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Abstract

We consider a family of pseudo differential operators {A + a®A%/?; a € [0,1]} on R? that
evolves continuously from A to A + A®/2, where d > 1 and o € (0,2). It gives rise to a
family of Lévy processes {X% a € [0,1]}, where X is the sum of a Brownian motion and
an independent symmetric a-stable process with weight a. Using a recently obtained uniform
boundary Harnack principle with explicit decay rate, we establish sharp bounds for the Green
function of the process X @ killed upon exiting a bounded C*' open set D C R%. Our estimates
are uniform in a € (0,1] and taking a — 0 recovers the Green function estimates for Brownian
motion in D. As a consequence of the Green function estimates for X* in D, we identify both the
Martin boundary and the minimal Martin boundary of D with respect to X¢ with its Euclidean
boundary. Finally, sharp Green function estimates are derived for certain Lévy processes which
can be obtained as perturbations of X.
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1 Introduction

Discontinuous Markov processes have been intensively studied in recent years due to their impor-
tance both in theory and applications; see for instance [1, 2, 5, 13, 14, 16, 17, 19, 25, 26, 28]. In
contrast to the diffusion case, the infinitesimal generator of a discontinuous Markov process in R?
is a non-local (or integro-differential) operator. Most of the recent studies have concentrated on
discontinuous Markov processes (and corresponding integro-differential operators) that do not have
a diffusion component. See [7, 11] and the references therein for a summary of some of these recent
results from the probability literature. For recent progress in PDE literature, we refer the readers
to [8, 9, 10].
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However, Markov processes with both diffusion and jump components are needed in many
situations, like in finance and control theory. See, for example, [24, 31, 32]. On the other hand,
the fact that such a process X has both diffusion and jump components is also the source of many
technical difficulties in investigating the potential theory of X. The main difficulty in studying
X stems from the fact that it runs on two different scales: on the small scale the diffusion part
dominates, while on the large scale the jumps take over. Another difficulty is encountered at the
exit of X from an open set: for diffusions, the exit is through the boundary, while for the pure
jump processes, typically the exit happens by jumping out from the open set. For the process X,
both cases will occur which makes the process X much more difficult to study.

Despite these difficulties, significant progress has been made in the last few years in under-
standing the potential theory of discontinuous Markov processes with both diffusion and jump
components. Green function estimates (for the whole space) and the Harnack inequality for some
processes with both diffusion and jump components were established in [33, 35]. The parabolic
Harnack inequality and heat kernel estimates were studied in [37] for the independent sum of a
Brownian motion and a symmetric stable process, and in [15] for much more general diffusions
with jumps (see also [20]). Moreover, an a priori Holder estimate is established in [15] for bounded
parabolic functions. Very recently, the boundary Harnack principle for some one-dimensional Lévy
processes with both diffusion and jump components was studied in [29], where sharp estimates on
the Green functions of bounded open sets of R were also established. Most recently, a boundary
Harnack principle with explicit decay rate for nonnegative harmonic functions of the independent
sum of a Brownian motion and a symmetric stable process in C! open sets in R? was obtained in
[12].

The main goal of this paper is to use the boundary Harnack principle obtained in [12] to establish
sharp Green function estimates in C™! open sets for the Lévy processes that are independent sums
of Brownian motions and symmetric stable processes. These processes, although very specific, serve
as a model case for more general Lévy processes and Markov processes that have both diffusion
and jump components, just as Brownian motion does for diffusions. We hope the results of this
paper and some of the techniques used in this paper will shed lights on the fine potential theoretic
properties of general Lévy processes and on general Markov processes with both diffusion and jump
components.

Let us now fix the notation and state the main result of this paper. Throughout this paper, we
assume that d > 1 is an integer and o € (0,2). Let X% = (X?, t > 0) be a Brownian motion in R?
with generator A = Zle 68—;12,
a-stable process in R%. For a > 0 we define the process X¢ = (X7, t>0) by X = X? +aYs, called
the independent sum of a Brownian motion and a symmetric a-stable process with weight a.

Let D be a C5! open set in R?, let X% be the process X killed upon exiting D and let
G%(z,y) denote the Green function of X%P (for precise definitions see Section 2). Our main goal

and let Y = (Y}, t > 0) be an independent (rotationally) symmetric

is to establish sharp two-sided estimates for G%,(x,y). Let dp(x) denote the Euclidean distance
between the point £ € D and the boundary 0D. The main result of this paper is the following
theorem. Here and in the sequel, for a,b € R, a Ab:= min{a, b} and a Vb := max{a, b}. Define for



d>3anda >0,

- ‘xiyﬂd_Q 1A 5D|(;C_)2’:"2(y) when z,y are in the same component of D,
9p\%,Y) = o
\x:;ly|d—2 1A 5”&1‘;"32(‘1’) when z,y are in different components of D;
ford =2 and a > 0,
@ (2.1) log (1 + %) when x,y are in the same component of D, 1)
9p\Z,y) = 1.1
a®log <1 + %) when x,y are in different components of D;

and for d =1 and a > 0,

4 (2.9) ((5D(x)(5p(y))1/2 A % when z,y are in the same component of D,
9p\x,Y) =
b a®( (5D(x)5p(y))1/2 A %jﬁ(y)) when x,y are in different components of D.
(1.2)

Theorem 1.1 Let M > 0. Suppose that D is a bounded C*' open set in RE. There exists
C =C(D,M,«) > 1 such that for all z,y € D and all a € (0, M]

O~ gh(z,y) < Gh(z,y) < Cgh(z,y). (1.3)

Note that the above estimates are uniform in a € (0,M]. In case d = 1, a (non-uniform)
estimate is established by [29]. Letting a | 0 in (1.3) recovers the Green function estimates for
Brownian motion killed upon exiting D; for the latter, see [18, p. 182] for d = 2 and [40] for d > 3,
respectively. Note that when  and y are in the same component of D the estimates for G%(x,y)
are the same as for the Brownian motion killed upon exiting D, but contrary to the latter case,
G%(z,y) is non-zero for when x and y are in different components. This, of course, is a consequence
of X® having jumps, and estimates in the case when = and y are in different components follow
easily from the jump structure together with the estimates for a single component. Furthermore
our estimates on G%,(z,y) show that how fast G¢,(z,y) vanishes as a | 0 when x ad y are in different
components.

The rest of the paper is organized as follows. Section 2 gives preliminary and background
materials. Theorem 1.1 is proved in Sections 3, 4 and 5. The proof of the theorem in the case
d > 3 is by now quite standard. Once the interior estimates are established, the full estimates in
connected C'™! open sets follow from the boundary Harnack principle by the method developed by
Bogdan [6] and Hansen [23]. However this method is not applicable when d < 2 since Brownian
motion is recurrent in this case. When d = 2, the above method ceases to work due to the nature
of the logarithmic potential associated with the Laplacian. We use a capacitary argument to derive
the interior upper bound estimate for the Green function; see Lemmas 4.5-4.6 and Corollary 4.7.
By a scaling consideration and applying the uniform boundary Harnack inequality, we can then
get sharp Green function upper bound estimates. For the lower bound estimates, we compare the
process with the subordinate killed Brownian motion when D is connected, and then extend it to
general bounded C! by using the jumping structure of the process. The proof of these estimates
for d = 2 is presented in Section 4. The case d = 1 is dealt with in Section 5, where we follow
the arguments of [29], making use of the reflected process at supremum and the ascending ladder



processes. In Section 6, using the boundary Harnack principle and our Green function estimates,
we show that both the Martin and the minimal Martin boundary of the process X% can be
identified with the Euclidean boundary when D is a bounded C'! open set. In the last section,
we extend our results on X% to symmetric Lévy processes that can be obtained from X% through
certain perturbations. In particular, for every m > 0, we obtain sharp Green function estimates
of A +m — (m?® — A)® in any bounded C! open set with zero exterior condition. The process
corresponding to A +m — (m?/® — A)® is a Lévy process that is the independent sum of a Brownian
motion and a relativistic a-stable process with mass m.

Throughout this paper, we use the capital letters C1, Cs, - - - to denote constants in the statement
of results, and their labeling will be fixed. The lowercase constants c1, c,- -+ will denote generic
constants used in proofs, whose exact values are not important and can change from one appearance
to another. The labeling of the constants ¢y, ca, - -+ starts anew in every proof. The dependence of
the constant ¢ on the dimension d and « € (0,2) may not be mentioned explicitly. The constant
a € (0,2) will be fixed throughout this paper. We will use “:=” to denote a definition, which is
read as “is defined to be”. B(x,r) denotes the open ball in RY centered at 2 with radius r > 0.
Recall that for any x € D, ép(x) denotes the distance between z and 0D, and for a,b € R,
a A'b:=min{a,b} and a V b := max{a,b}. We will use 0 to denote a cemetery point and for every
function f, we extend its definition to @ by setting f(9) = 0. Lebesgue measure in R? will be
denoted by dz. For a Borel set A C R, we also use |A| to denote its Lebesgue measure.

2 Preliminaries

A (rotationally) symmetric a-stable process Y = (Y;,t > 0,P,,z € R?%) in R? is a Lévy process
with the characteristic exponent |£]¢, i.e.,

E. [ei'g'(yt_yo)] = et for every z € R? and ¢ € R,

The infinitesimal generator of Y is the fractional Laplacian A®/2, which is a prototype of non-local
operators. The fractional Laplacian can be written in the form

A(d, —a)

Aa/2u(x) = lim (u(y) — U(@)W

dy,
el0 {yeR: |y—z|>c}

where A(d, —a) 1= a20~ 7 ~4/2D (4221 (1—¢)~L. Here I' is the Gamma function defined by I'(\) :=
JoZ t*tetdt for every A > 0.

Suppose X° is a Brownian motion in R? with generator A = Zd o

i=1 922’
a-stable process in R%. Assume that XY and Y are independent. For alny a > 0, we define the
process X = (X&, t > 0) by X2 := X + aY;. As already mentioned, the process X is called the
independent sum of the Brownian motion X and the symmetric a-stable process Y with weight
a. It is a Lévy process with the characteristic exponent ®¢(¢) = |£]2 4+ a®|€|%, € € R?, and its
infinitesimal generator is A + a®A%/2. The process X has a jointly continuous transition density

and Y is a symmetric

that will be denoted by p®(t, z,y). From the Chung-Fuchs criterion (see [3, Theorem 1.17]), it easily
follows that, when a > 0, X is transient if and only if o < d, while it is well known that X0 is
transient if and only if d > 3.



There is another representation of the process X which will be useful in Sections 3, 4 and 5.
It can be obtained by subordinating X with an independent subordinator T := t + a?T; where
T = (T}, t > 0) is an «/2-stable subordinator, i.e., the processes (Xf, t > 0) and (X%a, t >0)
have the same distribution. Note that the Laplace exponent of T% is ¢*(\) = A + a®A*/2. Let
M o(t) = S0 (=172 JT(1 4 na/2). Tt follows by a straightforward integration that

e 1
/0 1 /2( ) d)a(>\)

which shows that the potential density u® of the subordinator 7' is given by
W (t) = My_ g p(a®/=0). (2.1)

Since, for any a > 0, ¢* is a complete Bernstein function, we know that (see, for instance, [33])
u®(+) is a completely monotone function. In particular, u®(-) is a decreasing function. Since
u®(t) = ut(a®*/=t), we see that a — u(t) is a decreasing function. Moreover, since the drift of
T is equal to 1, we have that v*(0+) = 1 and so

u(t) <1 fort>0. (2.2)
The Lévy measure of X% has a density with respect to the Lebesgue measure given by
T @,y) = %y — 2) = j*(|ly — 2]) = a*A(d, —a) |z — y|~ T+, (2.3)

which is called the Lévy intensity of X®. It determines a Lévy system for X¢, which describes
the jumps of the process X% For any non-negative measurable function f on Ry x R? x R? with
f(s,z,2) =0 for all s > 0 and = € R?, and stopping time T (with respect to the filtration of X?),

T
A fexe x9)| =K, { / ( f<s,Xs,y>J“<X§,y>dy) ds] (2.4
s<T 0 R4
(see, for example, [13, Proof of Lemma 4.7] and [14, Appendix A)).
The quadratic form (%, F) associated with the generator A 4+ a®A®/? of X is given by

ou

F=WYRRY = {u e L*(R% dx) : P

e L>(R% dzx) for every 1 <i < d}

and for u,v € F,

e(uw) = [ Vulw) Ve)do g [ (o)~ ul)o(o) ~ o) 0

dxdy.

In probability theory, the quadratic form (€%, W1H2(R?)) is called the Dirichlet form of X®. Let
Ef(u,u) == E%u,u) + [pau(z)*dz. Note that for every a > 0, there is a positive constant ¢ =
c(a,d, ) > 1 so that

/ (\Vu(a:)|2 + u(a:)2) dr < Ef(u,u) <c / (|Vu(3:)\2 + u($)2) dz for u € WH3(RY).
R4 Rd

Thus the processes X%, a > 0, share the same family of sets having zero capacity.

For any open set D C RY, 78 = inf{t > 0: X# ¢ D} denotes the first exit time from D by
X We denote by X% the subprocess of X¢ killed upon leaving D. The infinitesimal generator
of X is (A 4 a®A%?)|p. Tt is known (see [15]) that X*P has a continuous transition density
ph(t, z,y) with respect to the Lebesgue measure.



Definition 2.1 A real-valued function u defined on R? is said to be

(1) harmonic in D C R? with respect to X@ if for every open set B whose closure is a compact
subset of D,

E. [‘U(Xﬂg)u <oo and u(x)=E, [U(ng)} for every x € B; (2.5)

(2) regular harmonic in D C R? with respect to X if it is harmonic in D with respect to X and

u(z) =E,; [u(X“%)} for every x € D;

T

(3) harmonic for X if it is harmonic for X in D and vanishes outside D;

(4) superharmonic in D C R? with respect to X ¢ if for every open set B whose closure is a compact
subset of D,
E, [‘U(ng)” <oo and wu(zr)>E, [u(X“g)} for every x € B. (2.6)

T

It follows from [15] that every harmonic function u in D with respect to X is continuous in D
and fia [u(y)|(1 A [y|~#)dy < oo.

Using the parabolic Harnack inequality from [15, Theorem 6.7] and a scaling argument, the
following uniform Harnack principle was established in [12].

Proposition 2.2 (Uniform Harnack principle) Suppose that M > 0. There exists a constant
Cy = Cy(a, M) > 0 such that for any r € (0,1], a € [0, M], zo € R? and any function u which is
nonnegative in R* and harmonic in B(xg,r) with respect to X® we have

u(z) < Chu(y) for all x,y € B(xo,7/2).

We recall that an open set D in R? with d > 2 is said to be Cb! if there exist a localization
radius R > 0 and a constant A > 0 such that for every Q € 9D, there exist a C1!-function ¢ =
6 : RI~1 5 R satisfying ¢(0) = 0, V6(0) = (0,...,0), [Vé]w < A, [V(z) — Vo(y)| < Ale ],
and an orthonormal coordinate system CSq: y = (y1,--.,Yd—1,Yd) =: (¥, ya) with its origin at @
such that

B(Q,R)ND ={y = (y,ya) € B(0,R) in CSg : ya > ¢(y)}.

The pair (R, A) is called the characteristics of the C'! open set D. Note that a C! open set may
be disconnected. Observe that the distance between any two distinct connected open components
of D is at least R. By a C'"! open set in R we mean an open set which can be written as the union
of disjoint intervals so that the minimum of the lengths of all these intervals is positive and the
minimum of the distances between these intervals is positive. Note that a C'! open set may be
unbounded. It is well known that any C'! open set D satisfies the uniform exterior ball condition:
There exists R > 0 such that for every z € D, there is a ball B* of radius R such that B* C (D)¢
and 0B* N 0D = {z}. Without loss of generality, throughout this paper, we assume that the
characteristics (R, A) of a C:! open set satisfies R = R.



Observe that for any C1! open set with O characteristics (R, A), there exists a constant
k € (0,1/2], which depends only on (R, A), such that for each @ € 9D and r € (0, R), DN B(Q,r)
contains a ball B(4,(Q), xr) of radius xr. In the rest of paper, whenever we deal with C1'! open
sets, the constants A, R and « will have the meaning described above.

Let Q € OD. We will say that a function u : R? — R vanishes continuously on DN B(Q,r) if
u=0on D°N B(Q,r) and u is continuous at every point of 9D N B(Q, ).

The following theorem is the main result of [12].

Theorem 2.3 (Uniform Boundary Harnack Principle) Suppose that M > 0. For any Cb!
open set D in R® with the characteristics (R, ), there exists a positive constant Cy = Co(a,d, A, R, M)
such that for all a € [0, M], r € (0,R], Q € D and any nonnegative function u in R? that is har-
monic in D N B(Q,r) with respect to X* and vanishes continuously on DN B(Q,r), we have

< (Cy Op(@)

u(y) 5p(y) for every x,y € DN B(Q,r/2). (2.7)

A subset D of R? is said to be Greenian for X® if X% is transient. A Greenian set for X°
will be simply called Greenian. As mentioned in the second paragraph of Section 2, when d > 2
and a > 0, any non-empty open set D C R? is Greenian for X?; and any non-empty open set in
R is Greenian when d > 3. An open set D C R? is Greenian if and only if D¢ is non-polar (or
equivalently, has positive capacity). In particular, every bounded open set in R? is Greenian.

For any a > 0 and any Greenian open subset D of R? for X%, we use G%(z,y) to denote the
Green function of X%P i.e.,

G (z,y) = /0 " btz )t (2.8)

where p%,(t, x,y) is the continuous transition density of X @D with respect to the Lebesgue measure.
The function G%,(-,-) is finite off the diagonal. It follows immediately from (2.8) that G} (x,y) is a
positive continuous symmetric function off the diagonal of D x D such that for any Borel measurable
function f > 0,

E. { /0 k f(X;l)ds} - /D G (z,9) () dy.

We set G, equal to zero outside D x D. The function G}, (z,y) is also called the Green function of
X®in D. For any z € D, G},( -, x) is superharmonic in D with respect to X*, harmonic in D\ {z}
with respect to X and regular harmonic in D \ B(z,¢) with respect to X for every £ > 0.

Recall that a point z on the boundary 0D of an open set D is said to be a regular boundary
point for X® if P, (755 = 0) = 1. An open set D is said to be regular for X if every point in 0D is
a regular boundary point for X¢. It is easy to check that every C™! open set D is regular for X
for all @ > 0 and using the argument in the last paragraph of the proof of [18, Theorem 2.4], we
conclude that for any bounded C! open set D, G%( -, z) vanishes continuously on 0D for every
z€D.

Now, as a corollary of the uniform boundary Harnack principle and the fact that, for any
bounded C! open set D, G%(x, -) vanishes continuously on 0D for every fixed € D, we have
the following proposition.



Proposition 2.4 Suppose that M > 0. For any bounded C™' open set D in R¢ with the character-
istics (R, A), there exists a positive constant C3 = Cs(a,d, A, R, M) > 1 such that for all Q € 0D,
r € (0,R) and a € (0, M] we have
a a
Gg(x,zl) e Gf(ﬂj,ZQ)
GD(ya Zl) GD(y7z2)

when x,y € D\ B(Q,r) and z1,2z € DN B(Q,r/2).

) (2.9)

The following scaling property will be used below: If (X}’ ’D,t > 0) is the subprocess in D of
the independent sum of a Brownian motion and a symmetric a-stable process in R? with weight a,

then ()\Xj\l’_th, t > 0) is the subprocess in AD of the independent sum of a Brownian motion and a

symmetric a-stable process in R% with weight aA\(*=2)/®_ So for any A > 0, we have
p?\)l‘)(WQ)/a (t,z,y) = AL A2, e, A y) for t > 0 and z,y € AD. (2.10)
By integrating the above equation with respect to t, we get that when D is Greenian for X¢,
GhH(z,y) = )\d_QGK’\D(%Q)/a (Az, \y) for z,y € D. (2.11)
In particular, for d = 2, we have

GhH(z,y) = Gi)b(a_z)/a (Az, A\y) for x,y € D. (2.12)

3 Higher Dimensional Case: d > 3

In this section we assume that d > 3. We will use G*(z,y) = G*(y —z) = G
Green function of X® in RY,

Recall that u® is the potential density of the subordinator T = ¢ + a?T; given in (2.1). The
Green function G* of X is also given by the following formula ([33])

&4(,y) to denote the

Go(z) = /O (4rt) =92l P /A0 (g e RE (3.1)

Using this formula, we can easily see that G is radially decreasing and continuous in R%\ {0}.

Lemma 3.1 Suppose that M > 0. For all a € [0, M], we have

GM(2) < G%(z) < —

d
S for all x € R“.

Proof. We have seen that for all t > 0, u*(t) < 1, and the function a — u®(t) is decreasing on
R4, cf. (2.2) and the text preceding it. The desired inequalities follow immediately from these
properties and (3.1). O

Lemma 3.2 Suppose that M > 0. There exist Ry > 0 and Ly > 2 such that for all a € [0, M]

G%(z) > 2G* (L), for all |x| < R;. (3.2)



Proof. By [33, Theorem 3.1], there exists ¢; = ¢1(a, d, M) > 0 such that

lim GM(z)|z|"2% = ¢. (3.3)

|x|—=0
Let L1 = (2/¢1)¥@2v2 and take 0 < 6; < ¢1(1—L~(4=2)/2), Using (3.3), we can choose a positive
constant R > 0 such that
1
(c1 — 61)W < GM(z2) when |z| < R;. (3.4)

Thus, by Lemma 3.1, for every |z| < Ry

1 d—2 C1

The next proposition gives the interior estimates for G%,.

Proposition 3.3 Suppose that M > 0. For any bounded and connected C' open set D in R?
there exists a positive constant Cy such that for every a € [0, M|

1
G%(iﬁ‘,y) S C4m fOT all T,y eD (35)
and 1
G (x,y) > C;* T when 2|x — y| < dp(x) A dp(y). (3.6)

Proof. Since G%(z,y) < G*(z,y), (3.5) is an immediate consequence of Lemma 3.1. So we only
need to show (3.6). Without loss of generality we assume that dp(y) < dop(z).

Recall that L; > 2 and R; are the constants from Lemma 3.2. By Lemmas 3.1-3.2 and (3.4),
we have

G*(x,y)—G*(L1z, L1y) > %Ga@ay)z %qu$dﬁ > ¢ when |z—y| < Ry (3.7)

|z =y

for some positive constant cy.
Case 1: Li|x — y| < dp(y). We consider three subcases separately:
(a) 0p(y) < Ry. Note that, since Li|x —y| < dp(y),

| X7 —y| > dp(y) > Li|z —y|.

TB(5,5p (1)

Thus by the fact that G%(-) is radially decreasing and (3.7),

Gp(z,y) > GB(yﬁD(y))(x’y) = Ga,y) B |G (XT%(y,st(y))’y)
1
> @ -Gz, L > .
= G (xay) G ( 1T, 1?J) = C ’.Qf—y’d_Z



(b) 0p(y) > Ry and Li|z — y| < Ry. In this case, \Xﬁ;( oy y| > Ry > Li|x — y| and, again
Y,
by the fact that G*(-) is radially decreasing and (3.7),
Gp(r,y) > Gy p)(ry) = G(2,y) — E; |GY(X e Y)

TB(y,Ry)’
1

> G%x,y) — G*(Liz, L1y) > Ay — g2

(¢) ép(y) > Ry and Lq|z — y| > Ry. In this case, we have dp(z) > dp(y) > Li|lx — y| > R;.
Choose a point w € 0B(y, R1/(2L1)). Then from the argument in (b), we get

1

Chlwy) = e Ly

Since D is a bounded and connected C*! open set and |z — w| < |z —y| + |y — w| < 6p(y)/L1 +
Ri1/(2L1) <3dp(y)/(2L1), by Proposition 2.2 and a chain argument, we have

1
(R1/(2Lq))4=2

Case 2: 2|z —y| < ép(y) < Li|z —y|. Take z9 € 0B(y,0p(y)/(L1 +1)). Then

Ly
L+1

1

Z C3 2d_2(2L1/R1)2(d_2) W

Gh(z,y) > c2Gh(w,y) > c3

1
|z —y| < §5D(y) < Lilzg —y| = dp(y) < 6p(y) N dp(xo).

. . 1 1
Since D is a bounded and connected C*! open set and |xg—z| < |zo—y|+|y—=| < (z77+2)90(y),
by Proposition 2.2, a chain argument and the argument in the first case, there are constants
¢i =c¢i(D,a,L1,M) > 0,i=4,5,6, such that

Gh(z,y) > ca Gh(zo,y) > CSW > C6W-

This completes the proof of the proposition. O
Suppose that D is a bounded and connected C''! open set in R¢ with characteristics (R, A) and

corresponding k. Fix zg € D with kR < 0p(z0) < R, and let 1 := kR/24. For z,y € D, define
r(z,y) == dp(x) Vép(y) V |z —y| and

B(x,y) = {z €D:ép(z)> gr(fn,y), lx — 2| V]y—z| < 5r(m,y)}

if r(z,y) < e1, and B(z,y) := {20} otherwise.
Put Cs := C429725p(29)~%*2. Then by (3.5),

GaD(',Zo) S 05 OHD\B(Z(),(;D(Z())/Q).
Now we define
9%(x) .= GhH(x, z0) A Cs.

Note that if dp(z) < 6e1, then |z — 29| > dp(20) — 661 > Ip(z0)/2 since 61 < dp(z0)/4, and
therefore g*(z) = G} (2, 20).

Using the uniform Harnack principle (Proposition 2.2) and Proposition 2.4, the following form
of Green function estimates follows from [23, Theorem 2.4].
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Theorem 3.4 Suppose that M > 0. For any bounded and connected C1' open set D in R?, there
exists Cg = Cg(D, M, ) > 0 such that for all x,y in D and all a € (0, M]

1 9@\ avr gy < o S0)9NW)
6 ga(A)Q ’ y’ = D( y) = V6 ga(A)g
where A € B(z,y).

’.’E - y’_d+27

Suppose D is a bounded and connected C1! open set. For all =,y € D, we let Q, and Qy be
points on 0D such that dp(z) = |z — Q| and dp(y) = |y — Q| respectively. It is easy to check
that if r(z,y) < e1

Ar(m,y)(Qx)v Ar(m,y)(Qy) € B(:L'ay) (3'8)

(Recall that, for any @ € 9D, A,(Q) is a point such that B(A,(Q),xr) C DN B(Q,r).) Indeed,
by the definition of A, \(Qx); 0p(Ap(z4)(Qx)) > Kr(z,y) > kr(x,y)/2. Moreover,

’x - Ar(m,y)(QI)| < |33 - QCC| + ‘Qx - Ar(r,y)(Ql‘)’ < 5D($) + T‘(.CU, y) < 2T($,y)

and |y — Ay (2,)(Qu)| < |y — 2| + |2 — Ap(54)(Qz)| < 3r(z,y). This verifies the claim (3.8).

Recall the fact that ¢%(z) = G%(z,20) if dp(z) < 61. By Theorem 2.3 and the fact that
kr(z,y) < 0p(Ap(zy)(Qy)) < 7r(x,y), there exists c; > 1 such that for every a € (0, M] and all
x,y € D with 0p(z) < 6e1 and dp(y) < 6e1,

e ¢ @) Ghlaz) @)

Ul y) S A @) O (@a)70) — r(e.y) (3.9)
and

! op(y) < 9*(y) _ G%(y, 20) <e dp(y) (3.10)

T(SU, y) g (Ar(m,y) (Qy)) G%(Ar(gc,y) (Qy); ZO) N T(ajv y) ‘

Proof of Theorem 1.1 when d > 3: First we assume that D is connected.
Combining inequalities (3.9) and (3.10) with Proposition 3.3, Theorem 3.4 and the fact that

9p(2)dp(y) 9p(x)op(y)\ _ 99p(z)op(y)
(w2 = <1A |z —y[? ) =1 (@, 9)? (3.11)

(see [5]), we get the inequalities (1.3).

Next we assume that D is not connected. Let (R, A) be the O characteristics of D. Note that
D has only finitely many components and the distance between any two distinct components of D
is at least R > 0. Assume first that = and y are in two distinct components of D. Let D(z) be the
component of D that contains z. Then by the strong Markov property and the Lévy system (2.4)

TB(&E) - Q a a
0 D\D(x)

G (y, 2)dz < G (x,y) < *(R) Byl / G (y, 2)d-.
D\D(x)
(3.12)

of X%, we have

Gh(e,y) = B [Gh (X y)] =K,

Consequently,

j4(diam (D)) B, 78] /

D\D(z)
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Applying the two-sided estimates (1.3) established in the first part of this proof to D(x), we get
61_15D(.’L‘) = cl_l(SD(m)(x) <E,; [Tg(x)} < CléD(m)(x) = Cl(SD(SU) (313)
for some ¢; = ¢1(D, M, «) > 1. Clearly, using (3.13),
[ apnazz [ o2 =Byl 2 o)
D\D(z) D(y)

On the other hand, it follows from (3.5) that sup,cp qe(o,m] Ez[7p] < 3 < 00. Moreover by (3.13)
and the Lévy system (2.4) of X,

/D\D(x) Gh(y,2)dz < Ey[rp] =E, [TD(y)} +E, [EXT%@) [TD]}

/ o (/ (X — zy)EZ[Tg]dz> ds]
0 D\D(y)

< cdply) +esiM (R)Ey[1h,)] < 6 dp(y).

IN

Cy 6D(y) + Ey

We conclude from the last three displays, (3.12) and the form of j* given in (2.3) that there is a
constant ¢7 = ¢7(D, M, ) > 1 such that for every a € (0, M],

c-1a"dp(2)6p(y) < Gp(z,y) < cra®dp(x)dp(y). (3.14)

Since for z and y in different components of D, R < |z —y| < diam(D), we have established (1.3).
Now we assume that z,y are in the same component U of D. Applying (1.3) to U we get

1 du(z)ou(y)) 1 dp(x)op(y)
Bz — g2 <“ oo ) g\ T )

For the upper bound, we use the strong Markov property, the Lévy system (2.4), and (3.13)—(3.14)

Gh(z,y) > Gz, y) >

to get
Gh(w,y) = G, y) + By | GH(XE,y)]
< <1 A )> +E /78 / (| X NGH(z,y)dz | d
= x J s T # z,y)az | as
|l‘—y|d |117—Z/|2 0 D\U b
)) M
< 1A + R)E, [T GH(y, z)dz
y‘“< y,g MuE) [ Ghie)
i /
< 1 . 1
< y\d 5 < A !x—y!2 + c100p(z)dp(y) o op(z)dz (3.15)
Since the boundedness of D implies
1 ép(2)dp(y)
<
op(z)dp(y) < Cll|x_y|d—2 <1/\ |z — y|2 ’

we have from (3.15)
Gp(a,y) < c12

1 dp(x)dp(y)
[ — o2 (“ o —yP? > |
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Define
(1 when z,y, z, w are in the same component of D,
a “ when z,y € D(x),z ¢ D(z) and w € D(z),
a(z,y,z,w) == a® when z,w € D(z),#({y,z} N D(z)) =1, (3.16)
a® when z,y, z, w are all in different components of D,
a*® when z,w € D(z),{y,z} N D(z) = 0.

The next theorem will be used in Section 7.

Theorem 3.5 (Generalized 3G theorem) Suppose that M > 0. For any bounded C*' open set
D in R?, there exists a constant Cg = Cg(D, o, M) such that for all z,y,z,w € D and a € (0, M],

G (2,4)G (2, w)
G%(z,w)

_ A _ _ A _ _ d—2
< Cga(zx,y, z,w) 2= wiAly =2 V1 o = wiAly =2 V1 |33d7 wl - (3.17)
|z —y| |2 — wl |z — y|972]z —w|42

Proof. Recall that r(z,y) = dp(z) Vop(y) V |z — y| and let

1 4p(z)ip(y)

w|d—2
ID(@Y) = T ()2

|z —

and H(x,y,z,w) = |z — y|d=2]z — w|d—2"

By Theorem 1.1 for the case d > 3 and (3.11),

GhH(z,y)GH(z,w)
G%(z,w)

gza(ﬂ;7 y()izjuf)w) (3.18)
6p(y)dp(z)r(z, w)?
r(z,y)?r(z,w)?

S CIG(IE, Y, z, 'UJ)

H(z,y,z,w). (3.19)

= Cla(xv Y, z, U))

L. If |z — w| < dp(z) Adp(w), gp(z,w) > |x —w|~9+2. Thus, by (3.18)

GhH(z,y)Gp(z,w)
G%(z,w)

< ca(z,y,z,w)H(x,y, z,w).

2. Note that if y = z, since r(z,w) < 2r(z,y) + 2r(y, w),

§p(y)dp(y)r(z, w)? Sp(y)* . p(y)?
@y w)? <r<y,w>2 r(x,y>2> =%

Thus

9p(z,9)g9p(y, w)
gp(z,w)

< 8H(z,y,y,w). (3.20)
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Now consider the case |y — z| < dp(y) A ép(2). In this case gp(y,2) > |y — 2|4+, Thus,
using (3.20), we obtain that

gp(x,y)gp(z,w)  gp(x,y)9p(y,2) gp(x,2)gp(2,w) 1

gp(z, w) gp(z, 2) gp(z,w)  gp(y,2)
< 64 |z — 2|%2 |z — w42 1
T | —yli2ly — 2|92 o — 2|92z —w|?2 gp(y, 2)
d—2
— 1
= 64 2 - vl (3.21)

|z = y|* 2y — 2|2z —w|"2 gp(y, 2)°
Thus, by (3.18) and (3.21), we have

GhH(z,y)GhH(z,w)
G (z,w)

S CQCL(:Ey Y, z, 'UJ)H(Q?, Y, z, 'LU)

. Now we assume that |z —w| > dp(z) A dp(w) and |y — z| > dp(y) A dp(z). Since dp(z) V
dp(w) < op(x) A dp(w) + | — w|, using the assumption dp(x) A dp(w) < |z — w|, we obtain
r(z,w) < 2|z —w|. Similarly, r(y, z) < 2|y — z|. By (3.19), we only need to show that

Op()dp()r(,w)® _ (e —w[Aly—2] |z — w| Aly — 2|
PRI 3( a—y 1) ( 2 — ] “)' (3.22)

Since r(z,w) < 2r(z,y) + 2r(y, w) < 2r(z,y) + 4r(y, z) + 4r(z, w), we have

dp(y)dp(2)r(z, w)? < o (51) y)op(z) | op(y)dp(z)  dp(y)op(2)r(y, 2)2>

(
(

r(z,y)?r(z,w)? r(z,w)? r(z,y)? r(z,y)?r(z,w)?
p(y) , dn(2) r(y, 2)°
< (Bt e )
o (Tw2) | r(,2) r(y, 2)°
SR o R Rrer )

which is, by [25, Lemma 3.15], less than or equal to
264 T(:U?'Z) \/1 T(y72) \/1 .
r(z,y) r(z,w)
On the other hand, clearly

dp(y)op(2)r(z,w)*> _ dp(y)p(z)  r(z,w)?
r(z,y)*r(z,w)? r(@,y)r(z,w) r(z,y)?r(z,w)

G ) Gea)

S W)p(r(.w)? _ (Fod e ) (e drten) )

r(@,y)?r(z,w)? r(z,y) r(z,w)

Now applying the fact that r(z,w) < 2|z — wl|, r(y,2) < 2|y — 2|, r(z,y) > |z — y| and
r(z,w) > |z —w|, we arrive at (3.22).

2

Thus
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We have proved the theorem. O
Note that, since we consider disconnected open sets too, we can not apply [25, Theorem 1.1]
directly to get the generalized 3G theorem.
Taking y = z in (3.17), we get the classical 3G estimates, that is,

G%(x, 2)G%(z, w)
G} (z,w)

|x—w|d_2 |$_w|d—2

< Csa(z,z,z,w) < C’g(Mza V1)

|z — 2]972|z — w|4—2 |z — 2]972|z — w|4=2"

4 Two Dimensional Case

In this section we assume d = 2 and prove Theorem 1.1 for this case. Unlike the case of d > 3,
due to the recurrence of planar Brownian motions, the methods in [6, 23] are not applicable in
dimension d = 2 even though we have the Harnack and boundary Harnack principles. We use a
capacitary approach and some recent results on the subordinate killed Brownian motions instead.

First we derive the lower bound. The method we use relies on comparing the process X®P,
which is the killed subordinate Brownian motion, with another process, the subordinate killed
Brownian motion. This method also works for dimensions d > 3.

To be more precise, let D be a bounded open set in R? and X% the killed Brownian motion
in D. Let (T? : t > 0) be a subordinator independent of X° which can be written as T = ¢ + a>T;
where (T} : t > 0) is an «/2-stable subordinator. The process (Zta’D :t > 0) defined by Zf’D = X%CP
is called a subordinate killed Brownian motion in D. Let u® be the potential density of T¢ (siae
(2.1)). It follows from [36] that the Green function R%(z,y) of Z%P is given by

R (z,y) = /0 Tty (1), (4.1)

where p%(t,w, y) is the transition density of the killed Brownian motion X 0.0 Tt is well known
(see, for instance, [38, Proposition 3.1]) that

Ry (x,y) < GH(zx,y), (z,y) € D x D. (4.2)

Theorem 4.1 Suppose that M > 0. For any bounded C1' connected open set D in R?, there
exists a positive constant Cg = Cqo(a, M, D) such that for all x,y € D and all a € (0, M],

) )
Gh(w,y) > Rp(z,y) = Cy log (1 + D|(””) D|§y)> .
r—y
Proof. First recall the following lower bound for the transition density of the killed Brownian
motion X% obtained in [39] which states that for any A > 0, there exist positive constants cy and
¢1 such that for any ¢ € (0, A] and any x,y € D,

Ph(t,z,y) > co (1 A W) t~Lexp (—M) : (4.3)

It follows from (2.1) that

2a

u’(t) = ul(az==t) for t > 0. (4.4)
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Let T = (diam(D))?2. Since u!(t) is a completely monotone function with u!(0+) = 1, by (4.4), for
any a € (0, M]

w(t) > W (MZ=T),  te(0,T). (4.5)

12
By a change of variables s = %

/OT <1 A W) plema =t gy /OO (1 A 6D(x)5D(y)s> sl ds. (4.6)

|o—y|2 |z — y|?

, we have

T

Define

~ 0p(x)dp(y)

fole,y) = "5 (47)

Since 1/fp(z,y) > |r — y|?/diam(D)? = |x — y|?/T, we split the last integral into two parts:

/100 (1 A W) slem1%ds > (/100 s7! e‘clsds> (1 A W) , (4.8)

1 1
[ sTHAA (fp(z,y)s))ds / O P T L

z—y|? z—y|?
T T

= log(fp(z,y) v 1). (4.9)

and

Y

Combining (4.3) and (4.6)—(4.9), we have

T
/0 Pt p)dt > ex(1A fo(e.y)) + calog(fpe,y) v 1)
5D(93)5D(y)> ‘

|z —yl?

Y

c3log <1 +

So it follows from (4.1)—(4.2) and (4.5) that

T
Gh(z,y) > Rp(z,y) > ul(M"‘—QaT)/ Ph(t,z,y)dt > cylog (1 +
0

Integrating the estimate in Theorem 4.1 with respect to y yields the following corollary.

Corollary 4.2 Suppose that M > 0. For any bounded connected C*' open set D in R?, there
exists a positive constant Cho = Cio(a, M, D) such that for all x € D and all a € (0, M],

Ex[T%] > 0105D<1') .

The inequalities in the next lemma can be proved by elementary calculus and will be used
several times without being mentioned explicitly.
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Lemma 4.3 For any L > 0, there exists a constant C11 = C11(L) > 1 such that
Ctb <log(1+0b) <b forany0<b< L

and
Ot log(1 + ) < log(1+ Ls) < Cyplog(1+s)  for any 0 < s < cc.

Using Corollary 4.2, Theorem 4.1 can be extended to general (not necessarily connected)
bounded C1! open sets. Recall that g9, is defined by (1.1).

Theorem 4.4 Suppose that D is a bounded C'' open set in R? with characteristics (R, A). There
exists a positive constant C1a = Ci2(a, M, D) such that for all x,y € D and all a € (0, M],

GhH(z,y) > Ciagh(z,y).

Proof. Recall that fp(z,y) is defined in (4.7). If  and y are in the same component, say =,y € U,
then by monotonicity,

Gh(z,y) > Gy(x,y) > crlog(l + fu(z,y)) = c1log(l+ fp(z,y)). (4.10)

If 2,y are in the different components of D, using Corollary 4.2 and Lemma 4.3, and by following
the second part of the proof of Theorem 1.1 in case d > 3 (that is, the paragraph containing
(3.12)-(3.13)), we get

op(x)dp(y)

Gh(x,y) > c20%p(2)dp(y) > c2R%a® & — g

> caa®log (14 2P0

2z —y|?

This completes the proof of the theorem. |

Recall that when d > 2 and a > 0, any non-empty open set D C R is Greenian for X*. For
any Greenian open set D, any Borel subset A of D and a > 0, we define

Caph(A) := sup {n(A) : 1) is a measure supported on A
with /DGCIL)(x,y)T](dy) < 1}. (4.11)
It is known (cf. [22]) that for any open subset A of D,
Cap$h(A) = inf {Sa(u,u) cuwe WH(RY),u=0o0n D¢ u>1ae. on A}
and for any Borel subset A of D,
Caph(A) = inf{Cap}(B): A C B and B is open}.
Since 0 < £9, for any Greenian open set D C R% and every a € [0, M]

Cap(A) < Cap%(A) for every A C D. (4.12)
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Lemma 4.5 There exists C13 > 0 such that
C13

Cap%(o,l)(m) > log(1/r) for every r € (0,3/4).

Proof. Recall that (see, e.g., [18, p. 178])

1—|z)(1 - |y2)> . (4.13)

1
0 _
GB(071)(.T7y) = % log <1 + |,§C _ y|2

Let P denote the family of all probability measures on B(0,r). It follows from [21, p.159] that

-1
Caup%(ov1 (B(0,r)) = [ inf  sup G%(O (@) . (4.14)
) HEP zesupp() ’

Let m, be the normalized Lebesgue measure on B(0,r). By (4.14),

Capiy,1)(B(0,7)) = (4.15)

Further, by using symmetry in the first equality, and (4.13) in the second line, we have

sup GOB(071)mr(x) = G%(OJ)mT(O) = /B(O )G%(o,l)(oay) my(dy)

1 1 1 1 r? 1 1
_717“2/ 27TlogHQdy—22(1—}—21053;) < clog —,
B(0,r) Y wr r r

for some constant ¢ > 0. This together with (4.15) yields the desired capacity estimate. ]

For any Borel subset V', we use of, to denote the first hitting time of V' by X%: o{, = inf{t >
0: XreV}.

Lemma 4.6 Suppose that M > 0. There exists C14 > 0 such that for every a € (0, M], any
Greenian open set D in R? containing B(0,1) and any x € B(0, %)

Cis
G%(IE,O) < —— P lop= <Tp]| .
Cap® (B(0, [21/2)) (borm <)

Proof. Fix z € B(0,3/4) and let r := |z|/2. Since B(0,r) is a compact subset of D, there exists
a capacitary measure p2 for B(0,r) with respect to X%P such that

Capp(B(0,7)) = py(B(0,7))

(see, for example, [4, Section VI.4] for details). Then by Proposition 2.2, we have

y€B(0,r)

/ Gz, y)py(dy) > ( inf G‘b(%y)) py (B(0,7))
B(0,r)

v

a1Gp(z,0)Caph(B(0,7))
c1G%(z,0)Cap? (B(0,7)) (4.16)

\%
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for some constant ¢; > 0. In the last inequality above, we have used (4.12).
On the other hand,

[ ey = [ = [G%(XﬁaD ,y>] e (dy)
B(0,r) B(0,r)

B(0,r)
< ( sup / G%(w,yw(dy)) P, (0% <o)
weB(0,r) Y B(0,r) ’
< P, (a%<rp>. (4.17)

In the last inequality above, we have used (4.11).
Combining (4.16)-(4.17) we have

Gp(z,0) <

Corollary 4.7 Suppose that M > 0. There exists C15 > 0 such that for every a € (0, M] and
every x € B(0,3/4)
GB0,1)(@,0) < C15 log (1/|2]) .

Proof. It follows from Lemmas 4.5-4.6 that

Cia

— P (5% <T
Caplyq. ) (B0, [2]/2)) ( B(0,]21/2) Bm?”)
C14C5' log (2/]x]) < clog (1/|z])

Gpon(@,0) <

IN

for some constant ¢ > 0. O

Lemma 4.8 Suppose that M > 0 and that D is a bounded C*' open set in R? with characteristics
(R,A). There exists Ci¢ = Ci6(D) > 0 such that for every a € (0, M] and all x,y € D with

|z —y| < $op(x) < 3R,
dp(x) )

|z — |

G (asy) < Cig log(

Proof. By our assumption, D satisfies the uniform exterior ball condition with radius R > 0.
Fix 2,y € D with |z — y| < 36p(z) and let r := dp(z). Since r < R, without loss of generality,
we may assume z = (0,0), (0, —r) € dD with B((0,—2r),r) € R?\ D.
Let @ := ar?=®/ 7 .= 1y and D :=r~1'D. Then by (2.12),

GH(0,y) = G%(0,7). (4.18)

By the strong Markov property, we have

B

G%(0,9) = Gho1)(0,7) + Eo [G% (Xfa(o 1),;7)} : (4.19)
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Note that @ = ar2=®/a < MREZ-a)/e Define

h(z,w) :=E, [GE(X }63(0,1)7w)] .

T

For each fixed z € B(0, 1), the function w + h(z,w) is harmonic in B(0, 1) with respect to X@ and
for each fixed w € B(0,1), z — h(z,w) is harmonic in B(0, 1) with respect to process X@. So it
follows from Proposition 2.2,
h(0,7) < i h(z,w) < i G (z,w) < 1 G%(0,
T =t By "B = LBl Op5 ) = G0
where |z1] = 1/2. In the second inequality we used that G%(-, w) is superharmonic in B(0, 1) for
X7, Note that D C E := R2?\ B((0,—2),1). Thus by Lemma 4.6,

—~ G a C2
h(0,7) < c1G4(0,21) < 1GE(0,21) < — < ™ (4.20)
K Capy(B(0,1/4))
On the other hand, by Corollary 4.7
a . 1 6p(0)
G¢ 0,7) < c3log <A> =c log< > . 4.21
B(O,l)( ) 3 7] 3 Y] ( )
It follows from (4.18)-(4.21) that
op(0 5
G (2,y) = GH(0,y) sC4+C3log( al >> §c5log< p() )
[yl |z =yl
which proves the lemma. O

Lemma 4.9 Suppose that M > 0 and that D is a bounded C%' open set in R%. If x and y are in
the same component of D with

%(51)(95) Vop(y)) < |z — y| < e(6p(x) A Sp(y))

for some ¢ > 1, then there exists C17 = Ci7(c, D) > 0 such that for every a € [0, M]

G%(l’, y) < 017-

Proof. Without loss of generality, we assume 0p(z) < dp(y). If %5D(y) <z —y| < %(517(:6), then
the lemma follows from Lemma 4.8. In the case 36p(z) < |z — y| < ¢dp(z), since z,y are in the
same component of D, we use Proposition 2.2 and a standard Harnack chain argument. O

Theorem 4.10 Suppose that M > 0 and that D is a bounded CY' open set in R?. There exists
C1s8 = C18(D) > 0 such that for every a € (0, M] and all z,y € D

1
4 < 1 14— 7.
Gp(z,y) < Cis og( + ‘x_y‘g)
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Proof. Let L = max{2diam(D),2}.
(i) If |x — y| < 1/4, by Lemma 4.8 applied to B(z, L),

1 1
GhH(z,y) < Gy (z,y) <c 10g<> <c log<1—|—>.
bz, y) Bla,r)(@, ) S Ry 2 iz — P2
(ii)) If 1/4 < |z — y|, by (2.12) and Corollary 4.7,

a a a 2—a)/a _ _ L
Gp(z,y) < Ghur(@y) < GBL(L—lm) (L2, L™"y) < c3 log <|x _ y|)

IN

1
c3log(4l) <e¢y<cslog|l+—5 ).
|z —yl?

Now we are ready to prove Theorem 1.1 for d = 2. Recall that fp(z,y) is defined in (4.7).

Proof of Theorem 1.1 when d = 2: By Theorem 4.4, we only need to consider the upper bound.
We divide its proof into two steps.

Step 1. We first consider the case that x and y are in the same component of D. Without loss
of generality, throughout this proof, we assume dp(x) < dp(y).

Fix zp € D with kR < ép(20) < R, and let €1 := kR/24. Choose Q;,Q, € 0D with |Q, — x| =
dp(x) and |Qy — y| = dp(y). We consider the following five cases separately.

(a) If 5p(x) > e1x%/32, by Theorem 4.10
1
Gp(z,y) < cilog (1 + \w—y\2> < czlog (1 + fp(z,y)).

(b) Suppose dp(z) < e1x*/32 and dp(y) > e1£/4. Let r := e15/16 and put z1 = A, /2(Qs). One
can easily check that |z9 — Q.| > r and |y — Q| > r. So by (2.9), Theorem 2.3 and Theorem 4.10,

we have
G%(z, 20)

GaD(:l:?y) < CBGGD(xlvy)Ga (331 ZO)
D )

< c4op(x) < esfp(x,y)

for some c3,cq4,c5 > 0. Note that fp(x,y) < c¢g in this case because D is bounded and |z — y| >
op(y) —dp(z) > e1k(1/4 — k/32) > 0. So it follows from the above display and Lemma 4.3 that

Gh(z,y) < crlog(1+ fp(x,y)).

(c) Suppose dp(x) < e1£%/32, dp(y) < e1/4 and |z —y| < dp(y)/2. From dp(y) < |z —y|+dp(2)
we conclude that ép(y) < 2dp(x) and so |x —y| < dp(x). This together with Lemma 4.8 gives that

G (a,y) < cs log ( 5D(y)> < ¢ log (1+ fp(z.y)).

|z — y
(d) If 36p(y) < |z -yl < (24/£%)dp(x), by Lemma 4.9,
GhH(x,y) < cro < cirlog(l + fp(z,y)).
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(e) The remaining case is

61/412

327

24
dp(z) <dp(y) < % and |z —y| > HlaX{HQCSD(CL'),

Sp(x) < op(y) } :

2

We claim that in this case
Gh(z,y) < c2 fo(z,y). (4.22)

By Lemma 4.3, the above implies that G%,(x,y) < ci3log(1 + fp(x,y)) since in this case

_ p(x)dp(y)

fD(x7y)_ ‘iL‘-y‘Z <4.

We now proceed to prove (4.22) by considering the following two subcases.
(i) (24/x%)ép(x) < |z —y| < (4/K)é6p(y): Let r := 6p(y)/3. Put 21 = Arrs2(Qz). One can easily
check that |z9g — Q»| > r and |y — Q| > r. So by (2.9) and Theorem 2.3, we have

6p(x)
|z =yl

GaD('rv ZO)

—— " < c15GH (a1,
G(b(xlsz) = C15 D( 1 y)

GhH(z,y) < c1aGHh(x1,y)

Moreover,
24 3 6 72
?5D($) <|r—y| < §|551 -yl < ;5D(3/) < E5D(9«“1),

implying that

3 36
op(y) < |z —y|+dp(x) < <2 + H2> 71—yl
It follows from Lemma 4.9 that G%,(x1,y) < ci16. Therefore

J
Gp(z,y) < 017|xD_(:2‘ < asfo(z,y).

(i) 6p(z) < dp(y) < (k/4)Jx—y|: Let r = j(Jx—y|Ae1). Put 21 = A jo(Qn) and y1 = Ay j2(Qy)-
Then, since |29 — Q| > r and |y — Q| > r, by (2.9), we have

—1 GaD(xhy) < G%(x’y) < c19 GaD(xlay)
19 G%(x1,20) = GH(x,20) — G%(x1, 20)

for some c¢19 > 1. On the other hand, since |29 — Qy| > r and |z1 — Q| > 7, applying (2.9),

il G%(x1,y1) < G% (Y1, 20) < ClgG%(ﬂfl,yﬂ‘
GaD(xlay) o G%(yaz(]) n G%(l‘l,y)

Putting the four inequalities above together we get

o2 Gp(@1,11) < Gh(z,y) 2 Gh(z1,91) '
19 G%(JJl,Z[))GaD(yl,Z()) o G(ZD(.’L‘,Z[))GGD(:U,Z()) = G%($1720)G%(y1730)

Moreover, %|az —y| <l|z1 — | < 2]z —y| and

4 1 64
— < —|x — < — < — .
3;1<5D($1) Vép(y1)) < 3\37 yl < lz1—wnl < Ber (6p(z1) A dp(y1))
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Thus by Lemma 4.9 and Theorem 2.3, we have

Gh(x,20)GH (Y, 20)
G%(x1,20)G (1, 20

Gp(z,y) < e ] < e fp(r,y)
for some cyp,co1 > 0. This completes the proof of the claim (4.22) and therefore of the theorem
when z and y are are in the same component of D.

Step 2. Next we consider the case that x and y are in two different components of D. This
part of the proof is the same as the second part of the proof of Theorem 1.1 when d > 3 (that
is, the paragraph containing (3.12)-(3.13)). The only place that needs modification is the proof of
sup,cp Eq (78] < c22 < 0co. When d = 2, we can not use (3.5) to deduce it. However, since D is
bounded, there is K > 0 so that D C B(0, K). It follows from Step 1 that

sup E.[m5] < sup EZ[TE(OK)] < 93 < 0.
z€D,ac(0,M] 2€B(0,K),ac(0,M]
This completes the proof of Theorem 1.1. O

Theorem 4.11 (3G theorem for d = 2) Suppose that M > 0 and that D is a bounded C*' open
set in R?. Then there exist positive constants C1g = Cro(D,a, M) and Cay = Coo(D,a, M) such
that for all z,y,z € D and a € (0, M|

Gh(z,y)GH(y, 2)
G%(x,2)

IN

Cig (log(1 + fp(z,y)) +log(1+ fp(y,2)) +1)

Cho ((1og1v1) + (1og1\/1)>.

|z —y| ly — 2|

IA

Proof. Note that, if x,z are in different components of D, either x,y or y,z are in different
components of D. Thus, by Theorem 1.1 for d = 2 and the fact that a € [0, M], we have

Gh(a,y)Ghly,2) _  log(l+ fp(w,y))log(l + fn(y, 2))
G (z, 2) = log(1+ fp(z,2))

for some ¢; = ¢1(M, D, «). Now following the proof of [18, Theorem 6.24], we get the theorem. O

Remark 4.12 By considering how many different components of D that z,y and z fall into, we
could get more precise 3G estimates with the dependence on a explicitly spelled out. Theorem 4.11
will not be used in the remainder of this paper.

5 One Dimensional Case

In this section we assume d = 1 and prove Theorem 1.1 for this case. We will follow the ideas in
[29].

Let X" be the supremum process of X¢ defined by X, = sup{0V X : 0 < s < t} and let
X" — X be the reflected process at the supremum. The local time at zero of X — X% is denoted
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by L* = (L} : t > 0) and the inverse local time by {7 : ¢ > 0}, where 7/ := inf{s : L? > t}.
The inverse local time {7{ : ¢ > 0} is a subordinator. The (ascending) ladder height process of
X is the process H* = (H : t > 0) defined by H}* = Xﬁg. The ladder height process is again a
subordinator. It follows from [29] that H* is a special subordinator with Laplace exponent given

by
[ee) 212 apno o
() = exp <1/ log(6° A% + a®6“\ )dG) (5.1)
0

m 1+ 62

and that the drift coefficient of H® is 1. When a = 0, we have x"(A) = A. Thus, if V% is the
potential measure of H* and V*(x) = V%([0,z]), then, for every a > 0, V* has a continuous,
decreasing and strictly positive potential density v® such that v%(04+) = 1. When a = 0, we have
v® = 1. The following results is a uniform version of [29, Proposition 2.3] in our present special
case.

Lemma 5.1 Let M and Ry be positive constants. There exists a constant Co1 = Ca1(M, Rs) €
(0,1) such that for all a € [0, M] and = € (0, Ra],

Oy <v%(x) <Oyt and Oz < V(x) < Cy'w.

Proof. Since H” is special, the potential density v* is a decreasing function. Hence info<i<p, v*(t) =
v4(R3). It follows from (5.1) that the Laplace exponent x“ is continuous in a. Thus, the potential
measures converge vaguely, and by continuity and monotonicity of v%, we get that v®(t) — v°(t)
as a — b for all t > 0. In particular, v*(Rg) — v®(Rz). Therefore ¢; := info<i<ry 0<a<m v*(t) > 0.
Since v*(t) < 1 for all t > 0 and all @ > 0, we get that ca = supgc;<p, o<a<m v*(t) = 1. Choose
c3 = c3(M, Ry) € (0,1) such that ¢3 < ¢; < ¢3 < ¢3!, Since V(z) = o v(t) dt, the claim follows
immediately. O

Theorem 5.2 Suppose that M > 0. For any bounded open interval D in R, there exists a constant
Cao = Coa(a, M, D) > 1 such that for all x,y € D and all a € (0, M],

i (Go@n) A 2P < G 0.y) < o (ool 2 o 2,

Proof. The proof of the lower bound is similar to that of Theorem 4.1 and [29, Proposition 3.3].
Using our Lemma 5.1 instead of [29, Proposition 2.3], we can follow the proof of [29, Propsoition
3.1] to get the upper bound. We omit the details. O

Integrating the estimate in Theorem 5.2 with respect to y yields the following corollary.

Corollary 5.3 Suppose that M > 0. For any bounded open interval D in R, there exists a positive
constant Cog = Coz(a, M, D) > 1 such that for all x € D and all a € (0, M],

Co3top(x) < Ey[rh] < Casdp(z) .

Using Corollary 5.3, we can repeat the proof of Theorem 1.1 for d > 3 case (see also [29,
Theorem 3.8]) to generalize Theorem 5.2 to general (not necessarily connected) bounded C'*! open
sets. Recall that g%, is defined by (1.2).
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Theorem 5.4 Suppose that D is a bounded C1' open set in R. There exists a positive constant
Co4 = Cos(ar, M, D) > 1 such that for all x,y € D and all a € (0, M],

Coi gh(2,y) < Gh(z,y) < Cau gh(z,y).

6 Martin Boundary and Martin Kernel Estimates

Throughout this section we assume that d > 1 and D is a bounded Cb! open set in R% with
characteristics (R, A) and the corresponding x. We will show in this section that the Martin
boundary and the minimal Martin boundary of D with respect to X* can both be identified with
the Euclidean boundary 0D of D. With the boundary Harnack principle given in Theorem 2.3, the
arguments of this section are modifications of the corresponding parts of [5, 16, 26, 28]. For this
reason, most of the proofs in this section will be omitted.

The next lemma follows from Theorem 2.3.

Lemma 6.1 Suppose that M > 0 and that D is a bounded CY' open set in R%. There exists a
positive constant Cas = Caos(D,a, M) such that for all a € (0,M], Q € 0D, r € (0,R/2), and
nonnegative function u in R? which is harmonic with respect to X® in D N B(Q,r) we have

k

Lemma 6.2 Suppose that M > 0. For every b € (0,00), there exist Cog = Ca6(M,b) > 0 and
Co7 = Cy7(M,b) > 0 such that for all zg € RY, a € (0, M] and r € (0,b)],

Ca6r? < Eag | Thiagm| < Corr® (6.2)

and
EI [Tg(zofr)} S 027 T(sB({L'QJ') (f,U) (63)

Proof. See [15, Lemmas 2.3 and 2.4] or [35, Lemmas 2.2 and 2.3] for a proof of (6.2). The inequality
(6.3) follows casily from Theorem 1.1. In fact, by (2.11) and Theorem 1.1 (with Mb(Z~®)/* instead
of M)

a ar(2—a)/a , _ .
Es [TB(OJ)] = /B(O 3 GB((?,l) (r'z,z)dz < 07"253(0,1)(7“ Iz) = crdp(o) ().

For an open set U C RY, let

C

K¢ (z,z) == /UG%(x,y)J“(y,z)dy, (r,2) eUxU". (6.4)

Then by (2.4), for any non-negative measurable function f on R,

B (1) Xy # X3] = [ Kp(a2)f(2)e
From (6.4), Theorem 1.1 and Lemma 6.2, we immediately get the following proposition.
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Proposition 6.3 Suppose that M > 0. There exist Cog > 0 and Cog > 0 such that for all
a € (0,M] and r € (0, R) and zo € R,

Ko m(@:y) < Cogr (r— |z —wo|)(ly —wo| =)™ for (x,y) € B(xo,7) X B(zo,m)" (6.5)

and

K m(@o,y) > Cagr?ly — 20| 4™ fory € Blxo,7)". (6.6)

Using (6.6), the proof of the next lemma is similar to that of [26, Lemma 4.3] or [28, Lemma
5.3]. Thus we skip the proof.

Lemma 6.4 Suppose that a > 0 and that D is a bounded CY' open set in R®. There exists a
positive constant Csy = Cso(D, av,a) such that for all Q € 0D, r € (0, R/2) and w € D\ B(Q,r),

Gh(A-@w) 2 Coor [ (2~ QI (= wi

Using (6.5), Lemmas 6.1 and 6.4, the proof of the next lemma is similar to that of [26, Lemma
4.4] or [28, Lemma 5.4]. Thus we skip the proof.

Lemma 6.5 Suppose that a > 0 and that D is a bounded CY' open set in R?. There exist positive
constants C31 = Cs31(D,a,a) and Cse = Csa(D, o, a) < 1 such that for any Q € 9D, r € (0, R/4)
and w € D\ B(Q,2r/k), we have

E, [G%(Xﬁa

DNBy,

yw): X2 ) € B(Q,r)| < Cs C;];g GH(z,w), x € DN By,

HrB
where By, := B(Q, (k/2)*r), k=0,1,....

Let z¢p € D be fixed and set

Gp(z,y)
M&(x,y) = =222 z,y €D, y+# x0.
POV = G o) ’

Now the next theorem follows from Theorem 2.3 and Lemma 6.5 (instead of [5, Lemma 13]
and [5, Lemma 14], respectively) in very much the same way as in the case of symmetric stable
processes in [5, Lemma 16] (with Green functions instead of harmonic functions). We omit the
details.

Theorem 6.6 Suppose that a > 0 and that D is a bounded C*' open set in R%. There exist positive
constants Ry, M1, Cs3 and 8 depending on D, a and a such that for any QQ € 0D, r < Ry and
z € D\ B(Q, Mir), we have

[z — ]

B
|M5<z,x>—Mﬁ<z,y>|scsg( ) 2.y € DO B(Q. 7).

In particular, the limit impsy ., M (z,y) exists for every w € 0D.
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As the process X®P satisfies Hypothesis (B) in Kunita and Watanabe [30], the process X%
has a Martin boundary: For every a € (0,M], there is a compactification D,]l” of D, unique up
to a homeomorphism, such that M%(z,y) has a continuous extension to D x (DM \ {x¢}) and
M3(-,21) = M&(-, 2) if and only if 21 = zo (see, for instance, [30]). The set 0MD = DM\ D is
called the Martin boundary of D for X%P. For z € M D, set M%(-, 2) to be zero in D¢,

For each fixed z € 9D and z € D, let

Mp(x,z) == lim Mp(z,y),
Doy—z
which exists by Theorem 6.6. M3, is called the Martin kernel of D with respect to X“. For each
z € 0D, set M (x,z) to be zero for x € D°. By Theorem 6.6, M7 (z,x) is jointly continuous on
{r € D:dp(x) > 2} x D, and hence on D x 9D after letting € | 0.

The following Martin kernel estimate is an immediate consequence of the Green function esti-
mates in Theorem 1.1. Recall that D(z) denotes the component of D that contains z. Define

‘i{@ if # € D(x0),2 € D(w) or x € D\ D(x0),z € D \ (0D () UdD(z)),
hh(z,z) == ¢ a® I‘;D_(:‘zl if x € D(x0),z € 0D\ 0D(x),
a= @ % if x € D\ D(xg),z € 0D(x).
(6.7)

Theorem 6.7 Suppose that M > 0 and that D is a bounded C™' open set in RY. There exists
C34 := Cs4(x0, D, a0, M) > 1 such that for all a € (0, M],

Csit B (, 2) < M (x,2) < Csq hh(z, 2) forxz e D,z € 0dD.

Theorem 6.7 in particular implies that M7 (-, z1) differs from M7 (-, 22) if 21 and 2y are two
different points on dD.

Now using our Green function estimates, (6.5) and Lemma 6.1, one can follow the arguments
in the proofs of [26, Lemmas 4.6-4.7] and [28, Lemmas 5.6-5.7] and get the next two lemmas.

Lemma 6.8 Suppose that D is a bounded C1' open set in R®. For every z € 0D and B C B C D,
M%(Xﬁg, z) is Py-integrable.

Lemma 6.9 Suppose that D is a bounded C1' open set in R, For every z € 9D and x € D,

Mp(e.) = E. [11p (x5

B

( ),z)] for every 0 < r < %(R A dp(z)). (6.8)

Unlike the case in the proofs of [16, Theorem 2.2] and [26, Theorem 4.8], ]P’x(X% eodlU) #0
for every smooth open set U. Thus we give the details of the proof of the next result.

Theorem 6.10 For every z € 0D, the function x — M (x, z) is harmonic in D with respect to
X,
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Proof. Fix z € 9D and let h(z) := M$(x,z). Consider an open set D1 C D1 C D and = € Dy
and put

1
r(z) = i(R ANép(x)) and B(x)= B(z,r(x)).
Define a sequence of stopping times {7},, m > 1} as follows:
Ty =inf{t > 0: X' ¢ B(Xg)},

and for m > 2,

Tr—1+ TB(X4, ) © eTm71 if Xjawm_l € D,
T = m—1
) otherwise.
1

Note that Xf_”]% € 0Dy on N {T,, < TBl}. Thus, since limy, o0 Tin = 7p, Pr-as. and h is
1
continuous in D,
lim h(Xf,) = h(XZ ). on M, {T, <7h,)

T
m—ro0

and, since h is bounded on Dy, by the dominated convergence theorem

m—ro0

lim E, [R(XE ); M2g{Tn < 8, }] =E, [h(X?g,l); Mnzo{Tn < Ti‘al}} :

Therefore, using Lemma 6.9

h(z) = lim B, [h(XF,)]
= Tr}gnoo E, [h(X’fll“m)S U%O:O{Tn = Tgl }] + nlgnoo E, [h(X%m)5 mZO:O{Tn < Tg)l }]

= Eq |h(XZ )i Uio{Tu = h,}| + Bu (X2 )i MZo{Tn < 78,}]
- E, [h(X;?gl )} .

a

A consequence of Theorems 6.6, 6.7 and 6.10 is that, when D is a bounded C! open set, the
Martin boundary of X®® can be identified with the Euclidean boundary 0D of D.

A positive harmonic function u for X% is minimal if, whenever v is a positive harmonic function
for X*P with v < u on D, one must have u = cv for some constant c¢. The set of points z € M D
such that M%(-,z) is minimal harmonic for X% is called the minimal Martin boundary of D for
XD,

With the explicit estimates from Theorem 6.7, by the same argument as that for [16, Theorem
3.7], we have the following.

Theorem 6.11 Suppose that D is a bounded C™' open set in R and a > 0. For every z € 9D,
M (-, 2) is a minimal harmonic function for X*P. Thus the minimal Martin boundary of D can
be identified with the Euclidean boundary.

We know from the general theory in Kunita and Watanabe [30] that non-negative superharmonic
functions with respect to X %P (or equivalently, superharmonic functions with respect to X that
vanish on D¢) admit a Martin representation. Thus, by Theorem 6.11 we conclude that, for every
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superharmonic function u > 0 with respect to X% there is a unique Radon measure x in D and
a finite measure v on 0D such that

uw) = [ Ghleyntn) + [ Mpla (). (6.9)

Furthermore, u is harmonic for X% if and only if the measure p = 0.

7 Perturbation Results

In this section we assume d > 1 and fix a > 0. We consider a symmetric Lévy process Z which can
be thought of as a perturbation of X%, and show that under certain conditions, the Green function
of ZP, the process Z killed upon exiting a bounded C'! open set D, is comparable to the Green
function of X%P  see Theorem 7.13. Together with Theorem 1.1, this gives sharp bounds for the
Green function G% of ZP.

The approach of this section is motivated by [19], where perturbations of pure jump Lévy
processes are discussed. Even though they consider pure jump Lévy processes, some results work
for our case as well.

Throughout this section, Z is a symmetric Lévy process in R? such that its Lévy measure has
a density JZ(z,y) = j%(y — =) with respect to the Lebesgue measure. We assume that

ji(z) = j(x) — j%(x)

is nonnegative and integrable in R? and put J¢ := f]Rd J$(y)dy. We also assume that the transition
density of the Lévy process Z exists and we denote it by p? (¢, z,y) = p?(t,y — x).

Recall that p®(t,z,y) = p®(t,y — x) is the transition density function of X“. It is well known
that (see [15, 37])

t

“(t,z,y) < c (t_d/a/\t_d/2> At 2emcale—l?/t o °
p( y)— 1 +|x—y\d+a

), (t,z,y) € (0,00) x R? x RY

(7.1)
for some ¢; = ¢;(a,d, ) > 0, i = 1,2. Thus, by following the proof of [19, Lemma 2.6], we have the
following.

Lemma 7.1 p?(t,x) is bounded on the set {(t,z):t >0, |z| > e} fore > 0.

Recall that for every bounded open set D, G is the Green function of X @D We know from
[27, Corollary 3.12] that there is a constant ¢ = ¢(D, a) > 0 such that

B[] By[75] < Gh(w,y), z,y€ D. (7.2)

The proofs of the following three results are the same as those of [19, Lemmas 2.2, 2.4, 2.5]. So
we omit their proofs here. In the remainder of this section, the dependence of the constants on Z
will not be mentioned explicitly.

Lemma 7.2 For every bounded open set D, there exists Css = Css5(D,a) > 0 such that for all
z €D andt > 1 we have

pcll)(tv z, y) < C’35 t72 EI [TB] Ey [TB] .
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For any open set U C R, 77 := inf{t > 0: Z; ¢ U} denotes the first exit time from U by Z.
We denote by ZP the subprocess of Z killed upon leaving D and p%(t, x,y) the transition density
for ZP.

Lemma 7.3 For every bounded open set D, there exist a constant Csg = Csg(D,a) > 1 such that

for every x € D,
03_61 Ex [Tg] S ]Ex [Tg)] S 036 Ez [Tg]

Lemma 7.4 For every bounded open set D and any x € D and t > 0, we have
pa(t,x, ) < ellph(t,z,)) ae.
If, in addition, we assume that pZ(t, -) is continuous then we have for x,y € D,
B [p?(t— 15, Z,7.9) - t > 75| < &E, [pa(t T, X y) st > Tg] . (7.3)

Using the above lemmas (for Lemma 7.4, only its first part is needed), and following the proof
of [19, Theorem 3.1], we have

Theorem 7.5 For every bounded open set D, there exists Cs7 = Cs7(D,a) > 0 such that for every
reD,
Gh(z,y) < Oy Gh(z,y) a.e yeD. (7.4)

Here are some assumptions that we might put on the process Z.
A1) The transition density p% (¢, z,y) of Z is continuous and strictly positive in (0, 00) x D x D.
D
(A2) There exist positive constants ¢ and p such that j¢(x) < ¢[z|*~¢ on B(0,1).

(A3) jZ satisfies either (a) or (b) below:

(a) There exists a non-negative Borel function L(z), which is locally integrable on R4\ {0},
such that for any Borel set B, |B| = [, L(z)j?(z)dx.

(b) There exists Ry > 0 such that inf,ecp(o,ry) 7% (x) > 0.
Without loss of generality, we may and do assume that the constant p is less than 1.

Proposition 7.6 ([27, Corollary 3.11]) Suppose that (A1) and (A3) hold. Then for every bounded
open set D, there exists constant Css = Cs3(D, ) > 0 such that

Oss By [T2 By [mh] < GE(z,y), for all (z,y) € D x D. (7.5)

For the remainder part of this section, we assume D is a bounded C'! open set in R9.

Lemma 7.7 Suppose that (A1) and (A3) hold. Then for everye > 0, there exists Csg = Csg(e, D, a) >

0 such that for all x,y € D satisfying |x — y| > ¢,

Gh(z,y) < Cs9GH(z,y).
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Proof. It follows from Theorem 1.1 that there exists ¢; = ¢1(D,a) > 0 such that
e "By 18] < 6p(x) < a1y [18], x € D. (7.6)

Combining (7.6) with Theorem 1.1 yields that there exist ca,c3 > 0 so that for all x and y € D
with |z —y| > ¢,
Gh(z,y) < c20p(®)op(y) < e3 Eu[Th|Ey[TD).

Therefore, by Lemma 7.3 and Proposition 7.6 we get
Gh(2,y) < ciBolTHIE[TH] < 5 Gh(a,y)
for some positive constants ¢y, c5 > 0. O

The next lemma can be proved by following the arguments in the proofs of [34, Lemmas 7, 9].
So we skip the proof of the next lemma.

Lemma 7.8 Suppose that (A1) holds. For all z,w € D, we have
Ghle.w) < Ghlew) + [ [ @it =G w)duds

Proposition 7.9 Suppose that d > 3 and that (A2) holds. There exists a positive constant Cyg =
Cyo(D,a) such that for every (x,w) € D x D

/D /D G (2, )2y — 2) G (2 w)dydz < Cao G, w)] — w]*2.

Proof. Using the generalized 3G inequality (Theorems 3.5) for the Green function of X%, one can
easily get the following

/D /D G (2,9)j(y — 2)G (2, w)dydz
=l dyds ly — z|P~ddydz
< QY (z, _d—2// ly — 2| Y _d—l//
< @)z —ul™ || g el [ e ufe

— z|Pddydz — z|Pdydz
n ‘x_w|d—1// ly d_|2 Y A ‘x_w‘d// ly d—|1 y d_1>
pJp T —y| |z — wl pJp |z =yl ER]

for some constant ¢ = ¢(D,a) > 0. Now combining the above with [19, Lemma 3.12],we easily get

the conclusion of the proposition. O

Proposition 7.10 Suppose that d > 1 and that (A2) holds. There exists a positive constant
Cy1 = Cy1(D,a) such that for every (z,w) € D x D

6p(x)dp(w)
|z —w|d=r "

[ [ @hlamittv - 2Gh(wdyds < Ca
D JD
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Proof. Recall that for every d > 1, G%(x,y) < 01% by Theorem 1.1. Therefore, by

Yl
following the arguments in the proof of [34, Lemma 8] we have
op(z)
¢ d 95— 7.7
J e b ag s 7
Thus
op(z)

/D Gp(x,y)ji(y — 2)dy < CSW
and so, since G%)(z,w) = G4 (w, z), by (7.7)
dp(2)dp(w)

|z —w|d=r "
O

1
/ / Gh(2,9)ii(y — 2)Gp(z, w)dydz < c3 5D(56)/ Gp(z,w) ——gdz <
pJbD D |z — z|d=r

Lemma 7.11 Suppose that d € {1,2}, T > 0 and that (A1) holds. Then there exists a constant
Cyo = Cy2(a,T) > 0 such that

sup (p*(t,a,y) — e 2Telp?(t,2,y)) < Cunt' =42,
0<t<T

Proof. Recall that p?(t,y — z) := p?(t,z,y) and p*(t,y — ) = P! *(t,x,y). Let Z be a pure jump
Lévy process with Lévy density j¢ in R? independent of Z. Then Zisa compound Poisson process
with transition probability given by

A —Tat —Tut tnh
PZ(t,.) = e~ Jatgy( Z

The process Z + Z has the same distribution as X“. Thus the distribution of X3 is equal to the
convolution of p?(t,-) and PZ(t,-). Consequently, we have

” Z . ay*n (g
Pt x) = p?(t,x)e —Jatzt 1) ()

It follows from Lemma 7.4 and (7.1) that for 0 < ¢ <T
PPt ) * (GE) (@) < ePhpt () x (7)) (2) < ere” N (Ta) (VN ETYR) < eat ™2 ()"

for some positive constants ¢y, co. Thus it follows from Lemma 7.4 and the above two displays that
for0<t<T

Pt x) — e 2 etpP(ta) = ptx) — e TPt 2) + e (L — e T )p (8, )

X in—d/2 n
B Lt

n=1

T (e ),

Since by (7.1) p®(t,z) < cst~%? for 0 < t < T, we reach the conclusion of the lemma in view of the
above display. |

We also need the following lemma.
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Lemma 7.12 Let D be a C*! open set with CY! characteristics (R, A). Then there is a constant
Cya3 > 0 such that for allx € D and t > 0,

5D($)
eVt

Px(ﬁ% > t) < Cy

Proof. When ¢ > 1, the above inequality follows immediately from Markov’s inequality and (7.6).
To establish the inequality for the case of 0 < ¢ < 1, we will use a result from [12].

We will only give the proof for the case d > 2. The proof in the case d = 1 is similar but
simpler. Without loss of generality, we can always assume that R < 1 and A > 1. By definition, for
every @ € 0D, there is a O -function ¢¢g : R4™! — R satisfying ¢o(0) = 0, Veg(0) = (0,...,0),
Vool < A, |[Vog(z) — Vog(z)] < Alz — z|, and an orthonormal coordinate system CSgp:
y = (¥, yq) such that B(Q,R)NU ={y = (v, ya) € B(0,R) in CSq : y4 > ¢(y)}. Define

pQ(2) = x4 — dq(7),

where (Z,z4) are the coordinates of z in C'Sg. Note that for every Q € OU and z € B(Q,R)NU,
we have (1+ A%)"1/2pg(x) < dy(z) < po(x). We define for 1,79 > 0

Dq(r1,r2) :=={y € U :r1 > pg(y) >0, |y| < ra}.

Note that for b > 0,

P, (7% > 1)

IN

]P)x (TgQ((SU,TU) > 1) +Px (X:Zb € D and T%Q((SUWU) g 1>

D@ (80.r0)

IN

Bq [7ho(6rn)| +Pr (Xﬁb € D) .

DG (80,70)

Thus by [12, Lemma 3.5], there is a constant ¢; = ¢1(R, A, a) so that for every b € (0, a]
P, (1) > 1) < c16p(x) for every x € D. (7.8)

Note that for 0 < A < 1, A7!D is a OY! open set with C'! characteristics (R, A). Hence by the
scaling property of X in (2.10), we have from (7.8) that for ¢ € (0, 1],

—a)/ (20 op(x
]P)x(T% > t) = ]P)t—1/2$ (7_:_,552/213)/(2 ) > 1) < 5t—1/2D(t_1/2.%') = C D\/(E )
This completes the proof of the lemma. O

Theorem 7.13 Suppose that (A1)-(A3) hold. There exists Cyqy = Cya(D,a) > 0 such that

Ol G4 (x,w) < Gh(z,w) < Cu GH(z,w), (x,w)€ D x D. (7.9)

Proof. By (7.4) and Lemma 7.7, we only need to show the second inequality in (7.9) for |[z—y|? < ¢,
where € € (0, 1) is a constant to be chosen later. We consider the cases d > 3 and d < 2 separately.

(a) d > 3: Applying Lemma 7.8 and then Proposition 7.9, we get

GhH(z,y) < Gh(2,y) + a1 Gh(z,y)|lx — y|* 2.
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Choose € > 0 small so that
_ 1 )
a1 Gh(@,y)lr —y*? < SGh(a,y) if |v -yl <e'?

Thus
GY(z,y) < 2G5 (z,y) if |z —y| <e'/?

(b) d < 2: We first note that, since p)(t,z,y) < co(t=%* At~%2) by (7.1), using the semigroup
property,

Po(tay) — /D P (t/3,,2) /D P (83, 2, )b (t/3, w, y)dwdz

< et At /Dp‘b(t/?),x, z)dz/Dp‘b(t/S,w,y)dw

= VNP (18 > t/3)Py (18 > t/3).
By Lemma 7.12, we get

pp(t,z,y) < 3 (t*d/a/\t*dﬂ) (5[1/%) /\1> (513/(%”) /\1)
< (t’d/o‘*l A t*d/H) 3p(x)3p(y).
Consequently,
/too ph(t,x,y)dt < C5tad/2 dp(z)op(y) for every typ > 0 and z,y € D. (7.10)
0
Since
Pt ,5) = P (1, 2,y) — B [0 = 785, X% y) 1 > 7]

and

ph(ta,y) = v (b ey) — By [p7(t = 7H. Zg.m) st 2 75
it follows from (7.3) that

Phitey) = p'(tay) ~Eo |p(t—7h Xfy.y) 1t > 7h)
< pi(ta,y) — e 2R, [ (t—78.Z,5.9):t 2 Tg}
= p'(tay) — et y) —pp(t,z,y))
< a(7x,y)+p (t,2,y) — e 2% (t,2,y).
So integrating over [0,to] with to = (p()dp(y))*/?, which is bounded by diam(D), we have by

Lemma 7.11 and (7.10) that

to [e’e)
Ghles) = [ sbltaits [ ity
to
to

< G%(xyy)JF/ (P (t, 2, y) — e~ 2Ttp? (t, 2, y))dt + esty 6 (2)5p (y)
0

G, y) + cote™? + estg 5 p(2)op(y)
Gh(x,y) + cr(6p(@)dp(y)) 4. (7.11)
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Since G%(z,y) > cs(6p(x)dp(y)) =42 for |x—y|? < dp(2)dp(y) by Theorem 1.1, we have from(7.11)
that

Gh(@,y) < GH(,y) + co(0p(2)op () Gh(z,y)  if [& —y* < p(2)0n(y). (7.12)

On the other hand, applying Lemma 7.8 and then Proposition 7.10, we get

6p(z)dp(y)

Z
GaD(xvy) S GD(xvy) + c1o0 ‘x_y’d,p .

Since 011% < G%(x,y) for |z —y|> > dp(z)dp(y) by Theorem 1.1, we have

GaD(x7y) < G%(w,y) + c12 |'T - y|pG%(5L‘7y) (713)
Now using (7.12)-(7.13), we can choose ¢ € (0, 1) small so that
1 .
c12 Gh(a,y)lr =yl < SGh(w,y) i Ip(z)dn(y) <|v—y[* <e

and 1

eo(dp(2)0p (W) Gp(w.y) < SGh(y) if [z —y* < dp()dp(y) <e.
Thus in these cases, G4 (z,w) < 2G%(z,w).

For the remaining case 0p(z)dp(y) > €, we use (7.11), Lemma 7.3 and (7.5) to get that
Gh(w,w) < (1+e3(0p(@)dp(y))~"HCh(x,y) < (1 + eise™ ) Gh (@, y).

The proof of the theorem is now complete. O

We now show that the theorem above covers the case of the independent sum of a Brownian
motion and a relativistic stable process, and the case of the independent sum of a Brownian motion
and a truncated stable process.

For any m > 0, a relativistic a-stable process Y™ in R¢ with mass m is a Lévy process with
characteristic function given by

E, [¢€07 5] = exp (—t ((\512 +m?) . m>> ,  teR%

Suppose that Y™ is independent of the Brownian motion X°. We define Z™ by Z" := X + Y;™.
We will call the process Z™ the independent sum of the Brownian motion X° and the relativistic
a-stable process Y™™ with mass m. The Lévy measure of Z™ has a density

T2 (x) = A(d, —a)la| = p(m"/ )

d 71 o0 [e3 S '1"2
Y(r) == 9~ (dta) < ;a) / R P ds,
0

which is a decreasing smooth function of r2. (see [17, pp. 276-277] for details). Thus

where

0< ' (z) — 57" (z) < clzfP4

Moreover, the conditions (A1), (A2) and (A3)(a) can be checked easily. Therefore as a corollary of
Theorem 7.13, we have the following.
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Corollary 7.14 There exists a constant Cys = Cys5(D, ) > 0 such that
04_51G1D($7y) SG%m(xay) §C45G%)<.'L',y), x?Z/GDv
where G4 (z,y) is the Green function of Z™ in D.

By a A-truncated symmetric a-stable process in R? we mean a pure jump symmetric Lévy
process Y* = (YAt > 0,P,,z € R?) in R? with the Lévy density A(d, —a)|z| =@ 1{jz|<r}- Note
that the Lévy exponent ¢* of Y)‘, defined by

E, [eig(ﬁh?&)} — WO for every x € R? and ¢ € ]Rd,
is given by
1 —cos(& -
PO = Ad—a) [ IEOHE, (7.14)
i<y 1Yl

Suppose that Y is a A-truncated symmetric a-stable process in R% which is independent of the
Brownian motion X°. We define )?t/\ = Xp + SA/;’\ for t > 0. Then X* has the same distribution as
the Lévy process obtained from X' by removing jumps of size larger than \.

Unlike the symmetric stable process Y, the process YA can only make jumps of size less than A.
In order to guarantee the strict positivity of the transition density p3 D (t x,y) for X XD , we need
to impose the following assumption on D.

Definition 7.15 We say that an open set D in R? is A-roughly connected if for every x,y € D,
there exist finitely many distinct connected components Uy, --- ,Up, of D such that x € Uy, y € Uy,
and dist(Ug, Ug41) < X for 1 <k <m —1.

The following result is proved in [27].

Proposition 7.16 ([27, Pr0p051t10n 4. 4]) For any bounded A-roughly connected open set D in
R4, the transition density py (t x,y) for XD s strictly positive in (0,00) x D x D.

The other conditions (Al), (A2) and (A3)(b) can be checked easily. Therefore as a corollary of
Theorem 7.13, we have the following.

Corollary 7.17 Suppose D is a bounded \-roughly connected C™' open set in R, d > 1. There
exists Cyp = Cu(D, ) > 0 such that

ClGh(z,y) < G5 (2,y) < CaGh(z,y), =,y € D,

where G)gk(:r,y) is the Green function of X in D.
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