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HEAT KERNEL ESTIMATES FOR MARKOV PROCESSES IN BOUNDED

SETS WITH JUMP KERNELS DECAYING AT THE BOUNDARY
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ABSTRACT. In this paper, we study two types of purely discontinuous symmetric Markov
processes X in bounded smooth subsets of R%: conservative processes and processes killed
either upon approaching the boundary of the set or by a killing potential k. The jump kernel
of X is of the form J(z,y) = B(z,y)|z — y| ¢, a € (0,2), where the function B(z,y) decays
to 0 at the boundary and is described in terms of two O-regularly varying functions and one
slowly varying function. Under the conditions, introduced in [I7], on B(z,y) and on the killing
potential k, we establish sharp two-sided estimates on the heat kernel of X: in Lipschitz sets
when X is conservative, and in C1'! open sets for the killed process.
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1. INTRODUCTION

1.1. Introduction and background. Let D be an open subset of the Euclidean space R,
The general theory of non-local singular operators of the type

(L) L@ =t [ () S@)Bale -l
and
(1.2) Lf(z) = LEf(z) - w(z)f (),

where the function B(z,y) vanishes at the boundary of D and the killing potential £ may be
subcritical or critical, was very recently developed in [I7]. The kernel of the operator is given
by J(z,y) := B(z,y)|z — y|~%*, and it decays to zero at the boundary of D. In the case when
D is a C1! open set, the main results obtained in [I7] include the boundary Harnack principle
(and its possible failure), as well as sharp two-sided Green function estimates.

The goal of the present paper is to essentially complete the study in [I7] by establishing
sharp two-sided heat kernel estimates, or, in probabilistic terms, sharp two-sided estimates of
the transition density of the associated jump Markov process, in case D is sufficiently smooth
and bounded.

Qualitative knowledge of heat kernels has numerous important consequences in partial dif-
ferential equations, probability, functional analysis, and geometry. Among the many papers
devoted to this topic, we mention [ [3, [4] [8] [0} T0L [1T), 12], 13}, 14}, 21, 22]. In all of these works,
the function B(z,y) is assumed to be bounded between two positive constants, which can be
viewed as a uniform ellipticity condition for the operator Lg . As a consequence, the main
contribution to the heat kernel at time ¢ comes from a single (large) jump from x to y.

An example of a Markov process with a jump kernel J(z,y) decaying at the boundary is
a o0-stable, d € (0,2], process killed upon exiting an open set D, subsequently subordinated
by an independent v-stable subordinator, v € (0,1). The generator of the resulting process
is —((—A)%2|p)7, which reduces to the spectral fractional Laplacian —(—A|p)? when § =
2. Spectral fractional Laplacians have been studied intensively in recent years in the PDE
literature, see, for instance, [5l [0l [7, 23] and the references therein. Potential theory for this
type of Markov processes was studied in [24, 25]. In the case § € (0, 2), there were two surprising
results in [25]: (a) the jump kernel of the process exhibits a phase transition at v = 1/2 and
(b) the boundary Harnack principle holds for v € (1/2,1) and fails for v € (0,1/2]. The sharp
two-sided heat kernel estimates established in [I5] revealed a somewhat anomalous qualitative
behavior, quite different from that of the uniformly elliptic case.

The surprising results in [15], 26] motivated us to consider general operators of the form (|1.1])
and . We first studied the case when D = R‘j_, the upper half-space, and the corresponding
Markov processes are self-similar, see [26, 27, 28, [16]. The function B(x,y) was assumed to
depend on the distance between the points x and y, as well as their distances to the boundary,
and on four parameters 1, 82, 83, B4 that roughly govern the strength of the boundary decay
of B. The boundary Harnack principle (and its possible failure) together with sharp two-
sided Green function estimates were established in [27], while the more delicate heat kernel
estimates were obtained recently in [16]. In the case when the killing potential x(-) = 0 and the
corresponding process is conservative, it was shown that when both points x and y are close
to the boundary, the usual “one big jump” form of the heat kernel estimates no longer holds.
Moreover, depending on the relationship between the parameters 81, f2 and «, it may happen
that the dominant contribution to the heat kernel arises not from a single jump, but from two
jumps. In the case when the corresponding process is not conservative, the usual approximate
factorization property was established, with a decay rate depending (in a rather intricate way)
on the killing potential «.
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The present paper generalizes the results of [I6] in two directions. First, the upper half-
space R‘j_ is replaced by a bounded smooth set D C R? (either Lipschitz or C*!). The main
difficulty in this setting is the lack of scaling. The general framework addressing this problem
was developed in [I7] and will be briefly reviewed below. Second, instead of power and loga-
rithmic functions (governed by the parameters 1, 52, 53, 84), we consider functions satisfying
appropriate weak scaling conditions, thereby allowing for some oscillations. The corresponding
theoretical foundation was again established in [I7].

Below we describe the setting and state the main results of the paper, first for the conservative
case, and then for the killed case.

1.2. Conservative case. Let D C R? d > 2. be a Lipschitz open set with localization radius
R and Lipschitz constant Ag (see Definition (1) for a precise formulation). Denote by D
the closure of D, and by dp(x) the Euclidean distance between z and the boundary 0D. We
will assume that the jump measure of the process Y, which we will construct, is absolutely
continuous with respect to the Lebesgue measure on D. Since D is Lipschitz, the Lebesgue
measure of dD is zero and the value of the jump kernel on 9D does not matter. Let « € (0, 2).
We consider the symmetric bilinear form

1
E)i=g [[ ) = um) o) - o)

where B: D x D — (0,00) is a symmetric bounded Borel function.

For a Borel set A C R? and p € [1, 00], we denote by LP(A) the space LP(A, dx) and by Lip,(A)
the family of all Lipschitz functions of compact support in A. Note that, by the boundedness of
B, £%wu,u) < oo for all u € Lip,(D). Let F be the closure of Lip,(D) in L?(D) = L*(D) under
the norm (£9)'/2, where £ := £° + H-||%2(D). Then (€%, F) is a regular Dirichlet form on L?(D)
which is irreducible and conservative, see [20, Chapter 1] and [I7]. Associated with the regular

Dirichlet form (£°, F), there is a _conservative Hunt process Y = (Y, t > 0;P,,x € D\ N).
Here N is an exceptional set for Y.

B(z,y)

o —yitre

We now recall the notion of scaling conditions and Matuszewska indices.

Definition 1.1. Let ® be a positive function on (0, 1].
(i) We say that ® satisfies the upper scaling condition with index B € R at zero if there exists
a constant C' > 1 such that

O(r)/®(s) < C(T/S)B forall0 < s <r<1.

The upper Matuszewska index B* at zero of ® is the infimum of all B such that ® satisfies the
upper scaling condition with index S.

(ii) We say that ® satisfies the lower scaling condition with index B € R at zero if there exists
a constant C > 1 such that N

(r)/®(s) > C Yr/s)E forall 0 <s<r<I1.

The lower Matuszewska index 3 at zero of @ is the supremum of all 3 such that ® satisfies the
lower scaling condition with index §.

Functions of the type described in Definition [1.1] are often referred to as O-regularly varying
functions; see, for example, [2].

A positive function @ is said to be almost increasing (resp. almost decreasing) on the interval
(0,1], if there exists C' > 1 such that ®(r) > C~! SuPge(o,,) P(s) (vesp. @(r) < Cinfye(g,r) P(5))
for all » € (0,1]. Note that ® is almost increasing on (0, 1] if and only if ® satisfies the lower
scaling condition with index 8 > 0, and ® is almost decreasing on (0, 1] if and only if ® satisfies

the upper scaling condition with index 5 < 0.
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Let ®; and ®9 be almost increasing positive Borel functions on (0, 1] with the lower and upper
Matuszewska indices (1, 57) and (B2, 85 ) respectively. Note that it holds that 57 > 51 > 0 and
B5 > P2 > 0. Let ¢ be a positive Borel function on (0, 1] with the following property: for any
e > 0, there exists a constant C' = C(g) > 1 such that

—eNB1 eNB2
(1.3) c! (T> < iET; < C(T> forall 0 <s<r<1.
s s s

Note that ¢ is almost increasing if 51 = 0, and £ is almost decreasing if 8o = 0. We extend the
functions @1, ®, ¢ to (0,00) by setting ®1(r) = Po(r) = £(r) =1 for all » > 1.
We consider the following condition which coincides with the assumption (B4-c) in [17].

(A1) There exist comparison constants such that for all z,y € D,

B, y) = @1(51)(1‘) /\5D(y)) (1)2<5D($) V5D(y)> £<(5D( op(z) A dp(y) )

|z — | |z — ] x) Vip(y)) Al -y

Throughout this paper, we use the notation a A b := min{a,b}, a V b := max{a,b}. The
notation f < g means that the quotient f/g is bounded between two positive constants in a
specified region.

We remark that implies conditions (B2-a), (B2-b), (B4-a) and (B4-b) from [I7],
cf. [I7, Lemma 9.2]. Throughout this paper, except in Section [8| we assume that B satisfies
(A1)} where ®; and ®, are almost increasing functions with lower and upper Matuszewska
indices (B1,07) and (B2, B3), respectively, and ¢ satisfies . Then, by [I7, Proposition 4.2,
Remark 4.9 and Lemma 9.2], the process Y can be refined to be a strongly Feller process which
can start from every point in D, and the exceptional set N can be taken to be the empty set.
Moreover, Y has a jointly continuous transition density p(t, z,y) defined on (0,00) x D x D.

For positive functions f, g, h on (0,00), we define Ay g :[0,00) x D x D — (0,00) by

Aggnlt,z,y) = f<(5D(x) Ndp(y)) vV tl/a) <5D(37) V S (y) V tl/a)
. |z — y iz —y|
% h< (Op(x) Adp(y)) v /e >
(6p(x) V op(y) V /) A |z — 1y
Note that, by Ap, 0,0(0,2,y) < B(x,y) for x,y € D.

For x € D, we fix a point ), € 0D satistying |[t—Q| = dp(z). Define n, := (z—Q5)/|z— Q4.
Since D is Lipschitz, there exist constants n; € (0,1] and 72 € (0,1) such that

(1.4)

(1.5) n2(0p(x) +71) < dp(x+mry) < dp(x)+r forallz € D and r € (0,m].
In particular, we have x + rn, € D for all z € D and r € (0,7,]. Define
1 m
1. = A0
(16) LTy " diam(D)

The first main result of this paper in the conservative case is stated below.

Theorem 1.2. Suppose D C R%, d > 2, is a bounded Lipschitz open set and B satisfies .
(1) If B < oo+ B, then for any T > 0, there exist comparison constants depending on T such
that the following hold for all t € (0,T] and z,y € D.

(a) (On-diagonal estimates) If tY/* > 1|z — y|/2, then

(L.7) Blt,xy) =t
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(b) (Off-diagonal estimates) If t'/* < 1|z — y|/2, then

2 e1lz—yl du
p(t,z,y) =< [Eyra [/t Agy @0, 0(t: 2, @ + ung) Apy @, 0(t, © + ung, Q)W

1/

(1.8)
e1lz—yl du
+ / A<1>1,<I>2,£(t7 Y,y + uny) Afblﬁbz,f(tv Y+ uny, x)W :
t

1/
(ii) For allt >T and xz,y € D,
p(t,z,y) < 1.

The assumption 8] < a + f; in Theorem [1.2| means that the gap between the upper Ma-
tuszewska index 3] and the lower Matuszewska index [ is strictly less than the parameter o.
In Theorem this assumption 3] < o« + [ is used only in establishing the upper bound
in . The lower bounds in Theorem hold without the assumption 5] < o + 81 — this
assumption is not used in the derivation of the lower bounds in Section We believe this
assumption is essential, rather than merely a limitation of our method for obtaining this type
of estimate. All subsequent main results will be proved under this assumption.

Observe that the off-diagonal estimates contain two terms with x and y interchanged.
Without any additional assumptions, it is not possible to determine which term dominates.

Define

(1.9) Do(r) := P1(r)l(r), r>0.

Remark 1.3. (i) Using the simple properties (3.1]) and (3.2]) of the function Ag, ¢, ¢, one can
combine (1.7) and (1.8)) as follows: for all ¢ € (0,T] and z,y € D,

(1.10)

t
— - —d/a
p(t,x,y) < <t /\|:cy|d+a>

e1lz—yl du
X [(t Az —y|®) / Apy 0,0t @, 0 4 ung) A, @, (8 T + ung, y)—
tt/an(e1|z—y|/2) u

+ (t/\ :U—y]a)/
t/on(er]|z—y|/2)

(ii) We have the following alternative form of (L.8) (see Lemma [3.3): For all t € (0,T] and
x,y € D with 7 := |z — y| satisfying t'/* < e17/2,

e1lz—yl

du
Ady 0,0(t, Y,y + uny) Ae, @, (L, y + uny, w)uaﬂ} :

_ t
p(t,:l:,y) = W |:A<I>1,<I>2,E(t7x7y)

1/a r 1/a o
+tq>1<5D($)Vt>/ ¢O(W>¢2<u>é<5p($)\/t > izqil
" (b (2)VOp (y)VE/ ) Ar u ’ " ”

1/ r 1o e
+t<I>1(5D(y)Vt)/ (I,O(W)W)%(uy(%(y)w ) di}
" (Op (x)Vop(y)VEr/*)Ar u r » e

(iii) Using [(A1)|and the scaling properties of ®;,®2 and ¢, we can obtain another equivalent
form of (1.8): Let J(z,y) := B(z,y)|z — y|~%= be the jump kernel of £%. For all t € (0,7 and
x,y € D satisfying t1/* < g1z — y[/2,

e1lxz—y|
p(t,z,y) =< t? (/ J(x+ o,z + ung) J(x 4+ ung,y + tl/any) u?du
t

1/

e1lz—yl
+ /t J(y+ tl/any, y+uny) J(y + uny, x + tY/on,) ud_ldu) .

1/
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The next theorem is a refinement of the previous one, in which we distinguish two cases:
(i) 85 < a+ B1, and (ii) B2 > o+ B7. Clearly, these two cases do not exhaust all possible
relationships among the parameters 31, 8], B2, 85 and . In each of these two cases, we can
give simpler forms of the estimates for p(t, z,y). In case (i), the main contribution to the heat
kernel comes from a single (big) jump, while in the case (ii) the main contribution may come
from two jumps. Note that the first case corresponds to [16, Theorem 1.2(i)], while the second
corresponds to [16, Theorem 1.2(ii)]. Part (iii) of the theorem below deals with a borderline
case.

Theorem 1.4. Suppose D C R?, d > 2, is a bounded Lipschitz open set and B satisfies
with B} < a+ B1. Then for any T > 0, there exist comparison constants depending on T such
that the following estimates hold for all t € (0,T] and z,y € D:

(i) When 5 < o+ pu,

_ _ t
(1.11) p(t,z,y) < (t dfo :L»_y’d+0!> Ap, o 0(t,z,y).

(ii) When B2 > a + 7,

_ _ t t
(112) Bt = (A =) [Aa st + (14 2 ) Awana ()|

(iii) When ®1(r) = (L AT)P and ®o(r) = (1 A7)2¢(r), with B1 >0, fo = a + B and ¢ being
a positive function on (0, 1] with lower and upper Matuszewska indices both equal to 0,

(1.13)
t
— - —d/a
p(t,$,y) - <t A ’IE— |d+a>

X |:A<I>1,<I>2,Z(taxay) + (

|lz—yl du
)A%,%’ (t,x y)/ —
(6p(z)Vép (y)VEr/ ) Alz—y| U

((( p(x) V /%) /u) (((6p (y)th/a)/U)qb(u/\fv—yDﬂ
((dp (@) v /) /lw —y) L(p(y) V) [lz —yl) /1

In general, neither of the two terms in the brackets on the right-hand side of ([1.12)) dominates
the other. Also, neither of the two terms in the brackets on the right hand side of ([1.13])
dominates the other in general; see Lemma

Remark 1.5. Note that the right-hand sides of both (T.12) and (T.13) are comparable to t~%*
if te > ez —y|/2. Usz'ng and the scaling properties of <I>1, <I>2 and £, we can obtain the
following alternative formulations of the off-diagonal estimates in and - 1.12) (cf. Remark
.(m)) When B85 < a+ B, for all t € (0,T] and z,y € D satzsfymg tl/a < etz —yl/2,

pt,x,y) <tJ(x+ ton,, y+ tl/o‘ny).
When Bo > a + B, for all t € (0,T) and x,y € D satisfying t'/* < e1|z — y|/2,
p(t,z,y) < [tJ(a: + ',y + tl/any)
2y (@ 10,0 4 el — ying) (o 41l -yl + 000,

= [tJ(x + Y,y + tl/any)

+t2/ , J(z +tY%n,, 2) J(z,y—i—tl/any)dz]
B(a+=3 o —ylne, = lv—y|)
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Remark 1.6. Under the setting of Theorem (iz'z'), suppose in addition that

1 1 1 1
U(r) = ————log" e+> and ¢(r) = ———1Io B“(e—l—)
(r) log™ (e + 1) s ( rAl o(r) logPt (e + 1) & rAl

with B3, B84 > 0, and that $1 > 0 if B3 > 0. Then by [16, Lemma A.9], the right-hand side of
(1.13]) is comparable to

t
(00t famonten

|.%' _ y|d+a

t |z — y|
P LR ta )] M( )}
*( I:E—y|“> w2 (b2, y) log | e o ) A g

This recovers the form of the half-space heat kernel estimates established in [16, Theorem
1.2(iii)].

1.3. Killed case. We now discuss the case in which the process Y is killed either upon ap-
proaching the boundary 0D or by an appropriate killing potential «.

Let F° be the closure of Lip.(D) in L?*(D) under &Y. Then (£° F°) is a regular Dirichlet
form. Let YO = (Y?,t > 0; P,,» € D\ Np) be the Hunt process associated with (£, F°), where
N is an exceptional set for Y. Since Y is a subprocess of Y, we can take Ny to be the empty
set. By [I7, Proposition 4.4], 7Y = F if and only if & < 1. In case a € (1,2), the process Y is
equal to the process Y killed upon approaching the boundary 0D, while for a € (0,1], Y0 =Y
and never hits the boundary.

Another process we are going to study is obtained by killing Y via a killing potential . Let
k be a non-negative locally integrable Borel function on D. The symmetric form (£, F") is
defined by

E%(u,v) = E%(u,v) + /Du(a;)v(a;)/i(m)da:,

Fr = F'n L*(D, k(x)dz),

where F0 is the family of all £9-quasi-continuous functions in F. Then (€%, F*) is a regular
Dirichlet form on L?(D) with Lip.(D) as a special standard core, see [20, Theorems 6.1.1 and
6.1.2]. Let Y* = (Y/,t > 0;P,,x € D\ N,) be the Hunt process associated with (€7, F")
where N is an exceptional set for Y. We denote by ¢* the lifetime of Y, and define Y;* = 9
for t > ¢*, where 0 is a cemetery point added to the state space D. Note that Y* includes Y,
when o € (1,2), as a special case. The process Y* can be regarded as the part process of Y
killed at (. Hence, Y* can be refined to be a Hunt process which can start from every point
in D.

We now specify the assumptions used in this subsection. Let D C R% be a C'b! open set
with characteristics (R, A); see Definition (ii) for a precise formulation. Without loss of
generality, we assume that R < 1A (1/(2A)). The first condition concerns the killing potential
k and coincides with assumption (K3) in [I7].

(K) There exist constants kg > 0, g > 0 and Cy > 0 such that for all z € D,
|k(2) — KoB(x,2)dp(x)~*| < Cidp(z)~ @0 if dp(x) <1,
{H(SL‘) < if op(x) > 1.
When o < 1, we further assume that kg > 0.

Note that condition |(K)|states that in the case when ko > 0, the killing potential is critical in
the sense that near the boundary the main contribution comes from the term xoB(z, z)dp(z) ™.
Assuming kg > 0 when o < 1 ensures that, in this case, the killing potential « is non-trivial.
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We will explain in Subsection that, under an additional assumption f* there exists
a strictly increasing and continuous function C(-;a,B) : [(o — 1)1, + $1) — [0,00) such
that kg = C(q;a, B) for a unique g. That is, to every ko > 0 we can associate a parameter
q € [(a¢—1)4,a+ B1). The parameter ¢ is a fundamental quantity, as it governs the decay rate
of certain harmonic functions near the boundary (see Theorem .

Assumptions |[(A2)| and |(A3)| are introduced precisely in Subsection and coincide, re-
spectively, with (B5) and (B3) in [17]. Condition is quite technical and may be viewed
as a substitute for the flattening of the boundary method (which does not work in the current
setting). The interested reader is referred to [I7, Section 1] for a detailed explanation of this
assumption. We note that, in this paper, we do not use these two assumptions explicitly, but
only their consequences — most notably, Theorem and Proposition [2.3

For examples of processes that satisfy all the assumptions [(A1)] [(A2)] [(A3)]and [[K)] see
[17, Section 11].

Suppose that assumptions[(AT)] [(A2)}[(A3)|and [(K)|are satisfied. As a consequence, all the
assumptions from [I7] are valid. Then, by [I7, Proposition 4.15, Remark 4.19 and Lemma 9.2],
the process Y* has a jointly continuous transition density p" (¢, z,y) defined on (0, 00) x D x D.

We can now state the third main result of the paper.

Theorem 1.7. Suppose D C R?, d > 2, is a bounded C*' open set, k satisfies and B
satisfies|(A1), |(A2)| and|[(A3)| with 57 < a+ B1. Then for any T > 0, there exist comparison
constants depending on T such that the following estimates hold.

(1) For allt € (0,T] and z,y € D,

q q
it = (12220 (10 B0 ) it ) = Palc > 0B, (¢° > D)

where q € [(a — 1)y, + 1) is the positive constant satisfying (2.7)).
(ii) For allt > T and x,y € D,

Pt ,y) = e p (@)1 ()T = e NP (CE > 1)P,(CF > 1),
where —A\1 < 0 1is the largest eigenvalue of the infinitesimal generator of Y.

1.4. Organization of the paper and roadmap of the proofs. Section [2| contains several
preliminary results and is divided into two subsections. In Subsection we give precise
formulations of the assumptions|(A2)|and [(A3)l For the motivation behind these assumptions
and further explanation, we refer the reader to [17]. Subsectionummarizes a number
of useful results established in [I7] under assumptions [(A2)] and [(A3)l In addition to some
preliminary estimates for the heat kernel, we single out Theorem and Proposition[2.3] which
will play a central role in determining the exact decay rate of the heat kernel.

Section provides several inequalities for integrals of functions Ag, , ¢ of the type appearing
in and . The main results are Lemmas Lemmas and compare
expressions involving these integrals—first with Ag, ¢, ¢, and then with Ag, ¢, 1. The former
provides two lower bounds without any assumptions on the Matuszewska indices, while the
latter derives two upper bounds depending on the relations between the indices. Lemma |3.3
gives an off-diagonal comparison of three types of expressions involving the function As, ¢,
and its integrals. The results in this section depend only on the assumptions on the functions
®y, ®o, and ¢, together with the geometric properties of the set D; they do not rely on
[(A2)} [(A3)] or [(K)

Sections (7] are devoted to proving the sharp two-sided heat kernel estimates. The large-
time estimates are fairly straightforward, and a short proof is given in Section [7} The main
goal of this paper is to establish sharp two-sided small-time estimates. This is a formidable
task due to the singularity of the function B(z,y) at the boundary, and requires very delicate
arguments. Note that, in the conservative case, the small-time heat kernel estimates consist of
two parts, cf. ([.I0): the usual =%/ A (t|z — y|74=%) estimate for the a-stable process, and
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the contribution involving the function Ag, @, ¢, which arises from the function B(z,y). In the
killed case there is also a third component providing the boundary decay; cf. Theorem (1)
In this paper, these two cases are treated simultaneously. The conservative case does not need
[(K)] [(A2)] and [(A3)] and the state space is a bounded Lipschitz. The techniques employed
to establish the lower bound differ from — and are somewhat simpler than — those used for the
upper bound. Furthermore, the derivation of the lower bounds does not rely on the assumption
that 8] < a+ 1.

In Section (4] we prove a preliminary small-time upper bound on the heat kernel. The main
result is Proposition which sharpens the estimates of Lemma by incorporating, in the
killed case, the boundary decay terms. We first show that this upper bound follows from a
weaker inequality involving only one of the two boundary decay terms, see Lemma [4.2l The
proof of this weaker inequality proceeds in two steps: the first and simpler step establishes the
estimate for ¢ € (0, ), while the second employs an induction argument to extend it to the full
range of the parameter q. A consequence of Proposition [2.4]is an upper bound of the lifetime
probability, see Corollary

Section [5| is devoted to the proof of the sharp lower bound. The main technical work is
carried out in Subsection where various estimates involving the lifted points (introduced
in (5.3)) are derived. Subsection refines these estimates and establishes the full small-time
heat kernel lower estimates. Corollary [5.10] complements Corollary and provides two-sided
survival probability estimates.

Sharp upper bounds, which constitute the most difficult part of the proof, are addressed in
Section @ The first step is to introduce the function As;; in the upper bound. In Lemma
this is achieved for f(r) = (r A 1)2 where 8 € ((¢ — )4, 1) if f1 > 0 and § =0 if 8; = 0. The
proof proceeds by induction, which gradually increases the exponent in the function r — r?
until it reaches 3. The induction basis is provided by Proposition Lemma, provides a
similar estimate with the function Ag, 1,1. Again, the proof proceeds by induction with Lemma
serving as the induction basis. In the induction step we crucially use Lemma [8.5] which
explains the necessity of the assumption 5 < o + 1. The next step in the proof uses Lemma
and separately estimates the two terms appearing in that lemma. The estimate of the first
term is simpler and is given in Lemma [6.4 Estimating the second term, which involves the
triple integral, is technically the most demanding part of the proof. It is carried out in Lemmas
- that carefully estimate the involved integrals. The sharp upper bound is given in
Theorem [6.8]

The short Section [7] completes the proofs of Theorems and

The paper ends with a section on auxiliary results concerning the estimates of various inte-
grals involving functions satisfying weak scaling conditions. This section is independent of the
assumptions used throughout the rest of the paper.

We end this introduction with a few words on the additional notation. For r € R, we use
the notation |r] := max{m € Z : m < r}. For zp € D and r > 0, we denote Bg(zo,r) =
B(x,7) N D and Bp(xg,7) = B(zg,7) N D.

2. CONDITIONS (A2)-(A3) AND PRELIMINARY RESULTS

In this section, we first give the precise setup of our paper, including the formulations of the
assumptions [(A2)| and [(A3), and then recall several important results, based on |[(A2)| and
((A3)| obtained in [17].

2.1. Conditions (A2)-(A3). For v* > ~, we use M(v,7*) to denote the family of all positive
functions on (0, 1] with lower and upper Matuszewska indices (y,7*), and

MYy, v*) == {f € M(7,~%) : f is almost increasing on (0,1]}.
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Note that MT(y,7*) = M(y,7*) if v > 0, M(y,7*) = 0 if v < 0, and MT(0,~*) € M(0,7%)
for all v* > 0. We extend every f € M(~,~7*) to (0,00) by setting f(r) =1 for all » > 1.
We recall the notions of Lipschitz open sets and C'! open sets.

Definition 2.1. Let D C R¢ be an open set.
(i) We say that D is a Lipschitz open set with localization radius R > 0 and Lipschitz constant
Ao > 0, if for any Q € 0D, there exist a Lipschitz function ¥ = ¥ : R~ — R with

T0)=0 and |U(H) —U(Z)| < Ag|ly—Z| forall 7,Z e R,

and an orthonormal coordinate system CSg with origin at () such that

(2.1) Bp(Q,R) = {y = (,ya) € B(O, R) in CSq : ya > \If@)} .
(ii) We say that D is a Cb! open set with characteristics (ﬁ, A), if for any @ € 9D, there exist
a CH! function ¥ = ¥¥ : R4™1 — R with
T(0)=|VE0)| =0 and |[VE(F)—VEE)| <Alg—2| foral 7,7 e RI,
and an orthonormal coordinate system CSg with origin at @ such that (2.1)) holds.

Define H_; := {(§,ya) € R? : y4 > —1}. For Q € 8D, v € (0,1] and r € (0, R/4], we let
(2.2) EZ(r):={y = (§.ya) in CSq : [ < r/4, 4~ |g["*" <ya <r/2}.

Depending on whether x9 > 0 or kg = 0, we will assume different additional conditions on

B.

Case kg > 0: In this case we consider the following condition which coincides with assump-
tion (B5-I) in [17].

(A2-T) There exist constants v € (0, 1], 1,02, Cy > 0, and a non-negative Borel function Fy
on H_; such that for any Q € 0D and z,y € ES(R/8) with z = (7, z4) in CSq,

|B(z,y) — B(z,2)Fo((y — x)/za)| + | B(z,y) — Bly,y)Fo((y — z)/za)|

Sp () Vop(y) V |z —y \* 0
§C2<5D<m>A5D<ywx—y) (o(@) V() Ve —yl)™

Under condition [(A2-I)| we define a function F on H_; by
_ Fo(y) + Fo(—y/(1 +ya))

(2.3) F(y) 5 , oy =(¥,yq) € Ho1.
By [17, Lemma 6.2], F is a bounded function. Moreover, we have
(2.4) F(y) = F(~y/(1 +ya)) forall y € H_;.

With the function F in (2.4) and p € [(a — 1)4+, 0 + B1), we associate a constant C(p;«, F)
defined by

1 L —1)(1 — s2~17P) - _
(2.5) C(p;a, f) _/Rd—1 TEEDICIE /0 -3 f(((s=1)u,s —1))ds du.
Assume additionally that
(2.6) Ko < p—1>g£,31 C(p;a, F).

It is shown in [I7, Lemma 6.3] that p — C(p;a, F) is a well-defined strictly increasing
continuous function on [(a — 1)4,a + p1) and C((ov — 1)4;, F) = 0. Therefore, under (2.6,
there exists a unique constant ¢ € ((a — 1)4, a + 1) such that

(2.7) ko = C(g; o, F).
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Case ko = 0: In this case, instead of |(A2-I)| we introduce the following weaker condition
which coincides with assumption (B5-II) in [17]:
(A2-II) There exist constants v € (0,1], 61,62,C2 > 0, C3 > 1, ip > 1, and non-negative
Borel functions Ffj : H_1 — [0,00) and p' : D — (0,00), 1 <@ < i, such that
Cy' <pl(x) <C3 forall z €D,

and for any Q € 9D and x,y € E,?(E/S) with = (7, 24) in CSgq,
10
B = Y (- o)/

i=1

(o) = Y u @y - o))
i=1

0p(x) Vép(y) V |z — y[\* 0,
< Oy <5D(95) ANop(y) Az — y|> (0p () Vop(y) V |z —y[)™.

Note that if |(A2-I)| holds, then (A 2-IT)|holds with ig = 1, F} = Fg and u'(z) = B(z, z).

The conditions [(A2-T)| and [(A2-IT)| always come in connection with [(K)l We now combine
these two conditions into condition [(A2)| which coincides with assumption (B5) in [17].

(A2) If kg > 0, then [(A2-I)and (2.6) hold, and if ko = 0, then [(A2-II)| holds.

If ko = 0, then by [(K)| we have a@ > 1, and ({2.7)) holds with ¢ = a — 1. Throughout the
paper, if [(A2)|is in force, we let ¢ € [(aw — 1)+, a+ B1) be the positive constant satisfying (2.7)).

Finally, we state the assumption |[(A3)| which coincides with (B3) in [I7].

(A3) If @ > 1, then there exist constants 6y > o — 1 and Cy > 0 such that

[z —y| .
- < for all D.

From now on, we assume that D C R%, d > 2, is a bounded Lipschitz open set, and except
in Section@ we assume that B satisfies (Al) with ®1,®y and £, where ®; € MT(B1, BF) and
gy € MT(B2,83), and £ € M(0,0) satisfies ?D Throughout the paper, whenever we work
with Y*, we additionally assume that D is a C" open set, k satisﬁes and B satz’sﬁes

and .

2.2. Preliminary results. We define a function ®y on (0, c0) by
(2.8) Oo(r) := P1(r)l(r), r>0.

From the definitions of Matuszewska indices, using (1.3), and the facts that ®; and ®y are
almost increasing and ®1(r) = ®o(r) = €(r) =1 for r > 1, we see that for any R > 1, n € (0, 1]
and € > 0, there exists C = C'(R,n,&) > 1 such that

(2.9) o <Z>(ﬁls)+ < 228 < c(Z)WE forall 0 < s <r < R,
(2.10) c-1 (Z)wl_m < 218 < C<Z>BH€ for all 0 < ns <r < R,
(2.11) o (:)me < 228 < C(Z)ﬂg% for all 0 < ns <r < R,
(2.12) o <Z> o < Eg; < C(Z)WQ for all 0 < ns < 7.
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In particular, ®y € MT(31,37). Moreover, since B satisfies (A1)} by [I7, Lemma 9.2], there
exists C' > 0 such that

p(x) Adp(y)
|z =yl

For a relatively open subset U of D, define 7y := inf{t > 0:Y, ¢ U} and 7 := inf{t > 0:
V" ¢ UN D}. Since Y* is a subprocess of Y, we have 7{i < 7y for any relatively open subset
U of D.

The following sharp boundary estimates are among the most important intermediate results
of [I7], and they crucially depend on assumptions [(A2)|and [(A3)|

Recall that, for zg € D and r > 0, Bp(z0,7) = B(xo,r) N D and Bp(zo,r) = B(zo,7) N D.

(2.13) B(z,y) < C®q < > for all x,y € D.

Theorem 2.2. Suppose that D C R?, d > 2, is a bounded C%' open set, B satisfies
[((A2)| and|(A3)| and k satisfies|(K)| Then there exist constants ny € (0,1/36] and C > 1 such

that for any Q € OD, r € (0,m0R] and x € Bp(Q,27%r),
q q
c! (51’(‘”)> < Py (Vi €eD) < 0<5’:’(x)> :

r T r

Bp(Q,r)

Proof. Let Q € 8D. For r € (0, R/2), define
U(r)={z € D:z=(Z,2q) in CSq with |Z| <r, 0 < pp(z) <r}.

Here pp(z) := x4 — ¥(Z), where U is the Cb! function satisfying (2.1)). By [I7, Theorem 7.4],
there exist ag € (0,1/24] and ¢; > 1 such that for any r € (0,a9R] and z € U(r/4),

(2.14) cfl(éD(:U)/r)q < Px(y%(r) S D) < ci1(dp(x)/r)t.

By [I7, (3.15)], we have Bp(Q,2r/3) C U(r) C Bp(Q,2r) for all r € (0, agR). It follows that

~

for all » € (0,a0R] and = € Bp(Q,27*r),

K K K
P, (YT&W) €D) <P, (YTgD(Q,T) €D) <P, (YT{}WQ) €D).
Thus, (2.14) yields the desired result with 7y := 2ag/3. O

In the remainder of the paper, we let 19 denote the constant from Theorem
Using Theorem the following result was established in [I7, Proposition 8.6].

Proposition 2.3. Let Q) € 0D and vy > q — a. Then there exists C > 1 such that for any R €
(0, R/24], any Borel set V satisfying Bp(Q,R/4) CV C Bp(Q, R) and any x € Bp(Q, R/8),

TV
C15p ()R < K, / S (Y)Y dt < Cop(z) R0,
0

We recall several results from [I7] that will be used later in this paper. We note that these
remain valid under assumptions weaker than those stated in the last paragraph of Subsection
see [I7] for details.

Under assumptions [(A1)] [(A2)] and [(K)], the process Y* has a jointly continuous transition
density p"(t,x,y) defined on (0,00) x D X D; see [I7, Remark 4.19]. We extend p"(¢,z,y) to

(0,00) x D x D by setting p*(t,z,y) = 0 if x € 0D or y € dD. Recall that Y has a jointly
continuous transition density p(t, z,y) on (0,00) x D x D.

Proposition 2.4. [I7, Propositions 4.2 and 4.15] For any T > 0, there exists a constant
C =C(T) > 0 such that

t

p(t,x,y) <p(t,x,y) <C (t—d/a A |x—y\d+°‘> for all t € (0,T) and =,y € D.
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Proposition 2.5. [17, Propositions 4.6 and 4.17] (i) For any Ry > 0, there exists C = C(Ry) >
1 such that

C™r® < By, [TBo (w0 < Cr® for all zg € D, 0<r < Ry.
(ii) For any Ry > 0, there exists C = C(Ro) > 1 such that
C™r® <Ry, [Tg( < Cr®* forall z9 € D, 0 <1 < dp(xg) A Rp.

aco,r)]

For a relatively open subset U of D, we denote by ?U the part of Y killed upon exiting U,
and for any open set U C D, we denote by YU the part of Y* killed upon exiting U. Then
VY and Y*U have jointly continuous transition densities BV (¢, z,y) and pY (¢, z,y) with respect
to the Lebesgue measure on U, respectively. See [17, Remarks 4.9 and 4.19].

Proposition 2.6. [I7, Propositions 4.5 and 4.16] Let Ry > 0 and b € (0,1).
(i) There exists C = C(Rg,b) > 0 such that for any xo € D, 0 <71 < Ry and 0 < t < (br)%, it
holds that

pPo(Eor) (t,x,y) > Ct=¥*  forall z,y € By (o, btl/O‘).
(11) There exists C = C(Rp,b) > 0 such that for any xo € D, 0 < r < dp(xg) A Ry and
0 <t < (br)®, it holds that

prB@or) (t,z,y) > Ct=%*  for all z,y € B(xo, btl/o‘).

Since the form £° has jump measure B(z,y)|r — y|~?"*dxdy, the process Y satisfies the
following Lévy system formula on D x D: for any stopping time ¢ and any Borel function
f: D x D — [0,00] vanishing on the set {(x,z) : z € D}, the followmg holds for all = € D:

S? )
(2.15) E, (¥ FV ) 2P s,
SEZO:O'] / / ’dJrOt

Similarly, since the pure-jump part of £ is given by £°, the process Y* satisfies the following
Lévy system formula on D x D: for any stopping time o and any Borel function f : (DU{9}) x
(DU{0}) — [0, 00] vanishing on the set {(z,x) : x € D}U ({0} x D)U (D x {3}), the following
holds for all z € D:

(2.16) E, > fYE,YE) = //f ,y S”zzradyds.

s€(0,0]

The following lemma is a consequence of the Lévy system formulas (2.15]) and (2.16]), together
with the joint continuity and symmetry of the heat kernels; see, e.g., [16, Lemma 3.15]. We
omit the proof.

Lemma 2.7. (i) Let Vi and V3 be open subsets of D with dist(V1,V3) > 0. Set Vo := D\ (V1UV3).
For any x € V1, y € V3 and t > 0, it holds that

p(t,z,y) < Po(Tvy <t) sup p(s,z,y)
s<t,z€Va

+ dist(V, V3) ™ / / / PV (s, z,u)B(u, w)p(t — s, y, w)dudwds.
AT

(ii) Let Vi and V3 be open subsets of D with dist(Vi,V3) > 0. Set Vo := D\ (V1 UV3). For any
€V, y € Vs andt >0, it holds that

Pt z,y) < Pu(ry, <t < (%) sup p"(s,2,9)
s<t,zeVa

+ dist(V1, V3) ™ / / / FV1 (s, 2, u)B(u, w)pt(t — s, y, w)dudwds.
Vi J V1
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3. RESULTS RELATED TO Ag, d,¢

Throughout this section, we assume that D is a bounded Lipschitz open set. Recall that,
for positive functions f,g,h, the function Af, (¢, x,y) is defined in . The purpose of
this section is to establish various inequalities involving the function A and its integrals. The
obtained results depend only on the assumptions on the functions ®;, ®5 and ¢, and geometry
of D, but not on the assumptions [(A1)] [(A2)] [(A3)] and [(K)]

By using (2.10)—(2.12)), in the same way as in [17, Lemma 9.2(i)], we can show that

(3.1) Ap, @y 0(t,z,y) <C forallt>0and z,y € D,
and that for any a € (0,1), there exists a constant ¢(a) > 0 such that
(32) ACI’l,CPQ,Z(ta x, y) > C(a)

for all t > 0 and x,y € D with (0p(z) Adp(y)) V /% > alz — y|.
We now give several elementary but useful inequalities for integrals of functions Ag, @, -
Their proofs are technical, so the reader may wish to skip the proofs at the first reading.
Recall that for x € D, the point Q, € 9D satisfies |z — Q| = 0p(z) and n, = (z — Q) /|xr —
Q|- We also recall that constants 7, and 72 were introduced in , €1 was defined in ,
and the function ®¢ in ([1.9)).

Lemma 3.1. There exist comparison constants such that for (t,z,y) € (0,00) X D X D,

e1lz—yl du
/ A<I>1,<I>2,€(t’ €z,T + un:l?) A<I>1,<I>2,€(t’ T+ Uny, y)TH
(6p(z)Vop (y)VEr/ )\ (e1|z—yl/2) u

(33) =& <6D<y>vt/>

|z — |

lz—yl 1/a 1/«
></ (I)O<5D(x)\/t >q>2< u >£<(5D(y)\/t ) ilfj_l
(80 (2)Vop (y)VE/)A(lo—yl/4) u |z =yl u u

Proof. For u € ((6p(z) V dp(y) V) A (e1]z — y|/2), 1|z — y|), we have u < n;, and hence
dp(z+uny) <uVdip(z) and

dp(x) \/tl/a)€<6g(as) \/tl/a) g, <W>

(3.4) Ao, ae(t,z,x +uny) < Oy < " ” ”

We claim that, for u € ((6p(z) V dp(y) V /%) A (e1]x — y|/2), e1]z — y]),

1) \/tl/a ) \/tl/a
(3.5) Ag, @y 0(t, T+ ung,y) < O (D(y)> @2( u >£< p(y) >
|z — | |z — y| U

First note that, for u € ((6p(z)Vdp(y) VEY*)A(e1|z —y|/2),e1|z —y|), we have (1—¢e1)|z—y| <
o+ umy — gl < (1+ 1)z — y.

When 6p(z) Vp(y) Vi < ei|x —1y|/2, since dp(z) Vip(y) Vi/* < u < e|z —y|, we have
Sp(y) VY <un(erlz—y|) < uA|z+un, —y| and p(xz+un,) =< uVdp(z) < u > dp(y) Vil/*
by . Thus, using , and , holds true.

When 6p () Vp(y) VE/® > e1|z—y|/2, we have dp(z+un,)Vop(y) VI > nei|z—y|/2 by
(1.5). Moreover, in this case, u < |z—y| and so 0p(y) < dp(z)+|rx—y| < dp(x)+u < dp(z+uny,)

by (1.5). Thus, using (2.10)), (2.11)) and (2.12)), (3.5) holds true in this case as well.
Note that, by (2.9)), (2.11) and (2.12)), we have

/"Tyl o <5D(x)\/t1/°‘>q) < u >£<5D(y)Vt1/“> du
e1|lz—y| ’ u ? |[L‘—y| u uctt

gq/fyl ¢0<W)@2(1)e<%(ywt”a> du

Lz—y] lz -y lz — g |z — ylot!
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<_a @0(5D(37)th/a>£<5D(y)\/t1/a>

T -yl |z —y lz —yl

e1lz—y| Sp(x) vt/ u Spy) VN du
Y I e e e
e1lz—yl/2 Yy U U

/x_y|/4 o (5D(x)\/t1/°‘)q) ( u >£<5D(y)\/t1/°‘> du
e1lz—yl/2 ’ U ? |$_y| u uott

< % ¢0<5D(9€) % tl/"‘)£<5p(y) v tl/a>

Tz -yl [z —y| |z —y|
|z—y| tl/a 751/04 d
§C4/ (130<5D(x)\/ >‘I>2< : >€<5D(y)v ) ofil'
le—y|/4 u |z —y| u u

Using these two displays, one can deduce that the right-hand side of (3.3]) is comparable to

5, <(5D(y) Vv tl/a>

|z -y

. (P2 (Y (o))
0 2 .
(0 (@)D (H)VE/2)A(er |-yl /2) u [z =yl u ut!

Now the assertion follows from ({3.4]) and (3.5)). O

and

Lemma 3.2. (i) There exists C > 0 such that for allt >0 and z,y € D,

e1lz—yl
6) T /(6D(ac)\/6D(y)\/t1/“)/\(s1|:Jcy/2) R e )
> CApya,1(t,2,y).
(ii) There exists C > 0 such that for allt >0 and z,y € D,
o [l
(37) (t Az —y|¥) /tl/"‘/\(elxy/Z) Awy o 0(t 2,0+ ung) Agyap o @+ ung, y) —o

Z CA‘bl,(DQ,E(t? xv y)

Proof. (i) By (2.9)), (2.11) (with ®2(1) = 1) and ([2.12]), we see that for all u € (|x—y|/4, |x—y|),

Sp(z) vt/ u Sp(y) vil/a\ 1
P P l
( u e~y wo et
1/a 1/a
X(I>0<5D(:17)\/7f )f(dD(y)\/t )x_l

|z —y| |z —y ylett
Thus, by using Lemma and (2.8), we deduce that the left-hand side of (3.6]) is bounded

below by

1/a 1/a lz—yl

< g, (cb(a:) Vi >¢0<5D(y) Vit > / du = cyApy oy 1(t,2,).
|z —y lz -yl lz —yl le—y| /4

(ii) If t/® > 1|z — y|/2, then by (i), since ®q is almost increasing, the left-hand side of ([3.7)
is bounded below by

e1]z—y|

du
(e1/2)%w —y|* / _y Ay, @o0(t, 2,2+ ung) Agy (¢ + ung, y) g
e1lz—y
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> c3A30,00,1(t, 2, y) > caPg (‘;ljay‘f > c5Po(e1/2)%
Thus, the result follows from .
Suppose tY/* < g1|x — y|/2. By and (3.2), we have
(3.8) Ag, ootz +ung) < 1 for all u e (142,261,
Further, for all u € (tV/,2tY/%), by , we have
Sp(z +un,) V ép(y) V% < 5p(x) vV op(y) vt/

and

(5 + wn) A bp(y)) v 1% = ((Gp(z) V1) A dp(y) v 1Y/

= ((0p(x) V1Y) A (8p(y) V1)) < (6p(x) A dp(y)) v /.

Note that |z 4+ un, — y| < |z — y| for all u € (t'/®,2tY/*) since t'/* < 1|z — y|/2. Thus, by
(2.10), (2.11) and (2.12), we obtain

(3.9) Ay ooty +ung, y) < Ag, ¢, 0(t, x,y) for all u e (£, 2t1/%),
Combining (3.8)) and (3.9), we conclude that the left-hand side of (3.7)) is bounded below by

1/a
2t du

CGtA¢1,<I>2,Z(t7 xz, y) / W = C7A<I>17<I>2,Z(t7 z, y)

tl/a

The proof is complete. O

Lemma 3.3. Suppose 7 < o+ f1. For allt >0 and all x,y € D with r := |x — y|, define

e du
(3.10) L=t /1/ Ap, 0y 0(t, x,x +ung) As, o, 0(t, © + ung, y)W
t «@

e du
[ Auyona(t g+ ) vyt -+ ny0)
t

1/

(311) L= Ag, u0(t,2,y)

e1r du
+t/ A¢17‘P2,f(taxvx+unr) A¢1,q>2,f(tax+unzay)T+1
(6p(x)Vip (y)VEr/*)A(e1r/2) u

e1r du
+ t/ Afblﬁbz,f(tv Y,y +uny) Ao, 0,0ty + uny, x)T_Hv
(6 (z)Vép (y)VEH/ *)A(e1r/2) u

(3.12)

I3 := A, 0, 0(t, 2, y)

1/ r 1/a 1/
+t(1)1<5p(x)\/t >/ (1)0(5D(y)\/t >@2<u)€<5p(93)\/t ) dzil
r (8p(2)VEp (y)VEl/ @) Ar U r U uc

1/a r 1/a 1/a
H@l(cSD@Wt) / @0<<W>Vt)%<u>€<%<ym )i“il-
" (6p(2)Vp (y)VEr/«)Ar U r u "

Then there exist comparison constants such that for all t > 0 satisfying t'/* < eir/2, I < Iy <
Is.
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Proof. By symmetry, we can assume p(z) < dp(y). From Lemmas [3.1] and [3.2{ii), we obtain
that I3 < ¢;Iy < coly. Thus, it suffices to show that I < ¢3l3. Set € := (a+ 81 — 87)/4 > 0.

If 6p(y) > e17/2, then for all u € (tl/a, e1r), using (1.5), (2.9)— (2.12)), the fact that ®o(u) =1

for u > 1, and the boundedness of ®, we obtain

Agy @,0(t, T, 0+ ung) Ag, @,0(t, T + ung, y)

(P (S (B Y () ()
= @ <W> o, (‘SD(”C)V“>

.
1 if op(x) > u
Sp(x) Vv i/ * Y ’
< C4‘1>0<D()r> X\ (Spl@) vl w O\ if 6p(x) < u
” 5p(a) v {1/ b
By —B1+2e 5 1/ Bi—Pr+2e
U plx Vit u
= 65<t1/a> (1)0< | )r ) - <t1/a> Avanlts.)

and
Aqh,@z,é(ta Y,y + uny) A<I>1,<I>2,E(t7 Yy + uny7 ‘/L')

5D({B) v /e

r ) XAcI)h(I)zj(t,l',y)-

= Afbl,q)g,f(t?y + unva) = <I>O(

Since o + 1 — B7 — 2¢ > 0, it follows that

e1r u Bik_ﬁl+25 du
Iy < cetAo, @, 0(t, T, y)/ <<1/a> + 1) —i1 S rAe et 1, y) < orls.
tl/a t (7

Suppose 0p(y) < e1r/2. Then by Lemma we get I < I3. If 6p(y) < tY/<, then the lower
bound in the integrals in I3 is equal to t1/@ hence these integrals are equal to the ones in I;.
Thus clearly I} < Iy < I3.

If 5p(y) > tY/*, we split I; into two parts:

. ép(y) du
I =t A¢’1,‘1>2,€(ta T,z +ung) A<I’1,‘1>2,€(ta T+ ung,y) uatl
t

1/
5p(y) du
+1 /1/ Aay 0,0ty y + uny) Ap, @, 0(t,y + uny, x)m
t «@
and

e du
JU= t/ Ap, 0y 0(t, x, 0+ ung) A, o, 0(t,  + ung, y)—a+1
dp(y) u

e1r

- t/ Ady 0,0(t: Y,y + uny) Ag, @, (L, y + uny, 95)%
op(y) u

Since I{’ is equal to the sum of the integrals in I, in order to obtain I; < c3l3 it suffices to

prove that If < cgAq, o,.0(t,z,y). Since dp(y) > t/e for all u € (tV/*,8p(y)), using (2.9)-

and the boundedness of ®g, we obtain

A‘Pl,@g,f(t7 T,T + unx)Aq)l,‘Pg,E(t? T+ Uy, y)

oo () ()
< cg®y (5D(m) v tl/a>q)2(5D(y)>£<5D(x) y tl/a> p(y

r op(y)
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1 if 0p(z) > u,

X (Sp(z)V tl/a)ﬂl_6< u >Bf+€( u ) .
LA S S— S — fop(x) <
( u Sp(x) v ti/a o) i) fopl@)<u

Scw(&y)ﬁ—m%e@l <W>q>2<5D7Ey)>g<5D(;3D)(\;)tl/a>

w \PiPit3e
= <t1/0‘> ACIH,@Q,Z(t?:L‘ay)

and

Afblﬁbz,f(t’ Y,y + uny) Aq>1,4’2,5(t7 Y+ uny, x)

) vt/ b) B) v th/a
= A<I>1,<I>2,€(t7 y+ Uny, JI) = (I)l L CI)Q D(y) 14 D(ﬂf) = Aél,ég,f(ta xz, y)
r r 0p(y)

Since o + fB1 — B7 — 3¢ > 0, we arrive at
. 6p(y) u \PiPit3e du
Il < ClltA<1>1,<I>2,€(t7 x, y) /tl/a <(t1/a> + 1> yotl < 012A¢1,<I>2,Z(t7 x, y)

The proof is complete. O

Lemma 3.4. (i) If B V 55 < a+ B1, then there exists C > 0 such that for all t > 0 and
z,y €D,
(3.13)

N e1lz—yl du
Az —y|*) Ay p0(t, @, 2 + ung) A@l,%,e(t,x—i—unm,y)m
(p(2)Vp (y)VEr/ *)A(e1]z—y|/2) u

S CA<I>17(1>2’€(t7 .’1:, y)
(i) If B2 > a+ B, then there exist comparison constants such that for (t,x,y) € (0,00)x D x D,
(3.14)

N e1lz—yl du
Az —y|*) Ay z0(t @, 2 + ung) Aq’l,q’m@(t’x‘i_unxay)m
(Op(z)Vp (y)VEr/ *)A(e1]z—y|/2) u

t
= <1 A )A%,@O,l(taxvy)-

|z —yl*
Proof. By Lemma the (common) left-hand side of (3.13) and (3.14) is comparable to

|z—y| du
I:=<M|x—y|a>/ -2
(6p(z)Vop (y)VE/ *)A(|lz—y|/4) U

fw) = By <(5D‘(i/)_\/;‘1/a>q)o<5D($)u\/ tl/a>¢)2<|x u y‘>€<5D(y)u\/ tl/C“)'

We first assume that /@ > |z —y|/4. By , I is bounded above by
N eilz—yl 14,
ale =yl /61$—y|/2 et =
Hence, ollows from (3-2). Moreover, when t1/% > |z —y| /4, we see from the boundedness

where

of ®g and (2.9) that

t
<1 A M)I‘l@o,%,l(tawa y) <1,
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and from (2.9)), (2.11)), (2.12)), and the definition (2.8) and the almost increasing property of @
that

B |z—yl du
>4 \x—y/I Flu) Sy

z—y|/4

Sp(z) vt/ Sp(y) vt/ /lx—yl du )
> — oyl [ )@ [ 2 ) dy(1 > 4P (1/4)2.
Z esfe =4 0( w—yl )\ Jr—y ﬂ)|wwmw”1_ﬂ o(1/4)

Thus the assertions are valid if if t'/* > |x — y|/4, without extra assumptions on £; and Ss.
We now assume that t%/ < |z — y|/4.

(i) Let e .= (a+ 1 — By V B5)/4. If op(z) V op(y) > |x — y|/4, then using (2.9)), (2.11)), (2.12]),

we see that

o=y du op(x) vt/ Sp(y) Vv tl/« =yl g,
I_t/ fu Xt@o( >(I)0< )(I)Ql / —
MR o=y e )P e

1/a 1/
< st (I)O<5D(:B)\/t >(I)O<5D(y)\/t >
|z — yl* |z -yl |z —y|

We distinguish between two cases.
Case 1 5D( > (5D( ). If 5D( ) > |z —y|/4, we have (6p(x) V V) A |z —y| < |z — y|. Thus

using , and , we get

Op(y) v dp(y) v ¢/ dp(y) v ¢/
A > ce® > cr®g| ——— |.
®1,02,6(L, T, Y) = ¢ 1< iz — g ¢ Go@) VI A |z —yl) = 7 ®o

(3.15)

Thus, by (3.15) with ¢t'/® < |z — y|/4 and the boundedness of ®, the assertion holds in this
case.

Suppose dp(z) < |z — y|/4. For all 6p(z) Vt/* < u < |z — y|, applying (2.9), (2.11) and
(2.12]), we obtain

(P (P o ()

—Bi+e+BE+ete 1a 1/a 1/a
SCB‘I)O(l)( u ) 2 ®1<5D(y)\/t >(I)2<5D(x)\/t )£<5D(y)\/t >

Sp(x) Vvt lz — g S5p(z) v tl/a

u —p1+85+3¢
=cg| ———r A t,x,y).
8<5D(I) \/tl/O‘> @1,‘132,3( y)

Since o + 1 > B35 + 3¢, it follows that

b du

1/a\B1—B5—3¢e
I < cgt(0p(x) vVt /*)Pr=h2 Aq>1,q>2,e(t,x,y)/ /e ulFOTBI— P32

op(x)

Cgt
Aq>1,<1>2,€(t7 €, y) < C7A<I’1,¢'2,Z(t7 z, y)

~ (Op(x) v tl/a)a

Case 2: 0p(z) < dp(y). I op(y) > |x—y|/4, then using (2.9), (2.11)), (2.12), and the definition
([2.8) of @, we see that

5 v /e 5 v /e 5 v /e
A¢1,®27Z(t) Z, y) Z 610@1 < D(CL‘) >€( D(«I) ) = Clo(po <D(l’)> .

|z —y| lz —yl |z — |

Hence, the assertion follows from (3.15)) with /e < |z — y| and the boundedness of ®.
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Suppose 6p(y) < |z —y|/4. For all 6p(y) VY < u < |x —y|, using (2.9), (2.11)) and (2.12)),
we get that

(P (o ()

< Sp(z) Vv /e Pr—e Sp(y) vt/ Pite U Pate U ©
—C”( u ) (6D@»vtva> <6D@>vtva> <5D@>vtva>

- 1/a 1/«
xcbo(l)e(l)@l(éDTx)_v;' >¢2(5D,(i)_v;| >

_ (5D(.T)\/t1/a Bi1—e 5D(y)\/t1/a Bi+e U B3+e U €
—C”( u ) (aDm»vtva) <6D@>vtva) <5D@>vtva>

) Yy \/tl/a €
(B Anttnn

= c1a(Op () v E/ )T (G (y) v )Py TS Ay g, o(t, 3, ).
Since a + B1 > B] V B35 + 3¢, it follows that

* 152 > du
I < cipt(6p(z) VE/ )P (6p(y) V)72 A, o, o(t, 2, y) /5D(y)vt1/a A
c13(0p(x) v H/@)atBi—pi—3e

(5D(y) Vi tl/a)a+ﬁl*51‘*3s

 ciat(Op(x) Vv l/e)Pi-Bi—se
~ (Op(y) v th/eyatBimBi =3
< 1340, dy0(t, 2, Y).

(ii) Let &' := (Bo — o — B1) /4. If (6p(z) V op(y) V) A (lx — y|/4) < u < |z — y|, by using
(12.9), and , we get that

(P (e ()

_ B +e' —Bate'+€ 1/a 1/a 1/
< 014(1)2(1)(\95 y\) ¢1<5D(?J)Vt >(I)0<5D(1'>\/t >£<5D(y)\/t )

u |z — | |z — | |z —yl

By —B2+3¢’
a:' p—
= Cl4<’ y’> A@g,@o,l(tvxvy)

A<I>1,<I>2,Z(t,xay) < Aq>17¢.27@(t,$,y)

u

o (2@ V /e o[ O0@) Vv ¢/ P LAY op(y) v/
N eyl ) u o — ] u
B1—pB5—3¢’
Tz
Z C15 <|uy|) Aq>07q>071(t,$,y)-

Since B2 > a+ 7 + 3¢, it follows that

and

l2=y| du ci6tA (t,z,y)
L \BE—Bat3e! _ C161 AP, 00,10, X, Y
I S Cl4t’x y| 1 A<I>()7<I>O,1(t7 x; y) /0‘ u1+06+,8{*,82+36/ - ‘.’E o y‘a
and
. at lz—y] du 17t Agy o.1(t, T, Y)
I > epstle —y|Pr=P273 4q K ,1(t,:c,y)/ s 3 = oo
v gl uOHOImAE0E ERFE
The proof is complete. O

The next lemma implies that none of the two terms in the brackets on the right hand side
of (1.12) dominates the other. Moreover, if lim inf,_,o £(r) > 0, then the same holds for (1.13)).
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Lemma 3.5. (i) If B2 > a+ 7, then

(3.16) i 1% Y™ Ay 20,1 (8 2, )

=0 forallz,y€e D, x ,
=0 Awy ay0(t,7,Y) 4 Y 7y

tlxr —y| *A t
(3.17) im Lm HE YT Aee et 2, y)
t=02—=Q,y—Q’ Aq>17q>27é(t7 T, y)

(it) Assume the setting of Theorem [1.J|(iii) and suppose in addition that liminfs o ¢(s) > 0.
Let

=00 forallQ,Q €0D,Q # Q.

|z—yl du
I(t,x,y) = A@Q,@g,l(taxvy)/ -
(Op(2)Vop (y)VEr/ )N (je—y|/4) U

" (5((50(96) V) Ju) 6((Sp(y) V 1) u) d(u/ | — y|)>'
((dp(x) V) /|w —y|) €((0p(y) v /%) /|z — y])

Then
tle —y[TI(t, @, y)
3.18 lim =0 forallz,ye D, x ,
(38.18) =0 Ag, a,0(t,7,y) I Y 7Y
tlx — y| "L (¢t
(3.19) limsup lim [z~ 9l (t,z,9) =00 forallQ,Q €0D, Q+#Q .

t—0 —=Q,y—Q’ Aq>1,<1>27e(t,l‘,y)

Proof. Equalities (3.16) and (3.18)) are evident since limyot|lzr — y|™* Aoy a0,1(t, 2, y) =
limy o tlz—y|~*Z(t, z,y) = 0 and limy—,0 Aa, @,.6(t, 2, y) = As,,0,,0(0,2,y) > 0forall z,y € D,
T # .

Let Q, Q" € 9D be distinct and write r := |Q — Q’| > 0.
(i) Let € := (B2 —a — B7)/5 > 0. For any ¢ € (0,7%), using (2.10)—(2.12), we obtain

Lty Aeaea (b)) (e e )2
z—Q,y—Q’ Aq,hq)z,g(t, z,y) Ta(I)l(tl/o‘/T')(pQ(tl/a/T) T‘)‘(I)Q(tl/o‘/T)
N 1@, (1)0(1)2 [tV a+pf +e+2e—(B2—¢) B 1@ (1)6(1)2 [tL/a\ ¢
- (1)2(1) r N @2(1) r '
This yields (3.17)).

(ii) Since liminf, o £(s) > 0, we have ¢ := inf,c (g 1) £(s) > 0. For all ¢ € (0,7%), we have
R Y B el G o g T O L L
o=Qy—Q Ao, ayu(t,zy)  (tVe)r)et2Bigtt/afr) Jaa o (Y /r)? u
T /o
oufr) // o(1/(ra) .
1/r a ’

2 Sy Jore w T Gdagn)

where we used the change of the variables u = 1/a in the last equality. Define f(a) := ¢(1/(ra)).
Since ¢ has lower and upper Matuszewska indices both equal to 0, by [2, Theorem 2.6.1(f)],

/o /o
lim inf ot/ /r) _ Jiminf /)

SO (1 (ra)da 0 [ a1 fla)da

This leads to (3.19). O

=0.
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4. PRELIMINARY UPPER ESTIMATES
Recall that we work under the framework introduced at the end of Subsection [2.11

The following notational convention will be used throughout Sections[{-{6 When we consider
Y, we write Y, YU, p(t,2,y), p”(t,2,9), 7 and ¢ instead of Y, Y", p(t, x,y), BV (t,,3), 7u
and co. When we consider Y*, we write Y, YV, p(t,z,y), pY (t, z, y), Tu and ¢ instead of Y'*,

YU pr(t,z,y), pPU(tx,y), 6 and (. Further, when we consider Y, we let ¢ =0, and when
we consider Y, we let ¢ € [(a—1)4,a+ p1) be the (strictly) positive constant satisfying (2.7)).

The following proposition is the main result of this section.

Proposition 4.1. For any T > 0, there exists C = C(T) > 0 such that
(4.1)

op(z)\? oW\ (,—d/a t
p(t,x,y)ﬁC(l/\tl/a> 1A Ta t /\W forallt <T and z,y € D.

For ¢ = 0, (4.1]) is established in Proposition Hence, we assume ¢ € [(a — 1)y, + S1) N
(0,00) in the remainder of this section and so D is a bounded C!! open set and p(t,x,y) =

P (t, z,y).

Note that, since ¢t~ A W is comparable to the transition density of the isotropic
a-stable process in R?, there exists C' > 0 such that for all t,s > 0 and z,y € D,
t
4.2 By e — Py
2 G =0k
and

t S t+s
—d/a —d/a < —d/a
s [ (t Ma= zrd+a> < MMo— z|d+a> de=C ((“ Ay o y\d+a> ’

where in (4.3) we used the semigroup property.
Recall that ny € (0,1/36] denotes the constant in Theorem The next lemma shows
that (4.1) (hence Proposition is equivalent to the following weaker inequality: There exists

C > 0 such that
dp(x)

q A~
o > £ for all t < (noR)™ and z,y € D.

Lemma 4.2. If (4.4)) holds true, then, for any T > 0, there exists C = C(T') > 0 such that
(4.1) also holds.

Proof. Without loss of generality, we assume T > (7o R)®.
Step 1: We claim that there exists a constant ¢; > 0 such that for all ¢t < (noR)® and z,y € D,

(4.5) p(t,z,y) < cp (1 A 5515:))[1 <t—d/Cy A t> .

|.CC _ y|d+oz

If 6p(x) > 2741/ or |[z—y| < 8!/, then (&H) follows from Propositionor the assumption
(4.4) respectively.
Assume now that dp(z) < 274"/ and |z — y| > 8t1/*. For ([@.5), it suffices to show that

5D(a;)>q t

<
(46) p(tvxay) > C2 < t1/a |CC _ y|d+a‘

Let Q € D satisty |z — Q| = dp(x), let Vi = Bp(Q,t/*), Vs ={w € D : lw—y| < |z —y|/2}
and Vo = D\ (V4 U V3). By the triangle inequality, for any u € V7 and w € V3, we have

T e e I L e
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Let € > 0 be such that ¢ — o < 1 —e. By (2.13)), (4.7) and (2.9)), for all w € V; and w € V3,
Sp(u) A d 5 5 fre
B(% w) < 05(130 (D(U)D(w)> < 06(130 <D(u)> <e7 < D(u)> i

|u — w| tl/e tl/a

Thus, by Proposition [2.3] we obtain that

¢
(4.8) ///pvl(s,aj,u)l’)’(u,w)p(t—s,y,w)dudwds
0 JV3JV;
t Br1—e

o [ [ s () ([ e )
0 Jwvi th/e Vi
c7 o _

< t(fgle)/o‘/o /val(s,m,u)(sD(u)Bl “duds

1

B cr v, byoe 5p(z)\*
= t(51—6)/aEx/0 6p(Ys)P18ds < cg < /o t.

It follows from Theorem (with r = t'/®) that

5D T a
(4.9) Po(m <t <) < Pu(Yn, € D) <cs ( tlgg)) .
Note also that Proposition [2.4] implies that
s t
(4.10) sup  p(s,z,y) < sup 7 —gdtag, T
5<t,zeV s<t,z€D,|z—y|>|x—y|/2 ‘Z - y|d+a |:C - y|d+a

Now combining (4.7)—(4.10) and Lemma we get (4.6) and hence (4.5)).

Step 2: We first note that, when ¢y := (noR)* < t < T, by the semigroup property, symmetry

and ,

q
op(x —d/a
p(t,:c,y)Z/Dp(to,x,Z)p(t—to,y,Z)dzSC(Mﬁfg) ty /Dp(t—to,y,Z)dz
0

dp(z)\* @)\ (,—d/a t
<C5(1/\ tl/a) SC(; 1A tl/a t /\W .

We have used the boundedness of D in the last inequality. Therefore, (4.5]) holds for all t € (0, 7.
Using this and, by the semigroup property, symmetry and (4.3), we conclude that for all
te (0,7

pta) = [ ot/ 20012200z
ol ) (0 ) () o )
< ¢ (1 A 5ﬁ§f))q <1 A iDlSiJ))q (t‘d/“ P _;|d+a> .

This completes the proof.

To prove (4.4), we will need the following simple lemma.

Lemma 4.3. Let B := Bp(Q,r) for @ € 0D and r > 0. For ally > 0,a >0,t >0 and
x € B, it holds that

@y [ st (14 W)Zzz <k |(12 W)W 7> 1] + Pa(¥ € D).

a a
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In particular, it holds that
(4.12) P.(( >t) <t 'Eurp + Pu(Ys, € D).

Proof. Since YtB =Y; for t < 7, we have

/Dp(t,x,z) <1A(5[2L@)>7dz:Em [<1A5ng>7;t<<}
:]Ex[<1/\5D(aY’f]3)>W:TB>t} +EI[<1A5DS®>V:TB§75<C].

Combining this with

E. |:<1/\ 5DELY%))’Y g <t < C:| < IP3:1[:(7—3 <t< C) < ]P)I(YTB € D)v

we obtain (4.11]).
For (4.12)), by taking v = 0 in (4.11]) and using Markov’s inequality, we get

P.((>1t) <Pu(tg > t) + Pp(Yry € D) <t 'Epmp + Pu(Yy, € D).

We first prove that (4.4)) holds in the case ¢ € (0, @).
Lemma 4.4. If ¢ < «, then (4.4)) holds true.

Proof. By the semigroup property and Proposition for all t < (nO}AB)O‘ and z,y € D,

sty = [ /20290002 50)ds < et [ ple2n,2)dz = eat VB> 1/2),
D D
Thus, to obtain (4.4)), it suffices to show that

ép(x)
tl/a

q ~
(4.13) P.((>1/2) <1 <1 A > for all t < (noR)“ and z € D.

Let ¢t < (noR)* and = € D. If dp(x) > 2741/, then

P,(C>1/2) <1< 2% (1 A 5552))q.

Assume 6p(z) < 27%/* and let Q € AD be such that |z — Q| = dp(x). Using (#.12) (with
r = t1/®), Proposition (with v =0 > g — «), and Theorem we obtain

Bo(C > 4/2) < 27 Ealrp, @) + PelYry g /0, € D)
. . op(2) )" op(2) )"
1,1/ D o D
< et (E/)" q‘sD(x)quCZ( {1/ ) — S\ e )
proving that (4.13)) holds. The proof is complete. -

In the next lemma, we remove the restriction ¢ < a from Lemma [1.4]

Lemma 4.5. Inequality (4.4) holds true.

Proof. Let ¢t < (ngﬁ)a. By Lemma (4.4) holds when ¢ < . Now, assume that (4.4) holds
if ¢ < ka for some k € N. We now show (4.4]) also holds if ¢ € [ka, (k + 1)«). By induction, it

then follows that (4.4)) holds, without restriction.
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Suppose g € [ka,(k + 1)) and fix € € (20 —q — 1)4,(k+ 1)a — ¢) C (0,a). Since
(a—1); <qg—a+e < (ka) A (a+ p1), using the strict-increasing property and positivity of
p+— C(p;a,F) on (( — 1)y, + 1), we have that 0 < C(q — a+¢e;a,F) < C(q; o, F). Define

— ‘. F
%(ZE) — C(q a+ e a, )
Clq; o, F)

It is easy to see that & satisfies |(K)| with the same C1 and kg = C(¢ — @ + €;, F). Further,
since k(z) < k(x) for all x € D, we get p(s,z,w) < p(s,z,w) for all s > 0 and z,w € D.
Applying the induction hypothesis to p*, we obtain for all /2 < s <t and z,w € D,

~ qg—a+te q—a+e
p(s, 2,w) < (s, 2,) < e (1 A %Z)) e < o, ( 555”) e,
S « (e}

Therefore, by the semigroup property and symmetry, we get for all z,y € D,

t/4  pt/4
p(t,,y) = 16t~° / / p(t, z,y)dsdu
0 0

/4 )4
= 1675_2/ / / / p(s,z, 2)p(t — s —u, z,w)p(u, y, w)dzdwdsdu
0 0 DJD
t/4 g—a+e t/4
< 1602t_2_d/°‘</ / p(s,z, 2) <1 A iDIEj)) dzds) </ / p(u,y,w)dwdu>
0 D

t/4 q—o+te
< deogt™1 d/a/ / 5,T,% <1 A 62352)) dzds.

Thus, to conclude (4.4) by induction, it suffices to show that there exists ¢z > 0 such that

t/4 g—a+e q
(4.14) / / p(s,v,2) <1 A 535?) dzds < cat <1 A 535?) , veD.
0 D

Let v € D. If 6p(v) > 2-4'/*, then

t/4 5D(3) q—ate t/4 t op(v) q
/0 /Dp(s,v,z)<1/\ tl/a> dzd5</ / svz)dzds<4<04t<l/\ 1o ) :

Assume 5D(v) < 274V and let Q € AD satisfy |[v — Q| = dp(v). Write B := Bp(Q,t'/?).
Using (4 in the first inequality below, Fubini’s theorem in the second, and Theorem and
Prop051t10n 3in the fourth, we obtain

t/4 qg—oa+e
/ / S,v, 2 (1 A 5D(2)> dzds
tl/a

t/4 y By ¢-te
g/ E, <1/\5D(5)> :TB > S
0

tl/a
B 5 YB q—o+e t
gEv/ 5 00057) ds + ~Py(Yr, € D)
0 tl/e 4

k(z), x€D.

t/4
ds + / Py(Y;, € D)ds
0

B
< t—(q—a+a)/aEv/ 5D(Ys)q_o‘+5ds+ EP’U(YTB e D)

o (B0)' e (120

This completes the proof of (4.14)), and thus of (4.4]). O

The proof of Proposition [4.1] is now immediate.

Proof of Proposition [4.1} The assertion follows from Lemmas [£.2] and [£.5] ]
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As a direct consequence of Proposition we obtain the following corollary.
Corollary 4.6. For any T > 0, there exists C = C(T') > 0 such that

op(x)
tl/a

q
]P’x((>t)§C<1/\ > for allt € (0,T] and x € D.

Proof. By Proposition and (4.2)),
Pe(¢ > 1) = / p(t,z,y)dy
D

dp(x)\* —d/a t dp(x)\*
SCl(l/\ tl/a) /D t /\W dySCQ 1A tl/oc .

We end this section with the following survival probability estimate.

Lemma 4.7. There exist constants C,C" > 0 such that for all x € D, r € (0,1] and t > r®,

q
Px(TBﬁ(a:,r) > t) <C <1 VAN (SDT(Z.)) e_C,t/Ta.

Proof. Let z € D and r € (0,1]. Since ¢ = Py(7p_(z) > t) is non-increasing, it suffices to
show that there exist constants c1,co > 1 independent of x and r such that

5D(3})

q
(4.15) Po(TB(zr) = (i + 1)r%) < co <1 A ) 27" forall n>0.

It follows from Proposition (1) that sup.ep_(z.r) E: [TB5(z2r)] < c3r® for some constant c3 >
0. Choose c; so that c¢3/c; < 1/2. Then by Markov’s inequality,

sup  Po(7p @) = 1) < sup Po(Tp(zon = a1r?)
2€B5(x,r) 2€B5(x,r)

< (Clra)il sup Ez[?Bﬁ(er)] < 63/61 < 1/2
2EBp(x,r)

Using this, and applying the Markov property at time 7% in the first step and at time c¢yr® in
the subsequent steps, we get that for all n > 0,

«

Px(TBﬁ(z,r) > (cln + 1)7,(1) <E; |:]P)Yra (TBﬁ(x,r) > ClTZTa); TBx(z,r) >

< PI(TBﬁ(aﬁ,r) > Ta) Sup ]P)Z(TBﬁ((E,’I’) > ClTLT‘a)
2€Bp(x,r)

<. < PI(TBﬁ(x,T) > Ta)( e;ul() )]P)z<7_85(:1:,r) > Clra)> < 2_nP$(C > 7,04)_
z€Bx(z,r

Combining this with Corollary we obtain (4.15)). a

5. LOWER BOUND

In this section, we establish sharp lower bounds for the heat kernel. We emphasize that the
assumption 5] < o + 31 will not be used in this section. We begin with the following interior
diagonal estimate, which refines Proposition [2.6

Lemma 5.1. Let a € (0,1]. There exists C = C(a) > 0 such that for all t > 0 and x,y € D
satisfying Sp(x) > at'/* and |z —y| < (#//2) A (6p(x)/25T1/®),

(5.1) p(t,z,y) > Ct= .
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Proof. Let r := dp(z)/2. Applying Proposition [2.6| with Ry = diam(D) and b = 1/2, we get
(5.2) p(s,z,y) > P (s, 2,y) > e157 Y for all s < (r/2)* and z,y € B(x, s/ /2).

If t < (r/2)*, then (5.1]) follows from (5.2).
Assume t > (r/2). Set ty := (r/2)*/2 and let n > 2 be such that n < t/ty) < n + 1. Note

that |z —y| < r/22F1/e = 1/O‘/Q and n < t/tg < (2r/a)*/to = 2(4/a)®. Using the semigroup
property and (5.2)), we obtain

p(t7x7y) - p(t()axazl)"'p(t07zn—27zn—1)

/B(x,tg/a/z)x---B(z,tg/“m)
X p(t —(n—Dto, 2n—1,y) dz1 -+ - dzp—1

> 61(2t0)_d/a(01t_d/a)n 1( ( (1)/a/2)d)n—1 _ Cgcztad/a > 03(04 A 1)2(4/a)at—d/a‘

O

5.1. Some estimates related to lifted points. Recall that n; and 72 are the constants in
(1.5). For z € D and t > 0, we define the lifted point

(5.3) z(t) =z + (tY/%/2)n,.

Note that, by (1.5, we have x(t) € D for all x € D and ¢ € (0, (211)“].
The following simple consequence of ([1.5)) will be used several times in the sequel: For all
x € D and t € (0,n{], it holds that

(5.4) Sp(y) > 2 2ma(t/D)M  for all y € B(a(t/4),2 2ny(t/4)Y®).
In fact,
Sp(y) > p(x(t/4) — lx(t/4) — y| > 27 ma(t/4)V ™ — 2 2 (t/4) /™ = 272 ny(t/4) /.
In particular, for all z € D and t € (0,7{], we have
(5.5) B(x(t/4),2 2m(t/4)"*) C D.
Lemma 5.2. Let t € (0,n{] and x,y € D. There ezists C > 0 independent of t,x,y such that

t
—d/ -
p(t/272,w) > Aq>17<p27g(t,l',y) (t “A ‘x_yd-l—a)

for all z € B(z(t/4),2 52 (t/8)Y) and w € B(y(t/4),2 Cna(t/8)Y/ ).
Proof. Without loss of generality, we assume 6p(x) < dp(y). Write r := 251 (¢/8)1/. Let z €
B(z(t/4),r) and w € B(y(t/4),r). Recall from (5.4) that 6p(2) Adp(w) > 272y (t/4)1/, which
implies that, for s € [t/6,t/2], we have 6p(2)Adp(w) > 2727 yst/@ and 2r = 275y (¢/8)V/* <
2 5pst/@ A 27371/25 5 (y). Thus, by Lemma it holds that
5.6 inf ) A f ) > et
( ) (sE[t/G t/%}n|zfz’|<2rp(8727z )) (sE[t/6 t/21n|w w’|<2rp(s,w,w )> =
If |z — w| < 2r, then the result follows from (5.6 and (3.1)).
Suppose |z —w| > 2r. For all 2’ € B(z 7"/2 by (1.5),
p(2) = 0p(x(t/4)) — 3r/2 > mdp(x) + 27 na(t/4) /> > 27272/ %y (Sp () v /%)

and 0p(2') < dp(x(t/4)) + 3r/2 < dp(x) + (t/4)Y* < dp(x) vt/ Similarly, we have that
2722/, (5p(y) V ) < dp(w’) < dp(y) V ¢t/ for all w' € B(w,r/2). Further, for all
z' € B(z,r/2) and v’ € B(w,r/2),

|2 — | < [a(t/4) = y(t/4)| +3r < |z = y| + o — 2(t/D)] + |y = y(t/4)] + 3 < & - y| + et/
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and |2/ —w'| > |z —y| — est?/@. Hence, |2/ —w'| <t if |z —y| < 2e3tV/*, and |2/ —o'| < |z —y|
if |z — y| > 2¢3t'/®. Thus, for all 2’ € B(z,r/2) and w' € B(w,r/2), using [(A1)| @2.10)-[2.12)
and (3.1)), we obtain that if |z — y| < 2¢3t'/®, then

Bz w') q)l((sp(x)th/a)%<50(y)vtl/a>£<5D(I)vt1/a>

|2/ — w/|d+a — tld+a)/a tl/ tl/ tl/a
C4 CSA<I>1 (o) @(tv xz, y)
= > ? J
(5'7) tld+a)/a = tld+a)/a ’

and if |z — y| > 2¢c3t™/®, then

B(z',w') >CGA<1>1,<1>2,e(taﬂfay)
|2/ — w!|dte = |z — y[dte

(5.8)

Using the strong Markov property in the first line below, (5.6]) in the second, the Lévy system
formulas (2.15)—(2.16) in the third, and (5.7)—(5.8)) in the fourth, we deduce that

(5.9) p(t/2,z,w) > E, {p(t/Q — TB(z2,r/2)5 YTB<Z,T/2)7w)? TB(zr/2) < /3, Yiprm € B(w,r/2)
> Cltid/a]P)z (TB(Z,T/Q) < t/37 YTB(z,r/z) € B(w,r/2))

TB(z,r/2)Nt/3) Y. w'
> et~ OR, [/ / B( s’judi*dw ds}
0 Bw,r/2) [Ys — w4t

crAp, 0, 4(t, T, y)
Iy E.[5(sr/2) A (t/3)].
T (lx = y| vt/ e)dta [7B(zr/2) N (/3)]

By applying Proposition [2.6]ii) with b = 1/2, we get that
o a «a B(z,r
(510) Ea[rp(ans) A (1/3)] = (1/9°Pa(Tperyn) > (r/4)%) > (r/4)° P (Y5 € B(2,1/8))

= (r/4)“ /B( / )pB(Z’T/2)((r/4)°‘,z,z’)dz' > 08(7"/4)“_‘1/3 dz' = cgr® = cot.
z,r/8

(2,7/8)
Combining (5.9) and (5.10) with the fact that t/(|z — y| Vv t1/®)d+e = =4/ A (tz — y| =), we
obtain the desired result. O

Lemma 5.3. If ¢ > 0, then there exists C > 0 such that for all x € D, t € (0,1] and

e € (0,R/48],
T xstl/a * 1
E, /BD(’ Voo (2200)Y o] 5 cporieny (1 00NN
0 /e gtl/a

Proof. Assume first that dp(z) > et!/®/4. Then, for all z € Bp(z,et'/*/8), by the almost
increasing property of ®y and (2.9), we have ®¢(6p(2)/t1/*) > ¢;®o(e/8) > ca(e/8)P1 1. Hence,
using Proposition [2.5[(ii), we obtain

T x Etl/a T I»Etl/a S
E, /BD<, ) &, Ip(Ys) . S E, /B< " 1, ip(Ys) ) .
0 tl/a 0 tl/o

> 02(5/8)BT+1EI[TB(m,atl/"‘/S)] > 035a+5f+lt'

Suppose §p(z) < t1/% /4 and let Q, € OD satisfy |2— Q.| = dp(x). Note that 2s¢1/* < R/24,
Bp(Qu,et*/*/2) € Bp(z,et'/®) € Bp(Q,,2et'/*) and z € Bp(Q,,et'/*/4). Hence, using (2.9)
and Proposition with v = 87 + 1 > ¢ — «, we get that

T z,stl/a YS T z,etl/o‘ YS 'BT+1
Ex / Bp( ) (I)O 5D( ) ds > C4Em / Bp( ) 5D( ) ds
0 tl/a 0 tl/a
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65(5tl/a)a+ﬂf+1_q6D(x)q_ eotBi dp(z)\*
= (B D/a - etlle )

a

Lemma 5.4. If ¢ > 0, then there exist constants A € (0,27273/@ A (§/48)] and C' > 0 such
that for all x € D and t € (0,n{],

_ Ip(z)\*

6 1/a D

IP:B (YTBD(I,)\tl/O‘)/\(t/g) € B<$(t/4), 2 772(t/8) / )) > ¢ (1 A tl/a > ’

Proof. Let A € (0,27171/® A (R/48)] be a constant to be chosen later. Since AtY/* +
2 0y (t/8)1/ ™ < (17/64)(t/4)"/* = (17/32)|x — z(t/4)], it holds that

(5.11) |z —y| <t for z € BD(a: )\tl/a) and y € B(x(t/4), 2 0y (t/8)1/).

Thus, combining [(AT)] (5.4), (2.10)-(2.12) and (2.8) with the fact that ®o(r) =1 for all r > 1,

we gt that for = € Bp(r, A'/*) and y € B( (t/4), 2 Ca(t/8)/°),
(5.12) B(z,y) = {‘1’0<5D<z>/t”°‘> if 0p(2) < 27 2ma(t/4)1/, %<5D<z>)‘

1 if 6p(z) > 27 2ny(t/4)"/ t1/a
Using the Lévy system formulas (2.15)—(2.16)), (5.11)) and (5.12)), we obtain
(5.13) P (YTBDWW)A@/& € B(x(t/4),2 na(t/8)" “))

T (wagl/ayNE/8)
:Ew[/ Bp(zAtl/@) / B(Ys’gﬁdyds]
0 B(w(t/4),2-6na(t/8)1 /o) | Vs — y[9T
o ety NE/8) v
> Clt_d/a_lE:r [/ FpleAri) @0(5D1( S)>ds/ dy:|
0 th/e B(x(t/4),2- 5o (t/8)1/@)
- TBp (at1/) dp(Ys)
Z CQt 1EZ |:/(; P q)0< tl/a dS, TBD(I,)\tl/O‘) S t/8

_ B (x,ktl/o‘) 5 Y. _
=t s U ’ %( [t)l(/a8)> ds} — cgt ™ Be [T, (0 a1/0); TBp( /) > /8]
0

We used the boundedness of @ in the last inequality. Note that A* < 1/8. Using Lemma
and the fact that sup,>oa®e™® = (k/e)¥ for all k > 0, we obtain

(514) t_lE [TBD(:B )\tl/a)' TBD((JC )\tl/a > t/8]

< Z —Po (T @anirey € (nt/8, (n+1)t/8]) < ¢4 (1/\ AM) Z ne” /A"

n=1

* 5 (.’B) 7 _ * * (5D(.'1:)
20467 +1 § (a+Bf4+1)/a _ 20467 +1
= oA (1 : Atl/a> ﬂn 1 SeAmm A Atl/a ) 7

where ¢7 is independent of A. Combining (/5.13]) with Lemma and (5.14)), we arrive at

- a a+B; a+B3 5D(x) !
P (Yo, o o) € Balt/2). 2 Sm(t/8)1/%)) 2 (a5 - erimtdiot) (1 22000

M\l/a
By choosing A sufficiently small, this yields the desired result. O

Lemma 5.5. There exists C > 0 such that for all x € D, t € (0,n{] and y € B(xz(t/4),

276n(¢/8)1/), q
p(t/4al‘)y) >C (]. A (stDlgax)> t—d/a'
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Proof. When ¢ = 0, since |z — y| < |z — x(t/4)| + |x(t/4) — y| < (t/4)Y* )2 + 2 Ony(t/8) 1/ <
(3/4)(t/4)"/*, applying Propositionwith r = Ry = 4"t/ and b = 3/4, we get the result.

Suppose ¢ > 0. Note that, by (5.4), for all s € [t/8,¢/4] and z € B(x(t/4),2 Sy (t/8)1/),
Sp(y) > 272 (t/4)/* > 27 2p51/* and

[y — 2| < |y — 2(t/4)| + |2(t/4) — 2| < 27Pna(1/8)1/* < 2 Fmps/* A 27315 (y)
Thus, we can apply Lemma with a = 2721, to obtain
(5.15) p(s,z,y) > cpt ™4

for all s € [t/8,t/4] and z € B(x(t/4),2 5no(t/8)/*). Let X be the constant in Lemma [5.4{ and
write B := Bp(z, At/ @). Using the strong Markov property, (5.15) and Lemma we obtain

p(t/4, $’y) > E, |:p(t/4 - TB7YTva); 7B < t/8’ }/‘f'B € B(:E(t/él), 2_6772(15/8)1/0{)}

> inf L 2,y) | P (Y, € B(z(t/4),2 %ny(t/8)1
> (sdt/&tMLZeBé&@Jw/g)w)p@ : y>) (YVrancss) € Bla(t/4),2 na(t/8)/))

5D($)>qtd/a_

> c3 <1/\ /a

5.2. Sharp lower bound.
Lemma 5.6. There exists C > 0 such that for all t € (0,n{] and z,y € D,

p(t,z,y) > C (1 A 5D(x)>q (1 A 5D(y)>qu>hq>2,g(t,x,y) <td/°‘ A t) .

tl/a tl/a |x_y|d+o¢

Proof. By the semigroup property, Lemmas and [5.2] we obtain

p(t,ay) > / / p(t/4, 2, 2)p(t/2, 2, w)p(t/4, w, y)dwdz
B(x(t/4),276n2(t/8)1/ ) JB(y(t/4),2= 02 (t/8)1/)
q q
> Clt72d/a <1 A 6D($)> <1 A 5D(y)> A(bl,ég,z(t,%y) <td/a A t)

tl/a tl/a |x_y|d+o¢

X / dz/ dw
B(x(t/4),2=6na(t/8)1/ ) B(y(t/4),2=0na(t/8)1/)

op(z)\* op(y)\* —d/a t
= C (1/\ tl/oz > 1A tl/oz A~1>17<I>2,f(tax7y) 13 /\W '

a

Lemma 5.7. For any T > 0 and € > 0, there exists C = C(T,e) > 0 such that for allt € (0,7
and x,y € D with (6p(x) Adp(y)) V' > elz —y],

p(z)\* oW\ (,~d/a t

Proof. If ¢ < nf, then the assertion follows from Lemma and ((3.2)).
Suppose T' > n{ and t € (n,T]. Then td/e p mwEFe < 1 for all z,w € D. Let B :=

B(x(n$), 275" Ynmy). By (L), we have dp(z) > m20p(x) + mne/4 for all z € B. Applying
Lemma [5.1| with a = 172/ (4TY%), we get

(5.16) p(t — )2, z,w) > ey (t — 8 /2)" ¥ > ey T~ for all z,w € B.
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On the other hand, for all z € B, we have |y — z| < |z —y|+ | — 2| < |z — y| + n1,

m m |z — 2|
(5D(x) A 5D(Z)) v 4l/a = 41/a - 41/a

and
nin2 m
—=))V

(6() A6p(2) V 5 = (Boy) A (edn(e) + ) v

IR (Sp(x) Adp(y) Vi) > B ((clp —y|) v )

2 aTl/a = qi/aT1/a
1N17)2€ mmn2e

> — > —— g — z|.

= 2-41/‘1T1/a(‘$ y\+771) = 2_41/O¢T1/o¢‘y Z’

Hence, for all z € B, by Lemma 5.6 and (3.2)) with the fact that 6p(z) > min2/4, we get

) 1 ) 1
(5.17) p(ni/4,x,2) > co <1 A D(x)> and p(ni'/4,z,y) > ca (1 A D(y)> .
m m
Using the semigroup property, (5.16)) and (5.17)), we arrive at

p(t,z,y) > /B /B PO /4, , 2)p(E — 1 /2, 2 w)p(r /4, w, y)dzduw
{00

_ dp(x)\* oW\ (,~d/a t
A<1A tl/a) LA~ YN )

where the comparison constants in the last line depend only on T" and €. The proof is complete.

O
Recall that the constant € is defined in (1.6]).
Lemma 5.8. There ezists C > 0 such that for all t € (0,7{] and x,y € D,
dp(z)\* oW\ (,-a/ t
> (S N
p(tjsc,y)_C'<1/\ /e 1A /o t /\|m—y|d+a
e1z—yl du
X (t Alz — y’a) / Aq>1,<p27g(t, T, + ung) A‘Pl,fpzf(t, T+ ung, y)T—i—l'
/N (er]a—yl/2) u

Proof. Let r := e1|z — y|. Note that, by the definition of €1, we have r < e;diam(D) < n;. If
t1/® > 1 /2, then by Lemma

p(t,z,y) > e <1 A 5D(x))q (1 A 5D(y)>qtd/°‘.

tl/a tl/oc

It follows from (3.1)) that

T du
tA |z —y|® A t A t —
( ’w y’ ) /tl/‘l/\(r/Z) ‘D17<1>2,5( T, T+ unﬂc) ‘D17<1>2,5( , T+ ung, y) uott
" du
< 02|x_y|a/r/2ua+1 = c3.

Thus the assertion is valid in this case.
Suppose /e < r/2 and let N > 2 be such that oN—1l/a < oN¢l/a For all 1 <n<N,
we see that 207t < (2r)® < (2n)® and |z(2°"t) — x| = 2" 1tV/* < r < |z — y|/4. Hence, by
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([T.5), for all 1 <n < N and z € B(z(2°7t), 2" 3nyt/®),
3 < op(2)

an > on—1 1/a e

o
47
(5.18)

1 Jy—=z _3
<1 d =< < —.
4= gngija =0 MG 9 =TS

Moreover, B(z(2°7t), 2" 3not!/*), 1 < n < N, are disjoint. By Lemma (5.18) and ([2.10)—
[2.12)), we have for all 1 <n < N and z € B(z(2°"t), 2" 3nqt1/®),

ca dp(z)\?
(5.19) p(t/2,z,2z) > S@ramgda <1 A 1/ ) Ap, @y, ,2(2°71))

and

cat dp(y)\? an
(520) pla/2.500) 2 1t (10 25020 ) a2 0),0)

Using the semigroup property, (5.19) and (5.20)), we obtain
(5.21)

N
p(t,z,y) > ;/B p(t/2,2,2)p(t/2, z,y)dz

(2(20) 21 a1 /)

cst Sp(@)\* (;  Ip(w)\’
= o=y (M ) \M e
.S / Ay et 2,2(27M1)) Ay et 2(2771), )
n—1 B(x(Qant)72n73n2tl/o¢) 2(d+a)ntd/a

dz

_ cet 1A 5D(x) a 1A 5D(y) qi A¢17¢27£(t,x,aj(2ant))Aq>17q>27g(t,JU(Qomt),y)
|z — y|dte t1/a the ) & 20m '

On the other hand, by using (I.5) and the fact that 2Vt1/* < 2r < |z — y|/2, we see that for

all 1 <n < N and u € [27 1t/ 2t/
op(r+uny) 2 |z + ung, — o u
DT M) = < - <2
= So@@ent)) S S [p(2omt) — @] 2nigt/a =

L (2l _fotun, -yl _ (3Dl —yl _
3 B2z —yl T [z20t) —y| T (1/2)|z —y|
Thus, by ([2.10)-(2.12)), we have for all 1 <n < N and u € [2" ¢!/ 2n¢l/o],
A¢1,‘1’2,@(t7 €T, x<2ant>)A‘1’1,¢275(t7 x(2ant)a y) = A‘I’l,@m@(tv Z, T+ unx)A’bl,q’mf(tv T+ ung, y)'

3.

Hence, since r < 2Nt/ it holds that
N

A taxw%. 2ant A t,l’ 2ant s
(5.22) Yy @100t 7, 7 )2>an<1>1,<1>2,e( (297t),y)
n=1
N on¢l/a du
> et A t,x, A t, ) ——
= C7 ;/intl/a <I>1,<I>2,£( x,T —I—unx) él,cbz,e( r + ung y)ua“

T du
> cpt /1/ Ap, @y0(t, ,x + ung) A, @, (t, v+ uny, y)W
t (e

Combining (5.21)) with ([5.22)) completes the proof. O
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Theorem 5.9. For any T > 0, there exists C = C(T) > 0 such that for all t € (0,T] and
r,y €D,

op(x)\* oW\ [ —da/a ¢
p(t,x,y)ZC(l/\tl/a> e ) U M ey

e1]z—y| du
X I:(t AN ‘x — y’a) / A@l’@ﬂ(t, T, T+ unx) Aq)l’(pﬂ(t, T+ ungy, y)ia—i-l
tt/an(er|z—y|/2) u

e1lz—y|
+ (t/\|x—y|°‘)/

tt/en(erla—yl/2)

du
Ady @,0(t, Y,y +uny) Ay, 0(t,y + uny, ﬂf)W .

Proof. Let ¢ be as defined in (L.6]). If (6p(x)ASp(y))VE/™ > e1|z—y|/2, then the result follows
from Lemma and (3.1). Assume (6p(z) Adp(y)) Vv t/e < gi]xz — y|/2. Then t/* < n;/2.
Applying Lemma together with symmetry of p(t,-,-) and the fact that a > ¢; and a > ¢
imply a > (c1 + ¢2)/2, we obtain the desired result. O

Corollary 5.10. For any T > 0, there exists C' > 0 such that

P, (¢ > t) = (1 A 0(2)

a )q for allt € (0,T] and x € D.
Proof. Let z := (n{t/T). By (L5), it holds that for all y € B(z,2 2o (t/T)"),

o =yl < |z — 2| + 2 2 (t/T) < (t/T)V* and p(y) = 2 2o (t/T) "
Hence, by Theorem Lemma (ii) and (3.2), we obtain for all y € B(z, 2 2mime(t/T)1/%),

q q
pt,z,y) > o1 (1 A 555?) Agy ety 2,9) £ > 5 (1 A {35’““)) e

It follows that

P.(¢>1) > / p(t,z,y)dy
B(z,272mina(t/T)V/ <)

q q
» <M5Dl(x>> td/a/ dy = c3 <1A5Dl(x>> .
tl/a B(z,2=2mm2(t/T)1/ ) /e

Combining the above with Corollary we arrive at the result. O

6. UPPER BOUND

In this section, we establish the sharp heat kernel upper bounds using a self-improving
argument. A related approach was used in [16]. However, since the present setting involves
general functions ®1, ®5 and ¢, rather than power functions as in [16], a more refined method is
required. We begin with the following lemma. Recall that the function A, (¢, z,y) is defined
in (T.4), and the class M (y,7*) is defined at the beginning of Section

Lemma 6.1. Let F € MT(vy,7*) for some v* > ~v > 0. Suppose that there exist constants
T >0 and ¢y > 0 such that for all t € (0,T] and y,z € D,

(6.1) p(t,y.2) < co (1 A 5D(y)>qAF71,1(t, v, 2) (td/a A t) .

tl/a ’y _ Z|d+a

Then there exists C > 0 such that for allt € (0,T], r € (0,diam(D)) and = € D,

Ct Sp(x)\? [ 6p(x) Vi
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Proof. We first note that (6.1)) implies that for all t € (0,7] and y € D,

(6.3) Py(|Y: —y| >r/2,t < () = / p(t,y, 2)dz
z€D:|ly—z|>1/2

1 1/a
<an (1A 20)" | r(G@ ARk
t /o z€D:|ly—z|>r/2 |y - Z‘ |y _ Z| a

q 1/a
ot (10 B0 (V0 | e
ti/e r 2€D:|ly—z|>7/2 ‘y - Z‘ “

< ot <1 A 5D(y))qF<5D(y) th/a>.

oo tl/a r

We used the almost increasing and upper scaling properties of F' in the second inequality above.
On the other hand, by Proposition [2.4] we have
S cyt
(6.4) sup Py(\)@—y|2r/2,s<g‘) <ec3 sup / Tmadr < -
s<t,yeD s<t,yeD JzeD:|ly—z|>r/2 |y - Z| T

Set ¢5:=1/(2¢4). If tr=® > c5, then by the almost increasing property of F,
tr=*F((5p(x) V tY/%)/r) > cscF (et ),

hence (6.2)) follows from Corollary
Assume tr~* < ¢5. Set B := Bp(x,r). By the strong Markov property and (6.4),
Po(7p <t <G, [Yi— Yog| 2 1/2) =By [Py, (Vi — Yol 2 7/2) s 75 <t < (]

<P (rp<t<() sup Pu(|Ys—y|>7/2,5<() <27 'P.(rp <t <)
s<t,yeD

Thus, we get
(6.5) Po(rp <t < () =2(Pu(rp <t < () —27'Py(rp <t <))
<2(Py(rp <t <) —Pulrp <t <, |Yi — Yop| > 1/2))
=2P,(7p <t <, Yy — Yrp| <1/2).
By the triangle inequality, for any y € D\ B and z € B(y,r/2), we have |z—x| > r/2. Therefore,
by and , we obtain that
P.(tp <t < () <2P; (15 <t<(, Yy =Y, <r/2)

<Rl af > /2, 0 < O < 228 (1 2000 (PDEIVERY,

ro /e r

The proof is complete. O

For any 8 > 0, define
Fs(r) = (rP A1), 7r>0.
Recall that 51 and ] denote the lower and upper Matuszewska indices of ®; respectively.

Lemma 6.2. Let 3, > 0 be such that B, € ((g—a)y,p1) if p1 >0, and B, =0if B =0. For
any T > 0, there exists a constant C = C’(ﬁl,T) > 0 such that for allt € (0,T] and z,y € D,

dp(x) Adp(y)\* ~dfo !
p(t,z,y) §C<1Atl/a Apy 1t z,y) (1t Mo —gdte )
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Proof. Let T' > 0 be fixed. Let N := |3, /a]+1 and set § := 1/N. For any integer 0 <n < N,
we define
fulr) = né, (r), r>0.
Note that, by , there exists ¢; > 1 such that
(6.6) Dy(r) < c1Fg (r) <ecifu(r) forallr>0and 0<n<N.

We will prove below by induction that for any 0 < n < N, there exists C = C (@1, T,n) >0
such that for all ¢t € (0,7] and z,y € D,

q
(67) p(t,l‘, y) < C <1 A W) Afn,l,l(t7x7y) (t_d/a A ’1‘_1;’614-6!> .
Then the assertion of the lemma follows immediately from by taking taking n = N.
When n = 0, we have Ay 11(¢,2,y) = 1. Hence, holds by Proposition
Suppose holds for n — 1, 1 < n < N. By symmetry, we can assume without loss of
generality that dp(z) < dp(y). Set a := ﬁ/(48 diam(D)) and r := alx —y| < (|Jz —y| A E)/48.
If 6p(x) vV t1/* > r/4, then

Onl(x \/tl/a n@ﬁl .
Afn,l,l(tvway) = (D?JI)—]A A 1) > (a/4) 9@1.

Thus, (6.7) follows from Proposition
Assume dp(z) V /% < r/4. Our goal is to show that there exists co > 0 independent of
t,x,y such that

/o
(6.5) plt,y) < (1 A 535?)" f<5D<>th>

r

Set Vi := Bp(z,7), V3 := Bp(y,r) and Vo := D\ (V1 UV3). By Propositionand the triangle
inequality,

c3S cst
(6.9) sup  p(s, z,y) < sup =
s<t,z€Va s<t,z€D, |z—y|>r |Z - y|d+a rdta
and
(6.10) dist(Vi,V3) > sup  (Jz —y| — |z —u| — |y — w|) > 467
ueVi, weVs

By the induction hypothesis, condition (6.1)) in Lemmaholds for F = f,_1. Thus, combining
Lemma and with the facts that 5, < « and Sp(x) Vv t1/* < r/4, we obtain

(611) ]P)x(TV1 <t < C) sup p(S, 2 y)
s<t,z€Vs
cqt? dp(x)\? op(x)V /e
< rd+2a <1 A tl/a fn*l r

cyt dp(x)\? 5p(z) v /N [ 4l/aN 08, /41/aN a—6B,
- LA fn—l

rd+a tl/a , . "

cal dp(x)\* Sp(z) VN (dp(x) vt/ %
< rd—f—a (1 N tl/a fn—l

r r

cyt 5D(.%') d 6D(x)\/t1/a
Srd—i-a (1/\ 1/a fn A




36 SOOBIN CHO, PANKI KIM, RENMING SONG AND ZORAN VONDRACEK

By Lemma and (6.11)), to get the inequality , it suffices to show that
(6.12)

/ /\/3 /\/1 Vi(s, z,u)B(u, w)p(t — s,y, w)dudwds < cst (1 A ié?) fn (M)

By -, and the almost increasing property of ®g, we have for all v € V; and w € Vs,
(6.13) B(u, w) < c®q <5D(“)A5D(w)> < er®y <5D7~(U)> .

lu—wl

For , we consider the following two cases separately.
Case 1: ¢ —a >nff, and ip(z) < '/ Let Q € OD satisty |z — Q| = dp(z). Then we have

Bp(Q,r/2) C Vi C BD(Q,2T) and z € Bp(Q,r/4). By (6.13), (6.6) and Proposition [2.3] since
B, >q— o, we get

t
/ / / p" (s, 2, u)B(u, w)p(t — s, y,w)dudwds
0o JvsJw
t 8
SCS/ / pvl(g,x,u) (‘SD(U)> 1du/ p(t — s,y, w)dwds
0 i r V3

< Csr_él / / pvl(S,x, u)éD(u)élduds < cgr*95p(x)9.
0 %1

Thus, using 6p(x) < t/* < r/8 and ¢ — o > nbp,, we obtain

t
///le(s,$,u)B(u,w)p(t—s,y,w)dudwds
0o JVv3JVi

5D(£L') a 5D(Cl?)\/t1/a e
< cgt <1/\ /o > . < cgt

proving that holds in this case.
Case 2: ¢ —a <nbp, or ip(x) > t'/e. By (6.13) and (6.6), we have

t
(6.14) ///pvl(s,x,u)B(u,w)p(t—s,y,w)dudwds
Vs Jvi

)
< 010/ / — 8, Y, w / p(s,x,u)fr < D(U)> dudwds.
V3 \%1 r
Using Corollary [4.6] we get that for any 0 < s < ¢,
(6.15) / p(s,z,u)fr <5D >d < fn< (@ > p(s, z,u)du
w€V1:6p (u)<dp () u€V1:6p (u)<dp(z)

Px(ps)fn(fww”“)w (Mdlﬂj) f<<>v/>

r r

dp ( )) fn<5D( )th/a)’

r

Next, we note that the lower Matuszewska index of f,—1 is (n — 1)95 and the upper Ma-
tuszewska index of f, is nf3,. Since 68, < a, by applying Lemma ( ) Wlth O=f,1,¥=1f,
and £ = 1, we have that for any 0<s < t,

(6.16) / <5—d/0‘ A S> fr1 (W>f <5D(u)> du
weVi:6 ) (u)>5p (z) |z — uldte |z — ul r
1/a
< cio f<5D<m>V8>

r



HEAT KERNEL ESTIMATES FOR DEGENERATE MARKOV PROCESSES IN BOUNDED SETS 37

Using the induction hypothesis, and (6.16)), we get that for any 0 < s < t,

/ p(5, %, 0) o <5D<“)) du
weV1:0p (u)>0p () r
dp(z)\?
<ci3 <1/\ 1o )
1/a
X/ <8d/a/\ - )fn_1<5D(if)V5 >fn <5D(U)> s
wEVi 8 (1)>5p (2) |z — ufdt |z — ul T

5 © . (op(z)V st/
o 1581 (5122)
s r
Combining ((6.14] - and (| -7 and using Lemma we conclude that

/ /Vs/Vl Yi(s, 2, u)B(u, w)p(t — s, y, w)dudwds
<en /0 (1A615a>) f<<>v/> /Vﬂ s

t 1/a /o
§c15/ <1/\5D1(x)) fn<5D()vs>d8§cl7t <1/\5D($)) fn<5D( )Vt >
0 sl/a r tl/e r
This finishes the proof of (6.12]) and hence holds for n. The proof is complete. O

(6.17)

Lemma 6.3. If 7 < a+ (1, then for any T > 0, there exists a constant C = C(T') > 0 such
that for all t € (0,T] and z,y € D,

dp(x) Nop(y)\* —d t
p(t,l’,y) §C<1/\t1/a Aq)o,l,l(tyl'ay) t /O‘/\ |x_y|d+a .

Proof. Let T' > 0 be fixed. Choose € > 0 such that ¢V ] < o+ 1 —2¢, and let ﬁl = (B1—¢)+

and 3; := 31 +¢&. Note that ¢V 3; < « +B,. Set N := |3,/a] +1 and 6 := 1/N. For each
integer 0 < n < N, we define

Do (r) == q>0(r)"9F§1 (M r>o0.

It is easy to see that ®q, satisfies the upper and lower scaling conditions with indices ndB; +
(1 —nb)B, and B, respectively. By ([2.9), there exists ¢; > 1 such that

cl_lFE (r) < Pp(r) < c1Fg (r) forall r > 0.
This implies that for all 0 <n < N and r € (0, 1],

(6.18) Do (1) > cl_lq)o(r),
(6.19) Pont1(r) = Cflq)o,n(r)rg(’gl_él) > Cf1¢07n(r)regl,
(6.20) Do (r) > 61_17’"031"_(1_"0)@1.

We will prove below by induction that there exists a constant C' = C(T") > 0 such that for
al0<n<N,te (0,7T] and z,y € D,

dp(x) Nop(y)\* —dja t
(6.21) pt,z,y) <C <1/\ — e Avg a1tz y) (774N o gldte )

Then the assertion of the lemma follows from (6.21]) directly upon taking n = N.

When n = 0 - ) holds by Lemma

Suppose (6.21)) holds for n — 1, 1 < n < N. By symmetry, we can assume without loss of
generality that 5D( ) < 0p(y). Set a := R/(48diam(D)) and r := alz — y|. As in the proof
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of Lemma by Proposition it suffices to consider the case dp(x) V ¢t/ < r/4 and show
that the following holds:

(6.22) otz y) < -2 <1A5D(x))q¢07n<W>,

= pdta tl/a r

where co > 0 is a constnat independent of ¢, z, y.

Assume 6p(z) V /% < r/4. Set Vi := Bg(z,r), V3 := Bg(y,r) and Va := D \ (V1 U V3).
Note that and are valid. By the induction hypothesis, condition in Lemma
holds for F' = ®¢,,—1. Thus, using Lemma and with the facts that 63, < «
and dp(z) V t1/* < r/4, we obtain

(6.23) Py(ry, <t <) sup p(s,z,y)
s<t,zeVa

C3t2 (5D(SU) 4 (5D(CC) v /e
< rd+2c (1 A tl/a (I)O,n—l r

C3t 6D(x) q 5D($) V tl/a tl/a 051 tl/a 04*931
= gra (1A (I)O n—1 -
rdt+a tl/a ) r . "

1A 5D(m)>q Bo 1 <5D(1‘) v tl/o‘) <5D(x) v tl/a>951

T T

cqt dp(x)\? dp(z) Vv th/e
< Jdra (1 Niga ) Qo )
Observe that (6.13)) is still valid. Using Corollary the almost increasing property of ®q
and (6.18), we get that for any 0 < s < t,

(s, 2, u)Bg <5D(u)>du

r

(6.24)

/U€V1:5D(u)<6D(x)

1/a q 1o

< c5Py(C > 5)®o <5D($)rvs> < cg <1 A 51715‘2)) . <5D($)TV3>.
S

Next, recall that ®(,_1 satisfies the lower scaling condition with index ﬁl and ®q, satisfies

the upper scaling condition with index nf3; + (1 — nf) B, Since

a+él _(negl‘i‘(l_ne)ﬁl) :a_ne(gl_@l) Za_(gl_ﬁl) >07
we get from Lemma [8.5(1) (with ® = ®¢,,_1, ¥ = @, and £ = 1) that

(6.25) / (S—d/a A S) By <‘5D(~’”)V31/a> By <5D(U)>du
u€V1:0p (u)>dp(x) ’1‘ - u’d—l—a ’ ‘m - U’ ’ r
1/a
< ero (W)

r
Using the induction hypothesis, (6.18]) and (6.25)), we get that for any 0 < s < ¢,

/ plo)to (2 ) au
ueVi:dp(u)>dp(x) r
Ip(z)\*
< cg <1 A /o )
1/a
X / (sd/a N d+a) Dy 1 <6D($) Vs )<I>0,n <6D(u))du
ueV1:6p (u)>0p () ‘LL’ - u’ |:I: - u| r

< ¢ <1 A 5D("E)>q Do <W>

gl/a r

(6.26)
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Combining (6.13), (6.24) and (6.26)), using Lemma (with the fact that ®g,, satisfies the

lower scaling condition with index @1 > q — «), we arrive at

t
(6.27) ///pvl(s,:r:,u)B(u,w)p(t—s,y,w)dudwds
0 JV3JV;
t

q 1/a

< 010/ (1 A 51)1(1:)) @0 <5D($)vs> / p(t — s,y, w)dwds

0 sl/e T Va

t q 1/«
< 011/ (1 A 6[)15@) ‘I’O,n<5D(x) v >ds

0 st T

q 1/a

S Cth (1 /\ 5D(.T)> @0771 (CSD(J:)\/t> .

r

Applying Lemma from (6.23) and (6.27), we deduce that (6.22]) holds for n. The proof is
complete. O

Lemma 6.4. Let r € (0,diam(D)), t > 0 and z,y € D be such that dp(x) < dp(y) and
Sp(x) VeV (lz—y|/4) <r. If Bf < a+ B, then there exists C' > 0 independent of ,t,z and
y such that

IPZ‘(TBﬁ(CC,’I") <t< C) sSup p(S, = y)
5<t, 2€D,[z—y|>r

Ct? dp(z)\? dp(y)\?
= rd+2a (1/\ t1§a)> (1 N t150)> A@o,‘bo,l(tamay)'

Proof. By Lemma (6.1) holds with F = ®,. Thus, by Lemma and (2.9) (with
|z — y| < 4r), to get the result, it suffices to show that

(6.28) sup s,z y) < - (1/\5D(y)>qq>o<W).

d+o 1
s<t, 2€D,|z—y|>r r ti/e T

By Lemma [6.3] and the almost increasing property of @y, we have

) ) 7 A L2,
(6.29) sup p(s,z,y) < co sup s <1 A n(2) Vi D(y)> (I)O,Ll(sdfay)
s<t,z€D,|z—y|>r s<t,z€D,|z—y|>r sHe |Z - y|
s soW)\? . (dply) Vv s/
< cas 1A O —————— ).
€3 ;;13 rdta < sl/a 0 ,

Let € :== a+ 51 — ¢ > 0. Note that 0p(y) < dp(x) + | — y| < 5r. Using (2.9) (with n = 1/5),
we see that for all s € (0,¢],

() () = (s ) ()

e l/a 1/a\ Bi—e—q
< 48 <5D(y)1) (I)O<5D(y) Vit > <5D(y vV 51 )
5D(y)\/t/a T dp(y V tl/e

(i) (22
i sl/e
o) () g o
(i) (22

— ot (1 A ‘Sf(ay)>q o, (5D(y) v tl/a).

r
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Combining this with (6.29)), we obtain (/6.28]). The proof is complete. O

Lemma 6.5. Assume that 87 < o+ B1. Let r € (0,diam(D)) and x € D satisfy ép(x) < 5r.
(i) There ezists C > 0 such that for all t € (0,7%] and k > 0,

/BD(x,r)p(t’x’z)q)l <5D7EZ)> ‘ (6Dk(2)> 4
<c (1 N\ 5£§z)>q¢1<5[)(x)rv tl/a>€<5p(x)k\/ tl/a)

(ii) There exists C > 0 such that for allt € (0,r*] and k > 0,

/BD(x,r)p(t’x’ )% <6D7“(Z)> ‘ <5Dk(z)) *
e <1 X 551;2;))(, . <5D<m>rv t1/0‘> £<5D<m)kv tl/q)

q pr 1/
(B[ (R ()
t (5D(I)Vt1/°‘)/\r l r 1)1

Proof. By Lemma and the almost increasing property of ®g, we get for all z € Bp(x,r),

Pt 2) < e (1 N fwmfb@)qq,o((ép(x) Adp(2)) v tl/o‘> (t_d/a . t)

tl/e |z — 2| |z — z|d+e
Sp@)\?. [dplx) VN[ t
< 1 Oy L N
<ea(1n 2 ) () (7 =
Thus, applying Lemma (with 8] < a + f1), we obtain the desired results. O

For r,t > 0 and x,y € D, we define
(6.30)

t/2
Iﬁ,liﬁ)(xvy) :Iwg,lt)(xaya (I)la(b%g) = / / / 1{5D(u)§5D(w)}p(5ax)“)p(t_ 5 Y, U])
0 Bp(z,r) Y Bp(y,r)
and

()0 () 1)
(6.31)

t)2
Iﬁ? (z,y) = Iﬁ? (z,y; @1, Do, £) := / / / L5 (w)>6p (w)}P(S; T, u)p(t — s, y, w)
0 BD x T) BD(y,T)

x &y <W> Oy <5D7f“)> ¢ (‘;Z((Z’D dwduds.

Lemma 6.6. If 5f < a + pi1, then there exists C > 0 such that for all r € (0,diam(D)),
€ (0,7 and x,y € D with ép(x) V ép(y) < 5r,

dp(z)\? Ip(y)\?

Ir(,lt)(x,y)<0t<l/\ lea)> <1/\ ﬁ;g)
y |:(I) <(5D tl/a> 5D y tl/a> < D(Q?)\/tl/a>
! Sp(y) vt/

tl/a Sp(y) Vv tl/e I\ (ép(x) vt/ di
@ cI> ) ®y| - :
(B >/<< sy (=)o () )




HEAT KERNEL ESTIMATES FOR DEGENERATE MARKOV PROCESSES IN BOUNDED SETS 41

Proof. By using Lemma E(u ), (2.11) and - 2.12)) together with the fact that ¢ — s =< ¢ if
0 <s<t/2, we see that for 0 < s <t 2andu€BD(3: ),

oo (22 (55)
e (1 . 52?53)) (I)2<5D(y) vtl/a>£<6D(51;(v11/a>

q pr 1/a
() L, S ()
t (8 (y)V(E/2)1/*)Ar ! r VA

dp

Notice that, by (2.9), (2.11) and (2.12),
(Op(y)vt/*)Ar dp(y) vV tl/a l (u
t/ @0( p(y )@2() < )lo‘“
(6p(y)V(E/2)Y *)Ar r
Sp(y)vit/« 1/a
O
Sp(y)Vv(t/2)1/« r l Jo

1/a 5 (y)vil/e
(6.32) < oty dp(y) V't D dl
T tl/a (SD t/2 l/a lOé+1

: <6D<y>63vtt1/a>aq’2<5D( )r tl/ay (6D< >(3)tl/a)
< (PO (e )

Thus, by Fubini’s theorem, Lemma [6.5((ii), we get that for 0 < s <1¢/2,

[
o0 [ ()t
et () [ () (5)
iy recm o (22 o
O
+ C5t<1 L 1%)) <1 A i[i;a)) , <5D<x)rv 31/a>

r 1/a 1/«
X/ %<5D<y> t >¢2<l)g<6D<x>vs )dil-
(Sp(y)Vel/)Ar l r ! 1o

Since ¢ < a + B1, by applying Lemma we arrive at the desired result.

a

Lemma 6.7. Let x,y € D withr := |z—y|/4 > dp(x)Nép(y), and lett € (0,7%]. If B < a+p,
then there exists C > 0 independent of x,y and t such that

8 (@, y) + 20 (2, y)
Sp(@)\( . Sp(y)\*
< Ct(l/\tl/a> 1A tlT A@l,q)z,f(tvxay)
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1/ T 1/a "™
+tq>1<5D(x)vt>/ @O<W>@2<l>£<6[)(x)w )ofl-il-l
" (6p(x)Vop (y)VEr/*)Ar l r I i

) v /e r ) v /e l ) vtt/eN di
o (2O | e e L B L ]
r (B (@)D (y)VEL/o)Ar ! r ! !

Proof. Note that 6p(z) Vdp(y) < 6p(z) Adp(y) + |x —y| < 2|z —y|. Hence, by (2.10)-([2.12),

there exist comparison constants independent of x,y and ¢ such that

Ai’l,@z,f(t? €T, y)

633) D, ( (0p(x) Ndp(y)) vV tl/a>q>2 <5D($) Vép(y) vV tl/a)g<(5D(x) Adp(y)) v tw).

r r Sp(x) Vp(y) v ti/a

We distinguish between two cases.

Case 1: dp(z) < dp(y) V /. In this case, we have (6p(z) Adp(y)) V t1/* = 5p(z) v t1/* and
(6p(z) V op(y)) V> = 6p(y) V t1/«. Hence, the upper bound for Iﬁ}t) (x,y; @1, Po, £) follows

from Lemma and (6.33)).
We decompose Iﬁ) (x,y; P1, Po, l) as Iﬁi) (z,y; @1, P9, ¥) = I1 + I5, where

t/2
I :Z/ / / s (w u oy -+ dwduds,
1 0 Bp(z,r) Y Bp(y,r) {6p(w)<ép (u)<2(6p (y)Vvil/®)}

t/2
I :—/ / / 1 1/a o dwduds.
0 B J Boyr) {0p(w)<ép(u), 2(5p(y)VEH/*)<ép(u)}
Using Lemma (ii) in the first inequality below, Lemma [8.1](i) in the second, Lemma [6.5(i)

and Corollary (with the fact that t — s <t for s € (0,¢/2)) in the third, Lemma [8.2] (with
p < a+ B1) in the fourth, and (6.33]) in the last, we obtain

t/2
I < 01/ / / L5 (w)<6p (u)yP(8; T, w)p(t — 8, y, w)
0 Bp(z,r) J Bp(y,r)

x B <5D£w)>¢2 <5D(y) v tw)é((sD Op(w) )dw du ds
)

r (y) vt/
1/a
ot (B00)

t/2
X / / (s, z,u)Py (5D(U)>g< 5D(U)1/a>du / p(t — s,y,w)dwds
0 Bp(z,r) r 5D(y) Vi Bp(y,r)
q 1/a
§63<1A 6D(y)) @2<6D(y)\/t )

tl/a r
t/2 Sp(x)\?. [dp(x)V st/ op(z) Vv st/
<) () e (R e (B )
5D(:L‘) E 5D(y) a 5D(x)\/t1/°‘ 5D(y)\/t1/a 5D(x)vt1/°‘
§C4t<1/\ tl/a) 1A i/a d, f b,y . Y4 (5D(y)\/t1/a

dp(x)\? op(y)\*?
gcyf(l/\ tl/a> 1A /o A¢,1,q>2,z(t,$ay)~

For s € (0,t/2) and u € Bp(z,r) with 6p(u) > 2(5p(y) V t/), since dp(z) < dp(y) V £/, we
have |z — u| > dp(u) — 6p(x) > dp(u)/2 > dp(y) V t1/*. Thus, by Lemmas and (ii), we
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get

pls. g (2200 (22002

st dp(z)\? Sp(x) Vv s'/e |z — ul Sp(y) vt/
< RCEAS A :
= o — uldte <1/\ sl/e o |z — ul ®: r ¢ |z — ul

Using Lemma [6.5(1) (with ¢ — s =< t for s € (0,¢/2)) in the first line below, (6.34) and the
Fubini’s theorem in the second, Lemma in the third, we obtain

q 1/a
Iy <cs 1A p(y) o, M
tl/e r
t/2 1/a
x/ / p(s,m,u)®2<6D(u)>€<5D(y)\/t >duds
BD (2,r):|a— u|>aD( )th/a r dp(u)
< 2) ( ) ) t
1/a B (2r):|a—u|>0p (y)vit/o [T — uldTe
_ 1/a t/2 q 1/a
|z u| ’ )Vt / 1/\51)(30) B, op(z) Vs dsdu
\fc*u! 0 sl/a |z — ul
ot p() op(y) Ip(y) v /e
o B 0) o
1/a _ 1/a
x/ < YVt >(I)2(|CU u|>£<5D(y)\/t > alud+
Bp (@r):e—ul>8p (y)vil/ r |z —ul ) |z —ultte
6p(z) ( )\? ( ) v gt/
2 D
SCgt (1/\ tl/a > <
r 1/a 1/a
Lo o 1
(Gp(y)VE/ ) Ar ! r ! l

Case 2: dp(x) > dp(y) V t'/*. We decompose Iﬁi)(:n,y;q)l,@%f) as I,(,i)(m,y;él,@g,é) =
I{ + I, where

t/2
I 12/ / / Lis5p(w)y<bp(w)<26p(x)} ~ - dwduds,
0 Bp(z,r) Y Bp(y,r)

t/2
Iy = / / / L5 (w)<6p (), 26p (x)<6p (u)} ** - dw duds.
0 BD(l‘,T‘) BD(y,r)

For I{, using Lemma ii) in the first inequality below, Lemma [6.5(i) (with ¢ — s =< t for
s €(0,t/2), (2.10) and 2 12))) in the second, and (6.33)) in the fourth, we get that

I} < e /t/2 /BD p(s, 2, u %(‘”’7@) /BD(W)p(t - s,y,w)cbl(5D£w))£(‘gg((j)))dwduds
§011(1/\ 6;315(1)) ®1<6D( )Tth/Of)(pQ(5D£:c)>€<61)(§/;(\;)tl/a> /Ot/2 /BD(M)p(s,x,u)duds
< 012175 (1 A 5Li§y)>qq)l <5D(y) \/tl/a>q)2(5D(x)>€<5D(6y)(\/;€1/0‘>

= t/a r r b(z

5 q
< 612t< 59)) Aél,tbg,g(taxvy)'

(6.34)
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For s € (0,t/2) and w € Bp(z,r) with dp(u) > 20p(z), we have |x — u| > dp(u)/2 > dp(x).
Thus, by Lemmas and [8.1[ii), we get

(B ()

_ 1/
< ci3t By op(z) By |z — ul ’ op(y) Vi '
|z — u|dte |z — ul r |z — ul

Using Lemma [6.5(i) (with ¢t —s < ¢ for s € (0,¢/2)) in the first line below, and (6.35) in the
second, we obtain

q 1/a
< o1 20, (300091

tl/a

t/2 1/
X / / p(s,x,u)fbg(éD(u)>€<5D(§y) Vi > duds
0 JBp@r)le—u>5p () r p(u)
q 1/a t/2
< ci5 <1 A 6D(y)> Dy <5D(y) Vi > / ds
tl/a T 0
J (22 g, () (VY
Bp(z,r):|lz—u|>dp () ’x - u|d+a |5C - u| r ‘x - U’

o)\ (dply)vt/e / 5p(x) 1\ /6p(y) Ve di
< 21N =) @ 2 P Dyl — |4 .
< ci6 < A o 1 ., . 0 ] 2{ ] Jat

For IT(’lt) (z,y; ®1, P2, £), we decompose it as Ir(’lt) (x,y; @1, Do, £) = I + I}, where

(6.35)

o]

t/2
3 / / / L5 (u)<op(w)<20p(x)} * - dwduds,
0 Bp(z,r) /Bp(y,r)

t/2
= / / / L5 (u)<6p(w), 26p (2)<bp (w)} * - dw duds.
0 Bp(z,r) Y Bp(y,r)

Using Lemma (ii) with the scaling properties of ®5 and £ in the first inequality below, Lemma
8.1(1) in the second, Lemma [6.5(i) (with ¢ — s < ¢ for s € (0,£/2)) in the third, and (6.33] in
the last, we obtain

g

t/2
Iy < 616/ / / 145 (w)y<sp (w)}P(8, T, u)p(t — 8,9, w)
0 BD(:BﬂT) BD(y’T)
X @ (5’3(“))@2<5D(x)>z<5D(“)>dw du ds
r r dp(x)
t/2
< 617(1)2<5D(x)> / / p(S,l’,U,)dU / p(t_S7y7w)(b1(5D(w)>£<6D(w)>dwdS
r 0 Bp(z,r) Bp(y,r) r 5D (x)
q 1/« 1/ t/2
< C18<1/\ 5[;@)) ¢1<5D(?J)Vt >¢2<5D($)>€<5D(y)v'f )/ ds
+1/a r r dp(x) 0

) q
< 019t<1 A tD1§:Z)> Ai’l,sz,é(taway)‘
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For s € (0,t/2) and w € Bp(y,r) with dp(w) > 20p(z), since |y — w| > dp(w)/2, we see from

Lemmas and [8.1(ii), that

p(t = s,y,w)Ps <6D£w)>£<§§((z))>

q 1/a —
<l L) ®, dp(y) Vi o, ly —wl\,( =) \
|y — w|*e t/e |y — wl r ly —wl
Using Lemma [6.5(i) in the first inequality, (6.36)) in the second

t/2
I} < ¥y Op(z) p(t — s, y, w) P2 Op(w) ¢ Op(z) dw ds
)
r 0 Bp (y,r):ly—w|>dp (w)/2 r D(w)
q t/2
S 622t<1 A 5D<Z/)> (I)l <(SD($)> / ds
tl/a T 0
x/ %<5D(y)th/a>¢2<\y—w\>€( 6D(w)> dw
Bp(y,r):ly—w|>dp(z) ‘y - ’U)‘ r ’y - w‘ ‘y - w‘d—&-a
op(W)\? . (dp(x)\ [T Sply) v/ ! op(z)\ dl
< 2(1 o —= Oy ———— | Py | - .
—623t< o) P /aDmM A )T e

The proof is complete. O

(6.36)

Recall that the constant €1 is defined in (|1.6)).

Theorem 6.8. If 37 < a+ 1, then for any T > 0, there exists C = C(T") > 0 such that for
for allt € (0,T) and x,y € D,

(6.37)
dp(x)\* oW\ (,—d/a t
p(t,z,y) <C (1 A tl/a> IA 11/a t A [z —y|Tra Apy 0,6(t,2,Y)
e1]z—y| du
+ (t A |$ - y|a) / A¢17¢’2y£(t7 z,xr + unx) A@l,@g,ﬁ(ta T+ unyg, y)?_,_l
(0p (2)Vép (y)VE/ ) A(e1|z—y|/2) U
e1lz—y|

+ (t Al — ?/|a) / Aq’lv%/(t’ Y,y + uny) A‘1>17<1>27€(t’ Y+ uny, :U)% :

(Op(x)Vop (y)VEr/ *)A(er|z—yl /2) u

Proof. By symmetry, we assume without loss of generality that op(z) < dp(y). Let r :=
|z —y|/4. If 5p(x) V t/* > r, then follows from Proposition and (3.2).

Suppose dp(x) V t1/% < r. Let Vi := Bg(z,7), V3 := By(y,r) and Vz := D\ (V; UV3). Note

that 0p(y) < d0p(z) +4r < 5r, and 2r < |u —w| < 6r for all uw € V; and w € V3. By Lemmas

and [3.2(i), we have

Po(ry, <t <) sup p(s,z,y) < Pu(my, <t <() sup p(s,2,y)
5<t,zeVo s<t,z€D,|z—y|>r
cot? dp(x)\? dp(y)\?
= Td+2a <1 A tl/a 1A tl/a A@o,‘bo,l(ta x, y)
(6.38) - cst? A 5p () q " 5p(y) q
— pdta tl/a tl/a
e1]z—y| du
% / Agya,,0(t, T, @ + ung) Ae, @, (L, ¢ + ung, y)——.
(6D ()Vop (y)VE/ )N (e1|z—yl/2) u

t
I::///pvl(s,x,u)B(u,w)p(t—s,y,w)dudwds.
0 Vs J Vi



46 SOOBIN CHO, PANKI KIM, RENMING SONG AND ZORAN VONDRACEK

By using[(AT)|and (2.10)(2.12) with the fact that 2r < |[u—w| < 6r for all u € V; and w € V3,
we see that
Z< 64/ /v / L5 (w)<bp (w)yP(S, T, u)p(t — 8y, w)
1
x P < (u)><l)2<5D( )> < o( )>dwduds
r dp(w)
T / [ | ttmrzspunpte,z.wpt = ..
1
><<I>1<5D()> <6D( )> ( On( )>dwduds
r p(u)
t/2
—C4</ / >/ / 1450 (u)<sp(w)} - - - dw duds
/2 ViJVs
t/2
+C4</ —l—/ )/ / 1{5D(w)§5D(u)}...dwduds.
0 t/2 ViJVs

Thus, by the change of variables s =t — s in the integrals ftt/Q, we get

2

g

2
I§C4ZI(2(.I‘ Y) +C4zl}lt) (y, ),
i=1 i=1

where the functions I(t) (x,y), 1 <i <2, are defined in (6.30)—(6.31)). By Lemmas and
we deduce that |z —y|~?*7 is bounded above by the right-hand side of (6.37). The result now
follows from Lemma 2.7 and the fact that dist(V1, V3) > |z — y|/2. O

7. ProoFs oF THEOREMS [I.2] [T.4] AND

Proofs of Theorems u( ) and -( ). (a) If 1/ > |z — y|/2, then the results follow
from Proposition 4.1] and Lemma
(b) Suppose 1/ < 51]3; —yl/2. Then =N (tz —y|" ) < tlz—y| "4 and tA |z —y|* < t.
Hence, the lower bound in follows from Theorem and the upper bound follows from
Theorem [6.§ and Lemma [3.31

The second comparison in Theorem [1.7]i) follows from Corollary O

Proof of Theorem (i)-(ii) The lower bounds follow from Theorem combined with
Lemma [3:2] and the upper bounds follow from Theorem @ combined with Lemma [3.4]
(111) When e > gi|x — y|/2, using (1), (3-2) and (2.12)), we see that the right-hand side
of is comparable with ¢t~ Thus, the result follows from Theorem . CIf e <
61|x — y| /2, then a direct computation, together with Theorem |1 -(1 and the comparability of
the first and third terms in Lemma yields the desired result. O

Proofs of Theorems [1.2((ii) and [L.7|(ii). By Proposition for anyy ¢ > 0, there exists a
constant ¢1(t) > 0 depending on ¢ such that for all x,y € D,

(7.1) Pt 2,y) <Pt 2,y) < ci(t).

Thus, since D is bounded, both (P¢);>¢ and (Pf):>0 are compact semigroups on L?(D). Note
that the largest eigenvalue of the infinitesimal generator of (P;)¢>0 is 0, and the corresponding
eigenfunction can be take to be ¢;(x) = 1. Since (P}*);>0 is non-conservative and positive pre-
serving, by the Krein-Rutman theorem, the largest eigenvalue —\; of its infinitesimal generator
is negative, and the corresponding eigenfunction ¢; can be taken to be positive a.e. on D.
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By Theorem [1.7(i), for any ¢ > 0, there exists a constant ca(t) > 1 such that for all z,y € D,

(7.2) oo (1) (1 A 5D(”C)>q (1 A 5D(y)>q B(t,z,y)

tl/a tl/a
” op(z)\? op(y)\*
<p*(t,z,y) < eaft) (1 N i/a ) A7) Plt,y).

Recall from [17, Remark 4.9] that P; is strongly Feller. Hence, Py (6D(-)pgb1) is positive and
continuous on D, and therefore Py (dp(-)9¢1)(z) < 1 for x € D. Further, since D is bounded,
we have 1 A dp(x) < dp(z) for x € D. By taking ¢t = 1 in (7.2)), we get that for = € D,

(73) o1() = M PFO) = [ €N Op(@)op () P(L2.) dy
D
= e Mip(x)! Py (6p(-)9¢1)(z) =< dp(z)?.
Combining ([7.1)), (7.2) and (7.3)), we get that for any ¢ > 0,

Pt x,y) < cr(t)ea(t)t > *Sp ()0 (y)! < e3(t)dr(2)d1(y).

Hence, the semigroup (P;*):>0 is intrinsically ultracontractive (cf. [19, Theorem 3.2]).

Notice that (P;);>¢ is also intrinsically ultracontractive by . Now, it follows from [I8],
Theorem 4.2.5] and that for any T > 0, there exist comparison constants depending on T’
such that for all ¢t > T and z,y € D,

p(t,2,y) < y(2)¢i(y) =1 and  p*(t,z,y) < e M1(2)p1(y) < e M'6p(x)%p(y)".
By the continuity of p(t, z,y), this completes the proofs. O

8. AUXILIARY RESULTS

Recall that the classes M(v,v*) and MT(v,~*) are defined at the beginning of Section

Throughout this section, we let D C R?% d > 2, be a bounded Lipschitz open set, let
® ¢ M'(3,8*) and ¥ € MT(vy,v*) for some 5* > 3 > 0 and v* > v > 0, and let £ € M(0,0).
Observe that for any R > 1, n € (0,1] and € > 0, there exists C = C(R,n,e) > 1 such that

(B—e)+ b B*+e
(8.1) o1 (2) < <I>8 < C<:> forall0 <ns <r <R,
(v—e)+ Y te
(82) c! <T> < igri < C’<T> for all 0 < nps <r <R,
s s s
L\ () r\°
(8.3) C B < @ <C B for all 0 < ps < r.

Lemma 8.1. (i) Assume further that ¢ is almost increasing on (0,1] if B = 0. Then for any
a > 1, there exists C = C(a) > 0 such that

O(s)l(s/k) < CO(r)l(r/k) forall0<s<ar<1andk>0.

(ii) Assume further that ¢ is almost decreasing on (0,1] if v = 0. Then for any a > 1, there
exists C' > 0 such that

O(s)l(k/s) < CP(r)l(k/r) forall0<s<ar<1andk>0.

Proof. Since the proofs are similar, we only prove (i). Since ®(r)l(r/k) < ®(ar)l(ar/k) for
0<r<1/aby (8.1) and (8.3), it suffices to show that

(8.4) O(s)l(k/s) < CP(r)l(k/r) forall0<s<r<1andk>0.



48 SOOBIN CHO, PANKI KIM, RENMING SONG AND ZORAN VONDRACEK

If B =0, then (8.4)) follows from the almost increasing properties of ® and ¢. Assume § > 0
and let € := /2. Using (§8.1]) and (8.3)), we obtain for all 0 < s <7 <1 and k > 0,

B(s)l(s/k) _(s\TTF_
() (k) < ) -

Lemma 8.2. Let ¢ > 0,7 >0,0<t<r% k>0 and m > 0. Suppose that either k > t'/ or
q < a+ B. Then there exists C > 0, independent of r,t, k and m, such that

(8.5)

t E\?_ [kvsi/a m E\?_[kvil/e m
—_ <
/0 <1Asl/a> ¢< r >£<ka1/a)ds‘Ct (Mtl/“) q)( r )E(k:vﬂ/o)

and

(8.6)

t q 1/a 1/ q 1/« 1/«
N R O W P NI WA
0 sl/a r m tl/a r m

Proof. Since the proofs are similar, we only prove (8.5). The inequality clearly holds if k > ¢/
Assume k < t'/® and ¢ < a + . Then the left-hand side of (8.5) is equal to

(k/r)t(m/k) /Oka ds + k1 /t sTYD(sY Ve (m /s Y)ds =: I + L.

(e

Let £ > 0 be such that ¢ < o+ f — 2¢. . By (8.3)) and (8.1)), we have

1/a 1/a (B—2¢)/c
@ r)b(m/t/) > ¢ t for all 0 < s <'t.
(st /r)e(m/st/e) s

Using (8.7)) with s = k%, since ¢ < a +  — 2¢, we obtain that
ket D/ad(et/e frylim/tt ) _ (e /r)lm /i) (/N e prasten )
I T o(k/r)(m/k) k =\ Uk =
This gives the correct bound for I;. By using (8.7)), we also get that
t E \Y /s\ B2/ E \?
I < e7t (Y /rye(m et ) / — ) (= ds < cot [ —— | @Y /r)e(m /).
ko S /O{ t tl/a

In the integration we used the fact that (8 — 2e — ¢)/a > —1. This complete the proof. O

(8.7)

Lemma 8.3. For any ¢ € (0,1), there exists C = C(g) > 0 such that for all x € D and r > 0,
(8.9) / Sp(2)~Sdz < C (Gp(x) v 1)< e
z€D:|z—z|<r

Proof. Since D is a bounded Lipschitz open set, 0D has Hausdorff dimension d — 1. Thus,
by [30, Lemma 2.1], we obtain fzeD:\x—zKr 6p(2)~°dz < ¢1r®=. This proves (8.8) for the case
dp(z) < 2r. If dp(x) > 2r, then dp(z) > dp(x) —r > dp(x)/2 for all |z — z| < r. Hence,

/ Sp(2)~dz < (6p(x)/2)~* / dz = a0 (x) 1.
z€D:|z—z|<r B(z,r)
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Lemma 8.4. For anye € (0,1) and ¢ > 0, there exists C = C(e,d) > 0 such that for all x € D
and r >0,

/ 6D(Z)7€’x—2’|7d75d2§C((SD(CC)\/T’)_Erié.
z€D:|z—z|>r

Proof. Applying Lemma [8.3] we obtain

/ op(2)Flz — 2|79 % dz < Z(2nlr)d5/ dp(z)~cdz
z€D:|x—z|>r n—1 z

€D:|z—z|€[2n~1r,277)

<c 2(2"7“)_5(6[)(36) V(2")) 7 < er O (6p(x) Vr)TE Z 27" = cr 0 (Op(z) V)5,
n=1 n=1

For z € D and t > 0, let dp(z,t) := dp(x) vV t'/°.
Lemma 8.5. Let r € (0,diam(D)), let x € D satisfy ép(x) < 5r, and B := Bp(z,r).

(i) Assume that v* < a+ f and that € is almost increasing on (0,1] if v = 0. Then there exists
C > 0 independent of r and x such that for all 0 <t <r* and k > 0,

(g ) (2 o (55 (57
< cu (20l (o0t

(11) Assume that £ is almost decreasing on (0,1] if v = 0. Then there exists C' > 0 independent
of r and x such that for all 0 <t < 1% and k > 0,

oo ) 2 (52 )2 () ()
() (i) L o5 (i)

Proof. We first give the proof of (ii). We first consider the integral over |z — z| < t'/¢. In this
case, we have that 0p(z) < 0p(z) + | — 2| < 2dp(z,t). Using the boundedness of ® in the first
inequality, the almost increasing and scaling properties of ¥ and (with R=5,n=1/2
and £ = 1/2) in the second, and Lemma [8.3|in the third, we obtain

Lo () (52 )2 () (50 )
< et ()1 (52) (B2) 7 (2)
<ot (R0 e (S0 (Gh o) [ (B

< C3\1/<5D(f’t)>e <6D(];7t)> .

<C
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When t'/* < |z — 2| < dp(x), we have that dp(z) < dp(x) + |z — 2| < 26p(z) = 20p(x,1).
Hence, by the similar argument as above and by using Lemma [8.4] in the last inequality, we get

/ () o () () (5 )
2€B:tt/ e <|x—z|<p(x) |‘T - Z‘ @ |SU - Z| r 6D(z)
1/2 ~1/2
<t <5D(337t)> " (6D(x,t)> €< k > / (6D(2)> dzd+
r r 5D(x)t) z€D:tl/a<L|z—z|<p(x) r |:U - Z| ¢

<o (P00) ¢ (50m)

We now consider the integration over |x — z| > dp(z,t). Since ¢ is almost decreasing if v = 0,
the function W(u/r)¢(k/r) is almost increasing on r. Thus, for all z € B with |x — 2| > dp(z, 1),

using 6p(2) < 6p(z) + |z — 2| < 2|z — 2|, (8.2) and (8.3), we see that

(e (), () (B (52 ()

It follows that

/ (s o () () ()

z€B:|lz—z|>0p(z,t) ’«73 - Z|d+a ‘CU - Z’ r (SD(Z)

L A )
z2€D:5p (x,t)<|z—z|<r ‘.%‘ - Z‘ r |z — Z‘ |z — Z‘ @

:c7t/ ¢<5D(x’t)>qf<l>e<k> a
0p (z,t)Ar l r L)1

This complete the proof for (ii).
For (i), by following the above arguments, we can deduce that

) o2 () ()
(D () ()]

Suppose 7* < a+ 8 and let € := (a« +  —~*)/4 > 0. Using (8.1)—(8.3)), we see that for all
(5D(£U,t) < l < r,

o)) o (45 )

6D(x7t) 5D(x7t) l ae
= coW .
Cg( , >£< F )\
It follows that

2T ) )

dp(z,t)Ar r jo+l
Cgt 5D I’ t 5D I’ t T dl

<

~ Op(z,t)>~ ( E( ) sp () LT

ot () (42) < 20 ()

Combining this with , we obtain the desired result. O

(8.9)

< cg
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