w, — w. Then, by Theorem 2.3,

1 V(du(x)) GH(a:,wn) V(om(x))
C 1 < C —_ f > 1 and HNB .
3(€) V2 S Gllgorwn) = 3(€) V) oreveryn > 1 and x € (z,¢)
Now, using Theorem 2.2, we see that
_ 1 V(dg(x)) GH (z,wy,) V(og(x))
1 1 < >
¢ Cs(e) VE2) S Gllngwy) = cCs(e) V) for every n > 1 and x € H N B(z,¢)

where ¢ = ¢(R, ¢,d) > 0. Thus, letting n — oo, we conclude that

! Cg(R)l‘W < M (z,w) < cC’;:,(R)Vé(ZI/(;))) for every x € H N B(z,¢),
which finishes the proof. O
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Lemma 3.11 Suppose that X is a subordinate Brownian motion satisfying (H). For every R > 0,
there exists a constant ¢ = c¢(d, ¢, R) > 0 such that for all z € O0H with |z| < R and all v € H such
that |x — z| > R/2, it holds that M (x,2) < cG(Jz — 2|+ 1).

Proof: Fix z € OH with |z| < R, z € H such that |x — z| > R/2, and let zp := (2, (R A 1)/4).
Consider a sequence (z,)n>1 C H N B(z, (R A1)/4) such that z, — z. By Theorem 2.3 applied to
function G (z,-) and GH (g, -) we have that

GH(x, 20)

< C5((RA 1)/4))m :

It follows from Theorem 2.4, the fact that |xg — 20| < R+ 1 and the monotonicity of G and V' that

H -1 V(1) VI(RA1)/4))
G (.Z‘(),Zo) ZC4(R+ 1) G(R+ 1) <1/\V,(R+1)) <1/\V(R+1)> >cy,
where ¢; = ¢1(d, ¢, R) > 0. Hence, by using that G (z, 29) < G(z,20) = G(|lz—20|) < G(Jz—2|+1),

we prove the lemma. O

Remark 3.12 By combining Theorem 3.6 and Lemma 3.11 we see that for every z € 0H and every
w € OMH \ {2}, it holds that lim,_,, M (z,2) = 0. Indeed, if w € OH, then there exists R > 1
large enough such that |z| < R and |z —w| < R/3 and the claim follows from Theorem 3.6. On the
other hand, if w € 9" H\OH, then we use Lemma 3.11 and the fact that lim, |, G(|z—z|+1) = 0.

With the explicit estimates from Theorem 3.6 and Lemmas 3.10 and 3.11, a slight modification
of the argument in [13, Theorem 3.7] gives the following.

Theorem 3.13 Suppose that X is a subordinate Brownian motion satisfying (H). For every z €
OH, the function M (-, 2) is minimal harmonic in H with respect to X. Therefore, the finite part
of the minimal Martin boundary of H of X coincides with OH.

Proof: Fix z € OH and suppose that h is nonnegative function harmonic with respect to X
satisfying h < M* (-, z). By [24], there is a measure p on O™ H such that

h(zx) = i M (2, w) p(dw) .

We want to prove that p is a multiple of the point mass at z. Let § € (0,1) and denote by v
the restriction of p to OM H \ (0H N B(z,)). If we show that v = 0, we are done (since § > 0 is
arbitrary). Let

u(zx) == M (2, w) v(dw) . (3.18)
oM H

Then u is a nonnegative harmonic functions with respect to X7 such that u(z) < h(z) < M (z, 2)
for all x € H. Let € € (0,1). It follows from Theorem 3.6 and Lemma 3.11 (as explained in
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Remark 3.12) that for every w € OM H \ (OH N B(z, ¢)) we have that lim,_,, M (x,z) = 0. Hence,
lim,_yq, u(x) = 0. Suppose, additionally, that 4e < §. It follows from Proposition 3.10 that

li M (z,w) =0 iformly in w € 8 H \ (0H N B(z,6)).
x—)&HIOI%(z,Qe) ('T w) oIy e \ ( (z ))

Applying the dominated convergence theorem in (3.18), we conclude that lim,_,,, u(z) = 0 for every
w € OH N B(z,2¢) as well. This shows that u is a nonnegative harmonic function with respect to
XH that vanishes continuously at @™ H. Therefore it is identically equal to zero proving that its

representation measure v = 0. O

For simplicity we use the notation 90 H := 0™H \ O0H. It is known (e.g., [24]) that every
function s which is excessive with respect to X can be uniquely represented in the form
s(x) = G p(x) + MPv(z) = / GH (z,y) u(dy) + M (z,2)v(dz), z€H, (3.19)
H omH
where p is a measure on H and v a finite measure on 9™ H.

For z € 0H, let X* = (X ,P2) be the M (., z)-process. The existence of such a process is
discussed in [16, 24]. Let ¢ denote the lifetime of X, It is known (see [24]) that lim— Xt =,
a.s. PZ.

For A C H, let T4 :=inf{t > 0: X}/ € A}. A Borel set A C H is said to be minimally thin
in H with respect to X at z € 0H if there exists x € H such that PZ(T4 < () # 1, i.e., if with
positive probability the conditioned process X# starting from 2 does not hit A. It is proved in
[16, Satz 2.6] that A is minimally thin in H with respect to X at z if and only if

PaMUP (- 2) # ME(, 2).

Here P4 denotes the hitting operator to A for X: P, f(x) = Ew[f(X%IA)]. In potential-theoretic
language, PAM" (-, 2) = EzﬁH(.,z) — the balayage of M*(-, z) onto A. By following the proof of [1,
Theorem 9.2.6] and using [16, Lemma 2.7] instead of [1, Lemma 9.2.2(c)] one can show that A is
minimally thin in H with respect to X at z € 0H if and only if there exists a function s excessive

with respect to X such that

s
Jminf S, VD (3:20)
where v is the representing measure of the harmonic part M v of s (as in (3.19)). By subtracting

v({z}) from the measure v, we have

Proposition 3.14 Suppose A C H and z € OH. The following are equivalent:

(a) A is minimally thin in H with respect to X at z;

(b) There exists an excessive function s(x) = G u(x) + MHv(x) such that (3.20) holds;

(c) There exists an excessive function s'(z) = G* p(x) + M7/ (x) with v/ ({z}) = 0 such that

!
lim inf s'(x)

—— > 0.
r—2,0€A MH (JL‘, Z)
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4 Main result

The key to the proof of our generalization of Theorems 1.1-1.2 is the following lemma and propo-

sition, which are generalizations of [30, Theorem 2].

Lemma 4.1 Suppose that X is a subordinate Brownian motion satisfying (H). Let v be a finite
measure on O™ H with v({0}) = 0. Then

/ lz| "% dx < oo
{zeH:MH"v(z)>MH (x,0)/2}NB(0,1)
Proof: Note that since v({0}) =0, v({z € 0H : |z| < €}) can be made arbitrarily small by choosing

e small enough. Let € < 1/4 be a positive constant such that

d
v({z €0H : |z| < ¢}) < 1% Cs(1)2 (‘f) 27/2, (4.1)

Set A:={xc H: MPv(x) > M (x,0)/2} N B(0,1) and let

L) )

_ _ 3)
= V|{268H: |z| <€} = V|{268H:e§|z\<1} ) vt ) = V|{z68H: |z|>1}U0 H

so that v = () 4 (2 4 p(3),

Let yo = (0,1/8) and # € H be a point with |2| < k where x < 1/4 is to be chosen later.
For z € {z € OH : |z| > 1} U9 H the function M (-, ) is harmonic and vanishes continuously on
H¢nN B(0,1/2) by Theorem 3.6 and Remark 3.12. Hence by Theorem 2.3 it holds that

M (a, 2) V(6u(x))
— < C3(1/4) ———F—~.
MH(yo,z) s/ )V(5H(ZJ0))
Therefore, by Theorem 3.6, for z € H with |z| < &,
V(6u(x))
MAE) (g §Cl4/ M (yo, 2) v(dz
(=) s(1/4) V(1/8) Jizeom:|z>13u0m b (40, 2) v(d2)
RV (8 (x)) d/ H
< C3(1/4)——————F—x|™ M ,2)v(dz
< GUA) V(1/8) = (2€0H: |2|>1}U0m H (50, 2)v(d)

Hd
C3(1/4) Vﬁﬁf M (z,0) /{ iy M)

Now choose k < 1/4 small enough so that

KICy(1) /
V(1/8) Jizeom: 2> 1300m i

Then for z € H with |z| < &,

C3(1/4) M (yo, 2) v(dz) < 1/10.

MO () < 1—10MH(:1:,0). (4.2)
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Let 0 < p <1, z € H with |z| < pe and z € OH with € < |z| < 1. Then we have 2 > |z — z| >
|z| — |x| > (1 — p)e. Thus, by Theorem 3.6,

M2 () = / MU (z,2)v(dz)
{z€0H:e<|z|<1}
< GV @) [ &= 21 + |22 w(dz)
{z€0H:e<|z|<1}
< C5(4) 292V (65(2))(1 — p) e Ww({z € OH : e < |z < 1})

IN

C5(4) 200" H)V (851 () (1 = p)~p|z| ™

IN

d
C5(4)2 292 (9™ H) (12) MH (2,0).

Now choose p small enough so that Cs(4)%2%2u(9™ H)p?(1 — p)~¢ < 1/10. Then for z € H with
|| < pe,

M) () < %MH(QJ,O). (4.3)

Consider now M7y (z) for x € H with |z| < pe A k. If 65 (z) > |2|/2, then |z| < 265 (z) <
2|z — z| for each z € OH. Thus by Theorem 3.6,

M (z,2) <C5(1) V(0n())le — 2|~ (1 + |2
< Cs5(1) V(dn(@))(|2]/2)~"29% < C5(1)* 222 M " (,0),

for all z € OH with |z| < e. Hence, for x € H with 0y (x) > |x|/2 we have
MAW (z) = / M (2, 2) vV (dz)
{z€0H:|z|<e}

Cs(1)22%2 M H (2, 0)v({z € OH : |2] < €}) < %MH(.%',O) (4.4)

IN

by the choice of € in (4.1).
It remains to study M7v™) on the set F := {x € H : dy(x) < |z|/2} N B(0, pc A k). Note that
for x € E we have |z| < %|3§| For j > 0, set
Rj:={2€0H: 27 <|2/<279} and ﬁj ={x € E: 7 €R;}.
Put v; = 1/(1)\3].. Assume that x € Ej and z € Ry for [j — k| > 1. fk>2+j, |[x—z| > |Z| — |2] >
279l 97k > 19 > Lz > Bla| > k+2 |z > |z - Flal > 271 = 2277 >
277+l 2977 > ( # > )z| = (V3 — 1)|z|. Thus, if [j — k| > 1, we have

= 2 - 2) 9 _ 2
3 V3 V3 _
|z — 2| > %m for every € R; and z € Ry, and so by Theorem 3.6, for z € R;,

My (z) = : M (z,2) vV (dz) < C5(1) i V(6g(2)|z — 2|71 + |2)2)¥? W (d2)
<c5(1) <%)dwvwmx»rxrdu“)(Rk) < C5(1)? <j§>d2d/2u<1><Rk>MH<x, 0),
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implying

1
S My(a) < C5(1)? (< )29/ ({]2] < M (,0) < =M (z,0)
, V3 10
|k—j|>1
by the choice of € in (4.1).

Let

~ 2
Mj = {a: S Rj : MH(Vj_1 + v+ Vj+1)(a:) > SMH(SC,O)}

Note that by Theorem 3.6,

Mj C {zekR /|x — 27 (U 2P (v 1 (d2) + v(d2) + vjia(d2)) > 5052<1)2
2

c {reh: / o = 22022 (d2) + 1yd2) + e (42)) > Zsglel )
21 d/2
Cs5(1)

For z € R; we have that 27771 < |z] < %2‘? Therefore,

Mj C {\x]_d * (Vj—l + Vj + Vj+1) > 01_12jd}

= {2 €R;: |o| ™ x (Vo1 +vj + i) >

el

where ¢; := 234/2-13-4/25C5(1)2. Tt follows from [29, Lemma 1 and Theorem| that
My < 27D (R, 1) + O (Ry) + O (Ry0).

Therefore by using again that 27771 < |z| < 2 J, we get that

[ el < e < eV (Ry-) + O (R + 00 (R )
J

implying
Z/ [~ d < 032 O(Ry_1) + VO (Ry) + vD(Rya1)) < 3esp(0™H) .
—~ J M

It follows from (4.2)—(4.6) that

A

)~
/ 2| =4 da
{zeH,|z|<peAr:MHy(z)>MH (2,0)/2}
|| =4 da
{

/mGH |z|<penr:MH YD) (2)>3MH (2,0)/10}

/ x|~ dx
{z€E:MHy() (£)>3MH (2,0)/10}

/ i 2| =4 da:
i {2€R; 30 _pyor MPvg(2)+32) 5 _ <1 MHP vy (2)>3MH (2,0)/10}

Z/ |z| =% dz < 3e3v(0™H) < oo.
i M

IN
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Therefore, using the trivial fact that || (penn<lz|<1} |z|~?dx < oo, we conclude that

/ lz| =4 dx < 2/ |ZL‘|_dd.7}+/ lz| =% dz < oo.
A G I M; {penk<|z|<1}

a

Proposition 4.2 Suppose that X is a subordinate Brownian motion satisfying (H). Let s = GH i+
MUy be an excessive function with respect to X represented as (3.19) with v({0}) = 0. Let
A= {z € H: s(x) > M7(x,0)}. Then

/ 2|~ dx < oo.
ANB(0,1)

Proof: First note that A C {GHpu > MH(-,0)/2} u{MHv > M*H(-,0)/2}. By Lemma 4.1, we
only need to consider A1 := {GHy > MH(0,-)/2} N B(0,1).

Let yo = (0,1/2) and x > 3. By the boundary Harnack principle (Theorem 2.3) applied to
G (-,) we obtain that,

H V(éu () i
/HmB(oyn)cG (z,y) p(dy) < Cg(l)v((uso))/HHB(oﬁ)CG (0, ) 2(dy)

for every K > 3 and x € B(0,1) N H. Now choose « large enough so that

Cs(1) H
Fon) S & 1) < Ty o
where C5(1) is the constant from Theorem 3.6. Hence, for z € B(0,1) N H, we have
H 1 1 V@nu(r) _ 1, n
Lo, G @R £ VR £ g < M@0 @)

Let Q = {Q = (Hfz_ll(k:ﬂ_j, (ki +1)277]) x (277,279 . k; € Z,j € N}. Then Q is a cover
of HN{zy4 < 1}. Clearly the cubes Q are disjoint and d~'/2diam(Q) < 65(Q) < diam(Q). For
Q = ([T{Z) (k277 (ks + 1)277]) x (277,274 € Q, let Q* = ([T{=] (ks — 1)277, (ks + 2)277]) x
(27971,279%2], Then Q* = {Q* : Q € Q} is a cover of HN{xy <2}, Q C Q* C H for each Q € Q,
and 207 (Q*) = di(Q). Moreover, there exists a positive integer K = K (d) such that each cube in
Q* intersects at most K other cubes from 9*. Let Q; be the collection of cubes ) € Q such that
HNB(0,1)NQ is non-empty. For x € HN B(0,1), let Q(x) be the cube @ in Q; containing = and
denote by @*(x) the corresponding Q*.

Let GHu = 81 + S92 + s3 where

@ = [ ) ud),

o) = /(H\Q* o G (),

@ = [ G () ().
H\Q*(z))NB(0,x)°
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where k > 3 is the fixed constant in (4.7).
Define v(r fB G(0,2)dz, r > 0. Since G (z,y) < G(2,y) we have for any Q € Qy,

/Qsl<w>dw - //GHwy> u(dy) duw / u(d >/ " (w,y) duw
< /Q dy/Gwydw</Qu /y3dlamQ) ,y) dw

< u(Q")y(3diam(Q)) < p(Q*)Y(3Vdim(Q)).
Since |w| < (14 v/d)dist(0, Q) for w € Q, we have by Theorem 3.6,
M (w,0) > C5(1)7V (S (w))lw[ ™ > C5(1)7 (1 + V) V(6 (Q)dist(0,Q)  for w € Q.
We need to estimate the Lebesgue measure of
B:={weQ: si(w) > C5(1) 1+ Vd) 1V (6r(Q)) dist(0, Q) ~*}.
Since
w2 €570+ VAV (5(@)) dis(0.) B,

we have that

B| < 05(1)(1+\/&)dV(5H(Q))1dist(o,Q)d/Qsl(w)dw

< Cs(1)(1+ V) 'V(6r(Q)) ™ dist(0, Q)(@Q*)¥(3Vd ik (Q))
< C5()(1+ V) Cy(3VAV (6r(Q)) ™V (3vVdom(Q))? dist(0, Q)% (@),

where in the third line we used Proposition 2.1(ii). Then

/ lw|~ dw
{s1>MH(-,0)/8}NB(0,1)

lw|~ dw

Gcon /{sl>MH(-,0)/8}ﬂB(O,1)ﬂQ

IN

/ dist (0, Q) ™% dw
Qe {s1>MH(-,0)/8}NB(0,1)NQ

< / dist(0, Q)™ dw
Oco, Ms1>05(1 )—1(1+f)—dV(5H(Q))dist(o Q)~/8}NB(0,1)NQ

< Cs(NCEVAA+ VA Y V(er(Q) T V(3Vdin(Q))® m(Q")
QEQ

= C5()CHBVAA+Vd)! D V(265(Q") 'V (6Vdor(Q))* n(Q")
Qe

< C5(1)C2VA) 1+ V) Y VOR(QY) m(Q),
Qe
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where the last line follows from (2.4) and (2.6). Note that @* C B(0,4) for every @ € Q; and
clearly 6 (Q*) < 0m(y) for all y € @*. Thus by first using these observations and the fact that
each Q* € QO intersects at most K other cubes from 9O*, and then using Theorem 2.3, we conclude

that the last sum is dominated by

C3(4)V(2) H
K—l—l/ V(o (y dy) < (K+1 G (w1, y) p(dy
( ) B (Om (y)) p(dy) ( )GH(wl,yl) B (w1, y) p(dy)
CV(2)
< (K+1 < 00,
( ) GH (w1, y1) & ) < 00
where w; = (0,10) and y; = (0,2). Therefore,
/ lw| = dw < oo (4.9)
{s1>MH(-,0)/8}NB(0,1)

Consider now z € {sy > M (-,0)/4}. For y € H \ Q*(x) it holds that |z —y| > 4710y (z), and

hence
sala) < [ G (z,) ()
{0m (z)<4|lz—y[}NB(0,x)
Let ¢ : H — 0H \ {0} be a Borel function such that |y — ¢ (y)| < 26y (y) and define a measure p’
on 0H \ {0} by
fail=a [ (Fou)WVGuly) uldy).
HNB(0,x)

OH\{0}
where ¢1 := Cy(1 + £)C1(1 + &)(11)¢C5(11(1 + &)). Then by Theorem 2.3,

WOINO) = [ V() s() < Gl () < o

where v; = (0,3k) and vy = (0,1). Hence, 4 is positive and bounded.
We claim that

so(x) < MHPY (z) if x € {so > M (-,0)/8} N B(0,1). (4.10)
Suppose that y € B(0,x)NH and = € {sy > M (-,0)/8}NB(0,1) with §g(z) < 4|z —y|. Then

[z =) < |z —yl+ly =) < |z —yl+20u(y)
<l|z—y|+20g(x)+2z—y| <1llx —y| < 11(1 + k).
Thus by Theorem 3.6,

M (@, 9(y)) = Cs(1L(1+5) V(S () (1 + [¥ () ) — o (y)

1 —
(11)4C5(11(1 + ﬁ))v(‘SH(ﬂf))\ﬂ? — gy,

v
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Note that by Theorem 2.4 and Proposition 2.1(i),

V(6u(@))V(u(y))
V(lz —yl)?

GH(z,y) < Ca(1+k) G(z,y) < Ca(1+R)CLL+R)V (On(@)V (Er(y))|z—y| 7.

Hence we get
G(w,y) < aV(©u(y)M" (z,9(y)).
Therefore, for z € {sy > M*(-,0)/8} N B(0, 1),

so(z) < G (x,y) p(dy)

/{5H (2)<2[z—y|}NB(0,x)

cl / V(61 () M (3, () p(dly)
{6n (2)<2|z—y[}NB(0,x)

< o / V(61 (9)) M (2, $(y)) pu(dly)
HNB(0,x)

= [ M) ) = M),
Hence, we have proved (4.10), and so, by Lemma 4.1,
/ lz|~4de < / lz| "% dz < oo. (4.11)
{s2>MH(-,0)/8}NB(0,1) {MH/>MH(.,0)/83NB(0,1)
Together with (4.8), (4.9) and (4.11) we obtain that

2
/ ||~ dax < / 2| ~dx < Z/ 2|~ ¥dr < oo.
Ay s1(z)+s2(z)>MH(-,0)/4}NB(0,1) i=1 7 {si>MH(-,0)/8}nB(0,1)

a

Theorem 4.3 Suppose that X is a subordinate Brownian motion satisfying (H). Let A be a Borel
subset of H and assume that (1.1) holds. Then A is not minimally thin in H with respect to X at
z=0.

Proof: Assume that A is minimally thin in H with respect to X at 0. Then, using Proposition 3.14
and multiplying s by a constant if necessary, there exists an excessive function s = GHp + My
with v({0}) = 0 such that

s(z)

liminf ——2) _ —9
os0.2eA MA(z, 0)

Let B:={zr € H: s(x) > M (x,0)}. Using the lower semi-continuity of s, we get that B is
an open set. Thus there exists e > 0 such that AN B(0,¢) C B. By Proposition 4.2,

/ lz|~4dx < / lz|~%dzr < oo.
ANB(0,¢) B

Since f{€<\$l<1} |z| =% dz < oo, we have proved the theorem. O
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Theorem 4.4 Suppose that X is a subordinate Brownian motion satisfying (H). Let f : R¥~1 —
[0,00) be a Lipschitz function with Lipschitz constant a > 0. The set A :={x = (z,xq) € H: 0 <
xq < f(Z)} is minimally thin in H with respect to X at z = 0 if and only if (1.2) holds.

Proof: One direction follows by the same argument as the one in [17, Lemma 1]. In fact, assume
that the integral in (1.2) diverges. For x € A ={x = (T,z4) € H: 0 < x4 < f(z)} we have

o] = (27 +25)? < (2P + f@*)"? < (2P + 27?2 = [7](1+ ).

Hence,

1 f(@) 1
d:c>/ / - _dr=(1+d? _1/2/ f(@)|7]"%d7 = 0.
tK;uan\xw (@< Jo |41+ a?)t/2 ( ) (3]<1} @

By Theorem 1.1, A is not minimally thin in H with respect to X at 0.
The proof of the other direction is modeled after the proof of [1, Theorem 9.7.1]. Suppose that
(1.2) holds true. Then

V() |

{lz1<1}

o — 2|74z (2) dZ = V@H(iﬂ))/ o — 2|72 ~4f (2) dA(2) < o0

OHNB(0,1)

where A denotes the d — 1-dimensional Lebesgue measure. Define s : H — [0, 00) by

s(a) = / M (2, 2)(1+ [22) 2[4 () dA(2). (4.12)
OHNB(0,1)
Then by Theorem 3.6,

s(z) < Cs5(4) V(5H(x))/ |z — 2|7 Yz|"f(2) dA(z) for every z € B(0,1) N H.
SHNB(0,1)

Therefore, s is well-defined (finite), and is harmonic with the representing measure v on 0H having

the density 1p(9,1)(2)(1 + |2|2)=%2|2|~?f(2). Notice that v({0}) = 0. Further, f(0) = 0 (otherwise

the integral in (1.2) would diverge). Let x € AN B(0,1/2). Then z4 < f(z,0) < a|Z|, and so

zq/(2a) < |z|/2 < 1/4. Further, for z € B((z,0),5%¢) N 0H we have

) 2a

o~ Ty - - 3.
< |z— — < = ==
o] < e =3+l < SE+ 1 < T+l = Slal < 1
1/2
~ Tq\2 _
v 2| = (F - 22 +a3)"/2 < ((ga) +x§) = @1+ (20)72)2,

~ Tq Td Td

_ 2t s e _ e

f(Z) > f(ZL',O) 9 = Zq 9 9
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Therefore, with wy—; denoting the volume of the (d — 1)-dimensional unit ball and using Theorem

3.6, we get
@) > G V(En()) /B ooty NG
1 1 T T\ a1
> C5(4) ' V(0u(x ))x 41 + (2a)-2)4/? (;m)d ?dwd*l (?Z)
> e105(4) Ywgo1 V(0 (2)ay 7| drgad™t

)
V(0u(z))

> 105(4) 'wi Tl

> e1C5(4) Pwa 1 M (,0),
where ¢; depends on d and the Lipschitz constant a. This proves that for every z € AN B(0,1/2)
it holds that

s(z)

MH (z,0)
Hence, by Proposition 3.14, A is minimally thin in H with respect to X at 0. a

> ¢1C5(4) wa—1 > v({0}).
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