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Large solutions to semilinear equations for subordinate
Laplacians in C*! bounded open sets
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Abstract

We study the existence of a large solution to a semilinear problem in a bounded open
CY1 set for a class of nonlocal operators obtained by an appropriate subordination
of the Laplacian. These operators are classical generalisations of the fractional
Laplacian. The existence result is shown under a nonlocal version of the Keller-
Osserman condition, stated in terms of the subordinator and the source term f.
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1 Introduction
Semilinear elliptic equations of the form
Au = f(u) in €,

where ) is a domain in R? and f is a nonlinear function, have been the subject of
intensive investigation for several decades, see, e.g., [23] for a comprehensive overview
of results. One particularly interesting class of solutions to these equations is the so-
called large solutions — those that blow up at the boundary of the domain. These
solutions do not have a finite M-boundary trace (see [23, Definition 1.3.6.]), and therefore
cannot be dominated by nonnegative classical harmonic functions on 2. The existence,
uniqueness, and qualitative behavior of such solutions have been thoroughly studied for
local operators, and the Laplacian in particular, and necessary and sufficient conditions
for their existence are well understood. A foundational result in this context is the
Keller-Osserman condition introduced in [16] and [24], which provides a criterion for the
existence of large solutions based on the growth of the nonlinearity f.

In contrast, the analogous theory for equations involving nonlocal operators, even
the simplest case of the fractional Laplacian —(—A)*2 a € (0,2), has only recently
begun to develop, e.g. [11], [14], [3], [1], [2], [9], [6], [21], [22]- Semilinear equations
involving fractional Laplacians and other nonlocal operators exhibit a rich and sometimes
unexpected behavior that differs significantly from the local case. For example, nonlocal
effects allow for boundary blow-up even in linear equations, a phenomenon not possible
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in classical Laplacian problems. Moreover, the nonlocal nature of the operators leads to
prescribing the analogue of the classical Dirichlet boundary conditions in terms of the
exterior data on (parts of) Q¢ and boundary data given via an appropriate potential-
theoretical trace operator, see [9], [5] and [6].

The current work focuses on a class of semilinear problems involving a family of nonlo-
cal operators defined via subordination of the Laplacian by a complete Bernstein function
¢, with the general form L = —¢(—A). These operators can be considered as generators
of a special class of pure-jump Lévy processes, called subordinate Brownian motions, and
have been studied extensively from both probabilistic and analytical perspectives. They
are typically expressed as singular integral operators of the form

Lu(x) = PV. / (uly) — ul@))ily — =l) dy,

R
where the kernel j represents the jump intensity of the subordinated process. Under
certain weak scaling assumptions on the subordinator ¢, the operator exhibits robust
analytic properties and potential theory analogous to the classical fractional Laplacian
case, i.e. for ¢(t) = t*/2, a € (0,2). Our analysis relies on recent advances in potential
theory for subordinate Brownian motions and the representation of the corresponding
harmonic functions that allows for a precise formulation of the blow-up condition in terms
of the renewal function corresponding to the conjugate subordinator associated with ¢.
Among these, and recent advances in analytical properties of nonlocal operators and
(semi-)linear equations, we highlight the works [10, 9, 5, 6, 17, 15, 7] and the references
therein.
We consider solutions to the equation

—Lu=—f(u) in Q, (1.1)

for a bounded open C*! set Q C R, d > 2, under a regime of strong boundary singulari-
ties, commonly referred to as large solutions. These are the solutions that exhibit blow-up
at the boundary with a growth rate that surpasses that of any nonnegative L-harmonic
function. In order to construct a large solution in the distributional sense, we rely on a
generalization of the classical Keller-Osserman condition, adapted to the nonlocal con-
text of this paper. In the classical setting of the Laplacian, the classical Keller-Osserman

condition o 1
/ dt < oo, (1.2)
1 F(t)

where F'is the primitive function of an increasing function f, is the necessary and suffi-
cient condition for the existence of a solution to the semilinear equation

{ —Au=—f(u), in§,

. 1.
lim  u(x) = oco. (13)
Q3290
As mentioned above, the analogue of this equation in the nonlocal setting requires
prescribing complement data, as well as an appropriate analogue of the boundary con-
dition. The first result for the fractional Laplace operator in this direction is by Felmer

and Quaas ([14]), considered on a C? domain (2, of the form

(—=A)2y = —f(u), inQ,
u=g, in Q° (1.4)

lim  wu(z) = oco.
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for f(t) = t?, p > 1. Here they constructed boundary blow-up solutions in the viscosity
sense by considering complement data g with singularities at the boundary. Note that the
problem (1.4) is not the true analog of the boundary blow-up problem considered in the
local case, cf. (1.3). Indeed, there exist a-harmonic functions on 2 that explode at the

boundary, with the rate at most (5§ _1, where dq(x) is the distance from the point z € Q
to 092. This means that, in the case of the fractional Laplace operator, solutions to (1.1)
that are dominated by corresponding harmonic functions, so-called moderate solutions,
can exhibit the same boundary blow-up. We are primarily interested in studying the
true nonlocal analogue of large solutions to (1.1), which in the fractional setting has

a singularity at the boundary of higher order than 55 - Moreover, the corresponding
boundary blow up should be the result of the interaction between the operator and the
source term, and not with the complement data — this is in similar spirit as the original
results by Keller and Osserman in the local case. The resulting equation is then of the
form

(—A)u = —f(u), in €2,
u=0, in Q, (1.5)
. 1—a/2 o

Qalignag dg (z)u(z) = oo.

In the follow-up work [11], the authors show that problem (1.5) admits a large solution
when f(t) = t? for the range 1 + o < p < 1 — 7o(ay Where To(a) € (—1,0]. Moreover,

T0(c

they obtain the exact blow-up rate of order dq (x)ﬁ Following their result, the authors
in [3] adopt a different approach based on analytic tools from potential theory for the
symmetric a-stable process, formulating the semilinear problem in a corresponding weak
dual and distributional sense. In the case where 2 is a ball and f(t) = t*, they construct
an explicit nonnegative continuous solution to (1.5), exhibiting the same blow-up rate as
in [11], for the range of parameters 14+ o < p < 2. In addition, a nonexistence result
is shown for 0 < p <1+ 5. The former range implies that the classical Keller-Osserman
condition cannot be fully extended to the nonlocal setting, since (1.2) is equivalent to
p > 1. Independently of [3], the question of the existence of solutions to (1.5) for more
general power-like nonlinearities f has been studied in [2], under the term very large
solutions. Additionally, a somewhat incomplete fractional version of the Keller-Osserman
condition is obtained, as a sufficient condition for the solvability of (1.5). This condition
is the key ingredient in obtaining a supersolution to (1.5), which allows for a construction
of a solution as an increasing limit of appropriately chosen moderate solutions to the
semilinear problem (1.1). A slight drawback of this approximation approach is the lack
of an exact blow-up rate of the obtained large solution.

In this paper, we focus on a class of semilinear problems involving more general
subordinate Laplacians in bounded open C! sets 2 C RY, d > 2. Specifically, we study

the problem

—Lu = —f(u) in €,
u=0 in R4\ , (1.6)
leiglaav (0q(z))u(z) = oco.
where L = —¢(—A) and V* is a renewal function associated with the ladder-height

process of a conjugate subordinator with the Laplace exponent ¢*, for details see (2.11)
and (2.12). We discuss how the blow-up condition in (1.6) reflects a beyond-moderate



explosion at the boundary. The key novelty of this paper lies in extending the existence
of large solutions to this more general nonlocal setting, under a nonlocal analogue of the
Keller-Osserman condition that serves as a sufficient condition for the existence of such
solutions. We also present the appropriate notion of the corresponding Keller-Osserman
type condition, which, unlike (1.2), cannot be stated purely as an integrability condition,
see (3.2).

This paper is organized as follows. In Section 2, we provide the necessary background
on the class of subordinators ¢ satisfying a certain scaling condition (2.3) and the op-
erator L, as well as basic notions from the corresponding potential theory, such as the
renewal function V. In the same way as in [3|, the probabilistic aspects of these notions
and techniques are presented only for better interpretation. Section 3 is devoted to the
formulation of the Keller-Osserman type condition in the nonlocal setting and the con-
struction of a suitable supersolution, based on [2|. In Section 4, we prove the existence
of large solutions using a monotone approximation scheme. By connecting the notions of
distributional and weak dual super- and sub-solutions, we obtain a very general distribu-
tional version of the comparison principle. Section 5 discusses connections to Kato-type
inequalities and explores some consequences of this result, as well as important open
problems.

Finally, a brief comment on the less standard notation in the paper. For positive
functions f and g, we write f < g (f 2 g, f < g) if there exists a constant ¢ > 0 such
that f <cg (f > cg, cTlg< f<cy).

2 Preliminaries

Let ¢ : [0,00) — [0,00) be a complete Bernstein function with zero drift. This means
that the function ¢ can be represented as

p(A) = /OOO (1—e ) v(s)ds,

where the corresponding Lévy density v is a completely monotone function. We refer
to |26] for a comprehensive overview of the theory. In probability theory, Bernstein
functions are associated with subordinators, i.e. nonnegative Lévy processes, via their
Laplace exponent. Let S = (S; : ¢ > 0) be the subordinator with the Laplace exponent

o, i.e.

E[e—,\st] _ e—tqﬁ(/\)‘

We are interested in operators associated with generators of subordinate Brownian mo-
tions in R%, d > 2. Let B = (B; : t > 0) be a Brownian motion on R? independent of S
and let X = (X, : t > 0) be the corresponding subordinate Brownian motion, X, = Bg,.
The process X is a Lévy process with the characteristic exponent ¢ — ¢(|£]?), € € R,
and the corresponding infinitesimal generator L of the form

Lu(z) = P-V-/ (u(y) —u(@))j(ly — =|)dy, ue CZRY), (2.1)

Rd

[25, Theorem 31.5]. Here j : (0,00) — (0, 00) is the radial Lévy density of X given by

jlr) = /000 mefju(s) ds, (2.2)
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which is continuous and decreasing. Throughout the paper, we assume that ¢ satisfies
the following scaling property at infinity,

alAdl < M < a2)\627 A 2 17t > 17 (23)

ot)
for some constants a;,as > 0 and 0 < §; < Jy < 1. As a simple consequence of (2.3) we
get that
(1)

' (t) < — t>1, (2.4)

and by [18, Theorem 2.3],
jlr) < —=, r <L (2.5)

For a bounded open set U C R?, define the first exit time from U of the process X as
v = inf{t > 0: X; ¢ U} and denote by XV the corresponding killed process. The
transition densities p¥ of XV and p of X are related by the so-called Hunt formula

Yt z,y) =plt,2,y) — E.pt — 70, Xy, )1 iimmy), >0, 2,y € R%

Denote by Gy (x,y) the Green function of XV, defined by

GU(may) = / pU<t7x7y) dt? x,Yy € Rd7
0

and by Gy f the corresponding Green potential of a function f,

GUf@»::/Qf@nGUCay>mh reRY

For # € U, the probability measure wf;(dz) := P,(X,, € dz) is called the harmonic

measure of U with respect to the process X. For a function u on U® let
Puala) = Bulu(Xo )] = [ uluo ), (2.6

whenever the integral makes sense. The Poisson kernel of XV, defined by
Py(z,2) = / Gu(r,9)j(ly—2))dy, x€U €U,
U

is the density of the restriction of the harmonic measure to U . Furthermore, if U is
regular enough, e.g. if U is a Lipschitz set, then wf;(dz) = Py(x, z)dz on U°. Fix zy € U.
For x € U and z € U by [19, Lemma 3.4, Theorem 1.1] there exists the limit

. C71U (l’ ) y)
My(z,z) = lim ——=,
u(@:2) Usy—= Gy (2o, y)
which is called the Martin kernel of U with respect to X. The Martin potential My h of a
continuous function h on OU is defined accordingly. The aforementioned potentials play
a crucial role in defining the weak dual solutions to (semi-)linear problems

—Lu = —f(u) inQ
u =g in Q° (2.7)
Waou = h on 0f,



which form the class of moderate solutions to (1.1). Here, W, is the appropriate boundary
trace operator defined for general open sets, for details we refer to [6] and [5]. A function
u is a weak dual solutions to (2.7) if it satisfies the relation

u(z) = —Gof(u)(zr) + Pag(z) + Moh(x), z € R%

For details on this class of problems and the boundary operator Wg, we refer to [9], [5],
and [6].

In this paper, the boundary conditions and the beyond-moderate boundary blow-up
of solutions will be determined in terms of the special renewal function. When 2 is
a C™! open set, the connection between the boundary operator Wy and the pointwise
boundary condition in terms of the renewal function has been explored in detail in |6,
Subsection 4.7, (4.18), (4.19), (4.25)|. Here we give the definition of the renewal function
and a brief overview of its properties, for details we refer to |4, Section VI| and [20]. Let
Z = (Z4)1=0 be a one-dimensional subordinate Brownian motion with the characteristic
exponent @(6?), @ € R. The renewal function V of the ascending ladder height process
H = (Hy)i>0 of Z, is defined as

For the definition and properties of the ladder height process H, we refer to [4, Section
VI.1]. From the definition of the renewal function V' it easily follows that V' (¢) = 0 for
t <0, V() =0, V(co) = 00, and V is strictly increasing. In the case of the isotropic
a-stable process we have that V() = t*/2. In the general case, the function V is not
known explicitly, but rather determined by its Laplace transform. Nevertheless, under
(2.3), it is known that V is a C? function with the following properties:

V()=o) =ot )Y, 0<t<1, (2.8)
VI(t) S L (2.9)
V()] S V/t(t) , 0<t< (2.10)

For details see [17, Lemma 2.4, Lemma 2.5| and [20]. Next, let ¢* be the conjugate of
the complete Bernstein function ¢, i.e. a Bernstein function given by

¢*(s) = —=, s>0. (2.11)

The function ¢* is the Laplace exponent of the subordinator conjugate to S, and satisfies
the weak scaling property (2.3), with different coefficients. Let V* denote the renewal
function of the corresponding ascending ladder height process. Then, as an analogue of

(2.8) we get that
1 s

V*(s) < = , s> 0. (2.12)
oo V@
Since the nonnegative solution u to (2.7) with ¢ = 0 is bounded from above by the

harmonic function Mqgh, by [6, (4.18)] we conclude that

u(w) < Moh(z) < —22&®) 1

S Vel Va) T
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The sharpness of this blow-up rate follows from the estimate
Mql(z) < V*(6q(x)), =€, (2.13)

see |6, (4.16)] (also [6, (4.19)]). Moreover, by the Martin representation, [5, Proposition
5.11|, every nonnegative function « harmonic on 2 for X can be represented as an ap-
propriate Martin potential. This implies that the blow-up rate of moderate solutions is
at most V*(dg) ™!, which motivates the boundary condition in (1.6).

Let us now turn to the nonlinearity f, which is, following [2], modelled as a gener-
alization of the power function f(t) = t*, p > 1. Let f : R — [0,00) be an increasing
C'(R) function with f(0) = 0 such that

(L+m)f(t) <EF(8) < (1+ M)f(t), tER, (2.14)

for some constants 0 < m < M. Denote by F : (0,00) — (0, 00) the antiderivative of f,
le.

t
Flt) = / f(s)ds, £ > 0.
0
By (2.14) the function t —+ F(t)~'/2 is integrable at infinity. Indeed, by integrating (2.14)

we get that f(t) > f(1)t'™™ and therefore F'(t) > t>*™ for t > 1. Thus one can define a
function ¢ : (0,00) — (0,00) as

> ds
got:/ — = t>0. 2.15
0= 75 2.15)
Remark 2.1. (a) The function ¢ is monotone decreasing and
lim p(t) = oo, limp(t) = 0.
(b) Using (2.14) and the definition of ¢ one can show that
met) M p(t)
may) < =AY , 2.1
A0 < < 2 s (2.16)
and
t
o), t>0, 217
7 = ol (2.17)

for details see [2, Remark 1.1].

Denote by % the inverse function of ¢, which will appear in the construction of the
supersolution. By Remark 2.1, v is decreasing and satisfies

ltiglw(t) = 00, %ggw(t) = 0.

Furthermore, by (2.14) it follows that

OO
o0 = eer b (218)




Note that (2.16) written in terms of v is of the form

290

</
Mt\w

2 Y(t)
()] < e t >0, (2.19)
which in turn implies that the function ¢ — w(t)t% is non-decreasing and the function
t — 1(t)t31 is non-increasing.

Throughout the paper, we assume d > 2 and that Q C R? is a bounded open C'*! set
with characteristics (R, A). Denote by dq(x) := dist(x, 02) the distance of a point = € 2
to the boundary 99 and for n > 0 set Q, = {x € Q: do(z) < n}. Since Q is a CH! set,
by [13, Theorem 5.4.3(i)] it follows that dq is a C'' on an open neighbourhood of each
point at the boundary 9€). Since € is bounded, this means that there exists 1y > 0 such
that g € C1(Q,,).

The results of this paper focus on the construction of a distributional solution to the
semilinear problem (1.6), i.e. the existence of a function u € L'(2) such that for every

£ e C(®)
/Q uLE = /Q F(w,

and 0 limagu(x)V*(ég(x)) = 00. Recall that this limiting boundary condition implies
Sr—
that u is not harmonically dominated, i.e. does not fall into the class of the so-called

moderate solutions investigated in [6]. Since the solution u to (1.6) exhibits this stronger
singularity at 02 than the moderate solutions to (1.1), we call u a large solution to (1.1).

3 A Keller-Osserman condition for nonlocal operators

The key ingredient in the proof of the existence of a solution to (1.6) is the construction
of an integrable pointwise supersolution, under the so-called nonlocal Keller-Osserman
condition. The appropriate boundary behaviour of the supersolution is governed by the
function U : R? — (0, 00) defined by

Ux) = ¢ (V(da(2))),  zef

First, we introduce a weaker form of the nonlocal Keller-Osserman condition, which
assures the integrability condition on the supersolution, needed to construct the sequence
of moderate weak dual solutions to the approximating problems (4.2). In what follows
we use the abbreviation § = dq.

Lemma 3.1. The function U is in L*(Q2) if and only if the Keller-Osserman-type condi-
tion

o dt
| e .
18 satisfied.

Proof. Since ¢ and V are continuous on (0, 00) and § € C(2), it follows that U € L}, (Q).
Therefore, it is enough to show that (3.1) holds if and only if U € L*(€,,). Denote by
H% ! the (d — 1)-dimensional Hausdorff measure on 9€). Recall the definition of ® from
(2.8), as well as the relation V' =< ®. By applying the coarea formula, see e.g. [13,

Theorem 3.5.6], we arrive to

/Q U(z) de = /0 " /{m:émt}w(V(t))de—l(dx) 2 /0 " (@) dt

10
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- /m (81 (0(3))|!(5)] ds 27 /Oo (@1 (0(5))p(s) ds
»(®(no)) P

> o(s) 24) [ ds
_— —d x b
/w@(m» (@1 (p(s) /w@(no)) 1 ((5)2))

where in the second line we used the substitution s = ¢(®(¢))) and the fact that the
functions ¢ o ® and ¢ are decreasing. [

In order for U to be a pointwise supersolution near the boundary of {2, we need a
slightly stronger version of (3.1), given by the inequality (3.2). Note that when f(t) = 7,
p > 0, and ¢(t) = t*/? the Keller Osserman-type conditions (3.2) and (3.1) are both
equivalent to p > «a + 1. For the class of functions f treated in this paper, as well as in
[2], the condition (3.1) is not enough to construct the supersolution, even in the fractional
setting. This is because the comparability in (2.19) is not enough to deduce (3.2) from
(3.1), note the change of sign in the line before [2, (1.29)]. See also the following Remark
3.3.

Proposition 3.2. Assume that for R > 0 there exists a constant Cy > 0 such that for
everyr > R

o dt r
X Cl . .
| 7w <Ot .

Then there ezist constants n; € (0,19) and Cy > 0 such that
LU(z) < Cof(U(x)), = € Q.

Remark 3.3. (a) Note that the stronger condition (3.2) follows from (3.1) and (2.19)
when

/0 () dt < egle ). (3.3)

To see this, substitute ¢ in (3.2) with u = (¢~'(¢(t)72?))"/? and denote 7 =
(6~ (p(r)~2)) "2, Tt follows that

u ~1/2 ¢/(U72) AT
(24)/ e 1/2)‘¢<u_12>1/2du

(2.19)

2 / (o)) du,

Since (2.19) implies that the function ¢ + ¢(¢)t*™ is non-decreasing, we get that

/OO m < w(¢(?—2>—1/2)¢(?—2)—1/m /OT ¢(U_2)1/mdu

S (o) )T =

o1 (p(r) )

In the standard a-stable case (3.3) is equivalent to m > a.




(b) By applying the same calculation as in the proof of Lemma 3.1, condition (3.2) is
equivalent to

c > ds Y(V(e))
%4 dt < < = \% .
/0 vVl di /w(v(e)) Vo (e(s)72) T Vo e (V(e)) ) ! (52 g

Proof of Proposition 3.2. Fix n € (0,19/2) and take z € €,. Since U = 0 on Q° and
U > 0 on (), we have that

LU(x) = P.V. /

(W) = Uity =) dy+ [ (©U) = U@)iy -y

<PV. [ (W) = Vil —ahdy = 1.
In order to estimate I, we decompose the integral into three parts
1 —/QI(U(Z/) —U(x))j(ly —=[)dy + P.V. /92([/(3/) —U(@))j(ly — =[) dy
+ [ ) - Uiy~ ahdy = o+ T+
3

where 2 = Q; U Q3 U Q3 such that

0 ={yeQ:d(y) > 35(x)}
Q={yeQ:1id(x) <i(y) <26(2)}
Qs ={yeQ:d(y) < $6(x)}

Since the function 1 o V' is decreasing, it follows that J; < 0. For .J; we split the integral
into two parts

=PV [ (U)ol dy
B(z,6(2)/2)
+f (Ut) = Uiy = ol) dy = I} + .
Q2\B(z,0(x)/2)

In order to get an upper bound for J; first note that U € C*'(Q,,) and that VU =
' (V(9))V'(6)V4. Furthermore, (2.9), (2.10), (2.18) and (2.19) imply that for every
z € B(z,6(x)/2) C Q,, we have

VU (z) = VU ()| S [¢'(V(6(x))
S (W'(V(6(2)
+ V(6
+ V(6 )1z — =]
S (W' (VO@))V'(8(x)) + [¢'(V(3(x))V"(3(x))]

)
)IVa(2)]
)IVa(2)|



Therefore,

5] =

[ )~ V) = TU)y - iy - ey
(z,6()/2)

Lo (190 = 0) = 901 00) by iy =t

(‘? OO [ =Py — el dy
B(z,6(x)/2)

N

6(x)?
Y(V(0(z))) o(ly —2|7?)
< 5(1')2 /(m6(m)/2) |y — x[4=2 d
(o
(x)

) 452 2)6(x)? = BV (3(2))b(3(x) ). (3.6)

vV
S o

)2

Similarly, since ¥ o V' is decreasing it follows from (2.5) and (2.3) that for some R > 0

T3 SV (3(2)/2)) /5( )/2j(7“)7“d_1 dr SY(V(8(2)))d(0(x) %),
so by (2.8) we get that
' ) T3 SV (0(2)))V(6(x) " (3.7)

Let @ € 09 be the projection of z on 012, that is z = Q + 6(x)Vd(z), and v = ¢ the
O%! function such that

B(Q,R)NQ ={y = (y,ya) € B(Q,R) in CSq : ya >(y)},
where C'Sg denotes the coordinate system with @ = 0 and Vi(x) = eq4. Set
w={yeQ:y=0Q,+(y)Viy), @ € B0, R) NN}

and

b= [ ) -Vl sdy+ [ (@)~ Uiy~ al)dy = I+
Q3\w

QzNw

First note that for y € Q3 \ w

and therefore
5 5
v =l > 1Q] — 6y) — 6(x) > R~ 26() > R~ 2n >0,

by choosing 1 small enough. This and nonnegativity of U imply that
As | U<, (38)
Q3\w

On the other hand, for y € Q3Nw we have that y = (@vy, ’y(@vy)) +6(y)%. Since
Y(Qy)IP+

v € C?%, we get that

o(y)
VIVA@)P +1

11

lya — 6(y)| = [1(Q,) + —8(y)| < An|Qy* + A|Q,|




and

2

o= |G, ~ V@) | 15 o] a)Iva@,) + (LTI
VIVA@))2 +1 VA Q) + 1
> @[ 2@ = @

for n < ; A This implies that

ly — a? = [(8(x) — 6(y))ea + (5(y) — ya)ea — (7,0)?
> (3(x) — 6(y))? — 2/6(x) — 6(y)[16(y) — yal + (6(y) — ya)* + [
> (0(x) — 0(y))* — 20A6(x) — 6(y)[|Qy[* — 2A16(z) — 5()]|Qy| + 21Q, [
> (8(z) — 8(y))* — 2A7°R? — 2AnR + 1|Q, %

By choosing 1 small enough it follows that there exists a constant C' = C'(A, R) such that

ly — 2 = C((6(x) — 3(y))* + |Qy ). (3.9)
Therefore, by (3.2) and Remark 3.3(ii) we have that

J3 < - U(y)j(ly — x]) dy (? /Qdmw U(y)% dy
(3.9) T 2 A (12)-1
) Q”Z’w(V(é(y)))gﬁEEgi)) <(>;) :&T%ZW &
/ // PV qbgg((;zg; )) :;;3{/_21) =2 s dt
R G B
(3<4 ¢(0(x) ) p(V(6(x))) (¥)¢(V(5($)))V(5($))_2- (3.10)

Inequalities (3.6), (3.7), (3.8) and (3.10) now imply that I < o(V(§(x)))V (d(z))~2. Fi-
nally, by applying (2.17) we get that

v(V(o(z) _ _Ulx)

= = f(U(x))
V(o(z))?  e(U(x))?
m
Lemma 3.4. The function U satisfies the boundary growth condition
xlirgﬂv (0(x))U(x) = o0

if and only iof

lim V! ( i) sf(s) = o0. 3.11

lim 757) VeI (3.11)

12



. . V_1<U) . —1
Jim VE(3(2))U(2) = lim ——==¢(v) = lim ¢(S>V ((s))
= Sli_)rglo Vsf(s)V ! ( %) =00

]

Lemma 3.5. Let f be an nondecreasing C' function such that f(0) = 0 satisfying con-
ditions (2.14), (3.2) and (3.11). Then there exists a supersolution u : R™ — R to (1.6)
such that w € CH(9Q).

Proof. We will construct a supersolution u of the form
u(r) = alU(z) + bGol(z), v € RY,

for some constants a,b > 0. Since U € CH1(Q), [15, Theorem 1.2] implies that u €
CH1(9). By Proposition 3.2, there exists a constant ¢ > 1 such that for all z € Q,, we
have that

—Lu(z) = — aLU(z) — bLGol(z) = —acf(U(x)) + b > —acf(U(z)) = —acf(tu(z)),

where the last inequality follows from the fact that Gol > 0 and the assumption that f
is nondecreasing. Set a = ¢'/™ > 1. Applying (2.14), i.e. the fact that t — f(¢)t=1"™ is

nondecreasing, we get that
oot (L)),
a
and thus

—Liu(z) > —aca™ " f(u(x)) = —a "cf (U(x)) = —f(u(x)), z € Qy,.

~
—~
|
=
I
&H
N\
i
=l
&
N———
Y

Since LU is bounded on 2\ €2, we can choose b = asup,cq\q,, |LU(y)| which implies
that

—Lu(x) = —aLU(z) — bLGol(z) = —aLlU(xz) + b >0 > —f(u(z)), v € Q\ Q,,.
[

Remark 3.6. Note that when (2 is a ball the supersolution u from Lemma 3.5 is a radial
function.

Next, we want to connect the notions of distributional and probabilistic superharmonic
(respectively, subharmonic) functions. The latter is defined in terms of the potential Py
from (2.6), for U C R? open and bounded. In the case of harmonic functions for integro-
differential operators generating unimodal Lévy processes, this connection has been made
in [15].

Lemma 3.7. Let h € LY(R%, (1 A j(|z|))dx) N C(Q) be such that for every v € C=(Q),
v =0,

/ h(z)(—Lv)(x)dz > 0. (3.12)
Rd
Then for every relatively compact open set A C Q and x € R?

h(z) = Psh(x).

13



Proof. Let A C ) be a relatively compact open set. We first prove the claim for h €
C*(Q) N LYRY, (1 A j(|z|)dx)). Therefore, —Lh can be calculated pointwise, and the
assumption (3.12) is equivalent to —Lh(z) > 0 for x € Q. Denote by A™8 C A° the set of
all regular points for A°, i.e. x € A™® whenever P,(74 = 0) = 1. Note that (4)° C Are
and by [8, Proposition II (3.3), p.80] 0A \ A™# is a semi-polar set for X. Since X is
symmetric and has a a-potential density, by [8, Proposition VI.4.10] semi-polar sets for
X are polar. This implies that A\ A™® is polar and therefore

P.(X,, € 0A\ A*®) =0, z¢€R"% (3.13)

Modifying the approach in [15, Lemma 3.2|, set

() = {PAh(x), r € A,

h(z), otherwise.

Since h(z) = h(z) = Pyh(z) for all z € A™2_ it follows from (3.13) that for every z € A

PA%(x) = E:v[ﬁ<XTA)] = Ew[E(X‘rA)§ X, € Areg] = Ew[PAh(XTA)§ X, € Areg]
= E,[Pah(X,,)] = Pah(z) = h(z),

so the function h is regular harmonic in A. Since h € LY(R%, (1 A j(x))dz), by [15,
Lemma 2.2, Lemma 3.1] & € C2(A) and Lh(z) = 0, € A. Note that under (2.3), the
Lévy density j from (2.2) satisfies conditions [15, (A), (1.2)] assumed in [15, Lemma 2.2|,
for details see [15, Example 6.2]. Set u := h — h. We have shown that u € C%(A) and,
by definition, v = 0 on A°. Since for every x € A, Lu(z) = —Lh(x), it follows that
Lu(x) > 0 for z € A. Assume that sup{u(z) : x € A} > 0. Since u € C.(Q) and u =0
on A€ the supremum is attained at some zy € A. It follows that

Luan) = [ (ua) = u(a)i(o = an)do =
— [ (o) = utan))i(la = aol) o = u(zo) | e~ anl)do <0,

c

which contradicts the already established inequality Lu(zg) > 0. Therefore, we get that
u < 0on A, that is h > P4h on A.

For a general function h € LY(RY (1 A j(|z|)dx)) N C(Q) satisfying (3.12) define
he = 0. x h, where 0., ¢ > 0, are standard mollifiers. Note that h. satisfies (3.12) on
0\ €, since for v € C(2\ €2.), v > 0, we have that v. € C2°(Q2) and v. > 0, so

/ he(z)Lv(x d:p—/ / h(z —y)Lv(x d:pdy—/ / 2)Lv(z + y)dz dy
R¢ JR4 Re JR4

/Rd h(2)(6. % Lo) (> )dz—/ h(y) Lv.(y) dy < 0.

Rd

Since h. € C?(A) it follows from the first part of the proof that h. > Pah. on A, for e > 0

such that A € Q\ Q.. By [15, Lemma 2.9] we have that h, % hin L*RE, (1A (|x]))dx),
which together with continuity of h on €2 implies that

Pyh(z) = liilol Pyh.(z) < liﬁ)l he(xz) = h(zx). (3.14)

14



To see that the first equality in (3.14) holds, note that for any relatively compact subset
U of © such that A C U we have

Pa(h — ) ()] < /

|h(2) — he(2)|wa(z, dz) + |h(z) — he(2)|Pa(z, 2)dz.  (3.15)
U\A Ue

Since h € C(2), we have that h, 2 pointwise on 2. Moreover, |h|, |h:| < M on U
for some M > 0 and all € > 0 small enough. Therefore, by the dominated convergence
theorem, the first integral in (3.15) converges to zero as ¢ — 0. For the second integral
in (3.15) note that

Pa(z,z) STANG(lz]), x € A, z € U,

so the desired result follows from h. == h in LYR, (1A j(|z|))dx). O

Remark 3.8. (a) The analogous statement of the Lemma 3.7 for a subharmonic func-
tion h is obtained by applying Lemma 3.7 to the function —h.

(b) The statement of Lemma 3.7 for nonnegative or locally bounded supersolutions
holds without the continuity assumption when A is a Lipschitz set, or more gener-
ally, A C R% such that w4 (z,0A4) = 0. Indeed, for the convergence of the first inte-
gral in (3.14), one can apply Fatou’s lemma in the first case or the dominated conver-

gence theorem in the second, since h. <= h a.e. on R¢ and wa(x,dz) = Pa(z, 2)dz.

Lemma 3.9. If a nonnegative functionu € L*(RY, (1Aj(|x]))dz)NC(Q) is a distributional
supersolution of

—Lu = —f(u) inQ (3.16)
then for every relatively compact open set A C ) it holds that

u > —Gafy+ Pau a.e.

Proof. Let A be a relatively compact open set in Q. Define h(z) := u(z) + Gafu(z),
x € R Note that u is bounded on A, hence f, is also bounded on A. By combining
the proofs of [6, Lemma 2.2 and Lemma 2.4]) we conclude that G4f, € C(A) !, which
implies that h € C(A). Further, since G4 f, = 0 on Q\ A, we have that u = h on R?\ A.
This implies that Pyu = Ps,h. Note that on A we have that

—Lh=—Lu— LGafy = —Lu+ f,

in the distributional sense. Hence, w is a supersolution for (3.16) if and only if A is
superharmonic, that is satisfies (3.12). By Remark 3.8 it follows that Pah(z) < h(z) for
almost every x € A (hence for a.e. x € R?). We get that if u is a supersolution for (3.16),
then

Pyu(z) = Pah(x) < h(x) = u(x) + Gafu(z), x €.

O

The analogous result to Lemma 3.9 holds for distributional subsolutions to (3.16),

with the converse inequality. This argument, combined with [15, Lemma 3.1], implies the
following characterization.

!Note that the regularity of the set A in [6] is needed only to show that G 4 f, continuously vanishes
at 0A.
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Corollary 3.10. A function u € L*(R?, (1A j(|z]))dz)NC(Q) is a distributional solution
of (3.16) if and only if for every relatively compact open set A C Q it holds that

u=—Gaf,+ Pau. (317)
Finally, as an immediate consequence of Lemma 3.9 we get a version of the comparison

principle for distributional super- and sub-solutions.

Lemma 3.11. Let B be a relatively compact open set in Q and uy,uy € LY(RE, (1 A
J(lz]))dz) N C(2) such that uy is a supersolution and us a subsolution to (3.16). If
up = uy on R\ B then up = ug on Q.

Proof. Let A:={z € Q:us(z) > ui(z)}. Since both u; and uy are continuous on , A
is open and A C A C B C (). Hence, by Lemma 3.9, for any z € A

ug(z) < —Gafu, () + Pa(uz)(z) = —/AGA(:v,y)f(w(y))der/ Pa(z,y)us(y)dy

c

<- / Galz,y) s (9))dy + / Pale, yyur(y)dy < w (@), (3.18)

(&

In the inequality we used that f(us(y)) = f(ui1(y)) for y € A, and uy(y) < uy(y) for
y € A°. The above proves that A = (), that is, u; > us on all of Q. O

4 Existence of a large solution

Now using the existence of a supersolution u from Lemma 3.5 and the one-sided iteration
argument, we arrive to the existence result for solutions to (1.6).

Theorem 4.1. Let f be an increasing C* function such that f(0) = 0 satisfying conditions

(2.14), (3.2), (3.11), and 1
/0 Vi) (@) dt < . (41)

Then there exists a nonnegative solution u € L'(R") N C(Q) to (1.6) dominated by u on
Q.

Proof. For k € N let uy, = —Gq f,, +kMql be the nonnegative unique weak dual solution
to the semilinear problem

—Lu = —f(u) inQ
u = 0 in Q° (4.2)
Wou = k on 0f).

The existence of this weak dual solution follows from |6, Theorem 5.1] and assumptions
(4.1) and (2.14), latter implying that the function A = f satisfies the doubling condition
6, (5.1)].

First, we show that the sequence (uy); has a nondecreasing subsequence (ug, ),. By
(2.9) and (2.14) the function h(t) := f(¥X) satisfies [6, Condition (U)]. Recall that by

t
(2.13) there exists some ¢; > 1 such that for all x € Q

V(da(x))

16

-1

¢ < Mol(z) < ¢.



Since [ is increasing, nonnegative and satisfies (2.14), there exists ¢o > 0 such that
f(ert) < cof(t), t > 0, and therefore

Gaf(up) < Gaf(kMal) < E"™MGo f(Mal) < cok™™Go(h o dq).

Therefore, by [6, Proposition 4.1] and (4.1) we have that for some ¢3 > 0

0 < limsup 5Q—(x)Gquk(x) < k™ lim sup 5Q—mG9(h 0 0g)(T)

e—00 V(0a(x)) a—o0 V(0a(x))
d0q(z) diam(§2)
< eskt ™M lim/ h(t)V(t) dt + lim 59(3:)/ Mdt =0. (4.3)
z—0%) 0 —0%) o) t

Note that the last equality in (4.3) follows from (4.1) since for g(t) := f (@) V(t) we
can apply the dominated convergence theorem to get that

740

1 1
. 9@) [T T _
17%”7/,] ; dt = /o lim tg(tﬂ[ml] (t)dt = 0.
Now by (2.13) and (4.3) it follows that for [ > 2c2k

. do(x) : oo ()
0 < limsup —————u(z) = limsup —————(kMqal(z)) < 1k
(sg(oc)—}o3 V(da(z)) +(@) 5Q(x)—>13 V(5Q($))( al(r)) < e

S 0.
<27 <27 liminf ﬂ(lMgl(x)) <2 fimnf 220

da(2)=0 V(da(x)) b0 () 0 WUZ(I) =

which implies that w; > u; on Q, for some 7 small enough. Then by Lemma 3.11 it
follows that w; > uy on all of Q. Now the desired subsequence (uy,), is obtained by
setting k, = (|2¢2] + 1)

Let w € C(Q2) be the pointwise supersolution of (3.16) from Lemma 3.5. Since Gl €
Co(Q), by Lemma 3.1 and Lemma 3.4, w € L'(Q) and

lim 0q (x)

i Wﬂ(ﬂc’) = 00. (4.5)

This together with (4.4) implies that @ > wuy, near the boundary of €2, so by Lemma 3.11
we conclude that

u > uy,, in L (4.6)
For x € (2 define
uw(z) == lim wy, (z) < u(z),
n—oo

and set u = 0 on Q°. Note that u € L*(Q2). Moreover, for all k,,

lim inf da(z)

o do() -1
T =1 f—— > n-
im in V(§Q(a:))u<x> imin ug, () = C 'k

=00 V(5Q (33'))

Thus u has the required boundary behaviour in (1.6). Therefore, it remains to check
that u is a solution to (3.16). Here we use Lemma 3.9. Let A be any relatively compact
open subset of €2. Then for all &,

Uy, () = —Gafu, (x) + Paug, (v) = —/AGA(SC’y)f(Ukn(y)) dy + /Q\A Pu(,y)ug, (y) dy.
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Since uy, increases to u and f is nondecreasing, by the monotone convergence theorem
we get that

uw(x) = —Gafu(x) + Pau(z).

By (3.17) it follows that u is a solution to (3.16). In order to show continuity of u, fix
any compact K C € and choose 1 > 0 such that dist(K, Q¢) > 3n. Let A be any C? open
subset of {2 such that Q\ Q,, CAC Q\Q,. Forany j > 1 and z € A4,

0 < up,,,(¥) —up(z) = (- Galu,,, () + Pau,,, (%)) — (= Gafu, () + Paug, (z))
= —Galfu,,, = fu, (@) + Paluk,.; — ur,) (@) < Palug,,; — uk,)(2).

n+j

If x € K and z € Q\ A, then |z — z| > n. Hence, by |6, (4.5)], for some ¢4 > 0

Cq

V(0ac(2))”
where d4c(2) = dist(z, A). This implies that

e [ @ mw ) ) ()
0 <t (@) =ty (@) < /\ e i /\ s @)

Since u € L'(Q) is also locally bounded on 2, and fol %dr < 00, it holds that

Pa(x,z) < reK,zeQ\A,

_uld)
/Q\A V(5Ac(2))d R

Therefore, by the dominated convergence theorem, the right-hand side in (4.7) goes to
zero as n — o0, independently of z € K. Hence, the convergence wuy,, 2% 4w is uniform
in K, implying that u is continuous on K. [l

Remark 4.2. Note that the solution from Theorem 4.1 satisfies

lim sup u(x)

o0 Y(V(6(x))

but we do not obtain the exact blow-up rate of the solution at 0. In the case of the
fractional Laplacian L = A2, f(t) = t” and 2 = B a ball, the blow-up rate of the large
solution is known to be of the same order as the supersolution @, see |3, Theorem 5.1].

< 400,

That is, the solution u is comparable to (gﬁ near the boundary 0B.

5 Kato’s inequality

In the classical setting of the Laplace operator, the classical Keller-Osserman condition
implies the existence of a universal upper bound on €2 for distributional solutions to the
local semilinear equation,

Au(z) = f(z,u(x)), x€Q, (5.1)

see for example [23, Section 3.1, Theorem 4.1.2|. This universal upper bound is obtained
by applying Kato’s inequality and showing that all solutions are dominated by a function
given in terms of the constructed supersolution u. As a consequence, it follows that for

18



every compact set K C () there exists a positive constant Cj such that every locally
bounded solution of (5.1) satisfies

sup |u(z)| < Ck. (5.2)
zeK

This uniform local boundedness is then the key ingredient in the construction of the
maximal solution to (5.1). Although it is still unclear whether similar consequences of
the generalised Keller-Osserman condition hold in the nonlocal setting, even in the case of
the fractional Laplacian, we investigate the corresponding distributional Kato’s inequality
and one of its direct implications in the context of semilinear equations.

Proposition 5.1. Let Q be a bounded C'' open set, F € L}, (Q) and u € L'(R%, (1 A
j(|x|))dx) the distributional solution to the linear problem

—Lu = F  inQ. (5.3)

Then for every & € C°(2), £ >0,

[ i) < [ santw) (5.4)

We first prove a simple integration by parts type formula.

Lemma 5.2. Let ¢g > 0 and £ € C(Q2\ Q). For any 0 <e <L andv € C*(Q\ Q)N
LYR, (1A j(|z|)dz)), it holds that

/ vLE = €L, (5.5)
Rd 2\,

Proof. For 6 > 0 define the approximation operator

Lot (x) = /| (€)= )iy

By the symmetry of the operator Ls we have

| omse=5 [ ] ) = @) (e) = €z = a)1gpondade = | w(}. i
5.

Note that lims_, fRd vLs& = fRd vL& by the dominated convergence theorem. Indeed,
by assumption v € L'(R% (1 A j(|z|))dx), and since £ € C=(Q\ Q) we have that
|Ls&(x)| < C((1 A j(|x|))dx) for some constant C' independent of 4.

Furthermore, as v € C*(Q\ Q.) we have ||D?v||~@\q, ,,) < +00. For any z € Q\ Q,
we get

60/2)

Lyv()] < / o + ) — v(@) — Volz) - yli(y))dy + |Leo(o)|

0<lyl<e

<10l [ IPillDdy+ L) = ho(o)

ly|<e

loc

Jo €L, so the result follows by taking limit as 6 — 0 in (5.6). O

Since he € Lj,.(Q), by the dominated convergence theorem we have lims_,o [, Lsv =
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Proof of Proposition 5.1. We prove the result in several steps.

Step1: Let {pc}eso be a family of mollifiers such that fRd pe = 1 and define u. = u* p,
and F, := F % p.. Fix ¢y > 0. First we show that u. is a distributional (and pointwise)
solution of

—Lu.=F, in Q\Q,,. (5.7)

for all € < €. Note that for every £ € C°(Q2\ Q,), € < ¢ and y € B.(0) we have that

£, =E&(-+y) € CX(Q). Since u is a distributional solution to (5.3) we get that

—/Rd ue LE = —/Rd /Rd pe(y)ulz — y)LE(x) da dy = —/Rd pe(y) /Rd“(Z)LEy(Z>d2dy =
- /R pely) /Q F(2)€,(2)dzdy = /Q \Qeof(:r) /R Pz —y)py)dy du

_ / Fe.
2\Q,

Step2: Let 0 < £ € C(€2). Then there exists ¢g > 0 such that supp(§) C Q\ Q. By
applying Taylor’s theorem to a convex function v € C%(R), for z € R? and € < ¢ we get
that

~L3 (o= /o) L) PV, [ T ) — )P~ wy
< =7 (ue) () Luc(z). (5-8)

By Lemma 5.2, (5.8) and (5.7), we get that
[ (=16 = [ ~Llae < [ Y- 1u)s = [ vwore (69

Step 3: Asu € LY(R? 1Aj(|-|)) one can casily show that u. < w in L (R%, 1A(|-])),
see [15, Lemma 2.9]. Therefore, for v € C*(R) such that v’ is bounded it follows that
€l0 . .
Y(ue) == y(w) in LYREIAG( ).

Since for £ € C°(Q2) we have that |L&{(z)| S 1A j(|z]), the previous convergence implies

tim [ y(u)(~LE) = / +(u)(~LE). (5.10)

e—0 Rd R4

On the other hand, note that similarly as in (5.7),

[ ke = [ @@ [ Fuped—ndyds = [ F (oo (/0)g)-. 610

Since v, — u in LY(R%, 1A j(| - |)) it follows that (on a subsequence) u. — u a.e. Since
v € Cp(R), by dominated convergence theorem we get that

[ 1670~ 7@l 2o (5.1
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We apply the following decomposition

[ F oo 0/w0e) = [ Prg] <] [ Floox 0/0) = [ Floor ()]
4¢LF&wwMM—[ﬁwwd

.= A, + B.. (5.13)

Since £ € CX(Q\ Q) and p. € CX(B.(0)), we get that smpp(p6 x (7 (ue)€) — pe *

(7’(u)£)) C supp(pe) + 2\ Q. C K¢ for some compact set K¢ C  independent of € > 0.
Then by [|pe|| o ®rey < 1 and (5.12) we have that

_ ‘ /K F(z) pe* (7 (ue) =+ (w))€) (2) da:‘
:wléF@mK%w&@_yxng—vw»@x@mgiﬂ

<Py [ 16) =gl o,

Since the family of mollifiers is uniformly bounded, by boundedness of £ and +/, for z € K¢
it follows that

|F (@) pe (7' (w)€) ()| < [V ()] oo o | F ().
Since F' € L}(K¢) and px (7' (u)€) — (v (u)€), by the dominated convergence theorem we
get that lir% B, = 0. Therefore, by taking the limit in the inequality (5.9), and applying
%

(5.10), (5.11) and (5.13) we get that

| (=19 < [ vwre (5.14)

Step 4: Let (7,)n be an increasing sequence of nonnegative C? convex functions such
that v,(x) — |z|, v,(z) — sgn(z) as n — oo and ||V, | ~m) < K for some constant
K > 0 independent of n. By (5.14),

| (=18 < [ Awre (5.15)

Since the sequence (7, ), is increasing, by splitting L into the positive and negative part,
we can apply the monotone convergence theorem to find that

nlggo Rd 7n(u>( ”ILHOIO /L§>0} /L§<O} ’Yn ( LQ( )
B </{L£>O} ! /{L£<O} |U($)| - Lf) () de = /Rd |U($)|( N Lﬁ) (w)do

On the other hand, as |7/| < K and F € L} (), the dominated convergence theorem
implies that

n—oo

lim [ 7 (u)F &= /ngn(u)Fg.

The proof is finished by taking the limit as n — oo in (5.15).
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A straightforward consequence of Kato’s inequality is the fact that given two distri-
butional solutions w and v to the semilinear problem (3.16), their maximum

u+v+|u—v
2

w = max{u,v} =

is a subsolution to (3.16). Since f is increasing, by linearity of the operator L and (5.3)
we get the following inequality in the distributional sense

flu)+flw) 1

—Lw = === = L (|u )
S+ flv)  sgn(u—v)(f(u) — fv)
= 2 2
fw)+ f(v) |f(u) = f(v)

= —max(f(u), f(v)) = —f(w),

that is, w is a subsolution to (3.16). Analogously, min{u, v} is a supersolution to (3.16).
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