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Abstract

In this paper we establish a Harnack inequality for nonnegative harmonic functions
of some discontinuous Markov processes with a diffusion part.
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1 Introduction

Harnack inequality for nonnegative harmonic functions of diffusions in R¢ has been a well-
known fact for more than forty years. On the contrary, until recently very little was known
about Harnack inequality for nonnegative harmonic functions of discontinuous Markov pro-
cesses. The only exception was the rotationally invariant a-stable process in R?, where
Harnack inequality follows directly from the explicit form of the Poisson kernel for balls (i.e.,
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the exit distributions from balls). This situation changed several years ago with the paper
[2] by Bass and Levin where they proved the Harnack inequality for the Markov process on
R? associated with the generator
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where k(z, —h) = k(x, h) and k is a positive function bounded between two positive numbers.

The paper [2] has stimulated and inspired the research in the subject, leading to several
papers in recent years. Vondracek [10] adapted the arguments of [2] and proved that, when
X is a (not necessarily rotationally invariant) strictly a-stable process, a € (0,2), with a
Lévy measure comparable to the Lévy measure of the rotationally invariant a-stable process,
the Harnack inequality holds. In [4], the Harnack inequality was proved by using a different
method for symmetric a-stable processes under the assumptions that « € (0,1) and its Lévy
measure is comparable to the Lévy measure of the rotationally invariant a-stable process.
In [3], Bass and Levin established upper and lower bounds on the transition densities of
symmetric Markov chains on the integer lattice in d dimensions, where the conductance
between x and ¥ is comparable to |x — y|*, a € (0,2). One of the key steps in proving the
upper and lower bounds in [3] is the parabolic Harnack inequality. In [5], Chen and Kumagai
showed that the parabolic Harnack inequality holds for symmetric stable-like processes in
d-sets and established upper and lower bounds on the transition densities of these processes.
All the processes mentioned above satisfy a certain scaling property which was used crucially
in the proofs of the Harnack inequalities. In [8], Song and Vondracek extracted the essential
ingredients of the Bass-Levin method by isolating three conditions that suffice to prove the
Harnack inequality and showed that various classes of Markov processes, not necessarily
having any scaling properties, satisfy the Harnack inequality. In the paper [1], Bass and
Kassmann proved the Harnack inequality for a class of processes corresponding to non-local
operators of variable order. Their method is also based on [2], but the arguments are more
delicate.

In all the papers mentioned above, the corresponding Markov process did not have a con-
tinuous component. More precisely, the generator of the process was an integro-differential
operator without a local part. A natural step forward was to study Harnack inequality for
nonnegative harmonic functions of discontinuous processes with a diffusion component. This
step was taken in a very recent paper [7], where the Harnack inequality was proved for a
certain class of subordinate Brownian motions in R?, d > 3. By allowing the subordinator to
have a drift, the class in question includes processes with both a diffusion and discontinuous
component. A typical example of a process belonging to this class is an independent sum of
a Brownian motion and rotationally invariant a-stable process in R?, d > 3.

The purpose of this paper is to prove the Harnack inequality for nonnegative harmonic
functions of another class of discontinuous Markov processes in R?, d > 1, with a diffusion



part. Note that the processes dealt with in this paper are not Lévy processes in general, so
the method of [7] does not apply. We describe now the processes that will be studied.

Suppose that a is a continuous map from R¢ into the space of symmetric d x d matrices,
and suppose that there exist 0 < A < A < oo such that

AEP < Z ai(2)&& < A|EJ?, Vi, €& € RY. (1.1)
i,7=1

Suppose that b is a bounded map from R? into R?. Suppose further that k(z,y) is a function
on R? x R? which is bounded between two positive numbers x; < ky. For a € (1,2) let

L) = Y ae) 51 @)+ Lt
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(1.2)
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It follows from [6] (see also [9]) that the martingale problem for L is well-posed. That is, there
is a unique conservative Markov process X = (X;,P,, x € R?) on (D([0, 00), R), B(D([0, 00), R%)))
such that for any f € C5°(RY),

F(X0) — F(Xo) — / Lf(X.)ds

is a P,-martingale for each z € R? Here D([0,00),R?) is the space of R-valued cadlag
functions on [0, c0), and B(D([0, o), R%)) is the Borel o-field on D([0, 00), R?).

Recall that a nonnegative Borel function h on R? is said to be harmonic with respect
to X in a domain D C R? if it is not identically infinite in D and if for any bounded open
subset B C B C D,

hz) = E [h(X(78)) <o), V2 € B,

where 75 = inf{t > 0 : X; ¢ B} is the first exit time of B.
We are going to prove the following Harnack inequality for nonnegative harmonic func-
tions of X:

Theorem 1.1 For any domain D of R? and any compact subset K of D, there exists a
constant C > 0 such that for any function h which is nonnegative in R% and harmonic with
respect to X in D, we have

hz) < Ch(y), =z,y€ K.

Remark 1.2 Note that we have assumed that o € (1,2). We do not think that this restric-
tion is essential, but it comes from the method of proof we use.



Proof of the theorem is based on the method developed in [2]. Necessary lemmas are
stated in the next section. We only prove some of them, and refer the reader to proofs of
similar lemmas in [8]. The last section contains the proof of the theorem following the idea
from [1] which is a refinement of the one from [2].

We use capital letters C, Cs, ... for constants appearing in the statements of the results,
and lowercase letters cq,cy,... for constants appearing in proofs. The numbering of the
latter constants starts afresh in every new proof.

2 Auxiliary lemmas

Recall that we assumed that d > 1 and « € (1,2). Let

0
Llf Z a’L] a a$] .’17) + Z bz(‘r)

and let
Lof@) = [ (Fa9) = 7o) =y V@) |

Then

Lf(z) =Lif(z) + Laof (2) .
Note that it follows from (1.1) that the functions a;; are uniformly bounded on R%.
Lemma 2.1 There exists a constant C; > 0 such that for any x € R and any r € (0,1) we

have
P, (sup | X, — Xo| >7) < Oyt

s<t

Proof. Suppose that z € R? is fixed. Let f be a C? function on R? taking values in [0, 1]
such that f(y) =0 for |y| < 1/2 and f(y) =1 for |y| > 1. Let (f, : n > 1) be a sequence of
C? functions such that 0 < f, <1,

_J fy), lyl<n+1
fn(y> - { 07 ‘y| > TL+2,

and that (0?/0z;0x;)f, and (0/0z;)f, are uniformly bounded. Then there exist positive
constants ¢; and ¢y such that

Viay)l <1, yeRY,

and
|faly+2) = fuly) — 2- V)| < lz]?, v,z €R™
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Put f,(y) = f((y—=z)/r) and f,,(y) = fu((y —2x)/r). For any r € (0,1), y € R%, and n > 1,
we have

k(y, =
|L2fn’r(y)| = | Rd(fnﬂ’(y + Z) - fn,r(y) -z vfn,r(y)1|z|<r) ‘Z<|d+a)d2’|
k(y,2)
+ VoY) L<)z ——=d
e |z In, (y) < |<1‘ 2|t z
< 02/127“2/ ’Z|7(d+a72)dz + 2y k1! / |z‘*(d+a*1)dz
lzl<r |2|>r

< C3/€2T_a ,

where the positive constant c3 depends on «, k1, ko and d.

By using the uniform bounds on functions a;;, b;, and the uniform bounds for partial
derivatives (8%/0z;0x;)f, and (9/0z;)f., we obtain that for any r € (0,1), y € R?, and
n>1,

|Lifnr(y)] < car 4o < eer?.

Hence, there exists a positive constant ¢; such that for any r € (0,1), y € R%, and n > 1,

’Lfn,r(y)’ S 6771_2 .

Therefore for any r € (0,1) and any n > 1,

TB(z,r)/\t
Ey for(X (T A1) = Em/ Lf,.(X;)ds < cor 2.
0

Letting n T oo, we get
E.fr (X (Thm At)) < crr 2t

If X exits B(x,r) before time ¢, then f,(X(7p@r) At)) = 1, so the left hand side is greater
than ]P)x<7—B(x,r) S t).
O

Lemma 2.2 Suppose € € (0,1) is a constant. Then there ezists Coy > 0 such that for every
reRY andr e (0,1),
inf E.7B(r) > Che?r?.
z€B(z,(1—¢)r)

Proof. The proof is an easy modification of Lemma 3.2 of [8]. O

Lemma 2.3 There exist o € (0,1) and Cs > 0 such that for any x € R? and any r € (0, 7o)
we have

sup K. < Cyr.
2€B(z,r)



Proof. Let g € C2(R?) be a function taking values in [0,2] such that g(y) = |y|? for |y| < 1
and g(y) = 2 for |y| > 2. For x € R? any r > 0, put f(y) = g((y — x)/r). Then for
y € B(z,r),

Lif(y) = Z 2a;i(y)r—* + Z 2b; (y) (yi — zi)r >

d
> > 2aa(y)r? =) 20biy)llys — il
=1 i=1

d

> Y 2au(y)r? =) 20biy)lr !
i=1 i=1

> 20172 — 2¢r7 !

> cqr?

provided r is small enough. From the proof of Lemma 2.1 we know that, for any r € (0, 1),
Laf ()| < car™, y € Blx,r).
Thus we know that there exist 7y € (0,1) and ¢; > 0 such that for any r € (0, rg),
Lf(y) >cr™2, ye B(x,r).
Therefore we have for r € (0,7),

EZTB(x,T) = 115%1;.1.} ]Ew [TB(a:,r) A t]

IN

TB(x,r)/\
cstr? limEI/ Lf(Xs)ds
0

tToo

IN

;' lim E, f(X (75(2,) A1)

IN

~1,.2
2c;5 7.

Lemma 2.4 There exists Cy > 0 such that for any x € R, any r € (0,1) and any closed
subset A of B(z,r), we have

A
Py(Ta < TB(z,2r)) > C’ﬂQﬂ#,Vy € B(x,r).

|B(z,7)|



Proof. The proof is similar to that of Lemma 3.4 of [§]
For z,y € RY, let .
’I’
Jz,y) = e E yfﬁa :
Then (j(x,y)dy,dt) is a Lévy system for X. Using the same argument as in the proof
of Lemma 3.5 of [8], we can easily get the following result which does not depend on the
continuous component of the process.

Lemma 2.5 There exist positive constants Cs and Cg such that if v € RY, r > 0, 2 € B(x,r)
and H is a bounded nonnegative function with support in B(x,2r)¢, then

E.H(X (r5(0m)) < O5(E-Th(om) / H(y)i(x, y)dy

and
E.H(X (7500)) = Co(Eatnion) / H(y)j(z, y)dy.

3 Proof of Harnack inequality

Theorem 3.1 Let rq be as in Lemma 2.3 and r € (0,19). There exists a constant Cy > 0
such that for any zo € RY and any nonnegative bounded function in R? which is harmonic
with respect to X in B(zo,r) we have

u(z) < Cruly), x,y € B(zo,1/2).

Proof. Suppose that v is nonnegative and bounded in R? and harmonic with respect to X
in B(z,r). By looking at u + ¢ and letting € | 0, we may suppose that u is bounded from
below by a positive constant. By looking at au for a suitable a > 0, we may suppose that
infp(zr/2)u = 1/2. We want to bound v from above in B(zy,r/2) by a constant depending
only on r, d and . Choose z; € B(zp,7/2) such that u(z;) < 1. Let v = 2 — a. Choose
pe (L)

For i > 1 let
ar

r, = —
(2 Zp

Y

where ¢; is a constant to be determined later. We require first of all that ¢; is small enough

so that
r
;< = 3.1
2 TS (3.1)

Recall that by Lemma 2.4, there exists ¢, > 0 such that for any z € R, 7 € (0,1),A C
B(z,7/2) and = € B(z,7/2),
A

Pa(Ta < Tizr) = Cof ' T5——mr
(=) [B(z,7/2)]

(3.2)



Let ¢3 be a constant such that
C3 S 022—4+p'7 .

Once ¢; and c3 have been chosen, choose K7 sufficiently large so that

1

ZCQKl exp(1”01032'1"”)0?’%‘17“37 > 9430 +rd (3.3)
for all # > 1. Such a choice is possible since py < 1. Note that K; will depend only on
r,d and « as well as constants ¢y, ¢y, c3. Suppose now that there exists x1 € B(zg,7/2) with
u(xy) > K;. We will show that in this case there exists a sequence {(z;, K;) : j > 1} with
zjy1 € B(xj,2r;) C B(z,3r/4), K; = u(z;), and

K; > K, exp(rTeiesst ). (3.4)

Since 1 —py > 0, we have K; — o0, a contradiction to the assumption that u is bounded. We
can then conclude that u must be bounded by Kj on B(zg,r/2), and hence u(z) < 2K;u(y)
if x,y € B(zp,7/2).

Suppose that 1, xs, ..., z; have been selected and that (3.4) holds for j =1,...,i. We
will show that there exists ;11 € B(x;, 2r;) such that if K; 11 = u(z;11), then (3.4) holds for
Jj =i+ 1; we then use induction to conclude that (3.4) holds for all j.

Let

A = {y € B(xi,ri/4) 1 uly) > Kir®'}
First we prove that
|Ail 1

_— < - 3.5

Bleo /D] = 1 &
To prove this claim, we suppose to the contrary that |A;|/|B(x;,r;/4)] > 1/4. Let F be a
compact subset of A; with |F|/|B(x;,r;/4)| > 1/4. Recall that r > 8r;. By the definition of
harmonicity, (3.2), (3.3) and (3.4),

1

vV

w(z1) 2 B [u(Xrparp .y )i TR < TB(o.m)]
Kir] P, (Tr < TB(zo.r))
||
|B(z0,7/4)]
272y K (1 /1)
272¢y Ky exp(rTeyesi ™) (v /1)
272¢, K exp(r”clcgil_pw)ci’wdr% i3l

9;3PY+pd;=3py—pd _ 9

v

v

2
o Kir: T

AV AR AVARVS

)

where the last line follows by (3.3). This is a contradiction, and therefore (3.5) is valid.
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Write 7; for Tg(z, r,72). Set M; = supp,, ,,) u. Let E; be a compact subset of B(x;,ri/4)\ A;
such that |E;|/|B(zs,1;/4)] > 1/2. In view of (3.5) such a choice is possible. Let p; =
P, (Tg, < 7;). We have

Ki =u(r;) = Eu[u(X1p7); Th, < 7
Eo,[u(X1p nr); T, 2 70y Xy € B, 1)
E

T [U(XTEi/\Ti); TEi > T, X‘n‘ §é B<xi> 7’1)] (36)

+

Since E; is compact, we have
]Ezi [U<XTE1/\TZ)7TEZ < Tz'] S KZT,LZ’Y]P% (TEz < Tz‘) S KZ‘T’Z«Q’Y.
We also have
Ey,[w(Xry ar, )i T, 2 7iy Xoy € By, mi)] < M(1—pi).
Inequality (3.5) implies in particular that there exists y; € B(x;,r;/4) with u(y;) < Kirfv.
We then have, by Lemmas 2.2, 2.3 and 2.5,

Kiriz’y u(yl) 2 Eyi [U(XTZ) : Xﬂ‘ ¢ B(xivri)]

>
> B, [u(X;,) : Xy, & Bz, )] (3.7)

Therefore
Eq, [W(X1p ari); Ty 2> iy Xoy & By, 1)) < s Kir!?

for a positive constant ¢;. Consequently we have

Rearranging, we get
1—(1 7
M; > KZ( UL+ co)r ) (3.9)
1—pi
By (3.2) and by the fact that |E;|/|B(z;,7m:/4)] > 1/2,
1
Di = 5027“2- (3.10)

By choosing

1 Co v 1
C1 S " )
41+c5) r
and by using the fact that the r;’s are decreasing, we get

|
(1+cs)ry” < Jear] (3.11)



for all 7. Therefore

1—1ip, Di
M, > K; 2 ) > (1+ 2K,

Using the definition of M; and (3.10), there exists a point z;11 € B(x;, ;) C B(x;,2r;) such
that
Ki+1 = u(xiﬂ) Z Kz(l + 027‘:/4).

Taking logarithms and writing

log K1 = log K; + Z[log Kj1 —log Kjl,

J=1

we have

log K;p1 > log K + Z log(1 + o1} /4)

J=1

v

Co !
lOgKl—ngZlT;

c ~ ._
log K| + gﬂc? Z] il
=1

v

log K1 + %7‘701@1’pV
> log Ky +1rYeies(i +1)777
where the last line follows by choice of c3.

Hence (3.4) holds for i + 1 provided we choose ¢; small enough so that (3.1) and (3.11)
holds. The proof is now finished. g

By using standard chain argument, we can easily get the following consequence of the
theorem above.

Corollary 3.2 For any domain D of R? and any compact subset K of D, there exists a
constant Cy > 0 such that for any function h which is nonnegative bounded in R? and
harmonic with respect to X in D, we have

h(z) < Csh(y), =,y € K.

Proof of Theorem 1.1. It remains to remove the boundedness assumption in the corollary
above. This is done in the same way as in the proof of Theorem 2.4 in [8]. We include the
proof for reader’s convenience.
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Choose a bounded domain U such that K ¢ U C U C D. If h is harmonic with respect
to X in D, then
h(z) = E.[h(X(10))l{ry<o0], x€U.

For any n > 1, define
ha(@) = B[ Am)(X (7)1 prg<oy)s @ € R,
Then h, is a bounded nonnegative function on R, harmonic with respect to X in U, and
7111%10 ho(z) = h(z), = €R%
It follows from Corollary 3.2 that there exists a constant ¢ = ¢(U, K') > 0 such that
ho(z) < ch,(y), =y€ K,n>1.

Letting n T oo, we get that
h(z) < ch(y), z,y € K.
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