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ABSTRACT. In this paper we study interior potential-theoretic properties of purely discon-
tinuous Markov processes in proper open subsets D C R?. The jump kernels of the processes
may be degenerate at the boundary in the sense that they may vanish or blow up at the
boundary. Under certain natural conditions on the jump kernel, we show that the scale in-
variant Harnack inequality holds for any proper open subset D C R% and prove some interior
regularity of harmonic functions. We also prove a Dynkin-type formula and several other
interior results.
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1. INTRODUCTION AND SETTING

The goal of this paper is to study interior potential-theoretic properties of purely discontinu-
ous symmetric Markov processes in proper open subsets D C R%, d > 1. The main assumption
is that we allow the jump kernels of the processes to be degenerate at the boundary 0D. This
includes the case when the jump kernels decay to zero at the boundary, as well as the case
when they explode at the boundary. Examples of the former are subordinate killed Lévy
processes in smooth open sets D studied in [23, 24]. An abstract approach to jump kernels
that decay at the boundary is given in [25 Section 3]. Compared with previous works, the
main novelty of this paper is that we also allow the possibility that the jump kernels blow up
at the boundary. An example of such a case is the trace (or path-censored) process in D of
a nice isotropic Lévy process in R%. In case D is the half-space or an exterior C'''-open set,
it can be deduced from [4, Theorems 6.1 and 2.6] that if J(x,y) denotes the jump kernel of
the trace process, then limps,_,, J(z,y) = 400 for all z € 9D and y € D. We will explain
this example in much more detail in Subsection in the context of resurrected processes. A
comprehensive study of potential-theoretic properties of such processes in the half-space with
a scale-invariant assumption is given in [29], while the connection between these processes and
positive self-similar Markov processes is given in [28].

We now describe our setup more precisely. Let j : (0,00) — (0, 00] be a Borel function such
that

/000 min(1,7%)j(r)r*tdr < co. (1.1)
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We associate to j an isotropic pure jump Lévy process X = (X;,P,) in R? with Lévy measure
J(|x|)dz. We further assume that

gr) < r~W(r)~t,  for all r > 0, (1.2)

where U is an increasing function satisfying the following weak scaling condition: There exist
constants 0 < 61 < 9, < 1 and aq,as > 0 such that
ar(R/r)*" < % < ay(R/r)*, 0<r<R<oo. (1.3)

Here and throughout the paper, the notation f < g for non-negative functions f and g means
that there exists a constant ¢ > 1 such that ¢ g < f < c¢g. A prototype of such a process
X is the isotropic a-stable process in which case ¥(r) = r®. This particular case already
contains all the essential features of our results.

Throughout the paper, a A b := min{a, b}, a V b := max{a, b}, and we use dp(z) to denote
the distance between = and the boundary dD. Let, also, j(z,y) := j(|z — y|).

For a given proper open subset D of R?, we will consider a process on D associated with a
pure jump Dirichlet form whose jump kernel has the form

J(2,y) = B(z,y)i(|x = y])- (1.4)

Here B(x,y) may depend on dp(x),dp(y) and |z —y|, and is allowed to vanish at the boundary
or to explode at the boundary. The main concern of this paper is on interior results, so we do
not need to impose any regularity assumption on the boundary 0D.

We remark here that, when D is bounded, it suffices to assume that the function ¥ satisfies
the property for all 0 < r < R < diam(D). Indeed, in this case, U can be extended
to satisfies the property for all 0 < r < R < oo trivially. Then for any Borel function
j : (0,diam(D)] — (0, 00] such that j(r) < r=4¥(r)~! for all 0 < r < diam(D), we extend j
so that and hold.

Throughout this paper, we will assume that B : D x D — [0,00) satisfies the following
hypothesis:

(H1) B(z,y) = B(y,z) for all z,y € D.

(H2) For any a € (0,1) there exists C; = Cji(a) > 1 such that for all z,y € D satisfying
dp(z) A dp(y) > alz —y|, it holds that

Cr' < B(z,y) < Cr.
Without loss of generality, we assume that a — Ci(a) is decreasing on (0, 1).

(H3) For any a > 0 there exists Cy = Cy(a) > 0 such that

/ J(,y)dy < CoU(6p(x))~" (1.5)
D,|ly—zx|>adp(x)

The assumption (H3) states that the tail of the jump measure depends only on the distance
to the boundary of D and ¥ (or j), and clearly provides sufficient integrability of the function
y +— J(z,y) away from the point z. We also note that it follows from (H2) that D > z
B(z,x) is bounded between two positive constants.

The assumption (H3) clearly holds when B(z,y) is bounded above by a positive constant,
see (2.4). In Subsection [7.2] we give examples of B(z,y), satisfying (H3), that may explode
at the boundary.

Assumptions (H2)-(H3) are scale invariant. For some of the results their weaker and
non-scale invariant versions will suffice. Therefore we introduce
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(H2-w) For any relatively compact open subset U of D, there exists a constant C3 = C3(U) >
1 such that C3 ' < B(z,y) < Cs for all z,y € U.

(H3-w) For any relatively compact open set U C D and open set V with U C V C D,

sup/ J(z,y) dy < oo. (1.6)
zeU J D\V

It is easy to deduce that (H2), respectively (H3), implies (H2-w), respectively (H3-w),
see Lemma [2.1]

For functions u,v : D — R, define

ePuv) = o [ [ (u(e) - uy))(v(z) — v()) I (z, y) dy da. (L.7)
2 D JD

Assumptions (H1), (H2-w)-(H3-w) are sufficient to conclude, see Lemma [2.4] that £ (u, v)
is well defined for all u,v € C>°(D). By Fatou’s lemma, (P, C°(D)) is closable in L?(D, dz).
Let FP be the closure of C°(D) under &P := EP + (-,) 2(p,ar)- Then (EP, FP) is a regular
Dirichlet form on L?*(D, dx).

Let k: D — [0,00) be a function satisfying

1
K(z) < 04—\I’<5D(-73)) )

for some constant Cy > 0. Then & is locally bounded in D. Set

reD, (1.8)

EPR(u,v) = EP(u,v) +/ uw(z)v(z)k(x) de .

D

Since k is locally bounded, the measure x(x)dx is a positive Radon measure charging no set of
zero capacity. Let FP* := FPNL2(D, k(x)dxr), where FP is the family of all quasi-continuous
functions on FP. By [I8, Theorems 6.1.1 and 6.1.2], (EP®, FP*) is a regular Dirichlet form
on L*(D,dz) having C°(D) as a special standard core. Let ((Y;")i>0, (Ps)zemw) be the
associated Hunt process with lifetime ¢, where N is an exceptional set. We add a cemetery
point 0 to the state space D and define Y,* = 0 for ¢t > (. We will write Dy = D U {0}. Any
function f on D is automatically extended to Dy by setting f(9) = 0. In Section |3 we will
show that we can remove the exceptional set N so the process Y* can start from every point
in D, see Proposition

Our process may not be Feller but the next hypothesis will allow us to establish a Dynkin-
type formula on any relatively compact open set of D, see Theorem [1.8]

(H4) If 63 > 1/2, then there exists § > 20, — 1 with the property that for any a > 0 there
exists Cs5 = Cs(a) > 0 such that

0
|B(z,z) — B(z,y)| < Cs (%) for all ,y € D with dp(z) Adp(y) > alz —y|.

The final hypothesis ensures that jumping from two points close to each other to a faraway
point is comparable:

(H5) For any e € (0,1) there exists Cs = Cg(€) > 1 with the following property: For all
xo € D and r > 0 with B(xg, (1 + €)r) C D, we have

Ci'B(xy, 2) < B(xg,2) < CeB(x1,2), for all m1, 25 € B(wg,r), 2 € D\ B(wg, (1+¢€)r).
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An immediate consequence of (H5) is the following: For any e € (0, 1) there exists C7 =
C7(€) > 1 with the property that, for all zo € D and r > 0 with B(z, (1 +¢€)r) C D, we have

C (w1, 2) < J(x9,2) < CrJ(z1,2), for all 21,29 € B(wg,7), 2 € D\ B(xg, (1 +€)r).
(1.9)
Indeed, by (H5) we have J(z,z1) = B(z,21)j(|z—z1|) < CeB(z,22)j(|z—x1|). Since |z;—2| <
|xe — 2| + |21 — @o| < |wo — 2] + 21 < |wg — 2| + (2/€)|2a — 2| = (1 + 2/€)|xe — 2|, it follows
from that j(|z — 21|) < c17(]z — @2|). This proves (L.9).

We now compare hypotheses (H1)-(H5) with the hypotheses [25, (B1)-(B5)]. The sym-
metry hypothesis (H1) is the same as [25, (B1)]. Also, (H4)-(H5) are precisely [25, (B4)-
(B5)]. The key difference is that here we do not assume that B(z,y) is bounded from above
on D x D by a positive constant which was [25, (B2)]. Instead, we assume (H2) which is
a two-sided version of [25, (B3)]. Finally, (H3), which implies that J(z,y) is sufficiently
integrable, is automatically satisfied under the boundedness condition [25, (B2)].

Recall that a Borel function f defined on D is said to be harmonic in an open set U C D
with respect to the process Y* if, for every bounded open set V' C V C U, it holds that

E [ f(Y2)im <oo] <oc and fla) = E[f(YS)imy < oc], foralla eV,

where 7y = inf{t > 0: Y ¢ V'} is the first exit time from V.
Here are our main results under the scale invariant hypotheses (H1)-(H5). The first one
is the scale invariant Harnack inequality.

Theorem 1.1 (scale invariant Harnack inequality). Suppose D is a proper open subset of R?

and assume that (H1)-(H5), (1.2))-(1.3) and (1.8)) hold.
(a) There exists a constant Cs > 0 such that for any r € (0,1], B(zo,7) C D and any

non-negative function f in D which is harmonic in B(xg,r) with respect to Y, we
have

f@) < Csfly),  forallw,y € B(xo,7/2).
(b) There exists a constant Cy > 0 such that for any L > 0, any r € (0,1], all 1,29 € D
with |xy — xo| < Lr and B(xy,7) U B(xe,7) C D and any non-negative function f in
D which is harmonic in B(z1,7) U B(xq,r) with respect to Y we have

f@2) < CoCu(5t ) L7202 f (1)

2(L+1)

The second result is Holder continuity of bounded harmonic functions.

Theorem 1.2. Suppose D is a proper open subset of R? and assume that (H1)-(H4), (1.2))-
(1.3) and (L.8) hold. Then there exist C1g > 0 and 5 > 0 such that for any (r,x¢) € (0,00) x D

with B(xg,6r) C D and any bounded function in D which is harmonic in B(x,r) with respect
to YY",

B z —y[\’
(@) = f@) < Cuoll fllo { — ,  forallw,y € B(xo,r/2).

Study of Harnack inequality and regularity of harmonic functions of general discontinuous
processes started with the paper [2]. There have been many papers on this subject since
then, see [1I, [8 @, 10] 15 20, 21], 22| B1] and the references therein. Almost all these papers
assume that the jump kernels of the processes are non-degenerate. Some of the exceptions are
[23, 24], 25 27], where the jump kernels are allowed to decay to zero at the boundary. The
main assumption of this paper is (H3), which, together with (H2), implies an upper bound
on the tail of the jump measure for r < dp(x). A similar condition appeared in |11}, Definition
1.5] in the study of law of iterated logarithm for general Markov processes, see also [§] for a
global version of this condition. In our setup, the jump kernel is allowed to be degenerate at
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the boundary of D, including the possibility of decay to 0 or blow up to infinity. The case
of the jump kernel decaying to 0 at the boundary has been studied in [23| 24] 25 27]. The
possibility of the jump kernel blowing up at the boundary leads to some complications in
proving the results above.

We note that results obtained in this paper, in particular Theorem , will be used [29].

Organization of the paper: In Section [2] we collect some preliminary results that follow
from (H1) and (H2)-(H3), respectively (H2-w)-(H3-w), which allow the construction of
the process.

In Section [3| we first show that, for any relatively compact open set U C D, the Dirichlet
forms of the killed processes XV and Y*U are comparable. Using this and some pretty involved
analysis, we then show that Y®Y can be identified with a process which can start from any
point in U. This allows us to remove the exceptional set N, see Proposition [3.4

Section [4] is devoted to the study of the generator of the process Y. In order to handle
the singularity of the jump kernel, we need hypothesis (H4), see the proof of Proposition .
Different from all previous works, it turns out that, due to the possible blow-up of the jump
kernel at the boundary, the action of the generator on a function compactly supported in D
need not be bounded. This makes the task of proving the Dynkin-type formula (Theorem [4.8])
difficult.

In Section [5| we establish all necessary ingredients for the proof of Harnack’s inequality in-
cluding the exit time estimates from balls (Proposition |5.3) and Krylov-Safonov-type estimate
(Lemma , and give the proofs of Theorems and (1.2 We also give a sketch of the proof
of a non-scale invariant Harnack inequality (Proposition .

Building up on standard theory and some results from Section [3| we show in Section [6] that,
in the transient case, Y* has a Green function. We also prove the natural result that if the
killing function & is strictly positive, then Y* is transient.

Finally, in Section[7], we give several families of jump kernels satisfying our hypotheses. The
main examples are trace processes and more general resurrection processes given in Subsection
[7.1] In Subsection[7.2] we first give examples of jump kernels satisfying our hypotheses, which
may blow up at the boundary, and then we look at the setting of [29, Section 4] in case of the
half-space, and show that all hypotheses are satisfied. This section can be read independently
of the rest of the paper and provides further motivation for studying jump kernels exploding
at the boundary through some concrete examples. Some readers may want to glance through
it before reading the main body of the paper.

Throughout this paper, the positive constants d;, do, €, a; and as will remain the same.
We will use the following convention: Capital letters C;, 7 = 1,2,... will denote constants
in the statements of results and assumptions. The labeling of these constants will remain
the same. Lower case letters ¢;,7 = 1,2,... are used to denote the constants in the proofs
and the labeling of these constants starts anew in each proof. The notation ¢; = ¢;(a,b, .. .),
1=0,1,2,... indicates constants depending on a,b, .. ..

2. PRELIMINARY RESULTS

Throughout this section we assume that (H1) and (1.2)-(1.3) hold. First note that by

23,

/| Ay < v e / 2~y dy < ey (a)” (2.1)
r—y|>a

le—y|>a
and

/i Ix—m%@wﬂyéaww*ﬁ®/ v —y| 2Py < cd®T(a) (2.2)
le—yl<a

le—yl<a
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We will use the following notation: For U C D, dy := diam(U) and dy := dist(U, dD).

Lemma 2.1. (a) If (H2) holds, then (H2-w) also holds with Cy = C, (Jﬁ) > 1.
(b) If (H3) holds, then (H3-w) also holds.
Proof. (a) Let U be a relatively compact open subset of D. For z,y € U, we have

) )
() Adn(y) 2 by > Lo~y > ( v ) P

dU—F(SU

Hence, with a := dUJJ[rJéU € (0,1), we get C1(a)™! < B(x,y) < Cy(a) for all z,y € U.

(b) Let U be a relatively compact open subset of D and V an open set with U Cc V C D.
Let a := dist(U,D \ V)/sup,cy 0p(2). Then for all x € U and y € D \ V, it holds that
ly — x| > dist(U, D \ V) = asup,cy 6p(z) > adp(x). Therefore, by (H3), we have that

/ J(x,y)dy < / J(z,y)dy < c1(a)¥(6p(x))™", x€el,
D\V

D,|y—z|>adp(z)

implying that
sup/ J(z,y)dy < e1(a)¥(6y) " < oo.
D\V

zeU

Hence, (H3-w) holds. O

Lemma 2.2. Suppose (H2)-(H3) hold. There exists a constant Cy; > 0 such that for all
x €D andr e (0,0p(x)],

/ J(z,y) dy < Cr®(r)~". (2.3)
D, |ly—z|>r

Proof. If |y —z| < dp(x)/2, then dp(y) > op(z) —|y—x| > d(z)/2 s0 |y —x| < dp(y) Adp(x).
Thus, by (H2)-(H3) and (2.1]), for r < dp (),

/ J(x,y)dy < / J(x,y)dy + Cl/ J(x,y) dy
D, ly—z|>r/2 D,Jy—a|>0p(z)/2 D,3p(2) /22 ly—z|>r/2

<CGUDVEE) 0 [ )y

ly—z[>r/2
< Co(1/2)W(r) 4 e U(r) ™t = U (r)
O

We note here that if B(x,y) < ¢; for all z,y € D, then J(z,y) < ¢1j(ly — x|), and thus by

(2.1),
/ J(z,y)dy < cl/ J(ly — ) dy < c2(a) ¥ (5p(z)) . (2.4)
ly—z|>adp(z)

ly—z|>adp (x)
Therefore, (H3) holds true. This fact was already mentioned in the introduction.

Lemma 2.3. Suppose that (H2-w) and (H3-w) hold.
(a) For any relatively compact open subset U of D,

sup / (LA |z — y2) (2, ) dy < oo,
D

xelU
(b) For any compact set K and open set V with K CV C D,

// |z — y|*J(z,y) dy dv < oo, / / J(z,y) dy dz < oo. (2.5)
KxK K JD\V
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Proof. (a) Let V be a relatively compact open set such that U C V C D. By (H3-w), we
only need to check sup,cy; [i, (1A [z —y|?)J(z,y) dy < o.

Since V' is relatively compact, by (H2-w), B(z,y) < ¢; for 2,y € V for some ¢; = ¢1(V).
Therefore, using , for x € U,

/ (A Je— y2) (2 y) dy < e / 2 — P,y dy < o / 12— y[2(|z — ) dy
1% Vv 1%
<o / 12— yPi(lz — yl) dy < exdU(dy) ™ < oo,
B(w,dy)

(b) Let U be a relatively compact open set such that K C U c U ¢ V C D. For z,y € K, it
holds that |z — y|? < (dx V 1)*(1 A |z — y|?). Therefore,

/K/K |z —yl?J(z,y) dyde < (dx V 1)2/K/K(1 Az — y2)J(z,y) dy do

<@y [ [ anle =y y)dyds
K JD
< (dk Vv 1)2|K|sup/(l Az = y2)J(@,y) dy < oo,
xelU JD

where the finiteness of the integral follows from part (a). For the second integral in ({2.5)), let
b:=dist(K,D \ V). Then for x € K, yED\V |z —y| > b>bA 1. Therefore,

// J(x,y)dydx < // (A |z —yP)J(z,y) dy dx
D\V bAl D\V

1 —
Gt L L= dyas

<W\K\sup/(1/\]x—y]) (x,y)dy < o0

by part (a). O
Recall that £P is defined in (1.7)). Condition (2.5)) is sufficient and necessary for P (u, u) <
oo for all u € C®(D), see [18, p.7]. Therefore, under (H1), (H2-w)-(H3-w), EP(u, u) is

finite for all u € C°(D). In particular, (1.7) is well defined for all u,v € C°(D). In fact, we
will need a little bit more.

Lemma 2.4. For all u € C*(R?) and v € C*(D),

/ / [(u () (v(z) —v(y))|J (2, y) dy dw < occ.

Proof. Let K = supp(v) and V be a relatively compact open subset of D with K C V' C
V C D. Then

/D/D |(u(z) — u(y))(v(z) — o) (2,y) dy dz

://+/ /+// +/ / — [+ 11+ 111 +1V.
vJv JpwJv Jvipw Jpw Spw

By ([2.5), we have

I < |Vl Voo / / & — "I (,y) dy d < oc.
vV JV



8 PANKI KIM RENMING SONG AND ZORAN VONDRACEK

Next,
=[] 106 )@ dyds <2ldole [ [ S dyar <o
D\V K
again by (2.5)). The integral II7 is estimated in the same way as I1, while IV = 0. O

3. REGULARIZATION OF THE PROCESS

In this section we will show that, under (H1), (H2-w), (H3-w), (1.2)-(1.3) and the con-
dition that for any relatively compact open set U,

||I€|U||OO < OO, (3].)

we can remove the exceptional set A' and so the process Y* can start from every point x € D.
For this purpose, we will use an auxiliary process Z on R?, with jump kernel .J, defined below.
The process Z can start from every point in R?. We will first prove a result stating that, for
a relatively compact open subset U of D, the Dirichlet forms of the parts of the processes X
and Y* on U are comparable. Recall from Section [I|that X is a Lévy process in R? with Lévy
measure j(|z|)dz, so that its jump kernel is precisely j(z,y).

For a relatively compact open subset U of D, let YU be the process Y* killed upon exiting
U, that is, the part of the process Y* in U. The Dirichlet form of Y*V is (5D”“,.7-"5’”),
where ]-"5’” ={u € FP*: u=0q.e. on D\ U}. Here q.e. means that the equality holds
quasi-everywhere, that is, except on a set of capacity zero with respect to Y*. Let

kY (z) = / J(x,y)dy and ky(z)=rkY(z) +r(x), z€U. (3.2)
D\U
Then, for u,v € F;,",

EP R (u,v) / / N(v(x) —v(y))J(x,y) dydx + /Uu(x)v(x)m](a:) dr. (3.3)

Note that it follows from (H3-w) and (3.1]) that xky(z) < oo for all x € U. Further, since
C>(D) is a special standard core of (EP% FP) C®(U) is a core of (EP", F™).
For u,v : R — R, let

Q) = 5 [ [ ule) = uw)o@) = o))l —ul) dyd.

D(Q) = {uc L*(R% dr): Q(u,u) < oo}.

Then (Q,D(Q)) is the regular Dirichlet form corresponding to X. Let XY denote the part of
the process X in U. The Dirichlet form of XY is (QY, Dy(Q)), where

— %/U/U(u(x) —u(y))(v(z) —v(y))i(lz —y|) dy dx + / u(z)v(2)ks (r) dz, (3.4)

)= [ il-ahdy,  wev (35

and Dy (Q) = {u € D(Q) : u =0 qg.e. on R4\ U}. Here q.e. means, except on a set of capacity
zero with respect to X.

Recall that 6y = dist(U,0D) and dy = diam(U). By (H2-w), there exists a constant
c1 = ¢(U) > 1 such that ¢;' < B(z,y) < ¢; for all 2,55 € U. We note that if the stronger

(H2) holds, then by Lemma () the constant ¢; is equal to C ( ), and thus only

d+6
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depends on % This fact that will be important in Lemma . Together with ((1.2), the
boundedness of B(-,-) on U x U implies that there exist co > 0 and ¢3 > 0 such that
C2

|z = y|"¥(|z - yl)

This can be written equivalently as

CZ1](|95 - y') S J(Z’,y) S C4j(|3j - yl)’ T,y € U7 (37)

for some ¢4 > 1. Let V' be the §y/2-neighborhood of U, that is, V := {z € D : dist(z,U) <
dy/2}. Then

ko (z) = kY () + K(z) = /D\V J(z,y)dy + /V\U J(z,y) dy + k(z), zel. (3.8)

C3
T e =yl (e —yl)

< J(z,y) < z,yeU. (3.6)

Similarly as above we conclude that c;'j(|z —y|) < J(z,9) < ¢s5(|]z —y|) for all z,y € V with

cs == ¢;(U) > 1. If the stronger (H2) holds, then the constant is equal to C} (d v

Ch <m> Ch (éd v ), and thus depends only on dUéeraU' Moreover, by (H3-w),

SUD,crr fD\V J(x,y)dy =: ¢ < oo, with cg = ¢6(U). By setting c7 := ||kjv]|c0, We get

051/ j(|$_y|)dy§ﬁU($)§Cﬁ+C5/ jle—yl)dy+cz, x€U.
V\U V\U
Since

zeU

it [ e = ul)dy = [V \ Ulj(diam(V) = e > 0,
V\U
we conclude that

csl/ j(!x—y!)dysmx)g@/ i(e—yl)dy, zeU.
VAU V\U

Further, since
mﬁmzf ﬂu—ww+/ (e —y)dy, zeU (3.9)
RA\V V\U

and sup,cs fRd\Vj(|x —y|)dy =: ¢1p < 00, we see that there is a constant ¢;; > 0 such that

(/jm—wws%@Sm/ e —y)dy, zeU
V\U V\U

It follows that
g ' (r) < Ky (2) < enesky (), (3.10)
with constants cs5, cg and ¢1; depending on U.
Let Capw’U and Cap™ “ denote the capacities with respect to the killed processes Y*V and
XV respectively.

Lemma 3.1. Assume that (H1), (H2-w), (H3-w), (1.2)-(1.3) and (3.1 hold. Let U be a
relatively compact open subset of D. (a) There exists a constant Ciy = C12(U) > 1 such that

CRIEP  (u,u) < Qu,u) < Cp&P*(u,u) for all uw € C*(U). (3.11)
(b) For any Borel A C U,
O Cap”™" (A) < Cap™” (A) < C12Cap”™" (A), (3.12)

where C1o is the constant from part (a).



10 PANKI KIM RENMING SONG AND ZORAN VONDRACEK

Proof. (a) This follows immediately from (3.3)), (3.4), (3.7) and (3.10)).
(b) Since C°(U) is a core for both (QUV, Dy(Q)) and (EP, F™) by using the definition of
capacity as in [I8, 2.1], the claim follows from part (a). O

Lemma 3.2. Assume that (H2)-(H3), (1.2)-(1.3) and (1.8) hold. Let U be a relatively

compact open subset of D. Then the constant Ci5 in Lemma depends only on dUiJaU and
Su

s decreasing in

Proof. Let V be the dy/2-neighborhood of U. Recall that by (H2), Lemma[2.1fa) and (L.2),
we have with ¢; > 1, depending on U only through and being a decreasing functlon of

du
T 50 8O that

o
[z =yl (jz —yl) ~
By Lemma 2.2} for all x € U,

(&1
T e =yl (e —yl)

< J(z,y) <

z,y€V. (3.13)

Cll
Jx,ydyé/ J(z,y)dy <
/D\V ( ) D, |ly—z|>dy /2 ( ) \I]((S )

Using (|1.8)) and the fact that W(dp(x)) > W(dy) for z € U, we get

. Ciy Cy
[ dle-uhdy<mote) < gi e [ jle—yhdy+ g weU.
V\U U (6u) V\U U (dy)
If z €U and y € V, then |z — y| < dy + oy, hence j(|x — y|) > j(dy + dy). Moreover, we can

find a point z so that B(z,dy/4) C V \ U, to obtain that

(5d
inf (| —y|)dy > |B(z, (6 /D)|j(dy + 6p) > U ,
inf [ 30 =Dy 2 1B G Al +60) 2 er s
where ¢; is independent of x and U. Thus,
_ dy + 6) W (dy + 6 .
i [ e =iy < noe) < (oo SR [ e gy, e,
V\U o7 (0ur) V\U

with C3 = (CH + 04)/62.
Recall that

mﬂwz/ ﬂm—w@+/ (e —y)dy, zeU.
RA\V V\U

Since R\ V C R4\ B(x,6y/2) for x € U, by (2.1)) we have

[ dle=shavs [ jlle =yl dy < cr¥(dy)
RA\V R\ B(z,6/2)
for some ¢, independent of x and U. Thus
. dy + )W (dyy + 6 .
[ atle =iy < @) < (4o BELSRIED,) [0 ypay, wev,
V\U of VY (0vr) V\U
with ¢5 = ¢4/co. Tt follows that
(dy + ) (dy + o) (dy + 6p) (dy + 0y)

)"y () < g (2) S e(l+cs )ru (),

(1 4¢3

oW (o) Of-W (o)
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where ¢; depends on U only through ﬁ and is a decreasing function of #, and c3 and

s are independent of U. This and (1.3 imply that
cgan( ) < ki (2) < corp(T), (3.14)

where cg depends on U only through and is a decreasmg functlon of - . Using (3.3),

(3.4) and - the statement of the lemma follows from in the same Way as in the
proof of Lemma [3.1] O

In the remainder of this section we assume that (H1), (H2-w), (H3-w), (1.2)-(1.3) and

(31) hold.

Lemma 3.3. Let U be a relatively compact open subset of D. The process YU can be refined
to start from every point in U. Moreover, it is strongly Feller.

Proof. Define a kernel J,(x,y) on R x R? by J,(x,y) = J(x,y) for z,y € U, and J,(z,y) =
vj(lx — y|) otherwise, where v > 0 is a positive constant to be chosen later. Using J,, we
define

u) = %/]Rd /Rd(u(x) —u(y))?J,(z,y) dz dy and D(C) := {u € L*(R?) : C(u,u) < oo} .

Note that C°(R?) is a special standard core of D(C). By (1.2) and (B.6), J,(z,y) =
m for all z,y € R?. It is now straightforward to check that all the conditions
of [7, Theorem 1.2] (as well as the geometric condition of [7]) are satisfied. Let

~ t

gt 2, y) = V()" A ,
[z = y|"W(|z - yl)

It follows from [7] that there exists a conservative Feller and strongly Feller process Z asso-

ciated with (C,D(C)) that can start from every point in R?. Moreover, the process Z has

a continuous transition density p(t,z,y) on (0,00) x R? x R? (with respect to the Lebesgue

measure) which satisfies the following estimates: There exists ¢; > 1 such that

t>0, z,y € RY

gtz y) < p(t,z,y) < aq(t,z,y), t>0, v,y € R

Denote the part of the process Z killed upon exiting U by ZY. Then the Dirichlet form of
ZY is (C,Dy(C)) where Dy(C) = {u € D(C) : u =0 q.e. on R¢\ U}. By [5, Theorem 3.3.9],
C>(U) is a core of (C,Dy(C)). By the definition of J,, we have that for u,v € Dy(C),

Clu,v) = // ))(v(x) —v(y))Jy(z,y) dydx+/u(x)v(x)/ig(x) dx

U
= 5 /U /U(u(l’) —u(y))(v(z) —v(y))J(z,y) dy dx + /Uu(x)v(x),ig(x) dx
with
Ki(z) = /IRd\U Jy(x,y)dy = ’V/Rd\Ujﬂx —yl)dy = vk (z), xz€U. (3.15)

It follows from (3.10) that coxy(z) < v 'ké(z) < cskp(x) for all x € U with positive
constants ¢y and c3 independent of . Let 7 = 1/c3 and fix it. Then with ¢4 := yco we see
that

cary () < KE(2) < Ry(x), xeU. (3.16)
It follows that for u € C°(U),

EPF(uu) = ED’“(u,u)+/u(x)2dx
U
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= ) - @)@ dyde + [ u@)?eo(e)de+ [ u()de
) [ [
% /U /UW(I) ~ ) e y)dy o+ /U“(flf)%ﬁ(x) dr + /Uu(m)2dx

= C(u,u)+ /Uu(x)Qd:v = C1(u,u).

Since C°(U) is a core of both (EP%), F7*) and (C, Dy(C)), we conclude that F})"* = Dy (C).
We now define k : U — R by
R(z) == ky(z) — kE(x), €U (3.17)
By the choice of 7 we have that K > 0. Note that, by (2.1)) there exists ¢5 > 0 such that

1
H:szv/ Iz —vy dyﬁv/ Jlr—yl)dy <cs—+——, €U
() i (1 ) B o) (1 ) (00 (7))

Hence it follows from (3.16)) that

¢

ku(r) < cp'k 5<x)§\11(§T(§[;))’ rel. (3.18)

Let p(dz) = K(x) dx be a measure on U. For ¢t > 0 and a > 0, define

NUK(t) = sup// q(s,x,z)u(dz)ds.
z€RL JO JzeU:6y(2)>a¥—

By the definition of ¢ and (3.18) one can check that sup,., NV*(¢) < co and lim; g N#(t) =0
for any relatively compact open set V' C U, that is, u € K;(U) in the notation of [12], Definition
2.12).

Let A, := [y ®(Z])ds. Then (A;);>o is a positive continuous additive functional of ZY
in the strict sense (i.e. without an exceptional set) with Revuz measure k(x)dzx. For any
non-negative Borel function f on U, let

TVF () = Bylexp(—A) f(ZV)],  t>0,zeU,

be the Feynman-Kac semigroup of ZY associated with %(z)dz. By [12, Proposition 2.14], the
Hunt process ZU* on U corresponding to the transition semigroup (TtU’E)tZO has a transition
density ¢V (¢, z,y) (with respect to the Lebesgue measure) such that ¢V (¢, z,y) < c17q(t, z,y)
for t < 1. Further, (¢,y) — ¢Y(t,z,y) is continuous for each x € U.

According to [I8, Theorem 6.1.2], the Dirichlet form CY* corresponding to T R s regular
and is given by

CY%(u,v) / / ))(v(z) —v(y))J (z,y)dydx + / u(z)v(x)ky(x) dx

U
with the domain Df; = Dy (C)NLA(U, k(x)dx) . Since (CV*, DE) is regular, the set DENC,(U) =
Dy(C) N C(U) is its core. By comparing with (3.3)) we see that

EPF(u,v) = CYF(u,v), u,v e CrU).

Now we show that the Dirichlet spaces (2%, F®) and (CUF, Df) are equal. We know that
C>(U) is a core for EP*. One can easily check that this is also true for CY*. Further,
Cx(U) C C.(U)Nn{u € L*(U,dx) : CY(u,u) < oo} (which is a core). Clearly, C>°(U) is dense
in C,(U) with uniform norm. It is easy to see that C>°(U) is dense in C.(U)N{u € L*(U, dx) :
CY(u,u) < co} with CY" norm. Thus the process ZUF coincides with YU, O
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Proposition 3.4. The process Y* can be refined to start from every point in D.

Proof. Using Lemma , the proof is the same as that of [25, Proposition 3.2]. O

4. ANALYSIS OF THE GENERATOR

In this section we assume that (H1)-(H4) and (1.2)-(1.3)) and (1.8)) hold. Let
C?(D;RY = {f: D — R : there exists u € C*(R?) such that u = f on D}

be the space of functions on D that are restrictions of C?(R9) functions. Clearly, if f €
C?(D;R%), then f € CZ(D) N L*(D).
For e > 0, let

ﬁvuwzl; )~ F) ) dy = () )

We introduce the operator

LPf(x) := p-V-/D(f(y) — f@))J(z,y) dy — k(2) f () = lim L f(z), w€D, (4.1)

€0
defined for all functions f : D — R for which the principal value integral makes sense. We
will show that this is the case when f € C?(D;R?). We start with the following result.

Lemma 4.1. There exists a constant Cy3 > 0 such that for any bounded Lipschitz function f
with Lipschitz constant L, any x € D and any r € (0,6p(x)],

/Wf 2)|j(ly - 2)|Ble, ) = Bla,y)ldy < C®(r) (I flo +7L) . (42)

Proof. First note that
/Lf ) 31y — 2))| Bz, 2) — Bz, )| dy
_/’ F(y) = F@)] (ly — 2])|B(x, z) — B(x, y)| dy

D,|ly—x|<r/2
+B(f€,$)/ !f(y)—f(w)\j(\y—:v\)dw/ |f(y) = f(@)|j(ly — =) B(x,y) dy

D,|ly—x|>7/2 D,ly—z|>7/2

=L+ L+ 1.

It follows from dp(x) > r that, if |y — x| < /2, then dp(y) > /2 and thus dp(y) A dp(z) >
r/2 > |y — x|. Hence, when d > 1/2, by (H4), (1.2) and (1.3)),

. e =yl Y’
L < C L/ xr—yly(lz —y (— d
' ’ D,|y—;t\<r/2| il ) dp(x) A ép(y) Y

< quﬁ/ el )y
y—z|<r/2

o 1 /2 G\I’(T)
< @“’WU»A W) ©

7,,252

r/2
< L’ 07202 ds < 3 Lr¥(r) ™!
< agcaLr \I/(r)/o s s < cgLr¥(r)
When 6, < 1/2 by (H2), (1.2) and (1.3)),

hszaL/ = yli(lz — yl) dy
D,ly—zx|<r/2
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1 2 (r)

< C4L/ ly — 2|~ (ly — 2|) P dy < esL / ds
ly—al<r/2 V(r)Jo  W(s)

202

W(r)

< agesL

r/2
/ s7202 ds < cgLr¥(r)t.
0
Next,

I < 2| f|ooB(z, 2) /

ly—z|>r

e =)y < el | #1500 < ol 71ty
r/2
Finally, by Lemma [2.2
E=[ - i@ e a2l [ T dy < alflete)
D,ly—z|>r/2 D

7|y—$|27"/2

Combining the estimates for I, I and I3 we get (4.2)). O

For notational convenience, we use L5 f(x) = LP f(z) below.

Proposition 4.2. (a) If f € C*(D;RY), then LPf is well defined for all x € D and r > 0.
For 0 <e<rA(dp(x)/2), it holds that

L@ = Bl [ () ~ule) = Ve (= )il vl
#B(ra) [ (ute) — )i vy

+/€D . (u(y) — u(x))j(|lz — y|))(B(y, z) — B(x,x))dy — k(z)u(x), (4.3)

where u € C*(R?) is any function such that u = f on D.
(b) There erxists a constant Cyy > 0 such that for any f € C*(D;RY), any x € D and any
r € (0,0p(x)] we have
sup  [LEf(2)] < O (rP[|0%ulloe + 7| Vulloo + Jufloc) W(r) ™ (4.4)
0<e<rA(ép(x)/2)
where u € C*(R?) is any function such that u = f on D.
(c) There exists Cy5 > 0 such that for any f € C*(D;R%), any open U C D and any 0 < r <

du/2,
U [[(LE Dl < Cis (12100l + 7| Ve + ) W) (45)

where u € C%(R%) is any function such that u = f on D.

Remark 4.3. We note that the value of the right-hand side of (4.3) does not depend on the
choice of u € C%(RY) such that v = f on D. This will be seen from the proof below. On

the other hand, the quantities ||0°u||s0, || Vt|ls, ||t]loo on the right-hand sides in (4.4)—(4.5)
depend on the choice of u, but this is inconsequential for our purpose.

Proof of Proposition (a) Using Lemma the proof is the same as that of [25]
Proposition 3.4(a)].

We give the proof for reader’s convenience. Let u € C?*(R?) be such that u = f on D. Fix
x € D and let € <7 A (dp(z)/2). Then

/D . (f(y) = f(2)i(|x — y)B(x, y)dy
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— B(:E,a:)/D e (u(y) — uw(@))j(|z — y|)dy
+ /D )~ ule)ille = o) (Bly) — Blao)dy

=Bew) [ () —u@)ile )iy + Bwa) [ (@) — u(y))i (= — ol)dy

d\D7 |I—y‘>5

o ) @il (Bl v) ~ Bl )y
=Ble.) [ () (o) = V) - = )i~ vl
w8 [ ) ()il vy

+/D e (u(y) — u(x))j(lz — y))(B(y, z) — B(x, x))dy. (46)

In the last integral above, we have used (H1). By subtracting x(z)u(z), we see that
holds true, and that the right-hand side of the equality does not depend on the particular
choice of the function u. By letting ¢ — 0 in and using Lemma (with r there being
dp(z)) for the third integral, we see that LZf is well defined.

(b) Let u € C?(RY) be any function such that u = f on D. Fix x € D and let r € (0,5p(z)]
and 0 < e <7 A (dp(z)/2). Then by part (a),

L8f(x) = B(z, ) / (u(y) — u() — Val@)Ly-ajer - (v — 2)) (ly — ) dy

yeRd» |$*y|26

#Bra) [ (o)~ uw)illy =) dy

o U = FN 1) Bly. )~ B, )) dy = () )
L+ I+ L+ 1V .

For I., we use

u(y) = u(@) = Vu(@)ly—s<r - (y = 2)| < [0%ullocly — 2*Lpy—a<r + 2llulloc g2
to get

sup L] < B(z, x) / (10%ullscly = 2" 1y—zi<r + 2l tllocLiy—zi>r) 3 (|ly — 2[) dy

0<e<rA(ép(z)/2) Rd

<c <||a2uy|oo/ t 2y () dt+/ 2|l oot W () dt)
0 r
< e3(|0%ulloor? + 2fufl o) U (r) "
For I1 we use dp(x) > r to get
[11] < 2B($,$)HUHOO/( ( ))j(!y —z[) dy < csllull¥(0p(z)) " < esflufl¥(r)"
B(z,0p(x

SUDg<c<rn(6p(z)/2) | 1| is estimated in Lemma (with L = [|Vul|s), while for IV we use
(L.8) to get
[1V] < Cill fllo¥(dp(2)) ™" < Cull fllo¥(r) .
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(c) Recall that r < dp(z) for x € U. Thus, using (4.4)),
Sup I(ZE Piwlloo < ea (r?110%ulloo + 7|Vl oo + lluflo) W(r) 7.
<e<r

Corollary 4.4. Let (A, D(A)) be the L?-generator of the semigroup corresponding to EP*.
Then CZ(D;R?) € D(A) and Alcz(pray = LF|c2(pra)-

Proof. Since x is locally bounded, it suffices to show that, for u € C*(D;R?) and v € C?(D),
[ [ o) = w@)ots) = o))l dyde =2 [ (DBu(e) - nleyuta)) o)
pJp D
(4.7)

By Lemma 2.4 the left-hand side is well defined and absolutely integrable. Hence by the
dominated convergence theorem and the symmetry of B,

/D /D (uly) — u(@)) (v(y) — v(2))i (1 — y)B(z, y)dydz
— lim /D / o ()~ ) 0) o)l — ) B s

€l0

— 21im / / ) =@~ B vy (e

el0
2t [ ] —u@))jx — y)Bla, )dy v(a)da. (4.8)
€l0 supp(v) JyED:|x— y\>e

Let € < € := dist(dD, supp(v))/2. It follows from Proposition[d.2] (c) (by taking U = supp(v))
that

sup / (uly) — u(@))i (e — y))B(z, y)dy
xz€supp(v),e<eq |J yeD:|z—y|>e€

< a1 (&l10%ull oo + €0l Vel + [[ulloc) ¥(eo) ™"

Since the right-hand side is finite, we can use the dominated convergence theorem to conclude
that (4.7)) holds. O

Corollary says that LB is the extended generator of the semigroup (7});>o corresponding
to EP~,

Let U be an open set with U C U C D. Recall that k¥ and ky = k + &Y are defined in
(3.2). Consider now the process Y*U. Denote LEu := LFYu — kY (-)u, where

LPYu(z) == p.v. /U(u(y) —u(2)J(y, z) dy — k(z)u(z), ueU.
Since ky = k + kY, we can write
LBu(z) = p.v. /U(u(y) —u(z))J(y, 2) dy — ky(z)u(z), ueU.
Corollary 4.5. Let U be an open subset of D and let (A, D(A)) be the L*-generator of the

semigroup (Ty);>o of YU Then CZ(U) C D(A) and Ajczw) = (L§)jo2w) = Lizwy-



MARKOV PROCESSES WITH DEGENERATE JUMP KERNELS 17
Proof. If u € C?(U), then for z € U,

LPu(z) = lim (u(y) — u(2))J(y, 2)dy — K (z)u(z)

e—0 D,|ly—z|<e
= lim (uly) — u(2))J(y, 2)dy + lim (u(y) — u(2))J(y, 2)dy — K(2)u(z)
=0 )y jy—z|<e =0 JD\U ly—z|<e
= LBPYu(z) — kY (2)u(2) — k(2)u(z) = Liu(z).
Thus, the corollary follows from Corollary [4.4] and its proof. O

The goal of the remainder of this section is to prove a Dynkin-type formula (Theorem [4.8)),
which will be used in [29].
Recall that, for an open set U C D, 7y = 7" =inf{t > 0: Y,* ¢ U}.

Lemma 4.6. Suppose that U is an open set with U C U C D. For any u € C?(D) and any
relU,

t
M= uV ) (V) = [ LB ds (4.9)
0
is a Py-martingale with respect to the filtration of Y*U.

Proof. We first assume that u € C*(U) and we follow the proof of [19, Lemma 2.2]. Let
(A, D(A)) be the L%-generator of the semigroup (73);>0 of Y*V. By Corollary .5, C2(U) C
D(A) and Ay = (L) c2w) = Loy Since [(Tif — f) — [y ToAfdsl| 12w = 0,

t
Tiu(z) —u(z) = / T,LPu(x) ds ae rveU. (4.10)

0
Let g;(z) := fot T,LPu(z)ds, x € U. Note that LPu is bounded in U by Proposition (c).
Thus, |g:(z)] < t||(LPu) || < 0o for all z € U. Since Y*U is strongly Feller by Lemma|3.3],
we have T.g, . € Cy(U) for all € € (0,t). Moreover,

19:(2) = Tegi-c(2)] = |ge(2)| < el|(LPu)v]|oe,  for all € U.
Hence, g; is continuous and (4.10]) holds for any x € U. Using this and the Markov property,
we get the desired conclusion for u € C?(U).

In general, when u € C?(D), let V be a compact open subset of D such that supp(u)ulU C V.
By the conclusion above, we have that for any u € C?(D) and any x € U,

t tATY
) =) = [ LBy ds =¥ i, V) = [ LBu(Y)ds
0 0
is a P,-martingale with respect to the filtration of Y. Since 7y < 7/, by the optional stopping
theorem we get the desired conclusion for u € C?(D). O

Proposition 4.7. Suppose that U is an open set with U C U C D. For any u € C*(D) and
any x € U,

tATY
MY = Y i, —ul¥) = [ Lu(vs (4.11)
0
s a P -martingale with respect to the filtration of Y*.

Proof. Note that LBu(Y)1ecryne = LPu(Y)14r, and that u(Y;"") = u(Y/")1yer,. Thus

S

we can rewrite (4.9) as (4.11)). O

For any « € D and Borel subset A of Dy, we define N(z, A) = [, J(x,y)dy + x(x)14(9).
Then it is known that (N, t) is a Lévy system for Y* (cf. [I8, Theorem 5.3.1] and the argument
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in [6, p.40]), that is, for any non-negative Borel function f on D x Dy vanishing on the diagonal
and any stopping time 7,

E,» f(Y,YS)=E (/ Daf * )N (Y"‘dy)d) zeD. (4.12)

s<T

We are now ready to establish the following Dynkin-type theorem.

Theorem 4.8. Suppose that U is an open set with U C U C D. For any non-negative
function u defined on D satisfying u € C*(U) and any x € U,

E,[u(Yz)] = u(e) + E. / " LBu(vr)ds (4.13)

Proof. For any non-negative function u on D satistying u € C?%(U), choose an open set V' of
Dand f € C*D)suchthat UcU CV CV CD,and f=wuonV and f <won D. Let
h:=u— fsothat u=h+f, h>0,and h =0 on V. Since f € C?(D), by Proposition [£.7,

tATY
B f(V o) = f(0) 4 B, [ LEF(V)ds
0
Proposition [4.2(c) implies that ||(L5f)y|| < oo. Thus, by letting t — oo,

E,[f(Y2)] = f(2) +E, /0 LB p(vryds. (4.14)

On the other hand, since h =0 on V, for y € U,
Loh(y) = pv. [ (b(2) = ()T (0. ) d= ~ n(w)hly) = [ I )
D D\V

Thus, by the Lévy system formula (4.12)
Eo[h(Y7)] = Bo[n(YE) : YT € D\ V]

TU
- E, / / z)dz:EI/ LBh(YF)ds . (4.15)
D\V 0
Adding (4.14]) and ( -, we get - O

5. HARNACK INEQUALITY AND HOLDER CONTINUITY OF HARMONIC FUNCTIONS
In this section we assume that (H1)-(H4), (1.2))-(1.3) and (1.8]) hold.

Lemma 5.1. There exists a constant Cig > 0 such that for all x € D and r > 0 with
B(z,2r) C D,
]PJI(TB(:E,T) <tA C) < Cigt \IJ(T')_I

Proof. Let x € D and r > 0 be such that B(x,2r) C D. Let f : R? — [—1,0] be a C? function
such that f(z) = —1 for |z| < 1/2, f(y) =0 for |z| > 1 and that ||V f|c + [|0?f|lec =: ¢1 < 00.

Define
foly) = f( x) .
Then f, € C2(D), f,(y) = =1 for y € B(z,r/2) and f,(y) = 0 for y € D\ B(z,r). By (4.11)),

t/\TB((L',T‘) B
o Ly — 1Y) — / LEf(Y7) ds
0
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is a [P,-martingale for every y € B(x,2r). Hence,
|:1 + f'f'( TB(z 7n>/\t) |YTHB(QC’T)/\15 - ZL'| Z Ty TB(I:T) N t < C:|

B 14 (V)] = —Ae) + B0 0] =B | [ 2850

< H(LBfr>IB(w,T)||ooEI[TB(HC,T) A t] < tH(LBfr)\B(xw)Hoo . (5~1)

The first inequality follows because 1 + f, > 0. Note that here f.(Y/ . ;) Mmakes sense
regardless whether 75(;,) At < ¢ or not (by definition f,(0) = 0). Since || fr||oo + 7|V fr]loo +
r2|0%f||eo = 1 + c1, applying Proposition (¢), we get the desired conclusion. 0

Lemma 5.2. For all v € D and all v > 0 with B(x,2r) C D, it holds that Py(Tp@ur) = ¢ <
t) < CyW(r) 't

Proof. By the Lévy system formula,

t
IED:E(TB(Z‘,’I‘) = C < t) = ]Ea: Z ]-B(as,r)x{a}(y;liv Y;I{) = Em\/o 1B(:v,r) (Y;H)K(stn>d5-

s<t
Since k(y) < 04/\11((513( )) < Cy/¥(r) fory € B(z,r) by (L.8), we immediately get Py (Tp(,) =
(<t) < Cy¥(r)™! m

Let A(z,71,79) denote the annulus {y € R? : ry < |y — z| < ra}.

Proposition 5.3. (a) There exists a constant Cy7 > 0 such that for all xo € D and r > 0
with B(xg,r) C D, it holds that

E:TB@or = C17¥(r), x € B(xo,7/2).
(b) For every e > 0, there exists C1g = Ci5(€) > 0 such that for all zg € D and r > 0 satisfying
B(xo, (1 +€)r) C D, it holds that

E$TB (xo,r) S 018‘11(7”) s T € B([Eo, T) .

Proof. (a) Let z € D and r > 0 be such that B(z,r) C D. It follows from Lemmas

and ( . that

Po(TB@r/2) < t) < a¥(r) .
Therefore,
BB/ > Pe(Tp@r2) > t) > t(1—a¥(r)'t), ¢>0.
Choose t = ¥(r)/(2¢;), so that 1 — ¢;¥(r)~' = 1/2. Then

1
]E.ITB(CC,T/Q) > §\IJ<T)/(261) = CQ\I}(T) :

Now let B(zg,7) C D and « € B(xzg,7/2). Then B(x,r/2) C B(xg,r) C D. By what was
proven above,

ExTB(zo,r) > ExTB(x,T/Q) > CZ\IJ(T) .
(b) Let €9 :=€/3, xp € D and r > 0 be such that B(xg, (1 +3¢)r) C D. For y € B(xg,r) and
u € A(zo, (1+ o), (1 +2€0)r)), dp(u) Adp(y) > eor = (€o/(2+ 2€0))u — y|. Thus, by (H2),

and then using ([1.2)-(1.3)),

J(u,y) = esj(lu—yl) = eaj(ju—zol),  (y,u) € Blwo, 7) x Alwo, (1+ €o)r, (1 + 2e0)r)).
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Therefore, for y € B(xg,r)

Juy)du > / J(lu — o)) du

A(zo,(14€0)r,(1+2€0)r)

(1—‘,—260)7‘

> / L dt > 1 (5.2)

ZCs = Cg . .
(14-e€0)r t\IJ(t) \I](T)

For = € B(xq,r), by using (5.2) in the last inequality below,
1>P, (Y € A(zo, (1+ €o)r, (1 +2¢)r))

TB(

7—B(mr r)
:EI/ " / J(u, Y )duds > csEyTp(myr)/Y(r),
0 xo (1+60) (1+260) )

/;(ato,(l—‘reo)?‘,(l—‘rQeo)T)

which is the required inequality. a

Let T4 be the first hitting time to A for Y".

Lemma 5.4. For every ¢ € (0,1) there ezists Chg = Cig(€) > 0 such that for all x € D and
r > 0 with B(x, (1 + 3¢)r) C D, and any Borel set A C B(x,r),

4]
P, (T, < . Crg—rl € B(x, (1 .
y(Ta < TB(a,(1420))) = 19|B(x,7’)| ) (z, (1 +€)r)
Proof. Without loss of generality we assume that P, (T4 < T, 1420r)) < 1/4. Set 7 =
TB(z,(1426)r)- For y € B(x, (1+¢€)r) we have that B(y,2er) C D and B(y,er) C B(z, (14 2¢)r).
Hence by Lemmas 5.1 and 5.2} for any y € B(z, (1 + €)r),
Py (1 <t) <Py(TByery < t) < coW(er) ™t < coage 22U (r) "t =: c;U(r) 't

Choose ty = U(r)/(4c1), so that Py(1 < to) < 1/4. Further, if z € B(z, (1 + 2¢)r) and
u € AC B(z,r), then |u— 2| <2(1+¢€)r. By (1.2) and ( . ), j(Ju — 2]) > cor=@/W(r) for
some c = cz(€) > 0. Moreover, dp(u) A dp(z) > er > 3 |u z|, implying by (H2) that
B(u,z) > c3 (3 = Ci(e/(2(1 4 ¢€))). Thus,

Py(Ta <7) 2 E,y Z Livr #vevreay

s<TANTNAtg
TANTAtg
_E/ / VB(u,YF) duds > @()’AHE g La N T Ato),
where in the second line we used properties of the Lévy system. Next,
t v
B, [Ta AT Ato] 2 6P,y (Ta 2 7 2 to) 2 toll = By(Ta < 7) = Py(r < to)] > 3 = 8(7")
C1
The last two displays give that
CoC3 ’A‘
P,(Ty <71)>—""|Al = , € B(x, (1 .
y( A T)_Scle| | |B< )| Y (‘,1j ( +6)T‘)

Lemma 5.5. Suppose further that (H5) holds. There exist Coyo > 0 and Cy > 0 with the
property that if r > 0, and x € D are such that B(z,2r) C D, and H is a bounded non-negative
function with support in D\ B(z,2r), then for every z € B(x,r),

TB(

CarB.lraen) [ H)I(wy) dy SBH(V, ) < CoBelrn] [ H@) () dy.
D D
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Proof. Let y € B(z,r) and u € D\ B(z,2r). By (L.9), J(u,y) < J(z,y). Thus using the
Lévy system we get

(z,7)
E. [H( fal / / ) (u, Y) duds
@ T) D\ B(z,2r)
TB(x,r)
= IEZ/ / H(u)J(u,x) duds.
0 D\ B(z,2r)

Proof of Theorem (a) Using Proposition and Lemmas and (instead of
(A1)—(A3) in [31]), the proof of (a) is very similar to the proofs of [31, Theorem 2.2, Theorem
2.4]. We omit the details.

(b) By (a) we can and will assume that L > 2 and 2r < |x; — 23| < Lr. For simplicity, let
B; = B(z;,r), i = 1,2. Then by using harmonicity in the first inequality, part (a) in the
second inequality, and the Lévy system formula in the second line, we have

flz1) > E, [f(Y” ) YE EB(xQ,r/Q)} >C’8’1f(x2)IP’xl(Y“ EB(xg,r/Q))

T™B1/) T TBy B,

= C3'f(z2) xl/ /m2 o ,z)dzds. (5.3)

For y € B; and z € B(zs,7/2) we have by (L.9) that J(y,z) > ¢1J(z1, z). Further, 5D(1:1) A
dp(2) > 1r/2 > (2L+2) ' |x1—2|, hence by (H2), J(z1,2) > c2j(|z1—2|) where c; = C’l( )
By inserting this in (5.3)), and by using Proposition (a), we obtain

f() > 105057 (o) B, / J(ws — =) da

B(z2,r/2)
1

(L4 1)r)?((L+1)r)
W(r) —d 7 —26
—_— > L™ L2,
V(L+ D)) = csca f(22)
The last inequality follows from ({1.3)). a

O

2(L+1

> csea f () W(r) | B(x2,7/2)|

> C4C2f(552)L7d

We now show that a non scale invariant Harnack inequality holds under much weaker
assumptions than (H2)-(HS5), and introduce weaker versions of hypotheses (H4)-(H5):

(H4-w) If 0 > 1/2, then there exists 6 > 25, — 1 such that for any relatively compact open
set U C D there exists Cys = Coy(U) such that

|B(x,2) = B(x,y)| < Cool —y|”  forall z,y € U.

(H5-w) For any relatively compact open set U C D and any open set V such that U C V C D,
there exists Caz = Co3(U, V) > 1
Coy'B(w1, 2) < B(xg,2) < Cp3B(21,2), forall xy,20 €U, z€ D\V.
It is clear that (H4), respectively (H5), imply (H4-w), respectively (H5-w).

Proposition 5.6 (non scale invariant Harnack inequality). Suppose D is a proper open subset
of RY and assume that (H1), (H2-w)-(H5-w), (1.2)-(1.3) and hold. For any compact
set K and open set U with K C U C U C D, there exists a constant Coy = Coy(K,U) > 0
such that for any non-negative function f in D which is harmonic in U with respect to Y,
we have

f(z) < Coufly), for all x,y € K.
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Proof. Using (H2-w)-(H5-w) instead of (H2)-(H5), non scale invariant versions (with
constants depending on 1) of Propositions [4.2{c) and |5 m and Lemmas and [5.5| can be
proved. Proposition [5.3] Lemmas [5.4] and [5.5] imply that conditions (A1), (A2) and (A3) of
[31] are satisfied for the process Y* with Constants depending on r. Thus we can repeat the
proofs of [31, Theorems 2.2 and 2.4] to finish the proof. Note that conservativeness does not
play any role. We omit the details. O

The above Harnack inequality is not scale invariant since the constant Cys in the result
depends on each K and U there. The scale invariant version of Harnack inequality is not
possible under (H3-w) since the value of integral (1.6) depends on the sets U and V' there.

By following the arguments of [31, Theorem 4.9] and [2, Theorem 4.1], we can prove Theorem
1.2l Note that r is missing in [25, Theorem 3.14] and [31, Theorem 4.9]. We give a full proof
here for reader’s convenience. Note that (H5) is not assumed in Theorem [1.2]

Proof of Theorem [1.2; By Lemma [5.4] there exists ¢; > 0 such that for all (s,z) €
(0,00) x D with B(z,5s) C D, and any A C B(zx, s) with |A|/|B(z,s)| > 1/3,

Py(Ta < TB(z3s)) = 1, y € B(z,2s). (5.4)

For y € B(z,s) and s’ > 2s, we have B(y, s'/2) C B(z,s'). Thus, using Lemma [2.2] we have
that, for y € B(z,s) and s’ > 2s with B(z,2s") C D,

/ J(y, z)dz < / J(y,2)dz < C ¥ (s'/2)7 "
D\B(z,s’) D\B(y,s'/2)

Using this and Proposition (b), we obtain that for s > 2s with B(z,2s") C D,

TB(x,s)
IP’(YT’;( € D\ B(z,s")) / /D\B Y™, z)dzdt
< W(s)/W(s'/2), y € B(z,s).

Thus, by (I3),

. 8251
P, (Y., € D\ B(z, s')) < ez (5 y € B(z,s),s > 2s. (5.5)
Let
1 1/(261) 2\ 1/(261)
L _ﬂ, pz—/\<1) A 1y ‘
4 3 2 863
Let © € B(zo,7/2). We will show that
sup [ — mf I < Il kE>1, (5.6)
B(z,pkr) (w,pkr)

by the induction. Let B; stand for B(z, p'r) and 7; for Tp( ir). Let
= inf f, M; = sup f.
B; B,

Suppose M; — m; < || fleo’ for all i < k; we want to show that

Mie1 — mur < || fllooy™ (5.7)
Note that my < f < My on Biyq. Let

my + M,
2

N

={z€ Bpy1: f(2) < }.
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We may assume |A’|/|Bys1| > 1/2, otherwise we look at ||f||.c — f instead of f. Let A be
a compact subset of A" with |A|/|Bgs+1| > 1/3. Let € > 0 and choose y,z € By, with
f(y) = Miy1 — e and f(z) < mpy1 + €. Then

fy) — f(2) =E,[f(YF,) — f(2); Ta < 7]
+E [f(Y]) = f(2);m < Ta, Y] € By_i]

+ Y B [f(YE) = f(2);7h < Ta, Yy € Bymima \ By =t T + 11 + I11.
By the choice of A,

my + M, 1
I S (% — mk) ]Py(TA < Tk) = E(Mk — mk)IP’y(TA < Tk)
and, clearly,

171 < (Mk—mk)]P’ (Tk <TA) (Mk—mk)(l—}P’y(TA <Tk))-
By the induction hypothesis, ((5.5)) and the fact that

p < (1/2)V) A (e (8e5)) ),
we have that

N . i1 _(pfr)™
I1< Yy (Myi = mp—i )Py (Y € D\ By ZCstHoo’yk 1( i)
=1

o

= csl Fllao?™ Y (07 /1) < 205l 2P < S

i=1
Therefore, by (5.4)) and the fact that p < 1/3, we have

F() = F(2) <5 (M = m)By (T < 1) + (Mg = ma) (1 = By(Ts < 7)) + |l

\fHoov

1 c
<(My — my) (1 - §Py(TA < Tk)) + Zl||f||007k

1 c
<(My — my) (1 - é]P)y(TA < TB(x,3pk+1r))) + —1Hf||oo7k

<l (1= 5) + et = 1l (1= F) = 1™

Hence

M1 —myer < fy) — f(2) +2e < ||f||<>07l€+1 + 2e.
Since € can be arbitrarily small, (5.7) holds and hence ([5.6)) holds.
If x,y € B(xg, pr/2), let k be the smallest natural number with |z — y|/r < p¥F. Then

B
"

log > (k+1)logp,

y € B(z, pFr), and
1F() — F@)] < 11 llsor® = |1 llcce® 57

lo lo
)(log’Y/Ing) HfHoo (u) s/ gp.
T

If x,y € B(xo,r/2) \ B(xo, pr/2), then clearly |f(x) — f(y)| < 2||flloo < 5l f]loo (Ix;y)ﬁ‘ :

< el fllsoe ("
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6. EXISTENCE OF GREEN FUNCTION

In the first part of this section, we assume that (H1), (H2-w)-(H3-w) hold and show
that the process Y* admits a Green function. Then we will assume additionally that (H4-
w)-(H5-w) hold, so that Proposition [5.6| holds. Using Proposition [5.6, we will show that the
Green function is finite off the diagonal.

First we assume that (H1), (H2-w)-(H3-w) hold. Recall that ¢ is the lifetime of Y*. Let
f:D —[0,00) be a Borel function and A > 0. The A-potential of f is defined by

¢
Grf(x) ::]Ex/ e Mf(YF)dt, x€D.
0

When A\ = 0, we write G f instead of Gy f and call Gf the Green potential of f. If g : D —
[0, 00) is another Borel function, then by the symmetry of Y* we have that

/DG,\f(x)g(:L’)dx:/Df(:v)GAg(x)dx. (6.1)

For A € B(D), we let Gy(x, A) := G,14(x) be the A\-occupation measure of A.

Let U be a relatively compact open subset of D. For v > 0, let J, be the jump kernel
defined in the proof of Lemma and let Z be the pure jump conservative process with
jump kernel J,. In the proof of Lemma we have shown that, when ~ is small enough, the
function k defined in is non-negative and the semigroup (QV)so of Y®U is given by

Qt f( ) = Eolexp(—A)f(Z{)], t>0, €T,

where A, := [y %(ZV)ds. Moreover, Q¥ has a transition density ¢"(,z,y) (with respect
to the Lebesgue measure) which is symmetric in z and y, and such that for all y € U,
(t,z) — qY(t, 3: y) is continuous.

Let GUf = [T e MQY f(x)dt = B, [ e M f(Y;") dt denote the A-potential of YV and
GY(x,y) fo “MqU(t,x,y) dt the A-potential density of YV. We will write GV for G for
snnph(nty Then GU( -) is the density of the A-occupation measure. In particular this shows
that GY(z,-) is absolutely continuous with respect to the Lebesgue measure. Moreover, since
x — ¢Y(t,z,y) is continuous, we see that z — GY¥(x,y) is lower semi-continuous. By Fatou’s
lemma this implies that GY f is also lower semi-continuous.

Let (U, )n>1 be a sequence of bounded open sets such that U,, C U, C Up+1 and U,>1 U, = D.
For any Borel f: D — [0,00), it holds that

n—oo

¢ TUp
Grf(z) = E, /0 M F(VF) dt = tlim E, /0 NS dt = Tlim G f(@), (62)

where 11lim denotes an increasing limit.
In particular, if A € B(D) is of Lebesgue measure zero, then for every x € D,

Giw, 4) = lim GY"(z,4) = lim GY" (2, ANU,) =0.

Thus, G (z,-) is absolutely continuous with respect to the Lebesgue measure for each A > 0
and z € D. Together with this shows that the conditions of [3, VI Theorem (1.4)] are
satisfied, which implies that the resolvent (Gy)xso is self dual. In particular, see [3, pp.256—
257], there exists a symmetric function G(z,y) excessive in both variables such that

/ny y)dy, xz€D.

We recall, see [3, II, Definition (2.1)], that a measurable function f : D — [0, o0] is A-excessive,
A > 0, with respect to the process Y* if for every ¢ > 0 it holds that E,[e"*Y/] < f(x) and
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lim; 0 E,[e Y}"] = f(x), for every x € D. 0O-excessive functions are simply called excessive
functions.

We note that the process Y need not be transient. If it is transient, then it follows that
G(x,y) < oo for a.e. y € D. In the following lemma we show transience under the additional
assumption that s is strictly positive.

Lemma 6.1. Suppose that k(x) > 0 for every x € D. Then the process Y* is transient in the
sense that there exists f: D — (0,00) such that Gf < co. More precisely, Gk < 1.

Proof. Let (Q:):>o denote the semigroup of Y*. For any A € B(D), we use [18, (4.5.6)] with
h=14, f =1, and let { — 0o to obtain

/Am(<<oo)dxz/ (Y5 EDC<oodm—// 2)Qu1a(x) da dt.

This can be rewritten as

/A]PJI(C<OO) dIEZ/DIi<I>G1A(Z‘) dx:/Afo(x) dx

Since this inequality holds for every A € B(D), we conclude that P, (¢ < oo0) > Gk(x) for
a.e. x € D. Both functions z +— P,(¢ < o0) and Gk are excessive. Since G(z, ) is absolutely
continuous with respect to the Lebesgue measure (i.e., Hypotesis (L) holds, see [13, p.112]),
by [13, Proposition 9, p.113], we conclude that Gr(z) < P,(( < 00) <1 for all z € D. O

From now on we assume that Y* is transient so that G(z,y) is not identically infinite. Note
that it follows from that, for every non-negative Borel f, G, f is lower semi-continuous, as
an increasing limit of lower semi-continuous functions. Since every A-excessive function is an
increasing limit of A-potentials see [3, II Proposition (2.6)]), we conclude that all A-excessive
functions of Y are lower semi-continuous. In particular, for every y € D, G(-,y) is lower
semi-continuous. Since G(-,y) is the increasing limit of G,(-,y) as A — 0, we see that G(-,y)
is also lower semi-continuous.

Fix an open set B in D and x € D. Let f be a non-negative Borel function on D. By
Hunt’s switching identity, [3, VI, Theorem (1.16)],

E[Gr(YE)] = /D E,[G(YX )|/ (y) dy = /D E,[G(x, Y] £(y) dy.

Suppose further, that f = 0 on B. Then by the strong Markov property, [3, I, Definition
(8.1)]

/ G, y)f(y) dy = E, / ) dt = BLGF(YE )] = /D ECE Y ) dy

and hence G(z,y) = E,[G(x,Y) )] for a.e. y € D\ B. Since both sides are excessive (and thus

) B
excessive for the killed process Y*P\P)  equality holds for every y € D \ B. By using Hunt’s
switching identity one more time, we arrive at

G(z,y) = E.[G(Y],,y)], forallze D, ye D\B.

In particular, if y € D\ B is fixed, then the above equality says that = — G(x,y) is regular
harmonic in B with respect to Y*. By symmetry, y — G(z,y) is regular harmonic in B as
well.

Now we assume additionally that (H4-w)-(H5-w) hold. By using Proposition we
conclude that G(z,y) < oo for all y € D\ {z}. This proves the following result about the
existence of the Green function.
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Proposition 6.2. Suppose that (H1), (H2-w)-(H5-w), (1.2)-(1.3) and (3.1) hold. Assume

that Y is transient. Then there exists a symmetric function G : D x D — [0, 00] which
1s lower semi-continuous in each variable and finite outside the diagonal such that for every
non-negative Borel f,

Gf(x) = /D Gl y)f(y) dy

Moreover, G(x, ) is harmonic with respect to Y" in D\{z} and reqular harmonic with respect
toY" in D\ B(x,¢€) for any ¢ > 0.

We now prove the continuity of Green function under an additional assumption. The proof
of the next proposition is similar to the corresponding part of the proof of |26, Theorem 1.1].

Proposition 6.3. Suppose that (H1)-(H4), (H5-w), (1.2))-(1.3) and (L.8) hold. Assume
that Y* is transient and that the Green function G : D x D — [0,00] of Y satisfies that for

any x € D and r > 0

sup  G(z,2) < oc. (6.3)
z€D\B(z,r)

Then G(z,-) is continuous in D\ {z}.

Proof. We fix xg,yo € D , 1y # yo, and choose a positive a small enough so that B(xg,4a)N
B(yo, 4a) = 0 and B(zg,4a) U B(yo,4a) C D.

We first notezthat for (z,w) € B(xg,2a) X B(yo,2a), 0p(z) ANdp(w) > 2a = m_i%ﬂxo —
yo‘ —|—4a) Z mlw — Z| ThUS, by (HZ)7
. 1
sup J(z,w) < ¢ sup Jjlz,w) < . (6.4)
(2,w)€B(z0,2a) x B(yo,2a) (z,w)€B(z0,2a) X B(yo,2a) a®(a)

We recall that by Proposition [5.3(b), EyTp(z,20) < c2¥(a) for all y € B(xg,a). Let N > 1/a.
In the paragraph after the proof of Lemma [6.1] we have seen that for any non-negative Borel
function f and A > 0, G\ f is lower semi-continuous. Thus by [13, Theorem 2, p.126], G is
locally integrable in each variable. Using in the second line and the local integrability
of G in the fourth, we have for every y € B(zy,a),

E, [G(Y” :Y: € Byl /N)]

TB(zq,2a) ) yo ) TB(zq,2a)

TB(zq,2a)
=E, </ ’ / G(w, yo)J (Y, w)dw ds)
0 B(yo,1/N)

S sup EyTB(azo,2a) sup / J(Z7 w)G(w7 yO)dw
yEB(zo,a) z€B(x0,2a) J B(yo,1/N)

< clcga_d/ G(w, yo)dw < oco.
B(yo,1/N)
Given € > 0, choose N large enough such that ¢;coa™¢ fB(yO 1/N) G(w,yo)dw < €/4, so

sup E, [G(Y” Y* € By, 1/N)] < e/d.

T . ) y0)7 T
yEB(20,0) B(wz(,2a) B(xzq,2a)

The function y — h(y) := E, [G(Y” (=0 sy Y0): Y, € D\ B(yy,1/N)| is harmonic on

B ? T TB(zq,2a)

B(xg,a), and by (6.3 it is bounded function on D. Thus, by Theorem it is continuous.
Choose a § € (0,a) such that |h(y) — h(zo)| < €/2 for all y € B(zy,9) , We now see that for
all y € B(xo,0),

|G (y, o) — G(20, Y0)|
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< |h(y) — h(zo)| +2 sup E, [G(Y;; o VOIS € Blyo, 1/N)] <e

yEB(xo,a)

7. EXAMPLES

In this section we give two families of examples of jump kernels that satisfy hypotheses
(H1)-(H5).

7.1. Trace processes and resurrected kernels. Let X = (X;,P,) be a Lévy process with
Lévy measure j(|z|)dz. For the moment we do not assume that (1.2) and (1.3)) hold. Let D
be a proper open set in R? such that U := D is non-empty. We denote the jump kernel of X

as j(z,y) = j(lz — yl). Let
t
A, :—/ 1(XS€D) ds
0

and let 7, := inf{s > 0 : A, > t} be its right-continuous inverse. The process Y = (Y})i>0
defined by Y; := X, is a Hunt process with state space D. The process Y is called the trace
process of X on D (it is also called the path-censored process in some literature, for instance,
[30]). Here is another way to describe the part of the process Y until its first hitting time to
the boundary 0D: Let © = X,,_ € D be the position from which X jumps out of D, and

let 2 = X, € U be the position where X lands at the exit from D. The distribution of the
returning position of X to D is given by the Poisson kernel of X with respect to U:

Py(z,A) = /A/UGU(Z,w)j(w,y) dw dy, A e B(D).

Here Gy(z,w), z,w € U, denotes the Green function of the process X killed upon exiting
U. This implies that when X jumps out of D from the point x, we continue the process by
resurrecting it in A € B(D) according to the kernel

q(z, A) :/j(x, 2)Py(z,A)dz, x € D,
U

which has density

q@w—éémw%wwmwwm,amD.

We call ¢(z,y) the resurrection kernel. Since the Green function Gy is symmetric, it imme-
diately follows that ¢(z,y) = q(y, z) for all =,y € D. This shows that the part of the process
Y until its first hitting of the boundary can be regarded as a resurrected process. The jump
kernel of this process is symmetric and is given by J(z,y) = j(z,y) + ¢(z,y), x,y € D.

This example can be modified in the following way. For each z € U, let p(z,y) be a
subprobability density on D. Instead of returning the process X to D by using the Poisson
kernel Py (z, A), we may use the kernel p(z, A) = [, p(z,y)dy, A € B(D). We call this kernel
the return kernel. Define

q@wwzzyuzm@wma (7.1)

We assume that p(z, y) satisfies the following two properties: (1) It is such that ¢ is symmetric,
that is, ¢(x,y) = q(y,x); (2) There exists ¢; > 1 such that for all yo € D and r > 0 with
B(y(), 27") C D,

cflp(w,yl) <p(w,ys) < ep(w,y;) for all w € D¢ and all y1,ys € B(yo, 7). (7.2)
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Clearly, both properties are true for the trace process (that is, for the Poisson kernel Py (w, y)).
We note that the first property is quite delicate. Still, many examples of return kernels for
which ¢ is symmetric are given in [29] for the case of a half-space. Both properties can be
checked in concrete examples of return kernels. One such example is given by

_ Jwy)
p(w7y) T fD,j(waz) dz
studied in [17, 32] in the context of the Neumann boundary problem. Note that it follows
from ([7.5)) below that this p satisfies both properties above.
For x,y € D, x # y, define

ag) = i) +aten) = o) (14 900) = jeBea). (@3

where
Blay)={ Tiwn  VRRIFY (7.4)
1 when x = y.

In the remaining part of this subsection we show that J(z,y) (that is, B(z,y)) satisfies hy-
potheses (H1)-(H5).

Since we have assumed that the return kernel p(z,y) is such that ¢ is symmetric, it is
immediate that B(z,y) = B(y, z) for all x,y € D. Hence (H1) holds.

Fix e € (0,1), 2o € RYand r > 0. Then, for all w € R%\ B(zq, (1+€)r) and 1, 25 € B(xg, 1),
|21 — w| < |xg —w| + |x1 — 23] < |xg —w| + 2r < (14 (2/€))|xe — w|.

Thus j(z1,w) < j(2o, w) for w € R\ B(zg, (1 + €)r) and 21,29 € B(zo,r). In particular, if
xog € D and B(xg, (1 + €)r) C D, then

J(x1,2) < j(xg,2) for all 1,29 € B(zg,7), 2 € D\ B(zo, (1 +€)r)
and
J(z1,w) < j(xe,w) for all z1, 29 € B(xo,r), w € D", (7.5)
Therefore, for all z1,x9 € B(zg,7), 2 € D\ B(xg, (1 + €)r),
1
B(xy,z :1+,—/ (21, w)p(w, 2) dw
( 1 ) ](th) Uj( 1 )p( )
1

=14 -
j(x272)

/Uj(xg,w)p(w, z) dw = B(x,, 2).

Hence (H5) holds.
To check (H2) and (H4), we will use the following two lemmas for g.

Lemma 7.1. For every e € (0,1), there ezists Cos = Cas5(€) > 1 such that for all xy,yo € D
and r >0,

Cs'q(x0,90) < q(x,y) < Cosq(zo, vo),  (2,y) € Blwo, (1 = €)dn(20)) x B(yo, (1 — €)dn(y0)).
Proof. The lemma follows from (|7.2]) and ([7.5]). 0

Lemma 7.2. There exists Cog > 1 such that

1 1

q(x,y) < C <5D(y)d\1’(5p(x)) A 5D(:E)d\1’(5p(y))> forall x,y € D.




MARKOV PROCESSES WITH DEGENERATE JUMP KERNELS 29

Proof. By Lemma[7.]
q(z,y) < q(z,u) = / Jj(x,w)p(w,u)dw for all u € B(y,dp(y)/2).

U
Thus, by (2.1),

C1 C1 .
o)< 0 | e R ( / p(w,u>du) du
Sp(Y)? JBw.onw)/2) op(y)* Ju Blydp(u)/2)

<9 / Jj(z,w)dw < ©
~ oW Je@op@ye ~ Op(y)¥(dp(x))

The lemma now follows from this and the symmetry of ¢. a

Applying Lemma to ((7.4) and using (|1.2), we get

B(z,y) —1< Op(x) Adp () (5p(z) Adp(y))i(z —y])

S () I AP A T I
" W(0n(w) A dp(y)) <5D<x> MD(y)) = (%(w) A5D<y>> |
This proves that both (H2) and (H4) hold.

To check (H3), it suffices to show (1.6)) for a € (0,1/2]. Let j(z,dz) := j(x, z)dz. Then for
any x € D, j(z,dz) is a finite measure on D¢ such that, by ({2.1)),

7@ D) < G5, @)

for some ¢35 > 0. By (2.1)), (7.1)), (7.3)), (7.6)), and the fact that p is a subprobability kernel,
for a € (0,1/2],

/D,|$—y|>a6D(z) I(@y)dy < /x_y|>a5D($)j($:y)dy+/D/C]'(x,dw)p(w,y) dy
< ¢, U(adp(z))™ +/ (/Dp(uhy)dy) iz, dw) < e5(a)W(6p(z))

This proves that (H3) holds.

r €D, (7.6)

c

Remark 7.3. Suppose that for every z € D, j(z,dz) is a kernel on D¢ satisfying (7.6). For
z,y € D, let G(z,y) == j(z,dz)p(z,y). Then J(z,y) = j(z,y) + 4(z,y) also satisfies (H3).

7.2. Examples of B(z,y) satisfying (H3) which may blow up at the boundary. Let
D C R? be a proper open subset of R?, J(z,y) = j(|x —y|)B(z,y), where j satisfies (1.2)) with

U satisfying ((1.3)).
We first record an estimate of j(|z — y|) in case |z — y| > adp(z). By (1.3),
adp(z)\*"
wlle =) <ot (220 wlado(a))
[z =y
and

U(adp(x)) ™ < aza 22U (5p(x))?
This, together with (1.2)), implies that there exists ¢; = ¢;(a, d1,0d2) > 0 such that

j(lz = yl) < e¥(ép(a) " op(2)* o —y[~7*, |y — 2| > adp(z). (7.7)
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Lemma 7.4. Suppose that D is a proper open subset of R? and let Ly := {y € D : dp(y) = s}.
When d > 2 we assume that there exists A; > 0 such that

Hy (LN B(z,R)) < AAR*™, 2€D,s>0,R>0, (7.8)

where Hq—1 is the (d — 1)-dimensional Hausdorff measure. Assume that there exists Py €
[0, 1 A (201)) with the property that for all a € (0,1/2], there exists As(a) > 0 such that

|z — y|**
dp(x)P20p(y)™’
Then for every a € (0,1/2], there exists Cy7(a) > 0 such that

/ J(z,y) dy < Cor(a)¥(0p(x))™"
|lz—y|>adp(x)

Proof. We give the proof for d > 2. It follows from [I4, Theorem 6.3.3 (vi) and (vii), p.
285] that the function « — dp(x) is Lipschitz on D and |Viop(x)| =1 a.e. € D. Thus, the
following coarea formula is valid (see [16, Theorem 3.2.3 (2)]: For any g € L'(D),

/ dy—/ / W) Ha_1(dy)ds. (7.10)

It follows from (7.7) and (7.9) that

o | ooly)
Hay)dy < er—prs sy dy. 7.11
Jospu "0 =05 Emm e ()

z—y|>adp(x) |l’ -

B(z,y) < As(a) for |z —y| > adp(x). (7.9)

We split the integral into two parts:

5 —pP2
/ D(d)26 o5
le—y|>adp (z |$ - | +261-262

gy
/x y|>adp(x),6p(y)<(1+a)ép(z) 6p(y)>(1+a)ép(z)
=1L+ I.
Here we used that if 0p(y) > (1 4+ a)dp(x), then |z —y| > adp(x).
Using (7.8)), (7.10)), the assumption 3, < 1 A (26;) in the last line, we have

dp(y) *dy
I, = /D 152,085 ) (Y) Lop )< (1+a)5D(I)}‘x — y|d+201-252

- 1 1 op(y) Pdy
= Z 5 5p(y)<(1+a)dp(z) L B(x,27 1 adp (2))\B(x,2"adp (z) (y) ’.CL’ _ y’d+251,252
=0

< Gp(z) iRt Z gn(—d=201+25) /D L5 () <(1+a)6m (@) L B(a2 a5 (@) (Y)Op (y) P dy
n=0

©© (1+a)dp(x)
_ 5D ($)—d—261+2/32 Z 2n(—d—261+252) / Hd—l(Ls N B(ZB, 2n+1a5D ($)))S_B2d8
0

n=0

0 (14+a)ép ()
< 025D(x)—1—251+262 Z gr(—d—2514282) 9 (n+1)(d—1) / s P2 s
0

n=0
oo

< 635D(x)_261+62 ZQn(—261+2,32—1) _ C45D(9§)_261+’82.
n=0
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When s > (1 + a)dp(z), we have |z —y| > s — op(z) > (a/(1 + a))s. Using (7.8), (7.10)),
the facts that 28y < 1+ 20; and 5 < 207 in the last line, we have

op(y) "
Iy :/D Lisp()>(14a)sp ()} & — y|d2n-26 dy
:/ o — y[ Iy (dy)sPds
1+a)ép(x) J Ls

/ / _ y|—d—251+2527_[d_1(dy>5—52d5
1+a)ép(x) s |T— y\<25

/ / |z — y|fdf261+2,6’2%d71(dy>5762d5
(14a)ép(x) J Ls,|lz—y|>2s

= / [(a/(1+ a))s] =2 2% H,  (Ly 0 B(x, 2s))s > ds
(14+a)dép(zx)

> o — g4 (dy)s s
(14+a)dp(z) ,,—1 v Ls,2nF1s>|z—y|>2"s

(e}

<csl(a/(1+ a))]_d_251+252 / s 2Pl
(14a)ép(z)

+ / 2(2”3)%’251“&2 Ha1(Ls N Bz, 2" s))s2ds
(1+a)dp(x) =1

<665D(x)—251+ﬂ2 + Z 9(=281+282—1)n /Oo gT17201452 1o < 085D($)_261+52-
n—1 (14a)ép(x)
Combining the display above with ((7.11]), we get the conclusion of the lemma. O

In the remaining part of this subsection we impose the following conditions on B(z,y) that
is used in [29, Section 4] in the case of the half-space. Suppose 0 < §; < 2 < 1 A (2d1). Let
® be a positive function on (0, c0) satisfying ®(¢) = ®(2) > 0 on [0, 2) and the following weak
scaling condition: There exist constants by, bo > 0 such that
®(R)
a(r)

Recall that D is a proper open subset of R%. Assume that B(z,y) satisfies (H1), (H4) and
the following assumption: There exists Cog > 1 such that

bi(R/r) < < by(R/r)?2, 2<r <R < o0. (7.12)

4 |z — y|? . |z —y|? r all
‘%Q(E@%RB)Sm’”S@ﬁ«EE%RB> for all z,y € D. (7.13)

To use Lemma , we further assume that ([7.8]) holds when d > 2. Note that (|7.8) is clearly

satisfied in case when D is a half-space. We show now that under the above conditions, (H2),
(H3) and (H5) also hold.

Let a € (0,1) and z,y € D such that 6p(z) Adp(y) > alz —y|. Then |x—y|*/dp(x)dp(y)) <
1/a?. Since ® is bounded on [0,1/a?), (H2) holds true.

Let a € (0,1/2] and |x — y| > adp(x). Then op(y) < |z —y|+ dop(x) < ((a+1)/a)|z — y|.
Hence |x—y|? > (a*/(1+a))dp(z)dp(y). Therefore by (7.12)) and the fact that ®(¢) = ®(2) > 0
on [0,2), we conclude that there exists ¢; = ¢1(a) > 0 such that

|z — y|? . |z — y|?P
@Qmmb@)gl%WW%@w
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Thus (7.9) holds, so (H3) follows form Lemma [7.4]

Let € € (0,1), zp € D and r > 0 with B(zo, (1 +€)r) C D. For zy,29 € B(zg,r) and
z € D\ B(xg, (1+ €)r), it holds that |z; — z| < (1 + 2¢)|xy — z| and dp(x1) < dp(wa) + 21 <
dp(x1) + (2/€)0p(x2) = (1 + 2¢)dp(xs). Therefore, there exists ¢y = cy(€) > 1 such that

R |2 — 2 C |71 — 2
dp(z1)0p(2) ~ dp(x2)op(2) = "dp(w1)dp(2)
Using this, ((7.12)) and the fact that ®(¢) = ®(2) > 0 on [0,2), (H5) holds true.

Acknowledgment: We thank the referee for helpful comments and suggestions.

REFERENCES

[1] R.F. Bass and M. Kassmann. Harnack inequalities for non-local operators of variable order. Trans. Amer.
Math. Soc. 357(2) 837-850.

[2] R. F. Bass and D. Levin. Harnack inequalities for jump processes. Potential Anal. 17 (2002), 375-388.

[3] B.M. Blumenthal and R.K. Getoor. Markov Processes and Potential Theory. Academic Press 1968.

[4] K. Bogdan, T. Grzywny, K. Pietruska-Patuba and A. Rutkowski. Extension and trace for nonlocal oper-
ators. J. Math. Pures Appl. 137 (2020), 33-69.

[5] Z.-Q. Chen and M. Fukushima. Symmetric Markov Processes, Time Change, and Boundary Theory.
Princeton Univ. Press, 2012.

[6] Z.-Q. Chen and T. Kumagai. Heat kernel estimates for stable-like processes on d-sets. Stoch. Proc. Appl.
108 (2003), 27-62.

[7] Z.-Q. Chen and T. Kumagai. Heat kernel estimates for jump processes of mixed types on metric measure
spaces. Probab. Theory Rel. Fields 140 (2008), 277-317.

[8] Z.-Q. Chen, T. Kumagai, J. Wang. Elliptic Harnack inequalities for symmetric non-local Dirichlet forms.
J. Math. Pures Appl., 125 (2019), 1-42.

[9] Z.-Q. Chen, T. Kumagai, J. Wang. Stability of parabolic Harnack inequalities for symmetric non-local
Dirichlet forms. J. Eur. Math. Soc. 22 (2020), no. 11, 3747-3803.

[10] Z.-Q. Chen, T. Kumagai, J. Wang. Stability of heat kernel estimates for symmetric non-local Dirichlet
forms. Mem. Amer. Math. Soc. 271 (2021), no. 1330, v+89 pp.

[11] S. Cho, P. Kim, J. Lee. General Law of iterated logarithm for Markov processes: Limsup law.
arXiv:2102.01917v2.

[12] S. Cho, P. Kim, R. Song and Z. Vondracek. Factorization and estimates of Dirichlet heat kernels for
non-local operators with critical killings. J. Math. Pures Appl. 143 (2020), 208-256.

[13] K.-L. Chung and J.B. Walsh. Markov Processes, Brownian Motion, and Time Symmetry. 2nd edition,
Springer, 2005.

[14] M. C. Delfour and J.-P. Zolésio. Shapes and geometries. Metrics, analysis, differential calculus, and
optimization, 2nd Edition. STAM, Philadelphia, PA, 2011.

[15] B. Dyda and M. Kassmann, Regularity estimates for elliptic nonlocal operators. Anal. PDE 13 (2020),
317-370.

[16] H. Federer. Geometric measure theory. Springer, New York, 1969.

[17] S. Dipierro, X. Ros-Oton, and E. Valdinoci. Nonlocal problems with Neumann boundary conditions. Rev.
Mat. Iberoam. 33 (2017), 377-416.

[18] M. Fukushima, Y. Oshima and M. Takeda. Dirichlet Forms and Symmetric Markov Processes. Second
revised and extended edition. De Gruyter Studies in Mathematics, 19. Walter de Gruyter & Co., Berlin,
2011.

[19] T. Grzywny, K.-Y. Kim and P. Kim. Estimates of Dirichlet heat kernel for symmetric Markov processes.
Stoch. Proc. Appl. 130 (2020), 431-470.

[20] M. Kassmann. A new formulation of Harnack’s inequality for nonlocal operators. C. R. Math. Acad. Sci.
Paris 349 (2011), 637-640

[21] M. Kassmann and M. Weidner. Nonlocal operators related to nonsymmetric forms I: Holder estimates.
arXiv:2203.07418.

[22] M. Kassmann and M. Weidner. Nonlocal operators related to nonsymmetric forms II: Harnack inequalities.
arXiv:2205.05531.



MARKOV PROCESSES WITH DEGENERATE JUMP KERNELS 33

[23] P. Kim, R. Song, Z. Vondracek. Potential theory of subordinate killed Brownian motion. Trans. Amer.
Math. Soc. 371 (2019), 3917-3969.

[24] P. Kim, R. Song, Z. Vondracek. On the boundary theory of subordinate killed Lévy processes. Pot. Anal.
53 (2020), 131-181.

[25] P. Kim, R. Song, Z. Vondracek. On potential theory of Markov processes with jump kernels decaying at
the boundary. To appear in Potential Anal. https://doi.org/10.1007/s11118-021-09947-8

[26] P. Kim, R. Song and Z. Vondracek. Sharp two-sided Green function estimates for Dirichlet forms degen-
erate at the boundary. arXiv:2011.00234v5, To appear in J. Eur. Math. Soc. (JEMS).

[27] P. Kim, R. Song, Z. Vondrag¢ek. Potential theory of Dirichlet forms degenerate at the boundary: The case
of no killing potential. To appear in Math. Ann. https://doi.org/10.1007/s00208-022-02544-z

[28] P. Kim, R. Song, Z. Vondracek. Positive self-similar Markov processes obtained by resurrection. Stoch.
Processes Appl. 156 (2023), 379-420.

[29] P. Kim, R. Song, Z. Vondracek, Potential theory of Dirichlet forms with jump kernels blowing up at the
boundary. arXiv:2208.09192

[30] A. E. Kyprianou, J. C. Pardo, A. R. Watson. Hitting distributions of a-stable processes via path censoring
and self-similarity. Ann. Probab. 42 (2014), 398-430.

[31] R. Song and Z. Vondracek. Harnack inequality for some classes of Markov processes. Math. Z. 246 (2004),
177-202.

[32] Z. Vondracek. A probabilistic approach to non-local quadratic from and its connection to the Neumann
boundary condition problem. Math. Nachr. 294 (2021), 177-194.

Panki Kim

Department of Mathematical Sciences and Research Institute of Mathematics,
Seoul National University, Seoul 08826, Republic of Korea

E-mail: pkim@snu.ac.kr

Renming Song
Department of Mathematics, University of Illinois, Urbana, IL 61801, USA
E-mail: rsong@illinois.edu

Zoran Vondracek
Department of Mathematics, Faculty of Science, University of Zagreb, Zagreb, Croatia Email:
vondra@math.hr



	1. Introduction and setting
	2. Preliminary results
	3. Regularization of the process
	4. Analysis of the generator
	5. Harnack inequality and Hölder continuity of Harmonic functions
	6. Existence of Green function 
	7. Examples
	7.1. Trace processes and resurrected kernels
	7.2. Examples of B(x,y) satisfying (H3) which may blow up at the boundary.

	References

