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Abstract

In this paper we prove a uniform and scale invariant boundary Harnack principle
at infinity for a large class of purely discontinuous Feller processes in metric measure
spaces.
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1 Introduction

The boundary Harnack principle (BHP) is a result roughly saying that non-negative func-
tions, which are harmonic in an open set and vanish near a portion of the boundary of that
open set, have the same boundary decay rate near that portion of the boundary. The BHP
was first proved independently in [1, 13, 32] for classical harmonic functions in Lipschitz
domains. Since then, it has been extended to more general diffusions and more general
domains.

In [3], the BHP was established for harmonic functions of symmetric a-stable processes,
a € (0,2), in Lipschitz domains. This was the first BHP for discontinuous Markov processes.
Since then, the result of [3] has been generalized in various directions. [30] extended it to
harmonic functions of symmetric a-stable processes in k-fat open sets, with the constant
depending on the local geometry near the boundary. A uniform version of it was established
in [6] for harmonic functions of symmetric a-stable processes in arbitrary open sets. The
BHP of [6] is uniform in the sense that the constant does not depend on the open set itself.
Note that such uniform version does not hold for Brownian motion.

In another direction, the BHP has been generalized to different classes of discontinuous
Markov processes. For example, it was extended to a large class of subordinate Brownian
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motions in [17, 18]. In [20] the uniform BHP was extended to a large class of rotationally
symmetric Lévy processes and in [16] it was extended to a class of subordinate Brownian
motions including geometric stable processes. The main result of [20] has been extended
to a large class of symmetric Lévy processes in [24]. A BHP with explicit decay rate was
established in [19, 22| for a large class of subordinate Brownian motions in C™! open sets.
For BHP with respect to subordinate Brownian motions with Gaussian components, see
(10, 21].

Recently, a very general BHP for discontinuous Feller processes in metric measure spaces
has been proved in [7] under some comparability assumptions on the jump kernel and a
Urysohn-type property of the domain of the generator of the process. The main result of
[7] is not scale invariant in general. It was shown in [7] that, under a stable-like scaling
condition, a scale invariant BHP holds.

All the BHPs mentioned above deal with the decay of harmonic functions near finite
boundary points. In the case of symmetric a-stable processes, by using the inversion with
respect to spheres, the Kelvin transform and the BHP near finite boundary points, [26]
obtained a BHP at infinity for harmonic functions in unbounded open sets. The argument
using inversion with respect to spheres and the Kelvin transform does not work for more
general Lévy processes. By using a different, more involved argument, a BHP at infinity was
established in [23] for a large class of symmetric Lévy processes under a global weak scaling
condition on the Lévy exponents.

Motivated by the result and the method from [7], in this paper we prove a uniform and
scale invariant BHP at infinity for a class of purely discontinuous Feller processes in metric
measure spaces. Even in the special case of symmetric Lévy processes, the BHP at infinity
of this paper is more general than that of [23] since we will only assume that the Lévy
exponents satisfy a weak scaling condition near the origin. We will also give a uniform and
scale invariant BHP near finite boundary points.

We start the paper by recalling the setting and basic assumptions of [7]. Let (X,d) be a
metric space such that all bounded closed sets are compact and let m be a o-finite measure
on X with full support. Let Ry € (0,00] (the localization radius of (X,d)) be such that
X\ B(z,2r) # 0 for all x € X and all » < Ry. We will consider a large class of Feller
processes X = (X;,t > 0;P,,z € X; F;,t > 0) on X satisfying several assumptions. The first
assumption is strong duality and Hunt’s hypothesis (H).

A: X is a Hunt process admitting a strong dual process X with respect to the measure m
and X is also a Hunt process. The transition semigroups (F;) and (P;) of X and X are both
Feller and strongly Feller. Every semi-polar set of X is polar.

In the sequel, all objects related to the dual process X will be denoted by a hat. Recall
that a set is polar (semi-polar, respectively) for X if and only if it is polar (semi-polar,
respectively) for X (see [2, VI. (1.19)]). Under assumption A the process X admits a
(possibly infinite) Green function G(z,y) serving as a density of the occupation measure:
Gz, A) =K, [[° Lx,enydt = [, G(z,y)m(dy). Moreover, G(z,y) = G(y, ) for all 7,y € X,



cf. [2, VI.1]. Further, if D is an open subset of X and 7p = inf{t > 0 : X; ¢ D} the exit
time from D, the killed process XP? is defined by X = X, if t < 7p and X = 9 where 0
is an extra point added to X. Then X? admits a unique (possibly infinite) Green function
(potential kernel) Gp(x,y) such that for every non-negative Borel function f,

Gz /f )Gz, y)dy = E /th

and Gp(z,y) = Gp(y,z), z,y € D, with Gp(y, z) the Green function of X2, For the details
we refer the readers to [7, pp.480-481] and the references therein. We say D is Greenian
if the Green function Gp(z,y) is finite for all z,y € D, x # y. Under this assumption the
process X is transient in the sense that there exists a non-negative Borel function f on D
such that 0 < Gpf < oo (and the same is true for )?)

Let Cy(X) stand for the Banach space of bounded continuous functions on X vanishing at
infinity. Let A and A be the generators of (P,) and (F,) in Co(X) respectively. The second
assumption is a Urysohn-type condition.

B: There is a linear subspace D of D(A) N D(.,Zl\) satisfying the following condition: For
any compact K and open D with K C D C X, the collection D(K, D) of functions f € D
satisfying the conditions (i) f(x) = 1 forz € K; (ii) f(z) = 0for x € X\ D; (iii) 0 < f(z) <1
for x € X, and (iv) the boundary of the set {z : f(x) > 0} has zero m measure, is nonempty.
We let

p(K,D):= inf supmax(Af(z), Af(x)).

fED(K,D) zex

Assumption B implies that the jumps of X satisfy the following Lévy system formula:
for every stopping time T,

E. Y f(X., X)) / /sz,z (X, dz)ds. (1.1)

s€(0,T]

Here f : X x X — [0,00], f(z,2) = 0 for all z € X, and J is a kernel on X (satisfying
J(z,{z}) = 0 for all xz € X), called the Lévy kernel of X. As a consequence, the following
Ikeda-Watanabe type formula is valid:

Py(X., € B, X, + Xon 70 < () = / Go(e,dy)J(y, E), z€D,ECX\D (12)
D

where ( is the life time of X. Furthermore, the Lévy kernel J satisfies
E.f(X
/f (z,dy) = hmM (1.3)

tl0 t

for all bounded continuous function f on X and x € X \ suppf. The Lévy kernel I (y,dx) of
X is defined in a similar manner. By duality, J(z,dy)m(dz) = J(y,dx)m(dy). Further, it
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follows from (1.3) that if f € D(A) and € X \ supp(f), then Jf(z) = Af(x). Again, for
these facts we refer the reader to [7, p.482] and the reference therein.
Our next assumption is only a part of the corresponding assumption in [7].

C: The Lévy kernels of X and X have the form j(x,y)m(dy) and 3(3:, y)m(dy) respectively,
where j(z,y) = j(y,x) > 0 for all z,y € X,z # y.
For an open set D C X, let

Pp(z,2) = /DGD(:E,y)j(y,z)m(dy), reD,ze D", (1.4)

be the Poisson kernel of D with respect to X. It follows from (1.2) and (1.4) that Pp(z, z)
is the exit density of X from D through jumps:

P.(X,, € B, X, #X,,,7p <() = / Pp(z,z)m(dz), e D,ECX\D.
E

Assumptions A, B and C will be in force throughout this paper. In the next section we
will assume that the localization radius Ry = oo, that X and X are conservative, and will
add assumptions needed in order to study the behavior of non-negative harmonic functions
at infinity. Our main result is a scale invariant approximate factorization of non-negative
function harmonic in unbounded open set, Theorem 2.1, from which the scale invariant
uniform boundary Harnack principle, Corollary 2.2, immediately follows. Proofs of these
results will be given in Section 3. In Section 4, we introduce a different additional set of
assumptions and state the scale invariant uniform boundary Harnack principle at a finite
boundary point. Proofs of the results in Section 4 are deferred to the Appendix. In Section 5
we discuss examples of processes which satisfy the assumptions of this paper. These include
some symmetric and isotropic Lévy processes, strictly stable (not necessarily symmetric)
processes in R, processes obtained by subordinating a Feller diffusion on unbounded Ahlfors
regular n-sets, and some space non-homogeneous processes on R?. Finally, in Section 6 we
study boundary behavior of the Green function Gp at the regular boundary points. These
results will be used in subsequent papers.

Notation: We will use the following conventions in this paper. ¢, cg,cq,co,- -+ stand
for constants whose values are unimportant and which may change from one appearance to
another. All constants are positive finite numbers. The labeling of the constants ¢, ¢y, ¢, - - -
“.=" to denote a definition, which
is read as “is defined to be”. We denote a A b := min{a,b}. The notation f =< g means
that the quotient f(t)/g(t) stays bounded between two positive numbers on their common
domain of definition. For z € X and r > 0 we denote by B(z,r) be the open ball centered
at x with radius r and by B(z,r) the closure of B(z,7). Further, for 0 < r < R, let
A(z,m,R) = {y € X : v < d(x,y) < R} be the open annulus around z, and A(z,r, R) the
closure of A(z,r, R). Throughout the paper we will adopt the convention that X, = 0 and

starts anew in the statement of each result. We will use

u(9) = 0 for every function u.



2 Additional assumptions and main result

We recall that assumptions A, B and C are in force throughout the paper. In order for
the boundary Harnack principle at infinity to make sense the ambient space X must be
unbounded. Hence in this and the next section we assume that the localization radius
Ry = oco. We further assume that both X and X are conservative processes: For every
t>0, P1=P1=1.

From now on we fix a point zy in X which will serve as the center of the space. For any
r >0, let

V(r) = V(zp,r) :==m(B(z0,1))

denote the volume of the ball of radius r centered at zy. We assume that V' : [0, 00) — [0, 00)
satisfies the following two properties: (i) The doubling property: There exists ¢ > 1 such
that

V(2r)<cV(r), r>0, (2.1)

and (ii) There exist ¢ > 1, rg > 0 and ny € N with ng > 2 such that
V(ngr) > cV(r), r>rg. (2.2)

We further assume the existence of a non-decreasing function ® = ®(z,-) : [0,00) —
[0, 00) which satisfies the doubling property: There exists ¢ > 1 such that

O2r) <c®(r), r>0. (2.3)

The function ® will play a crucial role in obtaining scale invariant results. Examples of such
functions will be given in Section 5. At the moment it suffices to say that in case of isotropic
Lévy process in RY, we have that ®(r) = 1/¥(r~1), where z — ¥(|z|) is the Lévy exponent
of the process.

Let C (%) be the Banach space of continuous functions f on X such that f has a limit at
infinity. We will use || - || to denote the sup norm. It is obvious that any function f € C (%)
is the sum of function in Cy(X) and a constant. It is well known that the semigroup of X
being Feller is equivalent to the following conditions: (i) for any f € C(X), P.f € Cxo(X);
(ii) for any f € Coo(X), limy—yo || Prf — f]| = 0. We will also use A (respectively .Z) to denote
the generator of (P;) (respectively (B;)) in Cao (X). It follows easily from the conservativeness
of X that constant functions are in D(.A) and that, for any constant ¢, Ac = 0.

We are now ready for some additions to assumptions B and C and an additional assump-
tion. In the following assumptions, ry is a positive number. Recall the notation D(K, D)
from assumption B.

B2-a(zy,rg): For any a € (1,2], there exists ¢ = ¢(29, a) such that for any r > r,

o(r):= _ inf supmax(A(1 — f)(z), A(1 — f)(z))
f€D(B(z0,r),B(z0,ar)) z€X
C

= inf sup max(—Af(z), —/Tf(x)) <

f€D(B(20,7),B(20,ar)) z€X O(r)




B2-b(zy,rp): For any a € (1,2], there exists ¢ = ¢(zp,a) such that for any r > ry and any
f € D(B(zy,7), B(z,ar)),

max(Af(z), Af(z)) < V(r)j(z, ), =€ Alzo,r,(a+1)r).

To assumption C we add
C2(zg,79): For any a € (1, 2], there exists ¢ = ¢(zg, a) such that for r > ro, x € B(zp,r) and
y € X\ B(z,ar),

c Hi(zo,y) < jlx,y) < cjzo,y), cj(z0,y) < J(z,y) < cj(z0,y), (2.4)

and

_inf  min(j(z0,9), 5 (20,)) > (2.5)

yEA(ZQ,T,aT') V(T)Q({r) .

Note that by assumptions B2-b(zg, o) and C2(z, ), and the doubling property of V,
any f € D(B(zo,7), B(z,ar)) satisfies

max(Af(z), Af(z)) < Apone @)V (r)j(z,20), >0, (2.6)

-~

for a constant ¢ = ¢(zp,a) > 0. In fact, for f € D(A) N D(A) such that f(z) = 1 for
x € B(zg,7), f(x) =0 for z € X\ B(2,ar) and 0 < f(z) < 1 for x € X, we have, using the
doubling property of V|

Af(x)lx\g(zo,(aJrl)r)(x) = 1%\§(zo,(a+1)r)(x) /B( )f(y)j(x,y)m(dy)
20,ar

< Al Bao atnym) @)V (ar)i(2, 20) < CalanBag arnym @)V (1) (2, 20)- (2.7)

Combining this with assumption B2-b(zo, ry), we get (2.6).
Our final assumption concerns Green functions of complements of balls.

D2(29,7r0): B(z0,70)¢ is Greenian. For every a € (1,2), there exists a constant ¢ = ¢(zg, a)
such that for all » > rg,
~ O(r)

sup s (G (o) G 0) <
x€B(z0,ar) ye A(z0,2r,4r) r

Recall that a non-negative function u : X — [0, 00) is said to be regular harmonic in an
open set D C X if
u(z) =E, (uw(X,,)), forallzeD.

By the strong Markov property, the equality above holds for every stopping time 7 < 7p.
Recall also that for an open set D C X, a point x € 9D is said to be regular for D¢ with
respect to X if P,(7p = 0) = 1. Let D™ denote the set of points & € 9D which are regular
for D¢ with respect to X.
Now we can state our main theorem.



Theorem 2.1 Assume zg € X. Suppose that, in addition to A, B and C, assumptions
(2.1)-(2.3), B2-a(29,7), B2-b(20,70), C2(z0,70) and D2(zy,70) hold true for some ry > 0.
For any a € (1,2), there exists C; = Cy(z0,a) > 1 such that for any r > ry, any open set
D C B(z,7)°¢ and any non-negative function u on X which is reqular harmonic with respect
to X in D and vanishes on B(zp,7)° N (ﬁc U Dreg), it holds that

C’flPD(x, zo)/

B(zo0,2ar)

u(z)m(dz) < u(z) < C’IPD(x,zO)/ u(z) m(dz) (2.8)

B(zo,2ar)
for all x € D N B(z,8r)°.

As a consequence of Theorem 2.1, one immediately gets the following scale invariant
uniform boundary Harnack principle at infinity.

Corollary 2.2 (Boundary Harnack Principle at Infinity) Let zy € X. Assume that,
in addition to A, B and C, assumptions (2.1)—(2.3), B2-a(zy, r9), B2-b(z,70), C2(29,10)
and D2(zg, 1) hold true for some rqg > 0. There exists Cy = Cy(z9) > 1 such that for any
r > 2rg, any open set D C B(z,7)¢ and any non-negative functions u and v on X which are
regular harmonic with respect to X in D and vanish on B(z, )N (Ec U Dreg), it holds that

0 M) M) o aita,y € DA B0, 80 (2.9)

2 o(y)

Remark 2.3 Note that all our assumptions are symmetric in X and X. Therefore, Theorem
2.1 and Corollary 2.2 hold for co-harmonic functions as well.

3 Proofs

Throughout this section, 2z is a fixed point in X. We will always assume in this section that
assumptions A, B, C, (2.1)—(2.3), B2-a(zg, ro), B2-b(29,70), C2(20,70) and D2(zp, r9) hold
true for some ry > 0 and give a proof of Theorem 2.1.

Proposition 3.1 There exists a constant ¢ > 0 such that for every r > ro and D C X\

B(zo, 1),

Pp(z,z) <c V)
Proof. By (2.4) and the fact that j(z,y) = ;(y,x), for every y € B(z,7/2) and z € D, we
have

Po (2, 20) < Py e (1 20) = /

GE(ZQ,T)C (I, Z)j(Z, ZO)m(dZ)
B(zg,r)¢

< /( ) GE(ZW)C(SE,z)j(z,y)m(dz) = clpg(z(),r)c(x,y).
B(zg,r)°



Thus, by integrating over the ball B(zp,r/2) and using the doubling property of V (r),

(&)
Po(e, 20) < / Pros e (20, y)m(dy)
V(T/2) B(z0,r/2) Bleor)

C3

sz rc(x7y)m<dy) S N
V(r) /B(zo,r/Q) Blzor) V(r)

<

O

Let a € (1,2). For each r > r(, we consider a function o™ € D(B(z,r), B(20,ar)), and
let ¢ =1— ™ and V) = {z € X: ¢ (z) >0} = {z € X: oM (x) < 1}. Note that, by
choosing (™) appropriately, we can achieve that

5 . A (), A < ;
end,, AT AT =

where ¢ = ¢(zp, a) is the constant in assumption B2-a(zg, ro).

In what follows, our analysis and results are valid for all » > ry with constants depending
on a € (1,2), but not on r. To ease the notation in the remaining part of the section we
drop the superscript r from ¢, ¢ and V") and write simply ¢, ¢ and V.

Let

max(Ag(z), Ag(x), §(1 — ¢(x)))

¢(x) ’
with the convention 1/0 = oo. Note that ¢(z) = oo for x € V¢, and ¢(x) = 0 for x €
B(z,ar)®. We define two right-continuous additive functionals by

Y(z) = x € X, (3.1)

A = hm/ P(Xs)ds and A = hm/ @/} (3.2)

We follow the idea in [7] to mollify the distribution of X (75
lose mass gradually, with intensity ¢(X;), before time 75, ...

20,r¢) Dy letting the particle

We define two right-continuous strong Markov multiplicative functionals M; = exp(—A4;)
and M, = exp(—A,). By the argument on [7, p. 492] and the references therein, M and M
are in fact exact strong Markov multiplicative functionals. As on [7, p. 492], we consider the
semigroup of operators Ty f(z) = E,(f(X;)M,) associated with the multiplicative functional
M and the semigroup of operators T¢ flx) =E.(f (Xt)Mt) associated with the multiplicative
functional M. Ttd) is the transition operator of the subprocess X of X. The subprocess X XY
of X corresponding to the multiplicative functional M is the dual process of X¥. Thus the
potential densities of X¥ and X¥ satisfy @¢(m, y) = G¥(y,z) and

G¥(z,y) < Gv(x,y) < Gprone(@,y), (1,y) €V XV (3.3)

Let 7, =inf{t >0: A; > a} and

™ f(z) = —E, f(X,)dM, = ( / f(X.) ada>: / E.(f(X.))e da, (3.4)

[0,00)
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where the second equality follows by substitution. By following the arguments in [7, pp. 492—
493] line by line, one can see that 7% f can be written in the following two ways: If f is
nonnegative and vanishes in X \ (B(z,ar) NV), then

7 f(2) = GH () () = / G (e, f(y)m(dy), =€V,  (35)

VNB(z,ar)

and if f € D(A) vanishes in V, then for all z € V,
7 f(x) = GUAf(z) = /V G, y) Af (y)m(dy)
- / Gay) [ 12y 2ymldz)m(dy)
1% x\V

-/ ., ( | ity z>m<dy>) F(ym(dz). (3.6)

Since Lemmas 4.6-4.7 and Corollary 4.8 of [7] and their proofs hold under our setting,
we have

™(x,0V) =0, x€V. (3.7)

Repeating the argument of the proof of [7, Lemma 4.10], we get that if f is regular
harmonic in B(zy,r)¢ with respect to X, then f(z) = 7% f(x) for all # € B(z,2r)°. The
main step of the proof is to get the correct estimate of 7% (z, dy)/m(dy).

We recall the following notation and results from [7]. Let U be an open subset of V. For
any nonnegative or bounded f and z € V| we let

78 F(@) = Eu(f(Xo) Myyo), Gi () = E, / Y ) M.

G}, admits a density GV (x,y), and we have Gb(x,y) < Gu(z,y), Gi(z,y) < G¥(z,y). For
any f € D(A), we have

i f(@) = GHA =) f(2) + [ (x), reV. (3.8)
In particular, by an approximation argument,
T (x, E) = / G¥ (z,y)J (y, BYm(dy), relU ECXx\U. (3.9)
U

By the definition of 1, we have that (A — ¥)¢(x) < 0 for z € X (and, in particular, for
all x € V). Thus using (3.8), the proof of the next result is the same as that of [7, Lemma
4.4].

Lemma 3.2 Let U =V N B(zg,ar). Then

mo(x, Bz, ar)®) < ¢(x), zel. (3.10)



Recall that ng is the natural number in (2.2). It follows from the doubling properties of
® and V that with ¢y > 1

®(nfr) < cfd(r) forall k> 1,7 >0, (3.11)

V(ngr/2)®(ner/2) < coV(r)®(r) for all r > 0. (3.12)
Let s > rg. Thus applying (2.5) to each annulus and the monotonicity of ® and V' we have

that for nks < d(z, zp) < nfs,

1 C1¢y !

- V(ng™s/2)®(ngt s/2) = V(nks)®(nks) (3.13)

j(Zo,Z)

In the second inequality above we have used (3.12). Let s > ry. By using (3.13) in the
second line, the assumption (2.2) (with the constant ¢ > 1) and (3.11) in the last line, we

have
/ j(z0,2)m(dz) = Z/ J(20, 2)m(dz)
B(z0,5)° k=0 n§s<d(z,z0)§n§+1s
oo —1
> / ——————m(dz)
k=0 n§s<d(z,zo)§n§+1s V(nlg‘s)@(nlgs)
= ¢t - V(”SHS)_V(”ISS)
= 0
£~ V(ngs)®(ngs)
2. (V(nktls 1
= clcal (—< Ok )—1) T
0 V(ngs) P(ngs)

z ale-1) Zcok 1(1)(5) - CSQ(S)’
k=0

with ¢ > 1 and ¢, ¢3 > 0 independent of s. In particular, again by using (2.3),

1
/ J(z0,2)m(dz) > ¢4 , for every b € (1,2] and all r > ¢, (3.14)
B(zg,br)e q)(r)

with ¢4 > 0 independent of r and b.

Lemma 3.3 Let b € (a,2) and set U = V N B(zy,ar). There exists a constant ¢ =
c(z0,b/a) > 0 such that

/ GY(z, y)m(dy) < co(z)d(r), rzel. (3.15)
U
Proof. By Lemma 3.2, ¢(z) > i}, (z, B(z0, ar)°) > i}, (z, B(z0, br)°) . Thus, using (3.9),
) .
oz [ [ Ghwniemdnmia).

10



Note that, by (2.4), we have j(y, z) > c1j(z0, 2) for all (y,z) € B(z,ar) x B(zy,br)¢ with
¢1 = ¢1(z0,b/a). Therefore, using (3.14) we conclude that

T c1 (20, 2)m(dz Y (x,y)m _02 Yz, y)m .
oz e [ o amide) [ i ymin) 2 g5 [ Gl pmia)

The following Lemma is analogous to [7, Lemma 4.5].
Lemma 3.4 Let b € (a,2). There ezists a constant ¢ = c¢(a,b) > 0 such that

2(r)

d)ZE C
GY(r,y) < 70

o(z), x€VNDB(z,br),y € Az,2r,4r).
Proof. If x € A(z,ar,br), then ¢(z) = 1. Thus, by (3.3) and assumption D2(z, 7o), for
x € Az, ar,br) C B(zo,br) and y € A(zp, 2r, 4r),

o(r) _ , 2(r)

Gw(Ivy) < GV(J:: y) < GE(Z[),T‘)C('T7 y) < Clm

with ClT =C (b)
For the remainder of the proof, we assume that x € U := V N B(zp,ar). Let f > 0 be
supported on A(z, 2r,4r) with [ f(w)m(dw) = 1. Then, by the strong Markov property,

G f () = 75 (@) = T (L anie) G ) (@) + T (Laoirye GV ) (@) = T+ 1.

First note that by D2(zg, 7o) and (3.3), for y € A(z, ar, br),

wa(y) = / GV(y’ w)f(w)m(dw) < / GE(zo,r)C(y’ w)f(U))m(dw) < ¢ {{;(T)

A(z0,2r,4r) A(z0,2r,4r) (T)

Thus, combining this with Lemma 3.2 we get

o(r)
V(r)

I< ( Zsup wa(y)) Wg(x,Z(zo,ar, br)) < CQ$<T) Tz, V\U) < ¢ o(z).

(z0,ar,br)

For I1, by using (2.4) and Lemma 3.3, we get that for z € B(z, br)e,
[ Gt amidy) < e [ Gl pmldnita.2)
U U
S c4¢(91:)<13(7“)j(z0, 2)7

with ¢4 = ¢4(b/a). Thus by (3.3) and (3.9),

B(zo,br)c

IT < c4gb(x)¢>(r)/ GY f(2)j (20, 2)m(dz)

11



< bl / o / GV ) m(dy

< cd(x)d(r) / o P 0 flypmia).

Finally using the dual version of Proposition 3.1, we conclude that

O(r) ®(r)
11 < csp(x / m(d =c ).
5¢( ) A(z0.204r) f(y) ( y)V(’f‘) 5V(’f’) ¢( )
O
Lemma 3.5 There exists a constant ¢ = c(a, 29) > 0 such that for all x € A(z, 2r,4r),
c
71-w<x7 dy)/m(dy) < mlg(zo,ar) <y> (316>

Proof. Let b:=a/2+1 so that b € (a,2). First note that ¢ vanishes on X\ B(z, ar). Thus
7 (y, X\ B(zp,ar)) =0, yeV. (3.17)

Fix 2 € A(z,2r,47r). If f is a non-negative function on X vanishing in X\ (B(zo,ar) NV,
then by (3.5) and the dual version of Lemma 3.4 (together with G¥(x,y) = G¥(y, z)),

o(r)
V(r)

™ f(z) < e /V e SV () (3.18)

Since for y € B(z, ar) we have ¢(y)1(y) < co(®(r))~! by the definition in (3.1) and assump-
tion B2-a(zg,79) (with a constant c3 = c3(a) possibly different from the one in B2-a(zg, ¢)),
we have

C3

wfe) < / e Jm(dy) (3.19)

On the other hand, if g € D(.A) vanishes in V' then by (3.6),

g(z) = GY (x d m(dz). .
9(z) /x\‘r </v (@, )7y, 2)m( y)) g9(z)m(dz) (3.20)
Assume z € X\ V C B(zp,ar) and let

I:= G¥(x dy) and II:= G¥(x d
/VﬂB(zobr) @ )i, 2)midy) /B(zobr) (z,9)3(y, 2)m(dy).

We now consider I and 11 separately.
By the dual version of Lemma 3.4, assumption B2-a(zg,7) and the fact that A¢(z) =
Jo(z), for some ¢4 = c4(a) > 0,

o(r) . _ L0 g
W/Vmg(% . o)y, z)m(dy) = 4V<T)A¢( ) < ok (3.21)

I§C4
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On the other hand, by assumption C2(zg,7) and (3.3), for some ¢5 = ¢5(a) > 0,
m<e [ G mldy
B(zo,br)c
< ¢ / Gv (2, 9)i(y, z0)m(dy) < cs Py (, 20), (3:22)
B(zp,br)c

which is less than or equal to ¢gV(r)~! by Proposition 3.1. Therefore, (3.21) and (3.22)
imply that for all ¢ € D(A) vanishing in V' we have

lg(z) < V(7r) /x\vg(z)m(dz). (3.23)
Since D(A) is dense in Cy(X) we have my(z, dy)/m(dy) < ¢7/V(r) on V¢ too. O

Corollary 3.6 Let f be a non-negative function on X and x a point in A(zy,2r,4r) such

that f(z) < E.f(X;) for every stopping time T < 75, ,yc. Then
c
@< g0 [ fomidy), (3.24)
V(T) B(zo,ar)
where ¢ = c(a) is the constant from Lemma 3.5.
Proof. Recall from (3.4) that ™ f(z) = [ Eo(f(X7,))e da. Since 7, < 7 < TB(z0,r)r WE
have that f(x) < E,f(X,,), and therefore f(x) < 7r“’f( ). Thus by (3.16),
c
fy)r(x, dy) < / fy)m(dy).
/ V(T) B(zo,ar)
O

Lemma 3.7 There exists ¢ = c(zg,a) > 0 such that for any r > ro and any open set
D C B(zy,7)¢ we have

P, (X., € B(zp,7)) < cV(r)Pp(z,2), x € DN B(z,ar)".
Proof. (2.6) says that for any f € D(B(z,7), B(z0,ar)), we have

maX(Af(z),Af(Z)) < gz (2)V(r)j(2, 20)

for some ¢(zy,a) > 0 independent of r > 7. Thus, by Dynkin’s formula we have
E. [f(X;,)] —/ Gp(z,z)Af(z)dz
D
< CV(T)/ Gp(x,2)j(z,20)dz = cV(r)Pp(z, 2o). (3.25)
D

Finally, since 15, ) < f, Po(X5, € B(z,7)) <E,[f(X,,)] < cV(z20,7)Pp(z, 20). O

13



Proposition 3.8 Let b € (a,2). There exists ¢ = ¢(zo,a,b) > 1 such that for any r > ro,
any open set D C B(zy,7)° and any non-negative function u on X which is reqular harmonic
with respect to X in D and vanishes on B(zy,7)° N (EC U Dreg), it holds that

cilPDﬁE(zo,Zbr)C(‘rv ZO) / U(Z) m(dZ) < U,(SL’)

B(zo0,2ar)

< CPpy e sy 20) / u(z) m(dz) (3.26)

B(zo0,2ar)

for all x € D N B(z,4r)°.

Proof. Let O := D N B(z,2br)¢, Dy = A(z,2ar,2br) and Dy := B(zy,2ar). By the
harmonicity of u,

u(z) = B [u(X,)] = Ex[u( X)) : Xop € Dh] + Ep[u(X,,) : Xopy € Do), €D, (3.27)

Let D™ be the set of points in D which are irregular for D¢ with respect to X. Since u
vanishes on B(z, )¢ N (EC U D), it follows that u(y) < E,u(X,) for every stopping time
T < Tz a0d every y € B(zo,7)°\ D™, Since D" is polar with respect to X, we see that
X, & D". Tt follows from Corollary 3.6 and Lemma 3.7 that for all x € D N Bz, 47)°,

E.[u(X5,) : Xrp € Dq] < < sup u(y)) P.(X,, € D)

yeDl\Dirr
§01V(br)PO(x,zo)ch / u(z) m(dz) (3.28)
(T) B(z0,a%r)
< c3Po(x, zo)/ u(z) m(dz), (3.29)
B(zo0,2ar)

where c3 = c3(a,b). On the other hand, by assumption C2(zg, 7o), for all x € DN Bz, 4r)°,
Bfu(X) X € D = [ [ Gole iy, midy)utem(a
B(zo,2ar
= [ [ Golw.o)iysopmldyyuzym(dz)
B(z0,2ar) J O
= PO(a:,zO)/ u(z)m(dz). (3.30)
B(z0,2ar)

The proposition now follows from (3.27)-(3.30). O

Lemma 3.9 For any b € (a,2) there exists ¢ = c(a,b) > 0 such that for every r > ry and
every open set D C B(z, 1),

PDQE(zO,Qbr)C (:L‘, ZO) < PD(xu ZU) < CPDQE(zO,Qbr)C (l‘, ZU) ) reDn E(Zo, 2abr)c.
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Proof. First note that, since D is Greenian, by the strong Markov property for all open set
UcCD,Gp(z,y) = Gu(z,y) + E, [Gp(Xs,,y); v < o] for every (x,y) € X x X. Thus

PD(':E’ ZU) = PDQP(zO,%T)C (ZL', ZO)
+ EI[PD(X’T

DNB(zq,2br)¢’ ZO)

S B(Z()? Qbfr) \E(Z()? T)’ TDNB(29,2br)e < OO]

TDNB(2q,2br)¢

By Proposition 3.1, Lemma 3.7 and the doubling property, for € D N B(z, 2abr)°,

E.[Pp(X :

TDNB(zq,2br)¢”’ ZO)

€ B(z,20r) \ B(z,7)]

TDNB(zq,2br)¢

< < sup Pp(z, Zo)) P (X gy iy € Bz, 2br))

2€B(20,2br)\B(z0,7)

V(2br)

‘1 V(?‘) DNB(z0,2br)¢ < CZPDQE(ZO,%T)C(L ZO).

This finishes the proof. O

Proof of Theorem 2.1 Let a € (1,2) and choose b = a/2 + 1. Let D C B(z,7)¢ and let
u be a non-negative function on X which is regular harmonic with respect to X in D and
vanishes on B(z,7)° N (D" U D*8). Since B(z0,8r)¢ C B(z0, 4r)° N Bz, 2abr)°, it follows
from Proposition 3.8 and Lemma 3.9 that

u(z) < Pp(x, zo)/ u(y)m(dy) , r € DN B(z,8r)°,

B(z0,2ar)

with a constant depending on a. a

4 Finite boundary point

The goal of this section is to state an analog of Theorem 2.1 for finite boundary points.
Again, recall that assumptions A, B and C are in force. Recall that Ry € (0,00] is the
localization radius and that A and A are the generators of (P,) and (B,) in Co(X). The
processes X and X are not assumed to be conservative.

Similarly as in Section 2 we fix a point zyg € X which now serves as a boundary point of
an open set. For r > 0, we let V(r) = V(zg,r) := m(B(29,7)) and assume that the volume
function V' : [0, 00) — [0, 00) satisfies (2.1) and, instead of (2.2), we assume that there exist
c¢>1and ry € (0, Ryg| and ng € N with ng > 2 such that

Vngr) 2 cV(r), r<ro. (4.1)

We also assume the existence of an increasing function ® = ®(z,-) : [0,00) — [0, 00)
satisfying the doubling property (2.3) which again will be crucial in obtaining the scale
invariant results.
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Similarly as in Section 2 we introduce some additional assumptions. Recall the notation
D(K, D) from assumption B. In the following assumptions, rq is a number in (0, Ry).
B1-a(zg,r9): For any a € (1/2,1), there exists ¢ = ¢(zg, a) such that for any r < rg,

c

p(r) = inf sup max(Af(z), le\f(x)) <

FED(B(z0,ar),B(20,7)) z€X ®(r)

B1-b(zg,rp): For any a € (1/2,1), there exists ¢ = ¢(zg,,a) such that for any r < ry and
any f € D(B(zy,ar), B(z,7)),

max(Af(z), Af(z)) < V(r)j(z, 20), =z € A(zo,ar, (a+1)r).

B1-c(29,70): For any 1/2 < b < a < 1, there exists ¢ = ¢(zo, , a,b) such that for any r < r,

C

inf sup max(Af(z), ﬁf(x)) <

FE€D(A(20,br,ar),A(20,7/2,r)) zEX (I)(T) .

To assumption C we add

C1(z9,70): For any a € (1/2,1), there exists ¢ = ¢(a, 1o, 29) such that for r < ro, z €
B(zp,ar) and y € X\ B(z0,7),

~ ~

¢ j(20,y) < jl@,y) < cj(z0,v), ¢ (20,y) < 3(2,y) < cjz0.y), (4.2)

and

inf  min(j(z0,9), (20, 9)) > —— (4.3)

yeZ(zo,ar,r) V(’r‘)@(?”) .
Note that by assumption C1(zg, ), the function f in assumption B1-b(z, 7o) satisfies

max(Af (), Af (x)) < L ane (2)V (1) (z. 20) (4.4)

-~

for a constant ¢ = ¢(zg,a) > 0. In fact, for f € D(A) N D(A) such that f(z) = 1 for
7 € B(z,ar), f(r) =0 for z € X\ B(z,7) and 0 < f(z) < 1 for € X, we have

Af(f)lx\ﬁ(zo,(aﬂ)r)(x) = 1x\§(z0,(a+1)r) (I)/ f()i(z,y)m(dy)

B(zo0,r)

< 01%\§(zo,(a+1)r)(x)v(r)j(fv 20)-

The final assumption concerns Green functions of balls.

D1(2,7r0): For any a € (1/2,1) there exists a constant ¢ = ¢(zg,79,a) such that for all
r <To,

~ d(r
wp 5w max(Cn(#9), G (09) < ).
z€A(z,ar,r) yE€B(z0,7/2) (7">
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Theorem 4.1 Let zy € X. Assume that, in addition to A, B and C, the assumptions (2.1),
(4.1), (2.3), B1-a(zg,r0), B1-b(20,70), B1-c(20,70), C1(z0,70) and D1(zy,70) hold true for
some 1o € (0, Ro]. For any a € (1/2,1), there exists C; = Cy(z0,70,a) > 1 such that for
any r < 1o/ (2ng), any open set D C B(zy,r) and any non-negative function u on X which
is regular harmonic with respect to X in D and vanishes on B(zp,7) N (ﬁc U Dreg), it holds
that

crt ]EITD/ J(20, 2)u(z) m(dz) < u(x)
B(zg,ar/2)
<y EzTD/ J(z0, 2)u(2z) m(dz) (4.5)
B(zo,ar/2)¢

for all x € DN B(z,7/8).

As a consequence of Theorem 2.1, one immediately gets the following scale invariant
uniform boundary Harnack principle.

Corollary 4.2 (Boundary Harnack Principle) Let zy € X. Suppose that, in addition to
A, B and C, the assumptions (2.1), (4.1), (2.3), B1-a(zo,70), B1-b(zq,70), Bl-c(z0,70),
C1(z0,70) and D1(zy,ro) hold true for some ro € (0, Ro]. There ezists Cy = Co(zo,70) > 1
such that for any r < ro/(2ng), any open set D C B(zo,r) and any non-negative functions
u and v on X which are reqular harmonic with respect to X in D and vanish on B(zy,r) N
(D° U D), it holds that

uy) _ ulx) u(y)
Cy o(y) < o() < Cgv(y) : for all x,y € DN B(zy,7/8). (4.6)
5 Examples

Example 5.1 Let X = (X;,P,) be a purely discontinuous symmetric Lévy process in R?
with Lévy exponent W(&) so that

E, [eié'(Xt’ZO)} = 7tV t>0,2z€R:E R

Thus the state space ¥ = R?, the measure m is the d-dimensional Lebesgue measure and the
localization radius Ry = co. Assume that r +— jo(r) is a strictly positive and nonincreasing
function on (0, 00) satisfying

Jo(r) < cjo(r+ 1), r>1, (5.1)
for some ¢ > 1, and the Lévy measure of X has a density J such that

Y o(lyl) < J(y) < vdollyl),  yEeRY, (5.2)
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for some vy > 1. Since [;~ jo(r)(1 A r?)r*"*dr < co by (5.2), the function z — jo(|z|) is the
Lévy density of an isotropic unimodal Lévy process whose characteristic exponent is

wo(leh) = [ (1 = coste - u)inul) (5.9

The Lévy exponent W can be written as

W) = [ (1= cos(€ ) (0)dy
]Rd
and, clearly by (5.2), it satisfies
Y W([€]) < W(E) < Wo(f¢]), for all £ € RY. (5.4)

The function ¥y may not be increasing. However, if we put Wi(r) := sup,., Wo(s), then, by
[5, Proposition 2] (cf. also [14, Proposition 1]), we have

Wo(r) < Wi(r) < w2Wy(r).

Thus by (5.4),
()~ G(1€]) < W(€) < yT5(E]),  for all € € RY. (5:5)

Under the above assumptions, our process X obviously satisfies Assumptions A, B and C.
Let ®(r) = (¥g(r'))~!. Since X is a purely discontinuous symmetric Lévy process, we

can write down the generator A of X explicitly in terms of the Lévy density. Using this

explicit formula and [14, Corollary 1] one can easily check that Assumptions B1-a(zg, 1),

B1-b(z,79), Bl-c(20,79) and B2-a(zg,7) are also satisfied for all zy € R? and ry > 0.
Suppose now that W satisfies the following scaling condition at infinity:

H1: There exist constants 0 < §; < 0 < 1 and aq, as > 0 such that

> Wy(t) £ 22
) < <an | t>s>1. 5.6
o) = Ee(D) e o0

Then by [5, (15) and Corollary 22], for every R > 0, there exists ¢ = ¢(R) > 1 such that

C\IJO(T_l)

o1 \IJO(T_I)
rd

S Sdolr) <
Using (5.1), (5.7) and [24, Lemma 2.7], one can easily see that, there exists r; > 0 such
that Assumption C1(zg,79) and Assumption D1(zp, 7o) are satisfied for all z, € R? and
To S (0, 7”1].

Now we assume, instead of H1, that W, satisfies the following scaling condition at the

for r € (0, R). (5.7)

origin:
H2: There exist constants 0 < 03 < 04 < 1 and as, ay > 0 such that

£\ Wy(t) £ 20
— < < — <t<1. .
o(s) swmEal) - oesis o
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It follows from [5, Corollary 7] or [15, Theorem 2.2] (see [5, (15)]) and (5.2) that, there exists

¢; > 1 such that
Do (lz|™)

7)< viollal) < er 2D gor 2 ¢ B {0} (5.9)

We now prove a matching lower bound for j, away from the origin. The proof is similar
to that of [5].

Let Y be the isotropic unimodal Lévy process whose characteristic exponent is Wq(|£])
and x — pY(|z|) be its transition density. Let fi(r) := P(|Y;|* > r) for r > 0 and ¢t > 0.
Then, using [5, Lemma 4 and (13)], Lf;, the Laplace transform of f;, satisfies that for all
O<u<wv<l,

Lfi(v) 1 — e trV) 1 — e ™ tVo(Vuas(v/u)s -
< < < a7
L) < eV T mmmm S el/y e = /)
Thus, by [22, Proposition 2.3] and [5, Lemma 4],
P(|Y;| > 7) = fi(r?) > caLfi(r72) > 2c5(1 — e 100/, r>1. (5.10)
Let a > 2. Since r — p?(r) is decreasing, we have
P(r < |V <ar ¢ _
) 2 i O = P 2 ) BVl 2 an)). (511

B(0,ar)\ B(0,r)] ad—1

Let 7 > 1 and t¥§(1/r) < 1. Using (5.10), the inequality s/2 <1 —e~* < s for s € (0, 1],
and [5, Corollary 6], we get

2
P(|Y;| > 7) — P(|Y;| > ar) > estU3(1/7) — e_—el<2d+ )W (1/ar)
Us(1/ar)
> estWh(1/r)(1 — cp—2—2). 5.12
= Cs 0( /7')( C7 ‘113(1/7”) ) ( )
Choose a > 2 large enough so that for ar > 1,
v5(1/ar) 1 osy 1
— < 3, 5.13
Twglif ST o1
Then, combining (5.11)—(5.13), we obtain
pr(r) > estWo(1/r)r™d,  r>1/a,tW5(1/r) < 1,
which, together with (5.2) and the fact that J is the weak limit of p?, implies
J -1
J(x) >~y Yo(|z]) > CQM for |z| > 1. (5.14)

||

Hence, C2(z, 1) is valid.
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If d > 3, by [14, (14) and p. 26], the Green function G(z) of X has the following upper

bound:
C10
Glx)dr < ————.
/B(O,r) (w)de < Wo(r—1)

We further assume that there exists a positive constant ¢;; > 1 and a non-increasing function
r — Go(r) such that

cf11G0(|x|) < G(ac) < CnGo(‘iU’), r € R (5.15)

Then we have that for all z € RY,

G(z) < enGollz]) < crale| ™ / Go(lyl)dy

B(0,]x)

_d C12€13C10
< cnenlal /B(O’xl) Glu)dy < e (5.16)

It follows immediately from (5.9), (5.14) and (5.16) (when d > 3) that C2(zg,ry) and
D2(z,79) are satisfied for all zy € R? and all ry > 1. We remark here that, by [20, Lemma
3.3], the upper bound G(z) < TGy (a1 olds for d > 264 when X is a subordinate Brownian
motion whose Laplace exponent ¢ is a complete Bernstein function and that & — ¢(|€]?)
satisfies Assumption H2.

Using Assumption H2 and the explicit form of the the generator, one can easily check that
Assumption B2-b(z, ) is also satisfied for all zp € R? and all 7o > 1 (e.g. see [23, (3.4)]).
Thus, under the assumptions above, B2-a(zy, 179), B2-b(zg,70), C2(20,7r0) and D2(z, 19) all
hold.

Suppose that « € (0,2). The subordinate Brownian motion in R? via a subordinator with
Laplace exponent ¢(A) = log(1 + A%/?) is called a geometric a-stable process. Let ¢(M()\) =
log(1 + A*/2). For n > 1, let ¢ ()\) = ¢ (¢~ (N)). A subordinate Brownian motion in
R? via a subordinator with Laplace exponent ¢(™ is called an n-iterated geometric a-stable
process. It is clear that geometric a-stable and n-iterated geometric a-stable processes
satisfy condition H2 and (5.15) and, again by [20, Lemma 3.3], for d > 2a the upper bound
G(z) < MW holds. Hence, for the geometric a-stable and n-iterated geometric a-
stable processes, B2-a(zg, 1), B2-b(zg, r9), C2(z0,79) and D2(zg,7¢) all hold.

Example 5.2 Suppose that a € (0,2), d > 2 and that X = (X;,P,) is a strictly a-stable
process in RY. Let S be the unit sphere S = {x € R?: |z| = 1}. For a € (0,1), X is strictly
a-stable if and only if X is a Lévy process with Lévy exponent

(€)= /S A(db) /0 00(1—eir9'f)r—1-adr

for some finite measure A on S. For a« = 1, X is strictly a-stable if and only if X is a Lévy
process with Lévy exponent

WO = [ N9) [T (1= e ing - €Lanr 4 iy
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for some v € R? and some finite measure A on S satisfying [, 6A(df) = 0. For o € (1,2), X
is strictly a-stable if and only if X is a Lévy process with Lévy exponent

\I/(f) = /S/\(dQ) /000(1 _ 61‘1"9'5 +irf - 51(0,1])7"_1_ad7“

for some finite measure A on S.

It follows from [27] that every semipolar set of X is a polar set. We will assume that A has
a density with respect to the surface measure o on S which is bounded between two positive
numbers. Since X is a a strictly a-stable process, it automatically satisfies Assumption A.
Let ®(r) = r®. By our assumption, it is obvious that Assumptions C, and C1(zg,ro) and
C2(29,19) are satisfied for all zp € R? and ry € (0,00). It follows from [31, (4.3)] that
D1(z, 1) and D2(z, 1) are satisfied for all z5 € R? and ry € (0,00). Since the generators
of X and its dual can be written out explicitly, one can easily check that Assumptions B,
B1-a(zg,r0), B1-b(zg,70), Bl-c(20,70), B2-a(zg,79) and B2-b(zg,ry) are satisfied for all
20 € RY and ry € (0,00).

Example 5.3 Suppose that (X,d,m) is an unbounded Ahlfors regular n-space for some
n > 0. Assume that d is uniformly equivalent to the shortest-path metric in X. Suppose
that there is a diffusion process Z with a symmetric, continuous transition density pZ(x,y)
satisfying the following sub-Gaussian bounds

c d(z,y dw \ 1/(dw—1)
tn/ldw exp <_CQ <((+) < ptZ(x7y>

/(dw—1)
s (d(z,y)™ '
S tn/—dwexp <_C4 (f ) (517>

for all x,y € X and t > 0. Here d,, > 2 is the walk dimension of the space X. Let T
be a subordinator, independent of Z, with Laplace exponent ¢. We define a process X by

Xy = Zr,. Then X is a symmetric Feller process and Assumption A is clearly satisfied.
In this example, we will assume that the Laplace exponent ¢ is a complete Bernstein
function satisfying the following assumption:

H: There exist constants 0 < d; < do < 1 and ay, as > 0 such that

(D) =8 <a (B ezes0 519

Under this condition, by using [22, Corollary 2.4 and Proposition 2.5] and repeating the
argument of [22, Lemmas 3.1-3.3] we obtain that that the jumping intensity J of X satisfies

J(z,y) < d(z,y) "o(d(z,y)" ™), zyeX

and that, when 26, < n/d,,, X is transient and its Green function G satisfies
G(z,y) < d(z,y) " (o(d(z,y) ™)™, z,yeX.
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Using these, one can easily see that Assumptions C, and C1(zg,7¢), C2(z0,70), D1(z0,70)
and D2(zg, 7o) are satisfied for all zg € X and 9 € (0,00). By using [7, Proposition A.3]
and repeating the argument of [7, Corollary A.4], one can easily show that Assumptions B,
B1-a(z, o), B1-b(29,70), B1l-c(29,70), B2-a(zg,79) and B2-b(zg, 7o) are satisfied for all
zp € X and 1y € (0,00).

Example 5.4 Suppose that T is a subordinator with Laplace exponent ¢. In this example,
we will assume that the Laplace exponent ¢ is a complete Bernstein function satisfying the
assumption H in the previous example.

Suppose that W is a Brownian motion in R?, independent of T, with generator A. The
process X defined by X; = Wy, is a subordinate Brownian motion. X is a symmetric Lévy
process with Lévy exponent ¢(|€]?) and its Lévy density is given by Jy(x) = jo(|z|) with

o0 T2
i) = [ty e T, o
0
where p(t) is the Lévy density of T'. It follows from [22, Theorem 3.4] that
jolr) =< r~%e(r™?),  r>0. (5.19)

Suppose that k(z,y) is a symmetric function on R? x R? which is bounded between two
positive constants. The symmetric form (£, C?(R%)) on L*(R?) defined by

E(f.9) = /Rd /Rd(f(@ — f)(g(x) — g(y)k(z, y)jo(|z — y|)dxdy

is closable, and so its minimal extension (€, F) is a regular Dirichlet form. Let X be the
symmetric Markov process on R associated with (£, F). It follows from [11] that X is a
conservative Feller process and it admits a transition density p(t, x, y) satisfying the following
estimates: for all (¢,7,y) € (0,00) x R x RY,

@M A (ol —yl)) < pt,x,y) <c (@) A Eiollz —yl))) (5.20)
where ®~! is the inverse of the function
1
P(r) = ) r > 0.
=50

When d > 209, X is transient and its Green function G(x,y) satisfies

1
R T )

If we further assume that the first partial derivatives of k are bounded and continuous
on R? x RY, then for f € C?(RY), the generator A of X admits the following expression

r#yecR

Af@) = [ (1 +9) = F(@) =y ¥ F@) L)k, a)in( )y
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+ /Rd(f(x +y) = f(2)(k(z, z +y) — k(z,2))jo(ly[)dy. (5.21)

Using (5.19)—(5.21), one can easily check that Assumptions A B, Bl-a(zy,r,), B1-
b(zo,70), Bl-c(20,70), B2-a(zy,70), B2-b(z0,70), C, C1(20,70), C2(z0,70), D1(z0,70) and
D2(z, 1) are satisfied for all 2z € R? and ry € (0, 0).

6 Limit of Green functions at regular boundary points

Suppose that D C X is an open set. In this section, we will prove that, under some as-
sumptions, the Green function Gp(z,y) of X approaches zero when z approaches a point
z € 0D which is regular for D¢ with respect to X.

Proposition 6.1 Suppose that X is a Hunt process on X satisfying both the Feller and the
strong Feller property. If z is a reqular boundary point of D and f is a bounded Borel function
on D¢ which is continuous at z, then

ihm E, [f(XTD);TD < OO] = f(Z)
D3>z—z
Proof. Note that, since z is a regular boundary point, P,(7p = 0) = 1. By [12, Lemma 3],
for every s > 0,
limsupP,(mp > s) < P,(7p > s) =0.

r—z
Thus, for every s > 0,
limP,(mp > s) = 0. (6.1)

T—z

In particular, lim,_,, P,(7p < oo) = 1. Thus it is enough to show that,

ihm Eoc Hf(XTD) - f(2)| “Tp < OO] <€ (62)

D3>zx—z

for arbitrary € > 0.
Given ¢ > 0, choose § > 0 such that

[f(w) = f(2)] <

, for every w € B(z,9).

DO ™

Now we have for every s > 0 and = € B(z,0/2),

E. [If(Xrp) = f(2)] : Tp < 7]
E, Uf(XTD) —f(z)|:mp < TB(z,(S)] + E,; Uf(XTD) — f(2)|: TB(z8) < TD < OO]

€

< §IP’I(TD < TB(20)) + 2| fllocP2(TB(z8) < 5 01 5 < Tp)
€

< 5 + 2Hf||oo(Pz(TB(275) < S) + Pm(s < TD>).
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It follows from [12, Lemma 2] that there exists an s > 0 such that

3

sup  Pu(Tpzs/2) < 5) < -
+€B(2,8/2) Al flloo

Using (6.1), we get

lim E,[|f(X;,) — f(2)] : 7 < 00] < e+2[flloc _lim P,(s < 71p)=c¢.

Doz—z D3>z—z

We have proved (6.2). O
The following result will be used in [25].

Proposition 6.2 Suppose that X is a Hunt process on X satisfying both the Feller and the
strong Feller property and that for all Greenian open sets V', x — Gy (x,y) is continuous in
V\{y}. If D C X is an open set, z; € OD is reqular for D¢ and there exists ro > 0 such
that D U B(z1,r9) is Greenian, then for all y € D,

lim Gp(z,y)=0.

D3>z—z

Proof. Fix y € D and choose m < 19/2 small enough so that y € B(z1,4r;)° N D. Let
Uy = DU B(z,r1) and Uy = D U B(z1,2r;) which are both Greenian. Then, by our
assumption, x — Gy, (z,y) are continuous in U; \ {y}.

By the strong Markov property we have

GD(I7y> - GUl (:E,y) - ElU[GUl(XTD?y)]'

The function w — Gy, (w, y) is bounded on D°. Indeed, using domain-monotonicity of Green
functions and continuity of Gy, (+,y) on Us \ {y},

sup Gy, (w,y) < sup Gy (w,y) < sup  Gu,(w,y) < .
weDe weB(z1,r1) weB(z1,r1)

Since = — Gy, (z,y) is continuous at z1, by Proposition 6.1, we have

lim GD(x,y) = GUl(Z,y) — lim Ex[GU1(XTD7y)] =0.

D>x—2z1 D3>x—2z1

The following result is quite general.

Proposition 6.3 Suppose that X is a Hunt process on X satisfying both the Feller and the
strong Feller property.

(a) If U C X is open and u is a bounded Borel function on U°, then the function x
E.[u(Xs,); v < o] is continuous in U.
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(b) Assume further that X satisfies the Harnack principle in the sense that, for any z,
there exists ro > 0 and ¢ > 0 such that for every r € (0,19) and every function u which is
nonnegative on X and harmonic in B(zy,r) with respect to X, it holds that

u(z) < cul(y), x,y € B(z1,1/2).

Then, if h is a nonnegative function on X which is harmonic in an open set D C X with
respect to X, then h is continuous in D.

Proof. Part (a) follows from [28, Theorem 3.4]. Note that although [28, Theorem 3.4] is
stated for the case X = RY, the argument there works generally. Now one can repeat the
argument after [24, Theorem 2.1] to get the conclusion of (b). O

Corollary 6.4 Suppose that X is a Hunt process on X satisfying both the Feller and the
strong Feller property and X satisfies the Harnack principle. Assume that D C X is an
open set, that zy € OD is reqular for D¢ and there exists ro > 0 such that D U B(zy,71¢) is
Greenian. Then for ally € D,

lim Gp(z,y)=0.

D3z—2z
We now weaken the Greenian assumption.
Proposition 6.5 Suppose that X satisfies Assumption A and that, for every z; € X, there
is ro > 0 such that the conclusion of Corollary 4.2 (BHP) holds. Assume that D C X is an

open Greenian set, that zy € 9D is reqular for D¢ and the open balls B(z,r) are Greenian
for all r > 0. Then for ally € D,

lim Gp(z,y) =0.

D>x—2z1

Proof. Fix y € D and let r; = 2d(z1,y) and U = D N B(z1,r1) which is Greenian. By the
strong Markov property we have

Gp(z,y) = Gu(z,y) + B[ Gp(Xry, y)].

The BHP assumption implies that X satisfies the Harnack principle. Moreover, the open set
UU B(z1,71) = B(z1,r1) is Greenian. Therefore we can apply Corollary 6.4 and get

lim Gy(z,y)= lim Gy(z,y)=0.

Do>x—2z Udx—2z1

Define
w(x) =P, [X;, € U\ B(21,m); 70 < 9], xz e U.

It follows from Proposition 6.1 that

lim w(x)=0. (6.3)

Usx—2z1
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Note that © — E,[Gp(X,,y)] and w are both regular harmonic in U, vanish in B(zy,7r1) N
(U° U U™9). Now we can combine (6.3) with the BHP to get

lim E,[Gp(X,,,y)] =0.

Usx—2z1

Therefore

lim GD(x,y): lim GU(%ZJ)"‘ lim EI[GD(XTwy)]:O'

D3>x—2z Usx—2z1 Usx—2z1

7 Appendix

In this section we present the proof of Theorem 4.1. Throughout this section, zy is a
fixed point in X. We will always assume in this section that, in addition to A, B and
C, the assumptions (2.1), (4.1), (2.3), Bl-a(zg,r0), B1-b(z0,70), B1-c(20,70), C1(20,70)
and D1(zg, ) hold true for some 7y € (0, Ry]. Recall that ng is the natural number in (4.1)
. In the next result we understand ro/(2ng) to be 0o if ry = 0.

Proposition 7.1 There ezists a constant ¢ = c¢(29,79) > 0 such that for all v < ro/(2n0)
and all © € B(z,7), ExTp(zpr) < c®(r).

Proof. Let r < r9/(2ng), denote B = B(zp,r) and let F(t) := P,(7p > t). First note that
if y € B, then by C1(z0,70), j(v,2) > c1j(20, 2) for all z € A(z, 2r, 2ngr). Hence,
J(y, X\ B) > J(y, A(z0, 27, 2n07)) > c1J (20, A(20, 27, 2n07)) .

In the same way as in [7, Proposition 2.1], —F'(t) > ¢;J (20, A(20, 21, 2nor)), implying that

F(t) < exp{—tc1J(z0, A(20, 27, 2nor)}. Hence,
— -1
]ECCTB(Z(),T‘) < (Cl J(Z07 A(ZO7 27,.7 27107“))) : (71)

By using C1(zg,79) and the monotonicity of V' and @ in the first line, (2.1) and (2.3) in the
second line, (4.1) in the third, we get

Co

J (29, A(z0, 27, 2nor :/ J(z0, 2)m(dz 2/ —————m(dz
( 0 ( 0 0 )) A(z0,2r,2n07) ( ° ) ( ) A(z0,2r,2n07) V(HOT)(I)(HOT') ( )
c3 ez (V(2nor) )
> — B mdz) > ( 1
S 7™ 37 (731
Cq

o(r)’

Together with (7.1) this proves the claim. O
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Let a € (1/2,1). For each r < 7y, we consider a function o™ € D(B(z,ar), B(zo,7)),
and let V(" = {z € X : ¢ (2) > 0}. Note that, by choosing ¢ appropriately, we can
achieve that (") := sup, .y max (A¢" (), Agp™ (z)) < ¢/®(r), where ¢ = ¢(z0,70,a) is the
constant in assumption Bl-a(zg, ro).

In what follows, our analysis and results are valid for all » < ry with constants depending
on a € (1,2), but not on r. To ease the notation in the remaining part of the section we
drop the superscript 7 from ¢ and V) and write simply ¢ and V.

Let

max(Ap(z), Ap(x), 5(1 — p(x)))
o(2) ’

with the convention 1/0 = oo. Note that ¢(z) = oo for x € V¢, and ¢(x) = 0 for x €
Bz, ar).
As in Section 3 we define two right-continuous additive functionals A; and A; as in

U(z) = r € X, (7.2)

(3.2) and define two right-continuous exact strong Markov multiplicative functionals M; =
exp(—A;) and M, = exp(—A;). We consider the semigroup of operators T} f (z) = E, (f(X,)M,)
associated with the multiplicative functional M, which is the transition operator of subpro-
cess X¥ of X and the semigroup of operators Td’ f(z) = E4(f(X,)M,) associated with the
multiplicative functional M which is the transition operator of subprocess XY of X. Again,
the potential densities of X¥ and X" satisfy G’Z’(x, y) = G¥(y,z) and

Gw(may) S GV<x>y) S GB(ZQ,T)(x7y)a (l’,y) eV xV (73)

Let 7, =inf{t >0: A; > a} and

Pf(e) = B, [ F(X)dM, = ( / f(Xn, —“da>= / E.(f(X,,))e "da. (74)

[0,00)

Recall from [7, pp. 492-493] that 7¥f can be written in the following two ways: if f is
nonnegative and vanishes in X\ (B(zp,ar)°NV), then

7 f(2) = GH () () = / e iwmdy), ceV,  (75)
VNB(zp,ar)c
and if f € D(A) vanishes in V then for all z € V,
7 f(2) = GPAf(x) = /V G (2, ) Af (y)m(dy)
- / Gay) [ 12y 2)mldz)m(dy)
1% x\V

/3€ . ( /V G (w,)j(y, z)m (dy>> f(z)m(dz). (7.6)
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By Corollary 4.8 of [7], we have
™(x,0V) =0, ax€V. (7.7)

By [7, Lemma 4.10], we get that if f is regular harmonic in B(z,r) with respect to X,
then f(z) = 7% f(x) for all z € B(z,7/2). The main step of the proof is to get the correct
estimate of w¥(x, dy)/m/(dy).

Let U be an open subset of V. For any nonnegative or bounded f and x € V we let

7 f () = Balf (Xoy )Moy, ), Y f(2) = E, / ") Mt

Gg admits a density Gg(x,y), and we have Gqf,(x,y) < Gu(z,y), Gg(x,y) < GY(x,y). For
any f € D(A) we have

T f(x) = G(A =) f(z) + f(x), rev. (78)
In particular, by an approximation argument,
Tz, B) = / G (z,y)J (y, BYm(dy), reU ECX\U. (7.9)
U

By the definition of ¢, we have that (A — ¥)¢(x) < 0 for x € X (and, in particular, for
all z € V). Thus using (3.8), we have the following.

Lemma 7.2 ([7, Lemma 4.4]) Let U =V N B(zy,ar)¢. Then
oz, V\U) < o(z), xel. (7.10)

Lemma 7.3 Let b € (1/2,a). There exists a constant ¢ = c(a,b) > 0 such that

GY(z,y) <c

o(z), =€V NB(z,br), ye€ B(z,7r/2).

Proof. If x € A(zy,br,ar), then ¢(z) = 1. Thus, by Assumption D1(zg,7¢), for z €
A(zg,br,ar) C A(z,br,r) and y € B(z,7/2),
O(r) ®(r)

Gw(q:,y) < GV(%ZU) < GB(zo,r)(any) <G~ = Clm

70 p(z),

with ClT = C (b)
For the remainder of the proof we assume that U := V N B(z,ar). Let f > 0 be

supported in B(zg,7/2) with [ f(w)m(dw) = 1. Then, by the strong Markov property,

G f () = 7E(GY (@) = T (L prar) G ) @) + T (Lpeair GV ) (@) = T+ 1.

28



First note that by D1(zg,70) and (7.3), for y € A(z, br, ar),

o(r)

i w) f(w)m(dw Bz (Y, w) f(w)m(dw) < cg———=.
s [ awemdn < [ Gy wfwmi < o

Thus, combining this with Lemma 7.2 we get

- ( Tonrs P )> w8 Ao, b ar)) < e N b, Bz, ar) < e ().

(z0,br,ar) V<T) N V<T)
For 11, note that by C1(zg, 7o), for every z € B(z, br),
| Gty zo) midy) < ey [ Gty 2) mldy)
U U

for a constant ¢3 = c3(a,b). By integrating over the ball B(zg,br), using the doubling
property of V| Lemma 7.2 and (7.9), we obtain that

Cy

| Gt it mimiay) < i [ ] Gt i mids) mas)

e ( [, i) ) ) mld)

= V(T)WU(J? , B(29,0r)) < m@($)7

with ¢4 = ¢4(a,b). Thus, by using C1(zg, 7o) in the third line and the display above in the
last line,

- /wa/ | I2G) mld) miay)

_ / R ([ 6 it mian) ) miaz)
<« / (ZO,bT)wa ([ cttenstnymian) maz)

Ce

< goe@ [ G mid),

Finally, by using the dual version of Proposition 7.1,

/B(zo,br) GVf(z)m(dz) < /B(W/Q) (/B(W) Gv(z,y)m(dz)) Fly) m(dy)
/B(zw/2) (/B(zo,r) atann (2 Y) mWZ)) f(y) m(dy)

— / Ey(TB(ZO,T))f(y) m(dy) < C7CI><T) ’
(z0,7/2)

IN

This completes the proof. O
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Lemma 7.4 There exists a constant ¢ = c(a, zo) > 0 such that for all x € B(z,1/2),

71—7/1<x7 dy)/m(dy) < C‘I)(T)j(207 y)lﬁ(zg,ar)c (y) : (711)
Proof. Let b:= 2% so that b € (1/2,a). First note that ¢ vanishes on X\ B(z,ar). Thus
™ (y, B(zy,ar)) =0, yeV. (7.12)

Fix x € B(z0,7/2). If f is a non-negative function on X vanishing in X\ (B(zo,ar)*N V),
then by (7.5) and the dual version of Lemma 7.3 (together with G¥(x,y) = G¥(y, z)),
" P(r)
i) <as < P (y)f (y)m(dy)- (7.13)
V<T) VNB(zo,ar)°

Since for y € B(zg, ar)° we have ¢(y)¢(y) < c2(®(r))~! by the definition in (7.2), assumption
B1-a(z,7) and (4.3) (note that V N B(zy, ar)® C A(zo,ar,7)), we get

7 f(x < m cyP(r ) (20 m . .
fa) <55 [ o (@) < o) / o dCenfwmd). (11
On the other hand, if g € D(.A) vanishes in V' then by (7.6),

wgta) = [ ., ([ & @mit i) ottt (7.15)

Assume z € X\ V C B(zg, ar)® and let

I;:/ B GY(z,9)j(y, z)m(dy) and II ::/ G (x,9)j(y, z)m(dy).
VNB(zp,br)c B(

20,br)
We now consider I and 1] separately.
By the dual versions of Lemma 7.3 and (4.4), and the fact that Ap(z) = Jp(z), for
cq4 = cq4(a) >0

o(r) o(r) 7

I< C4V(r) /\/mB(zo,br)c o(y)jily, z)m(dy) = C4V<T)Ago(z) < ¢j(z0, 2)P(r). (7.16)

On the other hand, by assumption C1(zg, 7o) and (7.3), for cg = cg(a) > 0
n<e [ G yitamd)
B(z0,br)

< e5j(z0, ) / G oo (2, y)m(dy)
B(zo,r)

= ¢5J(20, 2)EaTBz0r) < C6J(20, 2)P(r) . (7.17)
Hence,
wg(o) < () [ jCea,2)g(2) m(de).
x\V
Together with (7.14) this proves the lemma. 0
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Corollary 7.5 Let f be a non-negative function on X and x € B(zy,r/2) such that f(x) <
E, f(X:) for every stopping time T < Tp(zr). Then

F(x) < cd(r) / 3(z0,9) f(y)m(dy) (7.18)

B(zo,ar)°

where ¢ = c(a) is the constant from Lemma 7.4.

Proof. Recall from (7.4) that 7% f(z) = [;° E.(f(Xr,))e “da. Since 7, < 7 < Tz, We
have that f(z) < E,f(X,,), and therefore f(z ) < 7y f(z). Thus by (7.11),

/ F(y) (e, dy) < B (r) / §(z0,9)f(y)m{dy) .

B(zo,ar)¢

Lemma 7.6 For any b € (1/2,a) there exists ¢ = (29,79, a,b) > 0 such that for any r < rg
and any open set D C B(zg, br) we have

P, (X;, € A(zo,br,ar)) < E.mp, z € DN B(z,7/2) .

o(r)

Proof. Let f € D(A(z,br,ar), A(zo,r/2,7)). By assumption B1-c(z0,70), supyex Af(y) <

5y With ¢ = (20, a,b). By Dynkin’s formula, for x € D N B(zo,7/2),
™ c
E.f(X.y) :Ex/o At < Gy,
The claim follows from 1z, 44 < [- a

Proposition 7.7 Let b € (1/2,a). There exists ¢ = ¢(zo,70,a,b) > 1 such that for any
r < 19, any open set D C B(zy,r) and any non-negative function u on X which is regular
harmonic with respect to X in D and vanishes on B(zy,r) N (ﬁc U Dreg), it holds that

By T ) / J(z0, 2)u(z) m(dz) < ula)

B(zo,ar/2)¢

< ExTDﬂB(zo,br/2) | j(207 z)u(z) m(dz) (719)
B(zo,ar/2)¢

for all x € DN B(z,7/4).

Proof. Let O := D N B(zy,br/2), Dy := A(z,br/2,ar/2) and Dy := B(zg,ar/2)¢. By the
harmonicity of wu,

u(z) = Ey[u(X5,)] = Ex[u(Xs) : Xop € Dh] + Ep[u(Xs,) : Xop € Do), €D, (7.20)
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Since u vanishes on B(zg, )N (ﬁc U D), it follows that u(y) < E,u(X,) for every stopping
time 7 < (s, and every y € B(z,7) \ D™, Since D' is polar with respect to X, we see
that X, ¢ D"™. Tt follows from Corollary 7.5 and Lemma 7.6 that for all z € DN B(z,7/4),

E,[u(X;,) : Xr, € Dq] < ( sup u(y)) P.(X;, € D1)

yeDl\Dirr
< (B, 70)D(r/2) / (20, 2)u(2) m(d=) (7.21)
@(T) B(zo,ar)c
< Cl]ExTo/ J(20, 2)u(z) m(dz) (7.22)
‘B(zo,ar/2)¢

with ¢; = ¢1(a,b). On the other hand, by assumption C1(zg, 1), for all x € D N B(zy,7/4),

E.[u(X,,) : Xr, € Dy] = / /O Go(x,9)j(y, 2)m(dy)u(z)m(dz)

B(zo,ar/2)°

= [ [ Gole.it, m(dy)ut:)m(d
B(zo,ar/2)¢ JO

=E,70 / 7 (20, 2)u(z)m(dz). (7.23)
‘B(zo,ar/2)¢

The proposition now follows from (7.20)—(7.23). O

Lemma 7.8 For any b € (1/2,a) there exists ¢ = c(a,b) > 0 such that for every r <
ro/(4ng), and every open set D C B(zg,2r),

ExTDﬁB(zo,br) < ECL‘TD < C]E:ETDQB(ZQ,IW) ) reDn B(Z07 abr) :
Proof. First note that by the strong Markov property,
E,7p = EwTDﬂB(zo,br) + E; [EX"DOB(ZO,I;T) TD] .

By Proposition 7.1, Lemma 7.6 and doubling property of ®, for x € D N B(z, abr),

BB gy ) S (SUPEYD)Pe (Xrpny ) € Blio,br)°)
y
c
< CI(I)(QT)WZT)ExTDﬁB(ZO,bT) < C3E$TDOB(z0,bT) .
This finishes the proof. O

Proof of Theorem 4.1 Let a € (1/2,1) and choose b := 1—?-(1211 so that b € (1/2,a). Let D C

B(zp,r) and let u be a non-negative function on X which is regular harmonic with respect to
X in D and vanishes on B(zg, )N (EC U D). Since B(z,r/8) C B(zo,7/4) N B(z0, abr/2),
it follows from Proposition 7.7 and Lemma 7.8 that

u(z) < ExTD/ J(z0, y)uly)m(dy), r € DN B(z,1/8),

B(zo,ar/2)°
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with a constant depending on a. a
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