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Abstract

We study avoidability of collections of balls in bounded C'*! opens sets for censored a-stable
processes, @ € (1,2). The results are analog to the ones obtained for Brownian motion in
S. J. Gardiner, M. Ghergu, Champagne subregions of the unit ball with unavoidable bubbles,
Ann. Acad. Sci. Fenn. Math. 35 (2010) 321-329. On the way we derive a Wiener-Aikawa-type
criterion for minimal thinness with respect to the censored stable processes.
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1 Introduction

Let A be a Borel subset of the unit ball B(0,1) € R? d > 2, not containing the origin. Then A
is said to be unavoidable if Brownian motion starting from the origin almost surely hits A before
hitting the boundary dB. More precisely, let X = (X, P,) denote a standard Brownian motion in
R? and let To = inf{t > 0 : X; € C} be the hitting time of a Borel set C € R%. Then A C B is
unavoidable if Po(Ta < Thp(o,1)) = 1 and avoidable if Po(Ta < Thp(o,1)) < 1.

Problem of avoidability for sets A that are unions of balls has been studied recently. Let
{B(xpn, ) }n>1 be a collection of pairwise disjoint closed balls contained in B(0, 1) satisfying |z,| —
1 and itipl)% < 1. Define A := U B(xp,r,). The domain B(0,1) \ A is often called the

champagne region and the balls are called bubbles. Avoidability of balls in the unit disc in R? was
studied in [3, 18], and in higher dimensions in [9]. Those results were extended in [12].

The aim of this paper is to prove analogous results for a class of jump processes. Note that
if Brownian motion is replaced by the rotationally invariant a-stable process, then any collection
of balls in the unit ball is avoidable since the process jumps out of the unit ball with positive
probability before hitting A.

The natural choice for the jump process replacing Brownian motion in avoidability problems in
B(0,1) is the censored a-stable process with « € (1,2). Roughly, this process is constructed from
the symmetric a-stable process by suppressing the jumps landing outside of the ball and continuing
at the place where the suppressed jump has occurred. Such a process is transient (for a € (1,2))
and converges to the boundary at its lifetime. In particular, with probability one it cannot be
killed while inside the state space — if this were possible every subset of B would be avoidable. The

censored stable processes were rigorously constructed and studied in [6]. Fine properties of their



potential theory in bounded C1! open sets was further developed in [7] (for more detail see Section
2). These results will allow us to replace the unit ball by a bounded C!! open set.

Let D C R, d > 2, be a bounded C! open set, denote by ép(x) the distance of z € D to the
boundary 9D, and let Y = (Y;,P,) be the censored a-stable process in D with o € (1,2). The
lifetime of Y will be denoted by (. By [6, Theorem 1.1] it holds that Y,_ € 9D.

The concept of avoidability for the process Y and the set D is defined analogously to the case of
the Brownian motion and the unit ball. To be more precise, let { B(z,,, ) be a collection of pairwise
disjoint closed balls in D such that dp(z,) — 0 and sup 5o ( 5 < 1/2, and let A = Up>1B(xp, ).

The open set D\ A will be called a champagne subreglon of D, and as before the balls are called
bubbles. Fix a point xg € D such that zo ¢ A, and let Ty = inf{t > 0: Y; € A}. We will say that
A is avoidable if P, (T4 < ¢) < 1, and unavoidable otherwise. The first main result of this paper
is the analog of [12, Theorem 1].

Theorem 1.1 Let D\ A be the champagne subregion of a bounded C' open subset D.
(a) If A is unavoidable, then

Z‘;U _z‘d+a QTg =00 foro—a.e z€0D. (1.1)
n>1

(b) Conversely, if (1.1) and the separation condition

|zj — x|
inf >0 1.2
j#k Pl a/ddD(a:k)O‘/d (1.2)

hold, then A is unavoidable.

Here o denotes the surface measure on 0D.
The analog of [12, Theorem 2] seems to make sense only in the unit ball B = B(0,1). It concerns
radii r,, which are of the form r, = (1 — |z,|)¢(|xn|) where ¢ : [0,1) — (0,1) is decreasing. For
€ (0,1) let
Ny(z) = 8[B(z,a(1 — |z|)) N {x, : n € N}]
be the number of centers in the ball B(z,a(l — |z|), and let M : [0,1) — [1,00) be an increasing

function satisfying
M(1—-%4)y<eM(1—t) forallte(0,1). (1.3)

Theorem 1.2 Let ¢ : [0,1) — (0,1) be a decreasing function and M : [0,1) — [1,00) be a function
satisfying (1.3). Let B\ A be a champagne subregion of the ball B such that r,, = (1 — |zy|)d(|xn]).

(a) If A is unavoidable and there are constants a € (0,1) and b > 0 such that Nq(z) < bM(|x|)

for all x € B, then

1 d—a

POTEME) (1.4)
0 1—t



(b) Conversely, if (1.4) holds together with the separation condition

inf [Zm — 2]

m#n ¢(|an])1 =1 = |an])
and there are constants a € (0,1) and b > 0 such that No(z) > bM (|x|) for all x € B, then A

is unavoidable.

>0, (1.5)

By comparing the statements of Theorems 1.1 and 1.2 with [12, Theorems 1 an 2.2| one sees
that they are identical except for parameter « replacing 2. In proving Theorems 1.1 and 1.2 we
will closely follow the ideas from [12]. In order to implement those ideas we had to develop certain
potential-theoretic results for censored stable processes which are standard in case of Brownian
motion (or classical potential theory). The first such result is quasi-additivity of capacity related to
the censored stable process, see Proposition 3.1. Here we follow the exposition from [2, Part II, Sec-
tion 7] and only indicate the necessary changes mostly related to the construction of a comparable
measure. The second necessary ingredient is a Wiener-Aikawa-type condition for minimal thinness
of a set near the boundary point, see Propositions 4.2 and 4.4. The third result is a modification
of a Aikawa-Borichev-type quasi-additivity of capacity from [1, Theorem 3|, see Proposition 5.2.
With these results at hand we prove Theorems 1.1 and 1.2 in Sections 6 and 7. Scaling plays a
significant role in the proof of Theorem 1.1. We note that in case of censored stable process scaling
is more delicate than in case of Brownian motion due to the fact that both the process Y and all
related potential-theoretic properties are confined to the state space D.

We end this introduction with a few remarks on other works about avoidability of sets for jump
processes. In a recent preprint [13] the authors study the question of smallness of unavoidable sets
in the context of balayage spaces. Their examples include Brownian motion, symmetric a-stable
processes in R?, o € (0,2), and censored a-stable processes in bounded C!-open sets, a € (1,2).
In the latter case their results do not overlap with ours — the goal in [13] is to construct unavoidable
collections of balls, or more generally unavoidable sets, having certain smallness properties, while
Theorems 1.1 and 1.2 give sufficient and necessary conditions for a given collection of balls to be
unavoidable. Another work that treats unavoidable collections of balls in R? for certain class of
isotropic Lévy processes is [17] with results more in the spirit of the current paper.

Notation and conventions about constants: The constants Cg, Cyr, Cr, C that we introduce
in the next section, as well as the constant C7 introduced in Section 6, stay fixed throughout the
paper. The other constants, denoted by lowercase letters ci,co,..., appear only locally in the
paper and their numbering starts afresh in each section. Throughout the paper we use the notation

f(r) < g(r) as r — a to denote that f(r)/g(r) stays between two positive constants as r — a.

2 Preliminaries about censored stable processes

Let Y = (Y;,P,) be a censored a-stable process, a € (1,2), in a bounded C!' open set D C RY.

Such process has been studied in [6, 7, 8, 14]. We will list several properties proved in those papers.



We first note that it follows from [6] that Y is a transient Hunt process with finite lifetime ¢,
and Y;_ € dD. The Dirichlet form (€7, FP) of Y is given by

1 (u(z) = u(y))(v(z) = v(y))
D —
E7(u,v) = §A(d, —) /D /D i — o dydz, wu,veCX(D), (2.1)
where FP is the closure of C2°(D) under EP = EP + (-, -)12(p). Here A(d, —a) is an explicit, but
unimportant constant.

The following Hardy’s inequality is proved in [8, Corollary 2.4]: There exists ¢ = ¢(D,a) > 0
such that

u\xr 2
EP (u,u) > C/D 6D((:c))0‘ de, ueFP. (2.2)

Let GP(x,y) denote the Green function of Y. The existence and sharp two-sided estimates for
GP are proved in [7, Theorem 1.1]: There exists Cq = Cg(D, a) > 1 such that

_ op(z)*! ) < 5p(y)*! ) —d D
C’l(l/\ IA——2 ) |z —y|* <GPz,
¢ |z — ylo! -yt ) Y )
op(z)*! 5p(y)*! —d
< 1IN — 1N =2 — gyl D. 2.
= Ce ( : |z —yloat : |z —ylot o=yl mye 23

The constant Cg(D, ) can be chosen to be domain translation and dilation invariant.
Let zg € D and define the Martin kernel based at xy by
GP(z,y)
Mvay:7’7 zr,y €D.

9 = Gy y)
It is proved in [7, Theorem 1.2] that for each Q € OD there exists the limit MP(z,Q) =
lim, o MP(z,y) and M? is jointly continuous on D xdD. Further, there exists Cyy = Cis(z0, D, a)
such that

5D(x)a—1

D
< M7 (z,z) SCMWa

a—1
C’A}l‘ op(2) xeD,zedD. (2.4)

x — z|dta—2
Consequently, the Martin boundary 0y/D of D and the minimal Martin boundary 0,,D (with
respect to Y) can be both identified with the Euclidean boundary dD.

Let U be an open subset of D. A function u : D — [0,00) is harmonic in U with respect to Y’
if for every open set V such that V C V C U it holds that

u(z) = Ezlu(Yr, )] foralxzeV.

Here 7y = inf{t > 0: Y; ¢ V'} is the exit time of Y from V. The function u is regular harmonic in
U if

u(z) = Ey[u(Yy,)] forallzeU.
It is well known that regular harmonic functions are harmonic. Moreover, for y € D, z +— GP (x,y)

is harmonic in D\ {y}, and for every € > 0 regular harmonic in D\ B(y, €). Further, by [6, Theorem



3.2], harmonic functions satisfy Harnack inequality. More precisely, we can deduce from that result
that there exists a constant Cy = Cg(d,«) > 0 such that for every ball B(z,r) C D and every

nonnegative function u on D which is harmonic in B(z, ),

sup u <C inf  w(y). 2.5
o (y) oo (y) (2.5)

Let Cap” denote the capacity with respect to Y. It is proved in [7, (3.10)] that there exists a
constant C' = C(D, «) > 1 such that for every ball B(xz,r) C D satisfying B(x,2r) C D,

C~lrd=* < CapPB(z,r) < Cri—«. (2.6)

We look now at some scaling properties related to Y. Forr > 0, let r~1D := {z € R? : rz € D}.
By [7, Remark 2.3], {r~'Y,as, P, } has the same distribution as the censored stable process in r 1D

started at the point 7'z and
GFlD(w,y) = rd_o‘GD(m',ry) , zyer D,
A simple computation using (2.1) gives that
STilD(u, u) =r- el (@), we Frip ,
where %(z) = u(r~'z), x € D. Therefore

Capr_lD(A) jnf{g’"_lD(u, u): u€ fr_lD,u >1a.e. on A}

= rHinf{eP(@,0) : te FP, 0> 1 ae. on rA}

= rdteCapl(rA). (2.7)

Finally, let W denote the family of all excessive functions with respect to Y. It is proved in [13,
Corollary 6.4], that (D, W) is a balayage space in the sense of [5]. This will allow us to freely use
results from [5]. Recall that for u € W and B C D, RE = inf{w € W: w > v on B} is the reduced
function of u onto B, while its lower-semicontinuous regularization ]/%5; € W is called the balayage
of uw onto B. If Tg = inf{t > 0 : Y; € B}, then ﬁf(fn) = E,u(Xr,) giving the probabilistic
interpretation of the balayage, see [5, VI.4].

3 Quasi-additivity of capacity

The goal of this section is to prove that Cap? is quasi-additive with respect to a Whitney decom-
position of D.

Let {Q;}j>1 be the Whitney decomposition of D. For each Q; let Q; denote the double of Q;
and let z; denote the center of Q;. Then {Q;, Q;‘} is a quasi-disjoint decomposition of D, cf. [2,



pp. 146-147]. A kernel k : D x D — [0, +o0] is said to satisfy the Harnack property with respect to
{Qj, @3}, cf. [2, p. 147, if

k(z,y) < k(2',y) for all z,2' € Qj and all y € D\ Qj,

for all cubes @; (with constants not depending on the cube). One way to get such kernels is as
follows. Suppose that u : D — [0, 00) is a function satisfying the scale invariant Harnack inequality
of the form

supu < cpinfu for all @5,
Qj J

where ¢; does not depend on @);. Typical u’s are the constant function v = 1 and u = g where
g(x) := GP(z,20) A1, and 29 € D fixed (see (2.3)). Define the kernel k : D x D — [0, cc] by

GP(a,y)
u(z)u(y)
Note that z — GP(x,y) is regular harmonic in @; for every y € D\ Qj. Hence by the scale

k($7y) = Y x??JGD?

invariant Harnack inequality (2.5) and the assumption on u, we see that k satisfies the Harnack
property with respect to {Q;, Q;}. For a measure A on D let Ay (dy) := A(dy)/u(y). Then

D X
KA(z) = /D k(s ) A(dy) = /D Wwy):@ /D G2, y) Au((dyy)) :u(lgC)GD)\u(dy).

We define the capacity with respect to the kernel k as follows:

Cap,(E) :=inf{||A]|: KA>1on E}.

For a compact set F' C D, consider the balayage }A?f; . Being a potential, ﬁf = GPAE for a measure
A supported in F. Define the energy of F' (with respect to u) as

L DCC F T F — D Fﬂ? F ) = D\ F D\ F )
u(F) .—/D/DG (. )N (d) AE (dy) /DG NE(2) N (de) = Ep(GPAE, GPAE)

This definition of energy is in the usual way extended first to open, and then to Borel subsets of

D. By using the dual definition of capacity
Cap, (F') = sup{u(F) : p(D\ F) =0,Kp <1}, (3.1)
for compact subsets F' C D, see e.g. [11, Théoreme 1.1], it is standard to show that
Yu(E) = Cap,(E), ECD.

Note that in case u = 1, 71 (E) = Cap;(E) = Cap?(E).
A Borel measure o, (defined on Borel subsets if D) is comparable to the capacity Cap,, with
respect to {Q;} if there exists co > 0 such that

Uu(Qj) = Capu(Qj) , for all Qj )
ou(F) < cCap,(F), for all Borel E.



Define
ou(E) ::/ u(z)?0p(xz)~*dx, EcCD.
E

We claim that o, is comparable with C,. Note that on @; we have v =< u(z;), hence }?ESJ =
u(xj)]fl?] , implying GPAY < u(z;)GP Ale (everywhere on D). Therefore,

@) = [ GPAF @A () < ulay) [ GNP () AP (d)
Qj Qj
- / jGD)\uj(x) 2% () = u(a;)? /Q j GPA% (2929 (da)

= u(z;)*Cap”(Q;).

On the other hand,

@) = [ o) " de < ute P diam) Q1

= u(a:j)z(diamQj)*a (diamQj)d = u(a:j)ZCapD(Qj) ,

where the last asymptotic equality follows from (2.6). Thus, v,(Q;) < 0,(Q;). Further, for any
Borel E C D and compact F C E, by using (2.2), we have

W(E) > 7u(F) = EGPAF,GPAF) > o5 / (GPAF) ()26 ()~ d
D

> c3 /F(GDAE)(@Q&D(JC)_O‘ dr =c3 /F u(z)?0p(x) " dx = c30,(F).

This proves that v, (E) > c30,(F).
Now we can invoke [2, Theorem 7.1.3] and conclude that 7, = Cap, is quasi-additive with
respect to {Q;}.

Proposition 3.1 The Green energy v, is quasi-additive with respect to {Q;}:

Yu(E) =< Z’Vu(E N QJ) .

j>1
4 Minimal thinness

In this section we prove a Wiener-Aikawa-type conditions for minimal thinness of a set near the
boundary point.

Recall that MP(z, z) denotes the Martin kernel at z (based at 2o € D). The Martin boundary
Oy D and the minimal Martin boundary 0,,D of D (with respect to Y') are identified with its
Euclidean boundary dD. Recall that a set £ C D is said to be minimally thin at z € 9,,D if



IQJI\%DC 2 # MP(-,2), cf. [10]. Tt is known, see e.g. [16], that every excessive function u of Y can be

uniquely represented as

u(z) = GPu(z) + MPu(z) = / GP(z,y) u(dy) + MP(z,2)v(dz).
D oD

The function MPv is the greatest harmonic minorant of w.
By following the proof of [4, Theorem 9.2.6] and using [10, Lemma 2.7] instead of [4, Lemma

9.2.2(c)] one obtains the next characterizations of minimal thinness.

Proposition 4.1 Let A C D. The following are equivalent:
(a) A is minimally thin at z € 0y, D;
(b) There exists an excessive function u = GPu + MPv such that

o u(z)
1 f ———
e 2 eA MP(z,z)

>v({z}); (4.1)
(¢) There exists a potential u = GPp such that

lim inf u(z)

— = . 4.2
a—zaeAd MP(x,2) oo (42)

Proof. We sketch the proof following the proof of [4, Theorem 9.2.6]. Clearly, (c) implies (b).
Assume that (b) holds. Then there exists a Martin topology neighborhood W of z and a > v({z})
such that u > aMP(-,z) on ANW. If Ef/PDVKZ) = MP(.,2), then u > RAW > aMP(.,2)
everywhere. Thus u—aMP (-, 2) is excessive, hence u—aMP (-, 2) = GP u+MPV for a (non-negative)
measure 7 on dD. On the other hand, u —aM?P (-, 2) = GD/A—I—MDU‘aD\{Z} +(({z}) —a)MP(-, 2).
This implies that 7 = vjgp\(} + (¥({z}) — @), yielding v(z) = v({z}) — a < 0, which is a
contradiction. Hence ﬁfﬂ,‘/{%) # MP(-,2), i.e., Ais minimally thin at z. Thus (b) implies (a).
Suppose that (a) holds. By [10, Lemma 2.7], there exists an open subset U C R? such that A C
U, and U is minimally thin at z. By the analog of [4, Theorem 9.2.5], there is a decreasing sequence

(Wp)n>1 of Martin topology open neighborhoods of z shrinking to z and such that RUNWx )(iL'o) <

MP (-2
27" Let uy :== Y o7, RJ(\]/I%VXZ)' Then uq is a sum of potentials, hence a potential itself since
ui(xg) < oo. Further, EJI\J/[%VE/Z) = MP(-,2) on the open set U N W,,. Therefore, u;(x)/MP (z,z) —
oo as  — z, x € U. Thus (c) holds. ]

Let D be a C! open set. Fix zg € D and let MP be the Martin kernel of D based at xy. The
following proposition is an analog of [5, Proposition V. 4.15]. A similar result is proved in [15] in

case of isotropic Lévy processes satisfying certain conditions.
Proposition 4.2 Let E C D and let z € 0D. Define
E,=En{zeD:27"1<|z—2[<2™}, n>1.

Then E is minimally thin at z if and only if >, R%D("Z) (z9) < 0.

8



Proof. Assume that > >° RffD(. 2) (x09) < 0o. Then there exists ng € N such that

- 1
Z R]\EfD(,7z)(x0) < §MD($07Z)'

n=ng

Let B= B(z,27™). Then A:= BNE C UX

n=ng

E,,. Therefore,

- 1
RJI?/ID(‘,z)(xO) < Z R]\E;D(HZ)('%'O) < iMD(xOVZ)y

n=ng

implying ﬁAAWJ (-2) (z0) < $MP(x,z). Hence, there exists an excessive function u such that u >
MP(-,z) on A and u(zg) < MP(xo,z). By the Riesz decomposition, u = GPp+ MPy. Thus,
MPuy(xg) = faMD MP (29, 2) v(dz) < $MP(xo,z) implying that v({z}) < 3. Therefore,

lim inf u(z)

1
>1> = .
e—zaeA MP(z,z) — Z3” v({zh)

By Proposition 4.1, A is minimally thin at z. Clearly, F is also minimally thin at z.
Conversely, suppose that E is minimally thin at z. By Proposition 4.1, there exists a potential
u such that

liming %) n
iminf ————— = .

T—z,0€l MD ($, Z) >

Let ¢; = max{Cgq, Cps} where Cg and C)s are constants from (2.3) and (2.4), respectively. Without

loss of generality, we may assume that

1 8\“
u(zg) < % where ¢y = 8¢} <3) . (4.3)
There exists n; € N such that u(z) > MP(x,2) forallz € ENB(z,27™). Thus, £ C B(z,27™)°U
{u> MP(-,2)}. For n > n; define

Gp={zeD: 27" <|z—z| <27 u(z) > MP(z,2)} and G = U G .

Let z € E,. Since |z —z| < 27™ we have that u(x) > MP(z,z) and thus 2 € G,,. This shows that
E, C Gy, n > ny. Therefore, it suffices to show that » R%"D (z0) < co. Since u > MP (., 2)
on G, it follows that R]C\*;[D(%) (o) < u(xp).

Let i € {1,2,3}. For every n € N let

('72)

Un — Gn1+3n+i .

Since ¢ € {1,2,3} is arbitrary, it suffices to show that Y~ RJI{/}LD(. Z)(ajo) < oo. Let U =, Uy.

Then U C G and thus R](\J/[D(_z) (x0) < u(xp). Note that since U is open, EJI\]/[D = R%D(-,z) (see

('72)



[5, p.205]). Since u is a potential, the same holds for EJL\;,D (,2)" hence there exists a measure p such
that R]I{/[D(.yz) = GP . Moreover, since R%[D(.,Z) is harmonic on U* (cf. [5, IT1.2.5]), u(U°) = 0. Let

Hn 2= Mg, - Since U, are pairwise disjoint,

0o
w= Z Hn and GD,“ = Z GDMn .
n=1 n=1

Fix n € N and consider | € N, z € U,, y € U;. Then
3 _
|$‘_ZA Z,Z|$ _'Z|’ T € Uhvy € Lﬁvl #:n'

Define p], = p — pyn, and let « € U,,. By using (2.3) and (2.4),

D X
6Pue) = [ 6Pty = MP(a.2) [ (o ) (4.4

y‘a—d(SD(ﬂC)%1 Sp(y)>?

27D = - [e—y[*~T Ja—y[*=T
< M (z,z2) — i (dy)
D dp(z)> n
|xiz|d+a—2
29D |z — 2| a2 a—1 1
= aqM”(z,z) op(y)*™ b (dy)
p \|lz—yl
A\ 4
< @ (3) M@ [ v sia).

We now compare dp(y)*~' with GP(z0,y). By choosing n; even larger, we can assume that

26p(20) < |wo —yl, dp(y) < |zo — y| and J|zo — 2| < |zg — y| < 2|zg — 2|. Therefore,

Sp(y)* ' dp(y)! op(xo)*! 1—a 0D (x0)* !
1= ; and 1N ———= > .
|zg — y|o™ |zo — y|*™ |zg — y|o— |zo — |2~

a-1 a—1
GD(l“Ovy) > CI1|ZE0 — y|a_d (1 A 6D($0)) (1 A (SD(y))

|zg —ylo—t |zg —ylo—t

1A

Hence,

> cflfxo - y’a_d21_a ‘ii(foy);_—ll ‘;Sf(_y;;—ll
= cl_121_“\$0 — y\_d_a+2 5p(x0)* 1op(y)*!
> c1_121_°‘2_d_°‘+2|x0 — z|_d_o‘+25D($0)a_15D(y)a_1
> 22 IMP (w0, 2)0p (y) ! > ¢ P27 e (y) (4.5)
Thus we have that
GPul(x) < & (g)d MP(z, 2) /D A2M3GP (w0, y) i (dy) (4.6)

= coMP(z,2)GP i (z0) < caMP (2, 2)GP ()

1
< eMP(z, 2)u(zg) < §MD(ac, z).

10



Since GPu,, + GPu!, = GPu = RJI\]/A,D = MP(.,z) on U, it follows that GPpu, = MP(- z) —

('73)

GPul, > MP(-,2) — MP(-,2) = %MD(',Z) on U,. This implies that GPp,, > %RJI\]/}’D(.7Z). Finally,
ZR[]\]/I"D( )(xO) < 2ZG Un(xO) = 2GDU(£O> < o0
n=1 n=1
O

Suppose that $6p(zo) < |20 — y| < 26p(20), op(y) < |zo — y| and |zg — y| > L|zg — 2[. It is
shown in the proof of Proposition 4.2, see (4.5), that GP(y,zg) > c§15D(y)°‘*1 (with an explicit
constant c3 > 1). In the same way (even easier) it follows that GP(y,z¢) < c30p(y)**. Let
g(y) := GP(y,x9) A 1. It follows from the above discussion that g(y) =< dp(y)*~!. Since

5 ( )afl
D - D\Y
M (yaz) - ’y _ Z|d+a_2 ’
we see that there exists ¢4 > 1 such that
et 9(z) < MP(z,2) < ¢4 9(z) reD. (4.7)

‘.’L’ _ Z’d+a—2 |CU . Z‘d+a—2 s
In particular, if E,, = EN{z € D: 27" 1 < |z — 2| < 27"}, then
05_12”(‘”0‘72)9(@ < MP(z,2) < 5204 2g(z), z€E,.

This implies that

c5 MR < R, < 52" TOTD RO
In particular,
o (o9}
Z R'AE/}LD(.@(QUO) < oo if and only if Z 2"(d+o‘_2)RgE" (x0) < 0. (4.8)
n=1 n=1

Note that Ef“ is a potential, hence there exists a measure ), (supported by E,) such that
ﬁfn = GP)\,. Also, ﬁifn =g = GP(-,29) on E, (except a polar set, and at least for large n),

hence

REv(rg) = GPAn(zo) = /E GP (20, 9) Mn(dy) = / 4(y) An(dy)

n

- / R () An(dy) = /D /D GP (@, 9) M(dy) Anld) = 79(En)

the Green energy of E,, with respect to g. We conclude from (4.8) that

Z R}]\L}D(.’Z) (x0) < oo if and only if Z onldta=2)y (E,) < co. (4.9)

n=1 n=1

Thus we have proved the following Wiener-type criterion for minimal thinness.
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Corollary 4.3 Let E C D. Define
E,=En{zeD:27"1<|z—2/<2™"}, n>1.
Then E is minimally thin at z if and only if Y2 1 2™ d+o‘_2)’yg(En) < 00.

Finally, we prove a version of Aikawa-type criterion for minimal thinness.

Proposition 4.4 Let D be a bounded CY' open set, z € 0D, E C D, and let x; denote the center
of Q;. The following are equivalent:

(a) E is minimally thin at z;

(b)
D " dist(z,Q;) " 2 g(a;)*Cap” (E N Q) < o0; (4.10)
j=1

(c)

dist(Q;, 9D)*@1)

dist(z, Q;)*t—2

Cap?(ENQj) < . (4.11)

Jj=1
Proof. (a)< (b) By Corollary 4.3, E is minimally thin at z if and only if 32°° , 2n(d+a=2)y (B, ) <
oo. Further, let A, = {x € R?: 27! < |z — 2| < 27"} so that E,, = ENA,. If A, NQ; # (), then
dist(z, Q;) =< 27". By quasi-additivity of g,

Z gn(d+a=2), () = Z 9—n(—d—a-+2) Z v9(EnNQ;)
n=1 n=1

Jj=1

= Z Z dist(z, Qj)*d*O‘Jerg(En NQ;)

521 n,A,NQ; A0

= Z dist(z, Q;) 472 Z Vg(En N Qj)

j>1 n,AnNQ; #0
= Zdlst 2,Q;) 2y, (EN Q).
j>1

For the last line we argue as follows: One inequality is subadditivity of capacity. For another
note that there exists N € N such that for every @, Zn,AnﬁQﬁé@ L =>,1a,nq; < N. Hence,

2, AnnQ,#0 V9B NV AR N Q5) <320 4 0,20 Yo(ENQj) < Nyg(ENQy).

Finally, we use that v,(EF N Q;) =< g(z;)?Cap” (E N Q;) which is proved in the same way as [2,
Part II, Proposition 7.3.1] to finish the proof.
(b)< (c) Note that

g(xj) = GD(xj,Io) ANl = GD(l‘j,xo) = 5D($j)a71 = diSt(Qj,aD)ail

hence the series (4.10) converges if and only if the series (4.11) converges. O
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5 Aikawa-Borichev-type result

The purpose of this section is to prove the analog of [1, Theorem 3] for the censored stable process.
Let B(x,r) C D such that B(x,2r) C D. Define n(r;z) > 0 as the radius such that

|B(337 77(7“; x))‘ = CapDB(x, 7“) )
and let n*(r;x) = max{n(r;z), 16r}. By (2.6) O~ < Cap”B(x,r) < Cr?=®. Let o4 be the
volume of the unit ball. Since |B(x,n(r;x))| = o4n(r;2)?, we have that C~1rd=* < ggn(r;z)? <
Cr?=, implying
Cfl/do.gl/drlfa/d < n(r; m) < Cl/do.;l/drlfa/d' (51)
Define
m(r;z) == Cil/daczl/drlfa/d and 1y (r;z) = Cl/dadfl/drlf‘l/d.
We recall now that a C1'! open set D satisfies the following interior ball condition: There exists
R = R(D) > 0 such that for all xg € D with dp(zp) < R there is zp € 9D so that |zo— 29| = dp(x0)

and that B(yp, R) C D where yp = z0 + R(xo — 20)/|xo — 20|. Note that if @ > 0, then aD is again
a Cb1 open set and R(aD) = aR(D).

Lemma 5.1 Let 0 < 2r < 7* < R/2 and let xo € D be such that dp(zo) < R/2 and B(zo,r) C D.
There exists T € D such that |T — x| = 3r* and for any 0 < % it holds that
B(z,0r") C B(xzg,r")ND.
Moreover, if x ¢ B(xo,7*) and p = dist(x, B(zo,r)), then B(z,0r*) C B(x,5p).
Proof. Let zy € 0D so that |zg — 29| = dp(zo), and let yo = zo + R(xo — 20)/|xo — 20| Then
B(yo, R) C D. Note that r < dp(x¢) since B(xg,r) C D. If y € B(xg,r), then
[y — ol < |y — xol + [zo — yo| <7 +[20 = yo| — [20 — 20| =r+ R —dp(x0) < R,

so B(zo,7) C B(yo, R). Further, |29 —yo| = R — dp(z9) > R — R/2 > r*. Let Z be the point on
the segment connecting xo and yo such that |z — z¢| = %r*.
Let y € B(z,0r*). Then

lxo —y| < |zo—z| +0r" < —r*+ —1r* =1r",

W] oo
| =

and
~ ~ ~ ~ 3 * *
Iyo—ylSIyo—33|+\$—y\=|yo—fvo!—lxo—w!+lw—y|<R—6D(xo)—17“ +0r" <R.

This shows that B(z,0r*) C B(xzg,r*) N B(yo, R) C B(xo,r*) N D.
Let x ¢ B(xo,7*); then |[x —xo| =p+r <p+r*and p>r*—r>7r*/2. If y € B(xp,r"), then

ly— ] < [y — xo| + a0 — 2] < 1" + p+1" < 5p.

Hence B(xg,7*) C B(z,5p), and thus also B(z, 0r*) C B(z,5p). O
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Proposition 5.2 Suppose that {B(xz;,7;)}j>1 is a collection of balls contained in D such that
dp(xzj) < R/2 and n*(rj;x;) < R/2 for all j, and the family {B(x;,n*(rj;z;))}j>1 is pairwise
disjoint. If E is a Borel set contained in Uj>1B(xj,7;), then

Cap’E < Z Cap?(B(zj,7;) N E) < cCap”E
i>1

where the constant ¢ > 1 depends on'Y only.

Proof. We follow the proof of [1, Theorem 3] and indicate only necessary changes. For a finite

measure v on D, let ||v|| = v(D) denote its total mass. First note that it follows from (3.1) that
CapP(B(aj,5) 1 E) = sup{|[v]| - v(D\ (B(aj,5) 1 E)) = 0,GPv < 1 on D}.

Hence, given € > 0, there exists a measure p; concentrated on B(zj,7;) N E such that GPu; <1
on D and ||y | > Cap” (B(x;,r;) N E) — 27 7¢. Let p; be the measure on D defined by

I
dul': Blx: n*(r:x.
P By, ()| P )

del‘

It is clear from the proof of [1, Theorem 3| that once we prove the inequality
GPuj(z) < cGPuj(x), e Blaj,n*(rj; )", (5.2)

where ¢ = ¢(d, «) > 0, the rest of the proof follows in the exactly same way.
For simplicity, we write r;f = n*(rj; ;). We use Lemma 5.1 with z; instead of zg and let z; be

the point corresponding to z; then |Z; — z;| = %7‘; and with 6 = 1/8 we have
B(fj,S_lr;) C B(zj,7;)N D,

Moreover, if z € B(xj,r?)¢ and p; = dist(z, B(zj,7;)), then B(§5j,8_17";‘) C B(z,5pj). In the

following calculation we use that for s > 0 and ¢ > 1, it holds that
1Af§1As§t<1/\f) .
t t
By (2.3) we have

B Srlx a—1 S a—1 o
GDLL;(SU) >C 1/ <1 VAN D()al) (1 AN D(y)al> ‘x - y\ dﬂ;‘(dy)
B(z,Spj)ﬂB(zj,r;f)ﬂD ’CL‘ - y| |SU - y|

B 5 T a—1 d oo 5 a—1
= C, 1 A D_(l)oc—l 5% d’oj d/ LA D_(glJ)a—l 'u;(dy)
5470 p; B(%;871r}) 547

J

a—1 a—1
> g tpred (1 A 2@ ) P24 inf (1 AW ) 1i(B(#;,871r7)).

J ~ a1k a—1
yEB(zjvg 7‘]) ]
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Similarly,

5 T a—1 5 a—1 B
6Pute) < Ca | - (1 A D()) (1 A ,D(y),) & — g1y (dy)

|z — ylot -y
5D($)a 1 a 5D(y)” 1
s%(m et [ (1 )
pj B(xj,rj) pj
p(z)* 1 dp(y)e1
<Cg (1A (a)l p?‘ 4 sup LA (a)1 i(B(xj,75)) (5.4)
Pj yeB(xj,15) Pj
Let y1 € B(zj,7;) and y2 € B(’fj,S*lr;). Then
3?"; 'r; 'r; 77“;f 157’; i
|y1_y2| Srj‘FT"i‘g ST‘F?:TG Sl5(Tj —Tj) §15(5D(y2)

implying
dp(y1) < dp(y2) + |y1 — y| < 16dp(y2) -

Hence, by (5.3), (5.4) and the last display,

_ B . B(:L' 7’))

GP . (x) < C25dta—21ga—1 15 ( P\ T3)) Dty

/’LJ< )— G M;(B($],8_1T;<)) /’L]( )
’B(l‘j,’r;f)‘ D

|B(z;,8~1r})|

= CE5 216" 181G 1) () .

— Cé5d+a’—2 16a—1

6 Proof of Theorem 1.1

The constant function 1 is harmonic with respect to Y, hence there exists a measure p on 9D such
that

1= MP(z,2) u(dz) .
oD

Since M P (29,z) =1 for all z € 9D, we have that 1 = [, y(dz) = ||||. Let E C D: Then

Ry (o) = REfaD MD(-2) u(dz) (o) = /{)D R]\E/[D(~,z) (o) u(dz) .

Since R]\E/[D(.J)(xo) < MP(z¢,2) = 1, we see that RY(z¢) = 1 if and only if RﬁD(.,Z)(‘TO) =1 for

p-a.e. z € OD. Thus, RF(z¢) = 1 if and only if E is not minimally thin at z for p-a.e. z € 9D.
We note further that by [14, Lemma 3.1] p is in fact the harmonic measure for Y in D: p(dz) =

Py, (Ye— € dz). It is proved in [14, Theorem 3.14] that the harmonic measure p is mutually
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absolutely continuous with respect to the surface measure o on dD. We conclude that RY (z¢) = 1
if and only if E is not minimally thin at z for c-a.e. z € 9D.

Let {B(xk, k) }k>1 be a family of disjoint closed balls in D, and let A := Ug>1B(zg, rx). Then
the family of balls is unavoidable if Rf(azo) = 1, or, equivalently, if A is not minimally thin at z
for o-a.e. z € 0D. As before, let {Q;};>1 be a Whitney decomposition of D. We will need the

following simple geometric lemma whose proof is omitted.
Lemma 6.1 Assume that sup>, 7x/0p(xx) < 1. There exists a constant Cy > 1 such that for any
Qj and any B(zy, i) which intersects Q;

diSt(Qj, 8D)
6p (k)

dist(z, Q;)
|k — 2|

Cl_l < <(Ci; and 01_1 < <Ci forallze€ dD. (6.1)
We first note that the number of cubes Q; which intersect a given ball B(zy,rx) is bounded
above by a constant ¢z (independent of k). Next note that if B(z, ) is an open ball and @ a closed
cube, then Cap?(B(z,r) N Q) = Cap(B(x,r) N Q). Indeed, every point in dB(z,r) N Q is regular
for B(z,7) N Q, hence Py(T(; ng < 00) = Py(Tg(, yng < o0) for all y € RY. This shows that
B(z,r) N Q and B(z,r) N Q have the same capacitary measures, hence equal capacities.
Recall that R = R(D) > 0 is the constant from the interior ball condition.

Lemma 6.2 Let {B(zg, )} k>1 be a family of closed balls in D such that supry/dp(xr) < 1/2,
dp(xk) < R/2 and n*(ri;x) < R/2 for all k > 1. Assume that

(i) i < (16%Cog)~Y* for all k > 1;

.’L‘k’

(ii) ’ J > 205 G £k,

Then there exists c3 = c3(d) > 0 such that for every j > 1,

Cap” (AN Q) >03ZCap (B(zk, 1) N Qj) -

k>1

Proof. The first condition 7, < (169Coy)~Y/* is equivalent to 16r, < C~Yig 1/d ,1 a/d _

m(re;xr) < n(rg;x) which implies that n*(rg;xx) = n(rg;zx). The second condltlon implies
that
~1/d 1-a/d
|zj — x| > QCl/dad / L o/d _ 20 (T 28) > 2n(rK; ok)

that is, the balls B(z;,n*(r;j;z;)) are disjoint. The claim now follows from Proposition 5.2 and the
fact that Cap® (B(zy, ) N Qj) = Cap? (B(xy, rt) N Qj)- O
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Lemma 6.3 Let {B(zg, )} k>1 be a family of closed balls in D such that supry/dp(xr) < 1/2,
dp(zk) < R/2 and n*(ri;xk) < R/2 for all k > 1. Assume that

|5 — k]

re 0 (wg)ed

> 3202/4C? G4k, (6.2)

where Cy > 1 is the constant from Lemma 6.2. Then there exists a constant cq4 = c4(d, D) such
that

Cap”(ANQ;) > cs Y Cap” (B(zp, ) N Q) (6.3)
k>1

Proof. Let @); be a Whitney cube such that
dist(Q;, D) < C7L(16%Cag) Y. (6.4)
Define the scaling constant a > 0 by

_(16Ca,) Ve
¢ Crdist(Q,,0D)

By (6.4) it holds that a > 1.

Let yr = axy, pr = ary and F = (U2, B(yk, pr)) N (aQj). Since d,p(yi) = adp(xy), the
condition sup pi/dep(yx) < 1/2 is satisfied. Let R* := R(aD) = aR. Then 6,p(yx) = adp(xr) <
aR/2 = R*/2. We now check that n}(px; yx) < R*/2 where 1,(pk; yx) is computed with respect to
Cap®?, the capacity with respect to the censored stable process in aD. Indeed, by (2.7)

|B(yk, Ma(pr; y))| = Cap™® B(yk, pr) = a**Cap” Bz, 1) = a®~*|B(2k, n(ri; zx))| -

This implies that 7, (px; yx) = al_a/dn(rk;xk) < an(rg;xx) < aR/2 = R*/2 since a > 1. Clearly,
16p = 16ary < aR/2 = R*/2.
Suppose that B(zg, ;) N Q; # 0. Then

—1/a
Pk = arg < a(SD(xk) < aCldist(Qj,(?D) = <16dCO'd> /

Further, for [ # k,

=yl _alm—me] g |o—
pllcfa/d alfa/drifa/d Tifa/d
> 3202/d012a/d5D($k)a/daa/d
_ Sp(zy)  \/¢
— 9 1/d_—1/d D
o\ O a0, o)
—1/d
> QCl/de / .
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By Lemma 6.2, there exists c¢3 = ¢3(d) such that

Cap* (F NaQj) > c3 Z Cap®P (B(yg, pr) N a@j),
E>1

where Cap®” is the capacity with respect to the censored a-stable process in aD. By (2.7),
Cap®?(F n aQj) = Cap®? (a(A N Qj)) = a%=*Cap® (A N Q;) and Cap®® (B(yx, pr) N aQj) =
a?=*Cap? (B(zy, %) N Q;). Therefore

Cap?(ANQ;) >3 Z Cap? (B(zy, 1) N Q;) .

k>1

For finitely many Whitney cubes that do not satisfy (6.4), one obtains inequalities (6.3) by

choosing ¢4 < c3 small enough. O

Proof of Theorem 1.1. (a) Assume that A is unavoidable. Since 2r; < Jdp(xg), we have that
B(zy,2r1,) C D. Hence, by (2.6), Cap”B(xy,7) < Crg_a. If B(xg, 7)) and Q; intersect, we have
that

Cap” (B(xx, ) N Q;) < Cap” (B(ag, 1)) < Cril .

Since the number of cubes Q; which intersect a given ball B(zy, ry) is bounded above by a constant

co, we have for every z € 90D

dist(Q, 9D)*e)
- Cap”(ANQ,;
; dist(z, Q)42 P @;)
dist(Q; ,aD 2(e—1)
< ZZ dlSt - d+a 2 Cap ( (xk’Tk)ﬂQ])
k>15>1
op(ay)?* 2
< C2a 2+d+a— 2C d @
Z\

z|d+a=2 "k

k>1

The claim now follows from (4.11) in Proposition 4.4.
(b) Conversely, assume that (1.1) and the separation condition (1.2) hold true. Consider only

the balls B(zg, rg) such that 0p(zx) < R/2. In this way a finite number of balls is omitted. If we

show that this smaller collection is unavoidable, the same will be true for the whole collection.
Choose § € (0, 1] small enough so that

) — x|
(5rk)1_a/d5D($k)a/d

> 3207407 Ak,

and so that n*(drg; xx) < R/2. Note that the latter is possible because

n*(dr; x) < max (Cl/dagl/dél_a/drifa/d, 165rk> .
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Let As := Ug>1B(wg, 6rk). Lemma 6.3 applied to the family of balls {B(zy, dr)} gives that

Cap” (A5 N Q;) > cs Y Cap” (Bla,drx) N Q;) .
k>1
Combined with (6.1) this yields

dist(Q;, D)1
diSt(Z, Q .)d+a—2

-1) _
Z Z dist(Q, 8D) CapD(B(ZEk,(srk) NQj)

dist(z, Q)42
J>1k>1

(xk)2a72 -
>0 Cd+3a T [y — o[dFa2 Cap(B(zy,dry) N Q) .

k>15>1

Cap®?(As N Q;)

j>1

v

v

Subadditivity of Cap” implies that for each k there is j such that

CapD(E(xk, drp) NQj) > cglCapDE(xk., org) > cQ_ICfléd*“rg_o‘ ,
where ¢y is the constant from the proof of part (a) and the last inequality follows from (2.6).
Therefore,

dist(Q;, D)1
diSt(Z, Q .)d+a—2
5d a

T 00

Cap®(A; N Q;)
j>1
-2

2

DRI S
’mk_z|d+a 2 k

k>1

for p-a.e. z € 9D. It follows from Proposition 4.4, (4.11), that As is unavoidable, hence the same
is true for A. O

7 Proof of Theorem 1.2

Let B = B(0,1), M?B(z,z) the Martin kernel based at zo = 0, and x be the measure on dB such
that

1= [ MP(z,z2)p(dz).
OB
It holds by (2.4) that
1 — 1zhe-1 1 — |zt
C]\_/[l( =) < MP(x,2) SC'M( ) r€B,z€0B.

|33 _ Z|d+a72 ’

Cyf p(dz) Cum
— < < . 1
- B /83 |z — 2|42 = (1= Ja))ot (0
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With this inequality at hand, the proof is essentially the same as the proof of [12, Theorem 2]. We
provide the proof for readers’ convenience. Recall that a, b, c are constants from the statement of
the theorem.

Proof of Theorem 1.2. (a) Without loss of generality we may assume that ¢(|xg|) < 1/2 for all
k > 1, so that supy> 7%/d(Tk) = supg>q ¢(|7x]) < 1/2. Tt follows from Theorem 1.1 (a) that

a—2

Sp(zy)? de (1 — |z )32 0
Z |y — z]dte—2 = Z |Tg, — z|dte—2 o(|zk])** =00 p—ae z€dB
k=1 k>1

Let the center zj, belong to the Whitney cube @,,. Then
1 — |zg| < dist(Qm, 0B) + diam(Q,) ,

implying (recall that diam(Q,,) < dist(Qm,, 0B) < 4diam(Q,))

1 —|zk| < 5diam(Qn,), 1—Jog] <2(1—lz]), z€Qm- (7.2)

By Lemma 6.1,

2l > - dist(2,Qu) > 5o (dist(z, Q) + dinm(@u)) = 2T e

z—x — dist(z —— (dist(z iam x .

k’_Cl am_201 y Wm m_201, m

Together with the fact that ¢ is decreasing, this gives the estimate

(1 — Jzg])™2 - : dro—2 O((2lz] —1)F)Ie

|z — ap|dTa—2 ¢(|1‘k|)d ¢ < (10C diam(Qrm)) a2 |z — z|d+a—2 7 € Qm -

Note that the number of centers z;, that belong to @, is bounded from above by ¢; (a, ¢, d)bM ((2|x|—
1)*) for every & € Q. By using that sup,cq, diam(Qn,)/(1 — |z|) < 1, it follows that

)d+a—2

(1 — || -
e
TREQM k

< ealas O diam(@u)?

B((2le] — 1/H)-OM (2] — 1)*)(1 — [z])o?

|z — p|dta—2

o((2lz] — 1)) M((2]z] — 1))

2 — z|d+a=2 dz

< C3(a> ba ¢, Cl) d)
Qm

dzx

By summing up over all Whitney cubes, we get,

Z (1 — ‘wk‘)dJraiz ¢(‘$k‘)d—a < Cg((l, b, c, Clyd)/B ¢((2|J}’ - 1)+>diaM((2|x’ — 1)+)(1 — ‘x|)a72 dr

|y, — z|dte—2 2 — z|dta—2
k>1

Since the left-hand side is infinite for p-a.e. z € 9B, the same is true for the right-hand side. By
integrating the right-hand side over B with respect to p, and by using (7.1), we get that

/ ¢((2lz — )M ((2]2] - 1)*)
B

dr = 0.
1 — ||
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tdfl

By switching to polar coordinates (and using that is bounded near 1) this yields

L2t — 1) M (2t — 1)

dt = 0.

The change of variables implies (1.4). '

(b) Let (t;)i>1 be a sequence defined by t; :=1— 5 (1;—“) . Then (t;);>1 is increasing and ¢; < 1.
Let z € OB and define z; := t;z. Then the balls B (zl, (1 —|z])) are pairwise disjoint. Indeed, this
follows from the inequality t; + a(1 —¢;) < tit1 — a(1 — tj41). Further, for x € B(z;,a(l — |z])) it
holds that

l—|z|>1—-ti—a(l—t;)=(1—-a)(1—1¢t) and |z—2z|<1—-t;+a(l—t;)=(1+a)(l—1t).

Therefore,
(1 — |ag])?*? — |ag) o2 d—a
S e = Y e ()
k>1 k>1
(1 — ||yt d—a
E Z Z |z — ap|dte—? #llexl)
i>1 {k:xp€B(2zi,a(1—|z]))}
> bM (|2i])p(1 — (1 — a)(1 —t;))4
> (17)  XoMlaben —0-w0 -6
> ey(a,b,c,y,d) ng)(l —(1—a)1 =) M1 -1 —a)1—tiy1)),

1>1

where in the last line we have used |z;| =t; =1 — (1“3 (1 —a)(1 —ti+1), (1.3) and the fact that

M increases to conclude that M(|z;|) > ¢ ~loe <1—a)2]M(1 —(1—a)(1—tiy1)).
Let s; :=1— (1 —a)(1 —t;). Then sjy1 —si = (1 —a)(tiy1 — t;) = 1i_—‘la(l — si). Rewriting the
last expression in terms of s; we get

(1 — Jag])*
ZW% * > cala,bye,v,d) Y d(si) M (siga)

k>1 i>1

= cala,b,e,y, d)H Z Poi) "M (si11) (

1—s, 51+1_S)

51+1

= ca(a,byc,v,d) 2 Z/ 5)° . S(Slﬂ) ds
7

Sit1 d apns
Z C4(a,b,c,7, 1+(IZ/ ¢ 1_8 ( )ds
d «
M(
— C4(a7 b; 6777 1+a/ ¢) 1—8 )
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We conclude from the assumption (1.4) that the last display is equal to +oo. Since the separation
condition (1.5) is the same as (1.2), the claim follows from Theorem 1.1 (b). 0

Corollary 7.1 Let ¢ be as above and assume that the family of balls {B(zy, k) }k>1 satisfies the

separation condition
o |z — ]
inf ——— >0 7.3

and that for some a € (0,1), Ny(z) > 1 for every x € D. Then the family {B(wg,7k)} k>1 is

unavoidable if and only if
1 qS(t)d_a
/ —————dt = o00. (7.4)
, 1t
Proof. First note that Ny(z) > 1 for every z € D and the separation condition (7.3) imply that
there exists b > 1 such that 1 < Ny(z) < b. Hence, by taking M(t) = 1 for all t € [0,1), we see
that M(|z|) < Nu(z) < bM(|z|) for all 2 € D. Moreover, since 0 < ¢(|z])'=*/¢ < 1, (7.3) implies

the weaker separation condition (6.2). The statement now follows immediately from Theorem 1.2
a

Acknowledgement: We thank P. Kim and R. Song for allowing us to use some ideas from
[15].
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