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Abstract

In this paper, we study the Martin kernels of general open sets associated with
inaccessible points for a large class of purely discontinuous Feller processes in metric
measure spaces.
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1 Introduction and setup

This paper is a companion of [14] and here we continue our study of the Martin boundary of
Greenian open sets with respect to purely discontinuous Feller processes in metric measure
spaces. In [14], we have shown that (1) if D is a Greenian open set and zy, € 0D is accessible
from D, then the Martin kernel of D associated with z, is a minimal harmonic function; (2)
if D is an unbounded Greenian open set and oo is accessible from D, then the Martin kernel
of D associated with oo is a minimal harmonic function. The goal of this paper is to study
the Martin kernels of D associated with inaccessible boundary points of D, including oo.
The background and recent progress on the Martin boundary is explained in the compan-
ion paper [14]. Martin kernels of bounded open sets D associated with both accessible and
inaccessible boundary points of D have been studied in the recent preprint [5]. In this paper,
we are mainly concerned with the Martin kernels of unbounded open sets associated with
oo when oo is inaccessible from D. For completeness, we also spell out some of the details
of the argument for dealing with the Martin kernels of unbounded open sets associated with
inaccessible boundary points of D. To accomplish our task of studying the Martin kernels
of general open sets, we follow the ideas of [1, 7] and first study the oscillation reduction
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of ratios of positive harmonic functions. In the case of isotropic a-stable processes, the os-
cillation reduction at infinity and Martin kernel associated with oo follow easily from the
corresponding results at finite boundary points by using the sphere inversion and Kelvin
transform. For the general processes dealt with in this paper, the Kelvin transform method
does not apply.

Now we describe the setup of this paper which is the same as that of [14] and then give
the main results of this paper.

Let (X,d,m) be a metric measure space with a countable base such that all bounded
closed sets are compact and the measure m has full support. For x € X and r > 0, let
B(xz,r) denote the ball centered at x with radius r. Let Ry € (0,00] be the localization
radius such that X\ B(z,2r) # 0 for all z € X and all r < R,.

Let X = (X, F;,[P,) be a Hunt process on X. We will assume the following

Assumption A: X is a Hunt process admitting a strong dual process X with respect to
the measure m and X is also a Hunt process. The transition semigroups (F;) and (FP;) of X
and X are both Feller and strong Feller. Every semi-polar set of X is polar.

In the sequel, all objects related to the dual process X will be denoted by a hat. We first
recall that a set is polar (semi-polar, respectively) for X if and only if it is polar (semi-polar,
respectively) for X.

If D is an open subset of X and 7p = inf{t > 0: X; ¢ D} the exit time from D, the killed
process X7 is defined by XP = X, if t < 7p and X = 0 where 0 is an extra point added
to X. Then, under assumption A, X? admits a unique (possibly infinite) Green function
(potential kernel) Gp(z,y) such that for every non-negative Borel function f,

Gpf() =E, /0 7 )t = /D Gp(a.y) m(dy)

and Gp(z,y) = @D(y, z), z,y € D, with Gp(y, ) the Green function of XP. Tt is assumed
throughout the paper that Gp(z,y) = 0 for (z,y) € (D x D). We also note that the killed
process X is strongly Feller, see e.g. the first part of the proof of Theorem on [3, pp. 68-69).

Let 0D denote the boundary of the open set D in the topology of X. Recall that z € 9D
is said to be regular for X if P,(7p = 0) = 1 and irregular otherwise. We will denote the set
of regular points of 9D for X by D*# (and the set of regular points of 9D for X by Breg).
It is well known that the set of irregular points is semipolar, hence polar under A.

Suppose that D is Greenian, that is, the Green function Gp(z,y) is finite away from the
diagonal. Under this assumption, the killed process X is transient (and strongly Feller).
In particular, for every bounded Borel function f on D, Gpf is continuous.

The process X, being a Hunt process, admits a Lévy system (J, H) where J(z,dy) is a
kernel on X (called the Lévy kernel of X), and H = (H;);>0 is a positive continuous additive
functional of X. We assume that H; = t so that for every function f : X x X — [0, 00)



vanishing on the diagonal and every stopping time T,

T
E, Y. f(XS_,XS):Egc/O F( X, ) (X, dy)ds .

0<s<T

Let D C X be a Greenian open set. By replacing 1" with 7p in the displayed formula above
and taking f(z,y) = 1p(x)14(y) with A C D°, we get that

Po(X,, € A, mp < () =E, / Y I(X,, Ayds = /D Gplay) Iy, Am(dy)  (1.1)

where ( is the life time of X'. Similar formulae hold for X and J(z, dy)m(dz) = J(y, dz)m(dy).
Assumption C: The Lévy kernels of X and X have the form J(z,dy) = j(z,y)m(dy),
j(:c, dy) = 5(:6, y)m(dy), where j(x,y) = E(y,x) >0 for all z,y € X, © # y.

We will always assume that Assumptions A and C hold true.

In the next assumption, 2 is a point in X and R < Rj.

Assumption C1(zg, R): For all 0 < r; < ry < R, there exists a constant ¢ = ¢(zg,r2/r1) > 0
such that for all x € B(zp,71) and all y € X\ B(z0,72),

~

ci(z0,y) < jlx,y) < cilzo,y), ¢ i(20,y) < j(z,y) < cji(z0,y).

In the next assumption we require that the localization radius Ry = oo and that D is
unbounded. Again, 2 is a point in X.

Assumption C2(zy, R): For all R <1y < ry < 00, there exists a constant ¢ = ¢(zg, 179/71) >
0 such that for all x € B(z,71) and all y € X\ B(z0,72),

-~

¢ iz0,y) <l y) < ciCz,w), ¢ (z0,y) < G(n,y) < cj(z0,y).
We define the Poisson kernel of X on an open set D € X by

Po(e.2) = [ Gole.ity 2mldy),  z€ Dz e D"
D

By (1.1), we see that Pp(z,-) is the density of the exit distribution of X from D restricted
to D"
P.(X;, € A,7p < () = / Pp(z, z)m(dz), AcCD".
A

Recall that f: X — [0, 00) is regular harmonic in D with respect to X if
flx) =E,[f(X5,),7p < (], forallze D,

and it is harmonic in D with respect to X if for every relatively compact open U C U C D,

fx) =E,[f(X,), ™0 <(], forallzeU.
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Recall also that f : D — [0,00) is harmonic in D with respect to X2 if for every relatively
compact open U C U C D,

fla) =B, [f(XP),7v < (], forallzeU.

The next pair of assumptions is about an approximate factorization of positive harmonic

functions. This approximate factorization plays a crucial role in proving the oscillation
reduction. The first one is an approximate factorization of harmonic functions at a finite
boundary point.
Assumption F1(zp, R): Let zp € X and R < Ry. For any % < a < 1, there exists
C(a) = C(z9, R,a) > 1 such that for every r € (0, R), every open set D C B(z,r), every
nonnegative function f on X which is regular harmonic in D with respect to X and vanishes
in B(zy,r) N (D°U D™, and all 2 € D N B(z,r/8),

B(zo,ar/2)¢

C@*&hﬂ/ §(z0,9) f()m(dy)

B(zg,ar/2)°

Sﬂ@SCWEmﬂ/ 320, 9) F(y)m(dy). (1.2)

In the second assumption we require that the localization radius Ry = oo and that D is
unbounded.
Assumption F2(zy, R): Let zp € X and R > 0. For any 1 < a < 2, there exists C(a) =
C(z9, R,a) > 1 such that for every r > R, every open set D C B(zy,7)¢, every nonnegative
function f on X which is regular harmonic in D with respect to X and vanishes on B(zg, )N
(DU D*#), and all = € D N Bz, 87)°,

Cla) Poloza) [ flom(dz)

B(zo0,2ar)

< (@) < C(a) Po(z, ) / F(=)m(d=). (1.3)

B(zo0,2ar)

Let D C X be an open set. A point z € D is said to be accessible from D with respect
to X if

Pp(z,z) = /DGD(x,w)j(w, zym(dw) =oc0 forallz € D, (1.4)

and inaccessible otherwise.
In case D is unbounded we say that oo is accessible from D with respect to X if

E.7p = / Gp(z,w)m(dw) =oc0 forall x € D (1.5)
D

and inaccessible otherwise. The notion of accessible and inaccessible points was introduced
in [2].

In [14], we have discussed the oscillation reduction and Martin boundary points at ac-
cessible points, and showed that the Martin kernel associated with an accessible point is a
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minimal harmonic function. As in [14], the main tool in studying the Martin kernel associ-
ated with inaccessible points is the oscillation reduction at inaccessible points. To prove the
oscillation reduction at inaccessible points, we need to assume one of the following additional
conditions on the asymptotic behavior of the Lévy kernel:

Assumption E1(zg, R): For every r € (0, R),

im  sup ]‘(Z,Zo) — lm if J.(Z,Zo) .
d(z0,y)—0 z:d(z0,2)>T J (Za y) d(y,20)—0 z:d(20,2)>r ) (Zv y)
Assumption E2(zy, R): For every r > R,
lim sup j.(Z,ZO) = lim inf i(2 %) =1.

d(20,2) =00 y:d(zg,y)<r J (Z, y) d(z0,2)—00 y:d(z0,y)<r j(Z, y)

Combining Theorems 2.4 and 2.8 below for inaccessible points with the results in [14] for
accessible ones, we have the following, which is the first main result of this paper.

Theorem 1.1 Let D C X be an open set. (a) Suppose that zg € OD. Assume that there
evists R < Ry such that C1(zo, R) and E1(zo, R) hold, and that X satisfies F1(zo, R). Let
r < R and let f; and fy be nonnegative functions on X which are reqular harmonic in
D N B(zg,r) with respect to X and vanish on B(zo,7) N (DU ﬁreg). Then the limit

fi(x)

D3z—zo fg(l’)

exists and 1s finite.

(b) Suppose that Ry = oo and D is an unbounded subset of X. Assume that there is a
point zg € X such that C2(zp, R) and E2(zy, R) hold, and that X satisfies F2(zy, R) for
some R > 0. Let r > R and let f; and fs be nonnegative functions on X which are regular
harmonic in DN Bz, )¢ with respect to X and vanish on B(zy,7)°N (DU D™8). Then the

limat
fi(z)

D3x—00 f2 (I)

exists and 1s finite.

For D C X, let 9y;D denote the Martin boundary of D with respect to X” in the sense
of Kunita-Watanabe [15], see Section 3 for more details. A point w € 9y D is said to be
minimal if the Martin kernel Mp(-,w) is a minimal harmonic function with respect to X?.
We will use 9,,D to denote the minimal Martin boundary of D with respect to X”. A point
w € Oy D is said to be a finite Martin boundary point if there exists a bounded (with respect
to the metric d) sequence (y,),>1 C D converging to w in the Martin topology. A point
w € Oy D is said to be an infinite Martin boundary point if there exists an unbounded (with
respect to the metric d) sequence (y,),>1 C D converging to w in the Martin topology. We
note that these two definitions do not rule out the possibility that a point w € 0y D is at
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the same time finite and infinite Martin boundary point. We will show in Corollary 1.5(a)
that under appropriate and natural assumptions this cannot happen. A point w € Oy D is
said to be associated with zo € 9D if there is a sequence (y,),>1 C D converging to w in
the Martin topology and to 2, in the topology of X. The set of Martin boundary points
associated with 2, is denoted by 0;9D. A point w € JyD is said to be associated with oo if
w is an infinite Martin boundary point. The set of Martin boundary points associated with
o0 is denoted by 933D. d4,D and 8/, D will be used to denote the finite part of the Martin
boundary and minimal boundary respectively. Note that 037D is the set of infinite Martin
boundary points.

Recall that we denote the set of regular points of 9D for X by D™&. Here is our final
assumption.

Assumption G: limps, .. Gp(z,y) = 0 for every z € D™ and every y € D.

From Theorem 1.1 and the results in [14], we have the following.

Theorem 1.2 Let D C X be an open set. (a) Suppose that zg € 0D. Assume that there
exists R < Ry such that C1(zo, R) and E1(zo, R) hold, and that X satisfies F1(zo, R). Then
there is only one Martin boundary point associated with zg.

(b) Assume further that G holds, X satisfies F1(zo, R), and that for all r € (0, R],

sup sup  max(Gp(z,y),Gp(z,y)) =: c(r) < oo, (1.6)
x€DNB(z0,r/2) yeX\B(zo,r)

and in case of unbounded D, for r € (0, 1],
lim Gp(z,y) =0 forally € DN B(z,7).
T—>r00

Then the Martin boundary point associated with zo € 0D is minimal if and only if zy is
accessible from D with respect to X.

Corollary 1.3 Suppose that the assumptions of Theorem 1.2(b) are satisfied for all zy €
0D (with c(r) in (1.6) independent of zy). Suppose further that, for any inaccessible point
20 € 0D, limps, ., j(2, 20) = 00.

(a) Then the finite part of the Martin boundary Oy D can be identified with OD.

(b) If D is bounded, then 0D and Op D are homeomorphic.

Theorem 1.4 (a) Suppose that Ry = oo and D is an unbounded open subset of X. If there
is a point zp € X such that C2(zo, R) and E2(zy, R) hold, and X satisfies F2(zo, R), then
there is only one Martin boundary point associated with oo.

(b) Assume further that G holds, X satisfies F2(zo, R), and that for all v > R,

Sup sup maX(GD<x>y)7 G\D(l’v y)) = C(T) < o0 (17)
x€DNB(z0,r/2) yeX\B(z0,r)



and
lim Gp(z,y) =0 forally € D. (1.8)
Tr—00

Then the Martin boundary point associated with oo is minimal if and only if 0o is accessible
from D.

Corollary 1.5 Let Ry = oo and D C X be unbounded. Suppose that the assumptions of
Theorem 1.2(b) are satisfied for all zg € OD (with c(r) in (1.6) independent of zy) and that
the assumptions of Theorem 1.4(a) and (b) are satisfied. Then

(a) &I, DN OXD =0,

(b) Suppose that, for any inaccessible point zy € 0D, limps, ., j(z,20) = oo. Then the
Martin boundary Oy D is homeomorphic with the one-point compactification of OD.

In case when X is an isotropic stable process, Theorems 1.2 and 1.4 were proved in [1].

In Section 2 we provide the proof of Theorem 1.1 for inaccessible points. Section 3
contains the proofs of Theorems 1.2 and 1.4. In Section 4 we discuss some Lévy processes
in R? satisfying our assumptions.

We will use the following conventions in this paper. ¢, cg,ci1, ¢, -+ stand for constants
whose values are unimportant and which may change from one appearance to another. All
constants are positive finite numbers. The labeling of the constants cg, ¢1, ¢, - - - starts anew
in the statement of each result. We will use “:=” to denote a definition, which is read as
“is defined to be”. We denote a A b := min{a, b}, a V b := max{a,b}. Further, f(t) ~ g(t),
t— 0 (f(t) ~g(t), t = oo, respectively) means lim; o f(¢)/g(t) = 1 (lim;o0 f(2)/g(t) = 1,
respectively). Throughout the paper we will adopt the convention that X, = 0 and u(9) = 0
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for every function w.

2 Oscillation reductions for inaccessible points

To handle the oscillation reductions at inaccessible points, in this section we will assume, in
addition to the corresponding assumptions in [14], that E1(z, R) (E2(29, R) respectively)
holds when we deal with finite boundary points (respectively infinity).

2.1 Infinity

Throughout this subsection we will assume that Ry = oo and D C X is an unbounded open
set. We will deal with oscillation reduction at oo when oo is inaccessible from D with respect
X. We further assume that there exists a point zy € X such that E2(zy, R) and C2(z, R)
hold, and that X satisfies F2(z, R) for some R > 0. We will fix zp and R and use the
notation B, = B(z,r). The next lemma is a direct consequence of assumption E2(z, R).



Lemma 2.1 For any q > 2, r > R and € > 0, there exists p = p(e, q,r) > 16q such that for
every z € E;r/8 and every y € Eqr, it holds that

(1+6)_1 < ](Zay)

(. 20) <l+e. (2.1)

In the remainder of this subsection, we assume that » > R, and that D is an open set
such that D C Ei. For p > q > 0, let

D’ =DnNB,, DP9 = D7\ DP.
For p > ¢ > 1 and a nonnegative function f on X define
) = B [(Rep): K € 7]

() = E, [ F(Xepor) : Xep,e € (D\ D7) UR] : (2:2)

Lemma 2.2 Suppose that r > R, D C Ei is an open set and f is a monnegative function
on X which is regular harmonic in D with respect to X and vanishes on B, N (D° U D).
Let ¢ > 2, € > 0, and choose p = p(e,q,r) as in Lemma 2.1. Then for every x € Drr/8,

(1+ €)™ Ppyrss(, 20) a Fly)m(dy) < fPr/37(x) < (1 + €) Ppprys (2, 20) | fy)m(dy).
" " (2.3)

Proof. Let x € DP/®. Using Lemma 2.1 in the second inequality below, we get

B

prive) = [ Poeland@m@n + | Postr) fmi
_ /D - /D (a2 p)m(d2) fym(dy
—i—/T /Dpr/s G porss (1, 2)7 (2, y)m(dz) f (y)m(dy)

~

v [ [ Gl 21 o) ftypmia)

IN

+(1+6)/ /Dm/8 CA}’Dm/s(z,z)}(z,zo)m(dz)f(y)m(dy)
~ (1+9 ( / o Poete 20 Som(d) + [ Bownte ZO)f(y>m(dy))
= (140 Pps(z, 2) / £ (wymidy).

This proves the right-hand side inequality. The left-hand side inequality can be proved in
the same way. a



In the remainder of this subsection, we assume that r > R, D C Ei an open set and f;
and fy are nonnegative functions on X which are regular harmonic in D with respect X and
vanish on B, N (DU D'#). Note that f; = f""9" 4 f/™e".

)

Lemma 2.3 Let r > R, ¢ > 2, € > 0, and choose p = p(e,q,r) as in Lemma 2.1. If

[ oty < [ gmidy. i=1.2 (2.4)
D3pr/8,qr Bar

then, for all x € DP".

(1+e)7" [5, fily)m(dy) <f1(a:)<(06+1+€ J,, frly)m(dy)
(Ce+1+e) [z, y)mdy) ~ folz) = A+ [5 foly)m(dy)

(2.5)

Proof. Assume that z € DP". Since f;?"/%" is regular harmonic in DP"/® with respect to X
and vanishes on E;T/g N (DU D), using F2(zy, R) (with a = 3/2), we have

P @) £ CPpun(oza) [ 17 (@) m(dy)

BSpr/S

Since /% (y) < fily) and f7/*7 () = 0 on (D)° except possibly at irregular points of
D, by using that m does not charge polar sets and applying (2.4) we have

FPB () < CPpyess (2, 20) / fity)ym(dy) < CePpprys(x,20) | fily)m(dy).

D3pr/8,qr qu

By this and Lemma 2.2 we have

flw) = f @) + ()
S CeﬁDpr/S(x,ZO) | fz(y)m(dy) + (1 + €>ﬁDpr/8(x,zO> | fz(y)m(dy>

Bgr Byr
= (Ce+1+€)Ppuss(z,20) | fily)m(dy)
Bgr
and
filx) > PP (@) > (14 €)Y Ppuss(z,20) | fily)m(dy).
Bgr
Therefore, (2.5) holds. O

Suppose that oo is inaccessible from D with respect to X. Then there exists a point
zo € D such that

/DGD(xo,y)m(dy) =E, 7p < 0. (2.6)

In the next result we fix this point zg.



Theorem 2.4 Suppose that oo is inaccessible from D with respect to X. Let r > 2d(zo, xo)V
R. For any two nonnegative functzons fl, fa on X which are regular harmonic in D" with
respect to X and vanish on B N (DU D™8) we have

e 1) _ S fily)m(dy)
D>x—00 fQ(l’) f% f2(y)m(dy) .

(2.7)
Proof. First note that
/B Gp(xo, z)m(dz) > E,,[D N Bs,] > 0.
3
By using F2(zy, R) we see that stT fily)m(dy) < co. The function v — Gp(xg,v) is regular
harmonic in D" with respect to X and vanishes on B, \ D" (so vanishes on B, N (DU D™%)).

By using F2(zy, R) for )A(, we have for i = 1,2,

filyym(dy) < C | fi(z)m(dz) /D . Ppr(y, zo)m(dy)

~c [ Gplanmid: /D  Porly, o)m(dy) : fBé :wo o (Lz)
< C? /DBT Gp(zo, y)m(dy )f fBéZZxO ZL)(m() )
< CQ/DGD(xo,y)m(dy fg’x J[t;)ﬂBgr]) < 00

Hence fx filyym(dy) < oo, i = 1,2. Let ¢qo = 2 and ¢ > 0. For j = 0,1,..., inductively
define the sequence ¢;+1 = 3p(€, ¢;,7)/8 > 6¢; using Lemma 2.1. Then for i = 1,2,

Z /quﬂrq] m(dy) = filyym(dy) < oo.

Daom

If [ ojimar fiy)m(dy) > equ.r fi(y)ym(dy) for all j > 0, then

Z/Ww m(dy) >ez/ fi(y)m(dy) >ez m(dy) =

quT

Hence, there exists k& > 0 such that [,o., rar fi(y)m(dy) < €[5 fi(y)m(dy). Moreover,
qET

since lim; o0 [passinar fi(y)m(dy) = 0, there exists jo > 0 such that [, 1rer fi(y)m(dy) <
Jparsarar fi(y)m(dy) for all j > jo. Hence for all j > jo V k we have

Lo ot = [ pmia <e [ pwmidn<e [ pwm).

qur qu'r'
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Therefore, there exists jo € N such that for all j > j, V k,

/Dq.ﬂw_r fityym(dy) <e | fily)m(dy) i=1,2,

Bojr

and

(14 / fmdy) < [ filyym(dy) < (1+¢) / flym(dy),  i=12.

Bojr

We see that the assumption of Lemma 2.3 are satisfied and conclude that (2.5) holds true:
for x € D8%+17/3,

(1+¢) fB m(dy) f1(2) (Ce+1+¢ qu.r fi(y)m(dy)
< < J
Cetite f ) () = Do) =

(L+e)7 f5,  faly)m(dy)
It follows that for z € D8%+17/3,
O L ily)mldy)  _ filz)  (Cetlte)(lte fx f1 Jm(dy)

Cerital+o [ hmdy) = bz~ 0+o- ffo ay)

Since € > 0 was arbitrary, we conclude that (2.7) holds. O

2.2 Finite boundary point

In this subsection, we deal with oscillation reduction at an inaccessible boundary point z5 € X
of an open set D. Throughout the subsection, we assume that there exists R < Ry such that
E1(z, R) and C1(z, R) hold, and that X satisfies F1(zo, R). We will fix this z. Again, for
simplicity, we use notation B, = B(zg, 1), r > 0.

First, the next lemma is a direct consequence of assumption E1(zg, R).

Lemma 2.5 For any q € (0,1/2], r € (0, R] and € > 0, there exists p = p(e,q,r) < q/16
such that for every z € Bgy, and every y € B,

-1 ]<Z>y)
= i(20,¥)

Let D C X be an open set. For 0 < p < ¢,let D, =DnNB, and D,, = D, \ D,. For a
function f on X, and 0 < p < ¢, let

(1+¢) <l+e (2.8)

R0 = [ eons@mn, R = [ Geonswmn. @9

p

For 0 < p<g¢q<1andre(0,R], define
frar(@) = Eu|f(Xen,,) : Kny,, € Dyrae]

Frar (@) = By |f(X,) ¢ Koy, € (D\ Dyr) UBY] . (2.10)
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Lemma 2.6 Let g € (0,1/2], R € (0,r], € > 0, and choose p = p(€,q,r) as in Lemma 2.5.
Then for every r € (0, R], D C B, = B(zo,7), nonnegative function f on X which is reqular
harmonic in D with respect to X and vanishes on B, N (EC U Dr8), and every x € Dgyy,

(1+ 6)71(Ex?D8pT')qu<f) < J};Bpr,qr(x) <(1+¢) (Em?DSpT)KqT(f)' (2.11)

Proof. Let x € Dgy,. Using Lemma 2.5 in the second inequality below, we get

Foprar(z) = /D o Poun ) fwmta) + / Pos,, (2,9)f(y)m(dy)

By

_ /D " C sy (0, 2)7 (2, y)m(d2) f (y)m(dy)

_|_/B G b, (2, 2)7 (2, y)m(dz) f (y)m/(dy)

T

< (14 €)(EsTps,.) ( /D » (20, 9) f(y)m(dy) + / 3(20,y)f(y)m(dy)>

This proves the right-hand side inequality. The left-hand side inequality can be proved in
the same way. O

In the remainder of this subsection, we assume r € (0, R], D C B, is an open set and
20 € 0D. We also assume that f; and f, are nonnegative functions on X which are regular
harmonic in D with respect to the process X, and vanish on B, N (D° U D™8). Note that

fi= (fi)pr,qr + (ﬁ)pnqr'

Lemma 2.7 Let R € (0,1], ¢ <1/2, € >0, and let p = p(€,q,r) be as in Lemma 2.5. If

Rsprjsar(fi) < hge(fi), =1,2, (2.12)

then for x € D,,

~

(Ce+1+Ry(f1)

L+ Ap(f) _ A) )
1+ )7 R (f2)

(Cet14 Ay (f) ~ fol2)

< (2.13)

Proof. Assume that z € D,,. Since (f;)sprqr is regular harmonic in Dy, with respect to X
and vanish on Bg,. N (DU D8, using F1(z, R) (with a = 2/3), we have

(fi)sprar (@) < C(EuTpg,, ) Aspr/s((fi)sprar)-
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Since (fi)sprqr(y) < fi(y) and (fi)gprer(y) = 0 on Df, except possibly at irregular points of
D, applying (2.12) we have

(fi)Spr,qr(x) < C(E:vTDqu«)KSW/B,qT(fi) < CE(EITDSpr)qu(fi)-

By this and Lemma 2.6, we have that

fil@) = (Fsprar(@) + (Fsprar(@) R
Ce(BaTpy, ) Agr (fi) + (1 + €)(EaTpy,, ) Agr (fi)
= (Cet 1+ 6)(Eurpy, )Ag(f:)

_l’_
A,

IN

and N R
fz(x) > (fi)SpT,qr(x) > (1 + E)_l(ExTDspr)Aqr(fi)-
Therefore, (2.13) holds. O

Assume that zj is inaccessible from D with respect to X. Then there exist a point g in
D such that

PD(CL'(),ZQ) = /DGD(Jfo,U)j(U,Z())m(dU) < 0

In the next result we fix this point x

Theorem 2.8 Suppose that zy is inaccessible from D with respect to X. Let r < 2d(zo, xo) A
R. For any two nonnegative functzons fl, fa on X which are reqular harmonic in D, with
respect to X and vanish on B, N (DU Dreg), we have

~

i 1@ _ JedGoy) Aily)m(dy) (2.14)

D3z—2zg fg(l’) N ij(Zo, y)fg(y)m(d?/)

Proof. First note that

/C 7 (20, 2)Gp(x0, 2)m(dz) > / . j(z,zO)GDmgi/g(xo,z)m(dz) = PD0§$/3<anZO) > 0.
r/3 DmBr/B

Since X satisfies F1(zo, R), we have Ar/g(fz) < oo. The function v — Gp(zg,v) is regular
harmonic in D, with respect to X and vanishes on B, \ D, (so vanishes on B, N (DU D™%)).
By using F1(zy, R) for X we have

/ F(20,9) fily)m(dy) < C / F(20, 2) fi(2)m(dz) / 3 (20, 9)Ey [P, Im(dy)

Br/8 r/3 Br/8
. . a2, 3(20, 2) fi(z)m(dz)
=C 20,2)Gp(xg, 2)m(dz (20, y)Ey[Tp, ]m(d o
[ S Gotonma) | e Byl () Tz 3o Gin(ao, )

o e T 2 ()
<C /Br/sj(zoay)GD(ﬁoay)m(dz) fﬁﬁ/s }(zo,z)GD(xo,z)m(dZ)
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Avss(f)

< C?Pp(x0, 20) < o0.
Ppepe,, (%0, 20)
Therefore
MM:L(%)M)()Z/i(m)ﬂ)ﬁm+&ﬂm<w
B'I’/S

Let ¢ = 1/2 and € > 0. For j = 0,1,..., inductively define the sequence g;1+1 = p(€, g;,7)
as in Lemma 2.5. Then

EKWWL—LW@mmu<><Aummm<><m

If A (fi) > ej\\qu(fi) for all j > 0, then

qj4+17,9;57

ZK qj+17,957 fz Z€ZKQj7"<fi)ZEZKQOT(fi>:OO'
j=0

J=0 Jj=0

Hence, there exists an integer k& > 0 such that qu g (fi) < e/A\qkr( fi). Moreover, since
im0 g,y rgr(fi) = 0, there exists jo > 0 such that Ay .qr(fi) < Mg irgr(fi) for all
J > jo- Hence for all j > 75 V k we have

qu+1r7qu(fi> S Aqk+1r,qkr(fi) S Equr(fi) S Equr(fi)'

Therefore for all j > jo,

quﬂr,qu(fi) < Exqﬂ’(fi)a i=1,2,

and
(1+e7Af) < Agpe(f) < A+ ON(f),  i=1,2,

Hence the assumption of Lemma 2.7 are satisfied and consequently (2.13) holds: for z €
D

qj+17T)

(1+97 Ry () _ filw) _ (Cet1+Ry(f)

(Ce+1+e)[i\ (fo) T fal@) = (14 €) " Ay, (f2)

It follows that z € D,

qj+17T>

(L+9A(f)  _ Ale) _ (Cet 141+ A(f)
(Ce+1+¢€)(1+ C)K(fg) = falz) T (1+ 6)—2/A\(f2) '

Since € > 0 was arbitrary, we conclude that (2.14) holds. O
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3 Proof of Theorems 1.2 and 1.4

Let D be a Greenian open subset of X. Fix x¢o € D and define

GD(Z', y)
GD(iUm ?J) 7

Combining [14, Lemmas 3.2 and 3.4] and our Theorems 2.4 and 2.8 we have the following.

MD('r?y) = .I',yGD, ZI?éiUO

Theorem 3.1 (a) Suppose that E1(zy, R) holds and that X satisfies F1(z9, R). Then
GD(xa U)

M = i 3.1
p(z, 20) pim G (ro.0) (3.1)
exists and is finite. In particular, if zo is inaccessible from D with respect to X, then
J(z0,9)Gp(x,y)m(dy) P
Mo (z, 2) = ij(zo y)Gp(z,y)m(dy) . p (T, 20) (3.2)

- fxy(zo,y)GD(zo,y)m(dy) B Pp(zo, 20)

(b) Suppose that E2(z, R) holds and that X satisfies F2(z9, R). Then for every x € D the
limat

. GD (l’, U)
M = 1 Y .
p(#, 00) D3usoo Gp(zg,v) (3:3)
exists and is finite. In particular, if oo is inaccessible from D with respect to X, then
EmTD
M = : 4
D(xv OO) EaonD (3 )

Since both XP and XP are strongly Feller, the process X satisfies Hypothesis (B) in
[15]. See [14, Section 4] for details. Therefore D has a Martin boundary 0y D with respect
to X P satisfying the following properties:

(M1) D U0OyD is a compact metric space (with the metric denoted by day);

(M2) D is open and dense in D U0dy, D, and its relative topology coincides with its original
topology;

(M3) Mp(x, -) can be uniquely extended to dy D in such a way that

(a) Mp(z,y) converges to Mp(z,w) as y — w € Oy D in the Martin topology;
(b) for each w € D U 9y D the function x — Mp(z,w) is excessive with respect to
XD'

Y

(¢) the function (z,w) — Mp(z,w) is jointly continuous on D x ((D \ {zo}) U0y D)
in the Martin topology and

(d) Mp(-,wy) # Mp(-,wq) if wy # wy and wy, wy € Iy D.

15



Proof of Theorem 1.2: (a) Using Theorem 3.1(a), by the same argument as in the proof
of [14, Theorem 1.1(a)], we have that 0;7D consists of a single point.
(b) If zy is accessible from D with respect to X, then by [14, Theorem 1.1 (b)] the Martin
kernel Mp(-, z) is minimal harmonic for XP.

Assume that zq is inaccessible from D with respect to X. Since z — Pp(x, zy) is not
harmonic with respect to X?, we conclude from (3.3) that the Martin kernel Mp(-, z9) is
not harmonic, and in particular, that zy is not a minimal Martin boundary point. O

Proof of Corollary 1.3: (a) Let = : 9D — 8/, D so that Z(z) is the unique Martin boundary
point associated with z € dD. Since every finite Martin boundary point is associated with
some z € dD, we see that = is onto. We show now that Z is 1-1. If not, there are 2,2’ € 9D,
z # 2/, such that =(z) = (') = w. Then Mp(-,z) = Mp(-,w) = Mp(-,2’). It follows from
the proof of [14, Corollary 1.2(a)] that z and z’ can not be both accessible. If one of them, say
z, is accessible and the other, 2/, is inaccessible, then we can not have Mp(-,z) = Mp(-,2’)
since Mp(+, z) is harmonic while Mp(-, 2’) is not. Now let’s assume that both z and 2’ are
inaccessible. Then Mp(-, z) = 2282 and Mp(.,2) = 2252 From Mp(-,z) = Mp(-, 2)

PD($O7Z) PD($0,Z/)‘

we deduce that
Pp(z,2)Pp(xg, 2') = Pp(x,2")Pp(xo, 2), for all z € D.

By treating Pp(xo, 2') and Pp(xo, 2) as constants, the above equality can be written as

/DGD(x,y)j(y, 2)m(dy) = C/DG’D(:U,y)j(y, 2 Ym(dy), for all z € D.

By the uniqueness principle for potentials, this implies that the measures j(y, z)m(dy) and
cj(y, 2" Ym(dy) are equal. Hence j(y,z) = cj(y,2’) for m-a.e. y € D. But this is impossi-
ble (for example, let y — z; then j(y,z) — oo, while ¢j(y, 2’) stays bounded because of
C1(z, R)). We conclude that z = 2.

(b) The proof of this part is exactly the same as that of [14, Corollary 1.2(b)]. O

Proof of Theorem 1.4:
(a) Using Theorem 3.1(b), by the same argument as in the proof of [14, Theorem 1.3(a)], we
have that 037D is a single point which we will denote by oo.
(b) If 0o is inaccessible from D with respect to X, then by [14, Theorem 1.2 (b)] the Martin
kernel Mp(-,00) is minimal harmonic for X7,

Assume that oo is inaccessible from D with respect to X. Since the function x — E,7p =
[, Gp(z,y)m(dy) is not harmonic with respect to X, by (3.3) we conclude that the Martin
kernel Mp(-,00) is not harmonic, and in particular, co is not a minimal Martin boundary
point. O

Proof of Corollary 1.5: (a) In the same way as in the proof of [14, Corollary 1.4(a)] it
suffices to show that it cannot happen that Mp(-,00) = Mp(-, 2) for any z € 9D. If both
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oo and z are accessible, this was shown in the proof of [14, Corollary 1.4(a)]. If one of
the two points is accessible and the other inaccessible, then clearly the two Martin kernels
are different since one is harmonic while the other is not. Assume that both oo and z are

inaccessible. Then Mp(-, 00) = ]EE—TTDD and Mp(-,z) = %. Therefore,
ZO k)

Pp(xg, 2)E,7p = Pp(x, 2)Ey 7, for all z € D.

By treating E,,7p and Pp(zo, z) as constants, the above equality can be written as

/DGD(:E,y)m(dy) = c/DGD(x,y)j(y, z)m(dy), for all z € D.

By the uniqueness principle for potentials, this implies that the measures m(dy) and ¢j(y, z)m(dy)
are equal. Hence 1 = ¢j(y, z) for m-a.e. y € D which clearly contradicts C1(z, R).
(b) The proof of this part is exactly the same as that of [14, Corollary 1.4(b)].

4 Examples

In this section we discuss several classes of Lévy processes in R? satisfying our assumptions.

4.1 Subordinate Brownian motions

In this subsection we discuss subordinate Brownian motions in R? satisfying our assumptions.

We will list conditions on subordinate Brownian motions one by one under which our
assumptions hold true.

Let W = (W,,P,) be a Brownian motion in R?Y, S = (S;) an independent driftless
subordinator with Laplace exponent ¢ and define the subordinate Brownian motion Y =
(Y, P,) by Y; = Ws,. Let jy denote the Lévy density of Y.

The Laplace exponent ¢ is a Bernstein function with ¢(0+) = 0. Since ¢ has no drift
part, ¢ can be written in the form

o(N) = / T = e u(de)

Here y is a o-finite measure on (0, 00) satisfying [ (¢ A 1) u(dt) < co. p is called the Lévy
measure of the subordinator S. ¢ is called a complete Bernstein function if the Lévy measure
p of Sy has a completely monotone density pu(t), i.e., (—1)"D"u > 0 for every non-negative
integer n. We will assume that ¢ is a complete Bernstein function.

When ¢ is unbounded and Y is transient, the mean occupation time measure of Y admits
a density G(z,y) = g(Jr — y|) which is called the Green function of Y, and is given by the
formula

g(r) = /000(47Tt)_d/26_rz/(4t)u(t) dt . (4.1)

Here u is the potential density of the subordinator S.
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We first discuss conditions that ensure E1(z, R).
By [8, Lemma A.1], for all ¢ > 0, we have

p(t) < (1—2e7) 4720/t < (1= 27t g(t). (4.2)

Thus
p(t) < (1— 26_1)_1¢’(M_1)t_2, t € (0, M]. (4.3)

In [10], we have shown that there exists ¢ € (0, 1) such that
p(t+1) > cu(t), t>1. (4.4)
As a consequence of this, one can easily show that there exist ¢, co > 0 such that
w(t) > cre ! t>1. (4.5)
In fact, it follows from (4.4) that for any n > 1, pu(n + 1) > ¢"u(1). Thus, for any ¢ > 1,

p(t) > p(t]+1) > (1) = p(1)eleee
,u(l)e([ﬂ )10g06“0g0 >c 1#(1) tlogc.

The following is a refinement of (4.4) and [7, Lemma 3.1].

Lemma 4.1 Suppose that the Laplace exponent ¢ of S is a complete Bernstein function.
Then, for any to > 0,
t
lim sup p(t)

30 1oty it +0)

Proof. This is proof is similar to the proof of [7, Lemma 3.1], which in turn is a refinement
of the proof of [10, Lemma 13.2.1]. Let n > 0 be given. Since p is a complete monotone
function, there exists a measure m on [0, 00) such that

p(t) = / e "m(dz), t>0.
[0,00)

Choose r = r(n,ty) > 0 such that

77/ e """ m(dx) 2/ e " m(dz).
[0,r] (r,00)

Then for any t > ty, we have

o [ et =y [ et > et [ et
[0,7] [0,7] [0,7]
> e(ttO)T/ e """ m(dx) = / e~ (t=to)rg m(dx) _/ e "m(dx).
(r,00) (r,00) (r,00)
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Thus for any t >ty and § > 0,

u(t+49) > / e m(dx) > 6_”5/ e m(dzx)
[0,7] [0,7]

= e (14+n)! (/ e m(dr) + 77/ e_tzm(dx))
[0,7] [0,7]

> e (1+n)" (/ e m(dx) —I—/ e_mm(dx)>
[0,7] (r,00)

= ) [ e mlde) = (1 ) )
[0,00)

Therefore 0
. H
limsupsup ———— < 1+n.
520 t>to H(t +9) 7
Since 7 is arbitrary and p is decreasing, the assertion of the lemma is valid. a

The Lévy measure of Y has a density with respect to the Lebesgue measure given by
() = i(Jz]) with )
i = [ gttt 2o
0

where )

g(t,r) = (47Tt)_d/2 exp(—Z—t).

As a consequence of (4.4), one can easily get that there exists ¢ € (0,1) such that
jir+1) > ¢j(r), r>1 (4.6)
Using this, we can show that there exist ¢, co > 0 such that
Jj(r) > cre™ ", r>1. (4.7)

Lemma 4.2 Suppose that the Laplace exponent ¢ of S is a complete Bernstein function.
For any o € (0,1),
. Jo gt r)p(t)dt
im sup 4

=0.
N=0 r>rg ](T)

Proof. For any n € (0,1) and r € (ro, 2], we have

Jo gt r)n(dt _ [ g(t ro)u(t)dt

J(r) - 7(2)
Thus . p
t t)dt
lim sup fo 9 ’,TM( ) =0.
n—0 ré(ro,2) J (7")
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Thus we only need to show that

Tyt t)dt
lim sup fo 9 ?T)M( ) =
10 759 J(r)

It follows from (4.3) that

2

1 r n
/ (4mt) Y2 exp(——) (t)dtgcl/ t= 3+ exp(—
0

2 2

r K r
Nt < _
4t)dt < 03/0 exp( 8t)dt

0 4t
00 2 oo 2
= 03/ e T—ds < yr / e~ 2ds = csr exp(—T—)
r2/sy) 857 r2/(8n) 167
Now combining this with (4.7) we immediately arrive at the desired conclusion. O

Lemma 4.3 Suppose that the Laplace exponent ¢ of S is a complete Bernstein function.
For any ry € (0,1),

i)
i =1. 4.8
Hmsup 7% = (4.8)

Proof. For any € € (0,1), choose n € (0,1) such that

o Bttt _
r>1o J(r)

Then for any r > o, fnoog(t,r)u(t)dt > (1 —€)j(r). Fix this n. It follows from Lemma 4.1
that there exists dy € (0,7/2) such that

p(t)
wu(t +0)

<1l+e¢, t>mn,6 € (0,d).

Fort>n,0< (r+d—1t)*>=(r+08)*>—=2tr+t(t—9)—dt and so t(t — ) > 2tr + 4t — (r+49)>.
Thus

(r+0)? r? (r+0)2(t—20)—r’t  o6(2r+dt—(r+19)?)

At A(t—0) At(t — 0) - At(t —0)

)
< -.
!

Consequently, for r > ry and § € (0, dp),

jr+0) = [t ep- "L

> e [t ep(- gt
n

v

0 [ e+ ) e~ Lyt + o)

20



> ¢ 0/ (L(S)M (14¢)" /noo g(t, r)u(t)dt

Ui

_|_

/2
> () e - i)

Now choose 6* € (0, ) such that

d/2
e %/ (#) > (14+¢€) 7, d € (0,07

Then for all r» > ry and § € (0, §*],
Jr+68) = (1+¢)2(1 —e)j(r),

which is equivalent to

jr) 1+
) S d=e
which implies (4.8). O

Lemma 4.4 If the Laplace exponent ¢ of S is a complete Bernstein function, then E1(z, R)
holds for'Y .

Proof. Fix ryp,e > 0 and use the notation B, = B(0,7). By Lemma (4.3) there exists
n =n(e,ro) > 0 such that for all n < n(e,ry),

sup (r)

<1l+e.
r>ro J(1 4 1)

Let 6 := 72»_2 A 1. For y € Bsryj2 and z € Bg, we have

z z oo
o< Ao = Bl e i<yl < <2+ 22 < el o,

ro < |2| <z —yl+ |yl <[z =yl +n.

Hence, '
iz —vl) o _illz=yD) < sup ),
glzl) -~ gz =yl+n) = rsri(r+n)
and . . »
(R () P [ P
iz =yl = gzl +m) = ror jlr+n)
This finishes the proof of the lemma. g

We now briefly discuss (1.8), C1(zo, R), (1.6), F1(z0, R), and G. First note that, if ¥’
is transient then (1.8) holds (see [12, Lemma 2.10]). For the remainder of this section, we
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will always assume that ¢ is a complete Bernstein function and the Lévy density p of ¢ is
infinite, i.e. (0, 00) = co. We consider the following further assumptions on ¢:

H: there exist constants o >0, A\g > 0 and § € (0,1] such that
¢'(M)
¢'(A)

When d < 2, we assume that d + 25 — 2 > 0 where 0 is the constant in (4.9), and there are
o >0 and

<ot forall t>1 and X> ). (4.9)

ie(1-4%0+9n(26+%3) (4.10)
such that

/
A ,
¢/( 2) >0 2% forall >1 and \> \. (4.11)
¢'(A)
Assumption H was introduced and used in [8] and [9]. It is easy to check that if ¢ is a
complete Bernstein function satisfying satisfying a weak lower scaling condition at infinity

A P(t) < p(M) < ad2¢(t),  A>1,t>1, (4.12)

for some ay,as > 0 and 97,02 € (0,1), then H is automatically satisfied. One of the reasons
for adopting the more general setup above is to cover the case of geometric stable and iterated
geometric stable subordinators. Suppose that a € (0,2) for d > 2 and that a € (0, 2] for
d > 3. A geometric (a/2)-stable subordinator is a subordinator with Laplace exponent
d(A) = log(1 + X/2). Let ¢1()\) := log(1 + X*/?), and for n > 2, ¢,(\) == ¢1(dn_1(N)). A
subordinator with Laplace exponent ¢, is called an iterated geometric subordinator. It is
easy to check that the functions ¢ and ¢, satisfy H but they do not satisfy (4.12).

It follows from [9, Lemma 5.4] and [14, Section 4.2] that if Y is transient and H is true,
then there exists R > 0 such that the assumptions G, C1(zo, R), (1.6) and F1(z, R) hold
for all 2y € R?. Thus using these facts and Lemma 4.4, we have the following as a special
case of Theorems 1.1(a) and 1.2(b).

Corollary 4.5 Suppose that Y = (Y;,P, : t > 0,2 € R?) is a transient subordinate Brown-
ian motion whose characteristic exponent is given by ®(0) = ¢(|0)?), 8 € R, Suppose ¢ is
a complete Bernstein function with the infinite Lévy measure p and assume that H holds.
Let v <1 and let fi and fy be nonnegative functions on R% which are regular harmonic in
D N B(z,r) with respect to the process Y, and vanish on B(zy,r) N (D" U D). Then the

limat
fi(z)
D>x—zg fg(l‘)

exists and is finite. Moreover, the Martin boundary point associated with z € 0D is minimal
of and only if z is accessible from D.

22



4.2 Unimodal Lévy process

Let Y be an isotropic unimodal Lévy process whose characteristic exponent is W (|£]), that
is,

o(leh) = [ (1= coslé - w1 (1.13)

where the function x — jo(|z|) is the Lévy density of Y. If Y is transient, let x — go(|x|)
denote the Green function of Y.

Let 0 < a < 2. Suppose that Wo(A) ~ A*(A), A — 0, and ¢ is a slowly varying function
at 0. Then by [4, Theorems 5 and 6] we have the following asymptotics of j, and go.

Lemma 4.6 Suppose that Wo(N\) ~ A(N), A = 0, and { is a slowly varying function at 0 ,

(a) It holds that
Go(r) ~ r= Wy (r71), r — 00. (4.14)

(b) If d > 3, then Y is transient and

go(r) ~ r’d\Ifg(r’I)’l , r — 0. (4.15)

We further assume that the Lévy measure of X is infinite. Then by [16, Lemma 2.5] the
density function x — p;(|z|) of X is continuous and, by the strong Markov property, so is
the density function of X?. Using the upper bound of p,(|z|) in [6, Theorem 2.2] (which
works for all ¢ > 0) and the monotonicity of r — p;(r), we see that the Green function of
XP is continuous for all open set D. From this and (4.15), we have that if d > 3, the Lévy
measure is infinite, and Wo(A) ~ A*¢(A), then G and (1.7) hold (see [13, Proposition 6.2]). It
is proved in [13] under some assumptions much weaker than the above that F2(zy, R) holds
for all zy € RY. From (4.14) we have that E2(zy, R) and C2(zy, R) hold for all z, € R%
Using the above facts, we have the following as a special case of Theorems 1.1(b) and 1.4(b).

Corollary 4.7 Suppose that d > 3 and that Y = (Y;,P, : t > 0,2 € R?) is an isotropic
unimodal Lévy process whose characteristic exponent is given by Wo(|£]). Suppose that 0 <
a < 2, that the Lévy measure of X is infinite, and that Wo(A) ~ A*4(N), A = 0, and £ is a
slowly varying function at 0. Let r > 1, D be an unbounded open set and let f, and fo be
nonnegative functions on R? which are reqular harmonic in D N B(zy, )¢ with respect to the
process Y, and vanish on B(z,7)° N (D" U D™8). Then the limit

lim h@)

D3x—00 f2<3}>

exists and is finite. Moreover, the Martin boundary point associated with oo is minimal if
and only if oo is accessible from D.

23



Remark 4.8 Using [11, Lemma 3.3] instead of [4, Theorem 6], one can see that Corollary
4.7 holds for d > 2a when Y is a subordinate Brownian motion whose Laplace exponent ¢ is
a complete Bernstein function and that ¢(\) ~ A*/2¢(\) where 0 < o < 2 and £ is a slowly
varying function at 0,

Remark 4.9 If Y is a Lévy process satisfying E1(zg, R), (E2(29, R), respectively) then the
Lévy process Z with Levy density jz(x) := k(z/|z|)jy(x) also satisfies E1(zy, R) (E2(z, R),
respectively) when k is a continuous function on the unit sphere and bounded between two
positive constant. In fact, since

oy 2| z—y__z—ywkz—y_ui SM%—V—yH+Ql§§ﬂ’
2=yl 2] T Hlz—yl |2 Izl ] 2| 2| = |2
we have
z2—y z 2|y| z—y z 2r
— —| <— forall |z >r and — — | < — forall |y <
2=yl 2l r 2=yl 2l 7 2]

Moreover, since k is bounded below by a positive constant,
T
k((z = y)/lz = yl)

Thus by uniform continuity of k£ on the unit sphere, we see that for all » > 0

k(z/121) k(z/12])

lim sup = lim sup =1,
‘y|ﬁoz:\z|>r k((z - y)/|Z - y') |y“>oz:|z\>r k}((Z - y)/|Z - y|>

< clk(z/lz]) = k((z = y)/|z = ]I

and

R kD
AL S Gl =) e v Bz — /1 — 3)

When Y is a symmetric stable process, this includes not necessarily symmetric strictly stable

=1.

processes with Levy density ck(z/|z|)|z|~?® where k is a continuous function on the unit
sphere bounded between two positive constant.
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