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UPPER VS. LOWER ESTIMATES

Upper estimates for operator norms
ITflr—1 < C(T,p)
are only as good as we can match them with lower estimates

1Ty~ = c(T,p).

The latter might amount to merely constructing an example of f s.t.

Ifll =1 and [|Tfll > (T, p),

but concrete examples can be quite complicated.
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SHARP ESTIMATES

Let (TF)xez or (T*)\cr be a one-parameter group of bounded linear operators on every
LP(R"), p € (1, 00).

e T are just integer or real powers of T.
o A typical situation with singular integrals.
In this talk the estimates are considered sharp if they are of the form
o(T) k(A p) < 1Tl < C(T) £(A,p),
ITM | ~1 &(Ap),

i.e., we insist on finding sharp asymptotics simultaneously in A and p.

Our techniques for lower bounds will occasionally give exact constants, but the exact
upper bounds are rarely available.
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ON UPPER ESTIMATES

/Iy
S =pv. [ fe—p =R ey

The Riesz group

[Selli @ery—rree @y Sn 12|21y
12| 10g L(s*1)
Christ and Rubio de Francia (1988), Hofmann (1988), Seeger (1996), Tao (1999), etc.
In combination with the easy L2 bound and the real interpolation this often gives sharp L?

estimates.

In this talk we are only discussing the lower estimates.



The complex Riesz transform




Lower estimates The complex Riesz transform Generalization Smooth phases The Riesz group

POWERS OF THE COMPLEX RIESZ TRANSFORM

R =Ry + 1Ry, Ry,R, = 2D Riesz transforms

As Fourier multipliers:

— ko~
RO = (i5) FQ; ¢ec
As singular integrals:

®E) = v [ e - P a),

£ =<

R? is the Ahlfors—Beurling operator; its symbol is ( q) =

ot
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PROBLEM BY IWANIEC AND MARTIN

Problem [lwaniec and Martin (1996)].
What is the asymptotics of ||R¥||ir(c)—1r(c)?

1 1 )
p € (1,00), E 5:17 p* = max{p,q}

e Dragicevi¢, Petermichl, and Volberg (2006) and Dragicevi¢ (2011) resolved the case of
even k € Z \ {0}:

IRM|r(c) sy ~ (p* = 1) [K[P =277
« Examples were certain truncations of |z|~2/7, which is not in L (C).
e Even k are easier because R%: 0 — O.f.
e Odd k are harder as we only have  R: (—A)Y2f s —2i0,f.
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THE ASYMPTOTICS

Theorem [Carbonaro, Dragicevi¢, and K. (2021)].

||Rk |k|2|1/271/;7|

LP(C)—Lr(C) ~ (-1
~ p* K127
||Rk\|Ll<(cHL1=OC(<c> ~ |k]
forp e (1,00) and k € Z \ {0}.

In the paper we gave 3 different proofs of the lower estimate.

Theorem [Carbonaro, Dragicevi¢, and K. (2021)].

I(1/pr/q+k/2) _ 1 1-2
IR | cysre) = (10T (1/p + k/2) > E( — 1)K

forp >2and k € N.
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APPROXIMATE EXTREMIZERS

f=feper §=8ve Toree(0,1]

Rf=g
¢ is a truncation of |¢|~%/4 = FT. of |z|7%/?
f is a truncation of (%)k|§|72/q = FT. of (é)k|z|*2/l’ (up to multiplicative constants)

Decomposing into Gaussians (Stein’s trick):
N 1/e a1
g@y:/'eﬂﬁdﬂﬂmdu (eC

Fo= () [emrema cec
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APPROXIMATE EXTREMIZERS

/2 7 (sin 9)%e —2|z|? q
f(z) :ﬁkﬂfl/pﬂ/z(i)k‘zrz/p/ / (/ (G xl/P*l/Zefxdx> M
‘Z| 0 7 (sin 9)2e2|z|2 (Sll’l 19)2/10

—I'(1/p+1/2) as e—0+

(k € N odd)
1 1 1\1/p
__n2/p_—1/2 - - - e—0+
Flhoey = 2720 (543 ) eagp (log ) ™ + 05 (1),
where
; ._/“/2 sin ko dﬂ_iﬂ (1 - o)T(a+k/2)
ke f0 (sing)2 2 D(a+1/2T(1—a+k/2)
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APPROXIMATE EXTREMIZERS

e 2|z|?

1 |
g(z) = 2 VP|| 2P /
2 ne?|z|?

—T'(1/p) as e—0+

x/P—1e=% dx

—(1— 1 1\1/p
el -0 (3) (e )+ 050

Finally,
I8p.llr(c)

Rk LP(C LP(C 2 hm
IR lr (©)—ir (o) e=0+ ||fip.ellr o)

gives the desired constant.
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SPHERICAL HARMONICS

Spherical harmonics of degree j > 0 are restrictions to S"~! of harmonic homogeneous
polynomials in n variables of degree j.

An example in n = 2 dimensions: Y(x,y) = (x + i)k, Y(z) =25, Y(e¥) = et for k € Z.
Why are they important for us?

Bochner (1951): Y = a spherical harmonic of degree j.

K@) =Y (g )u ™ = ma=fﬁqu(mMa"M
Stein and Weiss (1971):
K@) = v Y (T )™ = RO = myo¥ (75)

e TG+)/2)
e (G e a)f2) 10
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A GENERAL LOWER BOUND FOR MULTIPLIERS T,

Theorem [Bulj and K. (2022)]. Take p € [1,2], m = a bounded homogeneous measurable
symbol, (Y,-)]?;O a sequence s.t.

e Y; is a spherical harmonic on S"~! of degree j;

o u:= ) 7, Y; converges in L7(S""1);

°v:=3", i~ y,,j,/pYj CONVErges in L2(s" D).

Forp >1,q < oc:

Yn,0,n/q ‘<mv Z)>L2(S”*1)|

SV Jlullan-

|(m, U>LZ(SH)\

||“||Lq(snfl)

1Tl ey Lr ey = -

>cn(q—

Forp:].,q:OO: HT || - E |<m,ZJ>|_z(Su_1)\
o eysu=6 > 5 T
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SMOOTH TRUNCATIONS

Here is a “quantification” of
K() = Y(7g ™ = R =i Y (|§|)|£| 0,

Lemma. Take p € (1,00), € € (0,1/2], and a spherical harmonic Y of degree j > 0. One
can find a Schwartz function h = h,, , . v S.t.

Hh(x)_ (| |)‘x| P1egixi<1/ey (%)

Sn,p,Y 17
Li(R”)

Snpy 1

Hﬁ(g)fﬁ*f%,;,n/q (Ifl)m Te<iel</e) () L1 )

Idea of proof: use superpositions of Gaussians similarly as before.
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PROOF OF THE THEOREM

Choose a Schwartz function f that differs by O; )" (1) from
X TP L equ<asey () in L,
while f differs by O3 % (1) from
5 = 7n,0,n/q|£‘_n/q]l{sg\g\gl/e}(g) in LY.

Choose a Schwartz function g that differs by OZZ?J](U from

J
x - .
. <ny(lxl))|x| "M eqpicasey(8)  in LY,
=0

while g differs by O )F (1) from

]
S (Zﬁ_j%’f’”/”yf(éID 17 P Leqeicrey (6)  in L.

j=0
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PROOF OF THE THEOREM

(Tf )12 | [mf, @) 2|

R A o
_ 7n,0,n/q|<ma Z]]':O ﬁij’y”v]'v"/PY»LZ(S"*l)‘ + 02;%(1)

(SR ST Yillua-) + 05 oy (1)

Tl ey (mey =

First take the limit as € — 0+; then take the limit as | — oo:

HT HLV R LY (R" > Pynvovn/q |<m’v>Lz(Sn71)|
I E)SEE) Z (=D ull e

The bound for || Ty |1 ()1 ey IS Obtained by real interpolation in the limit as p — 1+; a
trick used by DragiCevi¢, Petermichl, and Volberg (2006). O
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CHOOSING u AND v

How to choose u +— v in:

|(m, v>L2(S"*1)| -

Tl ey ey = € (G —
[[llLoqsn-1)

e Perhaps v should be “in the direction” of m.

o If we took v = m, then we would not always know how to estimate ||u||s:-1). Sogge’s
estimates for Y; are too weak here.

o Would this even be optimal?

e The beauty of sub-optimal choices.
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MAZ’YA’S PROBLEM

mi(ﬁ) = e E/IED, £ e R"\ {0}
¢ € C(S" 1) real-valued, XcR, [\ >1

(TAS)(€) = m)(©)F(©)

Problem [Maz’ya (1970s, 2018)]. Prove or disprove for p € (1,00):

||T$||L,,(R,,HU,(R,,) S A|(=DI/p=1/2],

The conjecture is reasonable:
e it holds for n = 1;
o for n > 2 the Hérmander—Mihlin theorem easily gives the bound with (n +2)|1/p —1/2| in

the exponent;
o it fails for n = 2; Dragicevi¢, Petermichl, and Volberg (2006).
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A SHARP RESULT

Theorem [Bulj and K. (2022)]. Taken >2,p € (1,0), A € R, |A\| > 1.

ITH e @yt @y S (= 1) A1/P=1/2

||T$HL1(R”)HL]“’°(R”) Sné W”/z

Take n > 2 even. There exists ¢ € C*(S"1) s.t. forp € (1,00) and k € Z \ {0}:

1T e ey @y Znp (p* — 1) [K["11/P 712

k 2
||T¢||L1(R”)—>L1-°C(R") Zmb |k|”/

In particular, Maz’ya’s problem has a negative answer in all even dimensions n. (Seems to
be the case in all dimensions n > 2.)
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INDEPENDENT WORK

e Stolyarov (2022) independently showed upper estimates
Tl s @) Smppp (AP for p e (1, 00)

using a Hardy—Lorentz via Besov result of Seeger (1988) and an advanced interpolation
argument.

e Stolyarov (2022) independently showed lower estimates
HT(?HLV(R”)HLP(R") Zné.p \)\|n|1/p_1/2| forp € (1,00)

and a particular choice of phase ¢ in every dimension n > 2.

¢ Recall that we also care about the sharp dependence on p.

Stolyarov’s bounds <, 4, and 2, 4, above are not optimal in p.
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PROOF OF THE LOWER BOUNDS

Choose ¢ so that mf, k € N, coincides with

n/2 .
~keey = T (L2i=1t i \¢
(&)= 111 (|€2i71 4 ﬁ§2i|)

on “most” of the sphere S"~!; avoid singularities.

T i Y
]

j=nk/2
oo y =~
u® — Z ﬂ]’Yn,j,OYj()
j=nk/2
0 Sk
o® — Z %1]-’,1/;77”’]"01/].()
j=nk/2
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PROOF OF THE LOWER BOUNDS

The main difficulty is now in showing:
[ [|Lar-1y ~on KT
forkeN, g€ [l,00].

In fact, we can compute:

n/2

2n/24mk/2 G \F

® G, Cupe) =k Wz( ] )

u (G, -5 Cnp2) (/2 —1)! E<|Ci|)
n/2

(e%e] [e%e] . di’
/ (H/ Je(@VkotlGl)e ™ *pdp) <
1] i—1 0
for every (Ci,...,Gu2) € S"-1, where J; are the Bessel functions.

L7 is interpolated between L' and L*°. 20
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PROOF OF THE LOWER BOUNDS

Use our general theorem in combination with:

|<m§>7 U(k)>|_2(5n—1) | N |<ﬂ’lk, U(k)>L2(S"—1) |
||u(k)||L‘7(S"—1) o~ ||u(k)|||_00(Sn_1)

kn/p—n
Rn Tz

_ jr1/p=1/2)

forkeN, pel,2]. O

21
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Lower estimates The complex Riesz transform Generalization Smooth phases The Riesz group
[e] JeleTole}

THE RIESZ GROUP

o(&) =&
(TA1)(€) = e/l £ ()

(Tg) acr IS called the Riesz group since its infinitesimal generator is negative of the Riesz
transform, i.e., —R;, where (Rif)(€) = fﬁ%f(g).

For n = 2:
#(e'%) := cos ¢
mg\os(reﬂap) _ eﬁAcoscp
(Thaf)(rei®) = e F(rei?)

22
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PROBLEM BY DRAGICEVIC, PETERMICHL, AND VOLBERG

Dragicevi¢, Petermichl, and Volberg (2006):

cs (p* = 1) KPP 71270 Tl o)y < C(p* = 1) (K272
ford >0, pe (1,00), ke Z\ {0}.
The lower bound disproves Maz’ya’s conjecture in n = 2 dimensions.

Problem [Dragicevi¢, Petermichl, and Volberg (2006)].
Can one remove the §?

Theorem [Bulj and K. (2022)]. Takep € (1,0), A € R, |A| > 1.

||T£\OS |LP(R2)—>LP(R2) ~ (p* . 1) |>\‘2|1/P*1/2|

HTéos||Ll(]R2)4>L1)O<>(]R2> ~ ‘)\|

23
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PROOF OF THE LOWER BOUNDS

The Fourier series expansion of the symbol:
Mua(€9) = X2 = Jo(X) +2 3 #;(A) cosjip,
where J; are the Bessel functions.

cos(A cos p) +ZZ 1) Ja(X) cos 2l

cos(Asinp) = Jo(A —1—22]21 ) cos 2l
uN (%) = Cos(/\smgo) Jo(\)

=2 Z(—l)l“Yz,zl,z/pfzz(A) cos 2lp
- 24
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PROOF OF THE LOWER BOUNDS

Use our general theorem in combination with:

(M2, ™M) 21y | - A\2/p—1
[ ey 1

_ )201/p=1/2)

forA>1, pell,2].

In the numerator we needed the inequality:

o0

DB (0)? 2 N
I=1

which is easy to show. O

25
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THE RIESZ GROUP FOR 1 > 3

||Té\os||LV(R2)—>LV(R2) ~ (p* — 1) |APIV/P=1/2

Open problem.
What is the asymptotics for the Riesz group in n > 3 dimensions?

Is it again
(p* — 1) Aot/

The case n = 3 has applications to the Navier—Stokes equations.

26
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