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Abstract

Euclidean density theorems ask which finite point configurations must occur in measurable subsets
of Euclidean space that are large in the sense of positive measure or positive upper density. Moti-
vated by the Ramsey-theoretic principle that large structures contain patterns, the central problems
are to prove either that all sufficiently large scales of a configuration appear or, in compact settings,
that the set of realized scales contains an interval whose length can be bounded quantitatively in
terms of the density. Beginning with Székely’s distance problem and Bourgain’s simplex theorem,
the area has developed into a meeting point of geometric measure theory, arithmetic combinatorics,
and real multilinear harmonic analysis. The basic analytic strategy is to encode configurations us-
ing counting forms and decompose them into structured, error, and uniform components, with
the latter two controlled through Fourier decay, oscillatory integrals, Littlewood–Paley theory, and
multilinear singular or Brascamp–Lieb-type inequalities. Conversely, negative results are often
proved by constructing funny colorings.
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Chapter 1

What are Euclidean density theorems?

1.1 The guiding problems
A typical Euclidean density theorem has one of the following forms. Let P be a finite configuration
in Rd, and let A ⊆ Rd be measurable and “large.” Must A contain a certain copy of P? Or copies
of P at all sufficiently large scales? Or copies of P at all scales forming an interval? There are
several other choices hidden in all these formulations:

• the meaning of “large”: positive fraction of a cube or a ball, positive upper density, or positive
upper Banach density;

• the allowed “copies”: translates, similar copies, congruent copies, or isometric copies but in
another norm;

• the “rigidity” of the configuration: fixed edge lengths, flexible graph embeddings, prescribed
volume, etc.;

• the definition of a “scale”: a certain size of a configuration, an eccentricity, etc.
Positive results are usually obtained when the configuration has enough degrees of freedom relative
to the ambient dimension. Negative results exploit algebraic invariants, modular obstructions, or
appropriate colorings of the ambient space.

Throughout the notes, d denotes the ambient Euclidean dimension. The letter A usually denotes
the measurable set in which configurations are being sought, whether A ⊆ Rd is unbounded or A
lies in a fixed cube. When a positive-density set is localized to a large cube, the localized set is
denoted by AR ⊆ [0, R]d and its indicator by f = 1AR

.
Euclidean balls are denoted by B(a,R) = {x ∈ Rd : |x − a| < R}, and BR = B(0, R), while

cubes are rather written explicitly as x+ [0, R]d. The Lebesgue measure of A ⊆ Rd will be written
simply as |A|. This will cause no confusion with the absolute value or the Euclidean length or the
cardinality, and the (implicit) ambient dimension d will be understood.

See Section A.1 for the explanation of the notation ≲, ≳, O, and Ω.

1.2 Density notions
Definition 1.1 (Asymptotic densities). For a measurable set A ⊆ Rd, define

d(A) := lim sup
R→∞

|A ∩ [−R/2, R/2]d|
Rd

, d(A) := lim inf
R→∞

|A ∩ [−R/2, R/2]d|
Rd

,

called the upper density and the lower density of A, respectively. If the actual limit exists, it is
denoted d(A) and called the density of A.

1



2 Chapter 1. Euclidean density theorems

Definition 1.2 (Upper Banach density). The upper Banach density of a measurable set A ⊆ Rd

is

δ(A) := lim
R→∞

sup
x∈Rd

|A ∩ (x+ [0, R]d)|
Rd

.

The existence of this limit, and its invariance under replacing the cube by any fixed compact convex
body with nonempty interior, are proved in Appendix A.2. Thus one may equivalently use large
balls, ellipsoids, simplices, or other convex averaging windows B, as long as we are stretching them
isotropically by factor R:

RB := {Ry : y ∈ B},

δ(A) = lim
R→∞

sup
x∈Rd

|A ∩ (x+RB)|
|RB|

.

We always have
d(A) ⩽ d(A) ⩽ δ(A).

Definition 1.3 (Compact density). If A ⊆ [0, R]d is measurable, its density in the cube is |A|/Rd.
Compact density theorems usually assume |A| ⩾ δRd and produce quantitative information de-
pending on δ. Similarly we would define density in a fixed ball.

1.3 A near-full-density translation lemma
The following elementary lemma is often the quickest way to pass from a high density of a set on
a fixed ball to a translated copy of a finite pattern. It is simply the union bound applied to the
complement, but it is useful enough to be recorded explicitly.

Lemma 1.4 (Near-full-density translation lemma). Let A ⊆ Rd be measurable, let B(a,R) be the
Euclidean ball of radius R centered at a, and suppose that

|A ∩ B(a,R)|
|B(a,R)|

⩾ 1− η.

Let P = {p1, . . . , pn} ⊆ Rd, and put D = diamP . If

D < R and nη <

(
1− D

R

)d

, (1.1)

then A contains a translate of P .

Proof. Translate P in advance so that p1 = 0. Then |pi| ⩽ D for every i. Let

H = B(a,R) \A, B′ = B(a,R−D).

If t ∈ B′, then t + pi ∈ B(a,R) for each i. Suppose, for contradiction, that no translate t + P is
contained in A. Then for every t ∈ B′ at least one of the points t+ pi lies in H, and hence

B′ ⊆
n⋃

i=1

(H − pi).
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Taking measures and using translation-invariance gives

|B′| ⩽
n∑

i=1

|H − pi| = n|H| ⩽ nη|B(a,R)|.

On the other hand,
|B′| = (1−D/R)d|B(a,R)|,

which contradicts (1.1). Therefore some t ∈ B′ satisfies t+ pi ∈ A for all i.

Corollary 1.5 (Positive measure gives small homothetic copies). Let A ⊆ Rd be measurable with
|A| > 0, and let P ⊆ Rd be finite. Then there is λ0 > 0 such that, for every 0 < λ ⩽ λ0, the set A
contains a translate of λP .

Proof. Let n = |P | and choose η < 1/(n2d). By the Lebesgue density theorem, there is a density
point a of A and a (small) radius R > 0 such that

|A ∩ B(a,R)| ⩾ (1− η)|B(a,R)|.

Lemma 1.4 applies to λP whenever λ diamP ⩽ R/2.

Things are not so easy for infinite configurations P , but we do not discuss those issues in these
notes.

Corollary 1.6 (The threshold 1 − 1/n for translated copies). Let P ⊆ Rd be an n-point configu-
ration. If A ⊆ Rd is measurable and

δ(A) > 1− 1

n
,

then, for every λ > 0, the set A contains a translate of λP .

Proof. Choose η with

1− δ(A) < η <
1

n
.

By the ball formulation of upper Banach density proved in Appendix A.2, there are arbitrarily
large balls B(a,R) satisfying

|A ∩ B(a,R)| ⩾ (1− η)|B(a,R)|.

For the fixed configuration λP , let D = diam(λP ). Since η < 1/n, we can choose such a ball with
R so large that (1.1) holds. Lemma 1.4 then gives a translate of λP inside A.





Chapter 2

Density theorems for simplices, boxes,
and distance graphs

This chapter collects positive model results for isotropic configurations, i.e., those that will be scaled
equally in “all directions.” We will principally study all-large-scale theorems: every measurable set
of positive upper Banach density contains the prescribed configuration at every sufficiently large
scale. We will also briefly discuss their “interval of scales” variants, which are interesting mainly
because they have quantitative formulations.

The examples gathered here will also provide the basic prototypes for the later chapters. The
order of problems is deliberately methodological, and only approximately historically faithful. After
a general “abstract nonsense” discussion, we begin with two-point distances, then move to simplices,
rectangular boxes, and hypercube graphs. Historically, the first large-distance theorem (for a pair
of points) was motivated by a question of Székely [49], and it is due to Furstenberg–Katznelson–
Weiss [22] and also (independently) to Falconer–Marstrand [20]. Bourgain introduced the analytic
large-scale strategy for simplices [3], and Lyall–Magyar developed product and graph versions
for simplices, boxes, and distance graphs [40, 41, 42]. The proof language used below is the so-
called largeness–smoothness method, close in spirit to Bourgain’s original argument and to later
multilinear formulations of Cook–Magyar–Pramanik and their heat-flow variants of Durcik and the
author [8, 10, 31].

2.1 The largeness–smoothness template
Much of the following is probably incomprehensible until one sees concrete examples, so either
proceed with caution, or skip to the next section (but be sure to come back).

For a geometric family Cλ, let N 0
λ denote the exact counting form. Positivity of N 0

λ (A) means
that A contains a copy of Cλ. The exact measure (or measures) involved in the definition of
the counting form is usually singular: it is a spherical measure, an iterated product of spherical
measures, or a measure constrained by several distance equations. One therefore introduces a
smoothed count N ε

λ(A), 0 < ε ⩽ 1, and writes

N 0
λ = N 1

λ +
(
N ε

λ −N 1
λ

)
+
(
N 0

λ −N ε
λ

)
. (2.1)

The terms in (2.1) have different meanings.
• The structured part N 1

λ is blurred at the same scale as the configuration. At this resolution
singularity/curvature is no longer important, and density alone forces many configurations
(usually via certain combinatorial “counting”).

• The error part N ε
λ −N 1

λ compares two positive smoothing scales. It is rarely small at every
scale, but heat-flow cancellation and lacunarity make it small on average over a long list of
scales.
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6 Chapter 2. Simplices, boxes, and distance graphs

Figure 2.1: Typical configurations in the theory: a simplex, a rectangular box, and a distance
(hypercube) graph.

• The uniform part N 0
λ −N ε

λ removes the final smoothing. It is controlled uniformly in λ by
Fourier decay, some other oscillatory phenomena, or by a multilinear smoothing inequality.

This decomposition was already implicit in Bourgain’s Euclidean Szemerédi theorem [3] and has
become a standard organizing principle in later multilinear work [8, 12, 10, 31].

Proposition 2.1 (Abstract all-large-scales criterion). Let λ1 < · · · < λJ be lacunary, say λj+1 ⩾
2λj. Suppose that, for every AR ⊆ [0, R]d with |AR| ⩾ δRd and all R sufficiently large compared
with λJ , one has

N 1
λ (AR) ⩾ c0(δ)R

d,

1

J

J∑
j=1

∣∣N ε
λj
(AR)−N 1

λj
(AR)

∣∣ ⩽ ηε(J)R
d, ηε(J) → 0 as J → ∞,

∣∣N 0
λ (AR)−N ε

λ(AR)
∣∣ ⩽ u(ε)Rd, u(ε) → 0 as ε→ 0.

Then every measurable set of positive upper Banach density contains the corresponding configuration
at all sufficiently large scales.

Proof. Fix a measurable set A with δ(A) > 0 and choose δ with 0 < δ < δ(A). We prove that the
set of “bad scales” is bounded. Choose ε > 0 so small that

u(ε) ⩽
1

3
c0(δ),

and then choose J so large that

ηε(J) ⩽
1

3
c0(δ).

Assume, toward a contradiction, that there are arbitrarily large bad scales. We may then select
bad scales

λ1 < λ2 < · · · < λJ , λj+1 ⩾ 2λj ,

with λ1 as large as needed for the estimates. By the definition of upper Banach density there are
arbitrarily large cubes on which A has density at least δ. Choose such a cube Q = x0 + [0, R]d

with R larger than the threshold in the hypotheses, i.e., R≫ λJ . After translating, set

AR = (A− x0) ∩ [0, R]d, |AR| ⩾ δRd.

Because each λj is bad for A, the localized exact count is zero:

N 0
λj
(AR) = 0, j = 1, . . . , J.
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Indeed, any configuration counted inside AR would translate back to a configuration of scale λj
inside A. The averaged error estimate implies, by pigenoholing, that at least one index j ∈
{1, . . . , J} satisfies ∣∣N ε

λj
(AR)−N 1

λj
(AR)

∣∣ ⩽ ηε(J)R
d ⩽

1

3
c0(δ)R

d.

For this index j, the decomposition (2.1) gives

N 0
λj
(AR) ⩾ N 1

λj
(AR)−

∣∣N ε
λj
(AR)−N 1

λj
(AR)

∣∣− ∣∣N 0
λj
(AR)−N ε

λj
(AR)

∣∣
⩾ c0(δ)R

d − 1

3
c0(δ)R

d − 1

3
c0(δ)R

d > 0,

contradicting the badness of λj . Thus the bad scales are bounded. The corresponding threshold
for “sufficiently large scales” may depend on A, but it is finite.

2.2 Basic analytic tools: heat flow, curvature, and lacunarity
The Fourier normalization is

f̂(ξ) =

∫
Rd

f(x)e−2πix·ξ dx.

We use the Gaussian
g(x) = e−π|x|2 ,

with derivatives h(l) = ∂lg and Laplacian k = ∆g. Thus

ĝ(ξ) = e−π|ξ|2 , ĥ(l)(ξ) = 2πiξle
−π|ξ|2 , k̂(ξ) = −4π2|ξ|2e−π|ξ|2 .

For α > 0 write fα(x) = α−df(x/α), so f̂α(ξ) = f̂(αξ). In this parametrization the heat equation
reads

∂

∂t
gt(x) =

1

2πt
kt(x). (2.2)

Curvature enters through Fourier decay. For the normalized circle measure σ in R2,

|σ̂(ξ)| ≲ (1 + |ξ|)−1/2; (2.3)

see Appendix A.3. Therefore,

|σ̂(ξ)k̂(tξ)| ≲ (1 + |ξ|)−1/2(t|ξ|)2e−πt2|ξ|2 ≲ t1/2, 0 < t ⩽ 1. (2.4)

The factor t1/2 in (2.4) will consequently be turned into the uniform-part gain ε1/2, which will be
typical for this whole chapter. Higher-dimensional analogues are straightforward and they can be
found in Appendix A.3.

Finally, lacunarity converts square-function control into a scale average. If λj+1 ⩾ 2λj , then,
for every C > 1, the intervals

[λj , Cλj ], j = 1, 2, . . . , J,

have uniformly bounded overlap. In Fourier variables this is turned into the elementary estimate

sup
ξ∈Rd

J∑
j=1

|k̂(λjξ)|2 ≲ sup
ξ∈Rd

J∑
j=1

(λj |ξ|)4e−2πλ2
j |ξ|2 ≲ 1, (2.5)

because the function u4e−2πu2 is concentrated where u ∼ 1 and the numbers λj |ξ| again form a
lacunary sequence. This is the basic Littlewood–Paley ingredient behind the error in this chapter.
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2.3 A pair of points: Székely’s problem
The first benchmark is the two-point configuration.

Theorem 2.2 (Falconer–Marstrand; Furstenberg–Katznelson–Weiss [20, 22]). Let A ⊆ R2 be mea-
surable with δ(A) > 0. Then there is λ0 = λ0(A) > 0 such that for every λ ⩾ λ0 there exist x, x′ ∈ A
with

|x− x′| = λ.

For a compactly supported bounded measurable function f define

N 0
λ (f) :=

∫
R2

∫
R2

f(x)f(x+ y) dσλ(y) dx =

∫
R2

f(x)(f ∗ σλ)(x) dx,

N ε
λ(f) :=

∫
R2

f(x)
(
f ∗ σλ ∗ gελ

)
(x) dx.

Here σλ is the pushforward of σ under dilation by λ; this is simply the normalized arclength
measure on the circle of radius λ about the origin. Thus, N 0

λ (f) > 0 means that the set contains
a pair of points separated by exactly λ.

Proposition 2.3 (Estimates for a pair of points). Let AR ⊆ [0, R]2, |AR| ⩾ δR2, and R ≫ λJ .
For every lacunary list λ1 < · · · < λJ and every 0 < ε ⩽ 1,

N 1
λ (1AR

) ≳ δ2R2, (2.6)
J∑

j=1

|N ε
λj
(1AR

)−N 1
λj
(1AR

)| ≲ log(1/ε)J1/2R2, (2.7)

|N 0
λ (1AR

)−N ε
λ(1AR

)| ≲ ε1/2R2. (2.8)

Proof. We prove the three estimates in the same order in which they are used.
Structured part. The smoothed measure σ ∗ g is continuous and strictly positive on compact

sets. Hence, after dilation,
σλ ∗ gλ ≳ λ−2

1[−λ,λ]2 .

Partition [0, R]2 into ∼ (R/λ)2 many squares Q of side length ⩽ λ. If x, y ∈ Q, then ∥x−y∥∞ ⩽ λ.
Therefore,

N 1
λ (1AR

) ≳ λ−2
∑
Q

|AR ∩Q|2.

Since the number of squares is ∼ (R/λ)2, Cauchy’s inequality gives

∑
Q

|AR ∩Q|2 ⩾
(
∑

Q |AR ∩Q|)2

(R/λ)2
≳

δ2R4

(R/λ)2
= δ2R2λ2.

This proves (2.6).
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Uniform part. By Plancherel,

N 0
λ (f)−N ε

λ(f) =

∫
Rd

|f̂(ξ)|2σ̂(λξ)
(
1− ĝ(ελξ)

)
dξ.

Recall (2.3), so that
|σ̂(λξ)| ≲ (1 + λ|ξ|)−1/2,

while |1− e−πε2λ2|ξ|2 | ≲ min{1, ε2λ2|ξ|2}. Bounding the product

(1 + u)−1/2min{1, ε2u2} ≲ ε1/2,

see Appendix A.3, we get

|N 0
λ (1AR

)−N ε
λ(1AR

)| ≲ ε1/2 ∥1AR
∥22 ⩽ ε1/2R2,

so (2.8) follows.
Error part. The heat equation (2.2) gives

N ε
λ(f)−N 1

λ (f) = − 1

2π

∫ 1

ε
⟨f, f ∗ σλ ∗ ktλ⟩

dt

t
.

Fix t ∈ [ε, 1] and set
Tj,tf := f ∗ σλj

∗ ktλj
.

Cauchy–Schwarz in the scale index gives

J∑
j=1

| ⟨f, Tj,tf⟩ | ⩽ J1/2 ∥f∥2
( J∑

j=1

∥Tj,tf∥22
)1/2

.

By Plancherel, |σ̂| ⩽ 1, and (2.5),

J∑
j=1

∥Tj,tf∥22 =
∫
R2

|f̂(ξ)|2
J∑

j=1

|σ̂(λjξ)|2|k̂(tλjξ)|2 dξ

≲
∫
R2

|f̂(ξ)|2 dξ = ∥f∥22 .

Hence
J∑

j=1

| ⟨1AR
, Tj,t1AR

⟩ | ≲ J1/2 ∥1AR
∥22 ⩽ J1/2R2.

Integrating dt/t from ε to 1 proves (2.7).

Proof of Theorem 2.2. Apply Proposition 2.1. The structured function is c0(δ) := cδ2, the error
function is ηε(J) := C1 log(1/ε)J

−1/2, while the uniform function is u(ε) := C2ε
cd , where c, C1,

and C2 are the implicit constants in (2.6), (2.7), and (2.8), respectively. The abstract criterion
(Proposition 2.1) gives all sufficiently large distances. Positivity of the exact count produces actual
points because the integrand is nonnegative and the measure dx dσλ(y) is supported precisely on
pairs (x, x+ y) with |y| = λ.

The presented proof is not the shortest possible proof of the density theorem for two points,
but it fits well to our more general philosophy.
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2.4 Bourgain’s simplex theorem
Let d ⩾ 2, put q = d− 1, and let

∆ = {0, u1, . . . , uq} ⊆ Rq

be a non-degenerate q-dimensional simplex, meaning that u1, . . . , uq are linearly independent. We
view ∆ inside Rd by adding one zero coordinate. The increase from the affine dimension q to the
ambient dimension d = q + 1 supplies one extra degree of rotational freedom and allows one to
prove the following.

Theorem 2.4 (Bourgain [3]). Let A ⊆ Rd be measurable with δ(A) > 0. Then there is λ0 =
λ0(A,∆) > 0 such that, for every λ ⩾ λ0, the set A contains an isometric copy of λ∆.

Bourgain established this in [3]. Later papers gave related direct or product-type proofs and
extensions [40, 29, 41, 42], some of which we are about to discuss in the following sections.

Counting forms
Let µ be the Haar probability measure on the group SO(d) of d-dimensional rotations about the
origin. For compactly supported measurable 0 ⩽ f ⩽ 1 set

N 0
λ (f) :=

∫
Rd

∫
SO(d)

f(x)

q∏
k=1

f(x+ λUuk) dµ(U) dx,

N ε
λ(f) :=

∫
Rd

∫
SO(d)

f(x)

q∏
k=1

(f ∗ gελ)(x+ λUuk) dµ(U) dx.

The exact count is positive precisely when f sees a translated and rotated copy of the simplex at
scale λ, i.e., a desired copy of λ∆.

The rotation integral may be written as an iterated integration over spheres. Choose y1 = λUu1
first; it lies on a sphere. Once y1, . . . , yk−1 have been chosen, the vector yk = λUuk is constrained
to a sphere inside the affine plane determined by the prescribed inner products with the previous
vectors. The dimension of this sphere decreases by one at each step. The last step is a circle, and
it is precisely the decay of this remaining circle that drives the uniform estimate.

Proposition 2.5 (Simplex estimates). For AR ⊆ [0, R]d with |AR| ⩾ δRd and R≫ λJ , one has

N 1
λ (1AR

) ≳∆ δdRd, (2.9)
J∑

j=1

|N ε
λj
(1AR

)−N 1
λj
(1AR

)| ≲∆ ε−CqJ1/2Rd, (2.10)

|N 0
λ (1AR

)−N ε
λ(1AR

)| ≲∆ ε1/2Rd. (2.11)

Here Cq is a large constant depending only on q.

Proof. Recall that the ambient dimension is d = q + 1.
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Structured part. Since g is strictly positive, for each fixed vertex vector uk there is a constant
ak > 0 depending only on ∆ such that, uniformly in U ∈ SO(d),

(f ∗ gλ)(x+ λUuk) ≳ (f ∗ φakλ)(x).

Indeed, if |z − x| ⩽ akλ with ak small, then

|x+ λUuk − z| ⩽ (|uk|+ ak)λ,

so the Gaussian kernel gλ(x + λUuk − z) is bounded below by a constant multiple of λ−d on the
ball B(x, akλ). Therefore,

N 1
λ (1AR

) ≳∆ λ−qd

∫
1AR

(x)

q∏
k=1

(1AR
∗ 1B(0,akλ))(x) dx.

Partition [0, R]d into N ∼ (R/λ)d axes-parallel cubes so that each cube has diameter at most

min{a1, . . . , aq}λ/10.

Splitting the above integral we get

N 1
λ (1AR

) ≳∆ λ−qd
∑
Q

|AR ∩Q|q+1,

which is

∼ Rdλ−d2
∑

Q |AR ∩Q|d

N
⩾ Rdλ−d2

(∑
Q |AR ∩Q|

N

)d

∼ R−d(d−1)|AR|d ⩾ δdRd,

where we used Jensen’s inequality for discrete averages. This proves (2.9).
Error part. By the heat equation, for 0 < α < β ⩽ 1,

Nα
λ (f)−N β

λ (f) = −
q∑

m=1

∫ β

α
Lm
λ,t(f)

dt

t
,

where Lm
λ,t is obtained from N t

λ by replacing the mth smoothed factor (f ∗ gtλ)(x + λUum) by
(f ∗ ktλ)(x+ λUum) and leaving the other smoothed factors unchanged.

We prove the required averaged bound for one value of m; summing over m only changes
the constant. In the iterated-sphere parametrization, choose the order so that the mth vertex is
selected last. The last integration is over a circle in a two-dimensional orthogonal plane. Insert
the harmless identity

1 =

∫ eθtλj

θtλj

ds

s

with a fixed small θ > 0. For s ∼ tλj , the Gaussian identities imply a decomposition of the
cancellative kernel of the form

ktλj
=

d∑
l=1

h(l)s ∗ h(l)s ∗ gr(j,t,s), r(j, t, s) ∼ s, (2.12)
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up to constants depending only on θ. This follows directly on the Fourier side from

|ξ|2e−π(tλj)
2|ξ|2 =

d∑
l=1

ξ2l e
−2πs2|ξ|2e−πr2|ξ|2

with r2 = (tλj)
2 − 2s2 > 0.

Using (2.12), one derivative h(l)s is placed on f and the other derivative is absorbed into the
final circular average. The remaining spherical and Gaussian factors are positive probability kernels
with rapidly decreasing tails. They are dominated by a finite superposition of ball or Gaussian
averages at scale comparable to s, and hence by Hardy–Littlewood maximal functions. (However,
since the function f = 1A we are interested in takes values in [0, 1] and the maximal operator is
trivially bounded on L∞, this domination is not really needed.) Applying Cauchy–Schwarz in the
base variable and in the already chosen directions gives the estimate

|Lm
λj ,t

(f)| ≲∆ ε−Cq

d∑
l=1

(∫ eθtλj

θtλj

∥∥∥f ∗ h(l)s
∥∥∥2
2

ds

s

)1/2

Rd/2. (2.13)

Here the factor ε−Cq comes from comparing all smoothing parameters between tλj and s while
t ⩾ ε; the maximal-function factors are bounded in L2q and use 0 ⩽ f ⩽ 1 and supp f ⊆ [0, R]d.

Sum (2.13) over j and apply Cauchy–Schwarz in j. For fixed t, lacunarity gives bounded overlap
of the intervals [θtλj , eθtλj ], and therefore

J∑
j=1

|Lm
λj ,t

(f)| ≲∆ ε−CqJ1/2Rd/2

(∫ ∞

0

d∑
l=1

∥∥∥f ∗ h(l)s
∥∥∥2
2

ds

s

)1/2

.

Plancherel’s identity gives ∫ ∞

0

d∑
l=1

∥∥∥f ∗ h(l)s
∥∥∥2
2

ds

s
≲d ∥f∥22 ⩽ Rd.

Thus
∑

j |Lm
λj ,t

(f)| ≲ ε−CqJ1/2Rd. Integrating dt/t over [ε, 1] and summing over m proves (2.10),
only with Cq slightly enlarged to swallow up the logarithmic loss.

Uniform part. It suffices to control the heat-flow tail between smoothing parameters 0 and ε.
Fix the derivative on the final vertex in the iterated-sphere description. After the first q−1 simplex
directions have been chosen, the last direction ranges over a circle in a two-dimensional plane E.
The relevant piece of the heat derivative has the schematic form∫

f0(x) (f ∗ ktλ ∗ σλ,E)(x) dx,

where σλ,E is circle measure in the plane E and 0 ⩽ f0 ⩽ 1 is a product of the already selected
vertex factors. Cauchy–Schwarz in all outer variables and Plancherel in x reduce the square of this
expression to an integral bounded by

Rd

∫
|f̂(ξ)|2|k̂(tλξ)|2I(λξ) dξ.
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Here I(ζ) is the average, over the possible first q − 1 directions, of the reciprocal distance from ζ
to their span. This factor is exactly what remains from the stationary-phase estimate for the last
circle: the Fourier transform of a circle in the plane E decays like the inverse square root of the
length of the projection of ζ onto E.

The averaging over rotations removes the singularity. By rotational invariance, fix the span of
the first q − 1 directions to be the coordinate (q − 1)-plane and average the direction of ζ over
Sd−1. In spherical coordinates the singular factor is

1

|ζ| sinϕ1 · · · sinϕq−1
,

whereas the surface element contributes

sinq−1 ϕ1 sin
q−2 ϕ2 · · · sinϕq−1 dϕ1 · · · dϕq.

The quotient is integrable, hence
I(ζ) ≲∆ |ζ|−1. (2.14)

Combining (2.14) with the formula for k̂ gives

|k̂(tζ)|2I(ζ) ≲ (t|ζ|)4e−2πt2|ζ|2 |ζ|−1 ≲ t,

because u3e−2πu2 is bounded. Thus the derivative at scale t is O(t1/2Rd). Integrating from 0 to ε
gives

|N 0
λ (f)−N ε

λ(f)| ≲ Rd

∫ ε

0
t1/2

dt

t
≲ ε1/2Rd,

which proves (2.11).

Proof of Theorem 2.4. Use Proposition 2.1 and the estimates in Proposition 2.5. The structured
function is c0(δ) := cδd, the uniform function is u(ε) := Cεcq , and the averaged error has ηε(J) :=
Cε−CqJ−1/2. After choosing ε and then J as in the abstract criterion, a bad lacunary list of scales
would force a positive exact count at one of those scales, which is impossible. Positivity of N 0

λ (1A)
gives an actual congruent copy of λ∆ because Haar measure is supported on rotations preserving
all distances among the vertices of ∆.

2.5 Rectangular boxes
Let q ⩾ 1 and

□ = {0, b1} × · · · × {0, bq} ⊆ Rq, b1, . . . , bq > 0.

The ambient space is (R2)q. The kth side of the box is allowed to rotate only in the kth distinguished
copy of R2.

Theorem 2.6 (Lyall–Magyar, rectangular-box case [40, 42]). Let A ⊆ (R2)q be measurable
with δ(A) > 0. Then there is λ0 = λ0(A,□) > 0 such that, for every λ ⩾ λ0, there exist
x1, . . . , xq, y1, . . . , yq ∈ R2 with

|yk| = λbk, k = 1, . . . , q,

and {
(x1 + r1y1, . . . , xq + rqyq) : (r1, . . . , rq) ∈ {0, 1}q

}
⊆ A.

In particular, A contains an isometric copy of λ□.
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This is a particular case of Lyall–Magyar’s product and hypergraph results [40, 42]. The
following heat-flow proof that smoothens up the measures (rather than the functions) is due to
Durcik and the author [10, 11], and its advantage is sufficient flexibility to also obtain a certain
quantitative compact variant in Theorem 2.8 below.

Counting forms
The exact and smoothed counting forms are

N 0
λ (f) :=

∫
(R2)2q

∏
(r1,...,rq)∈{0,1}q

f(x1 + r1y1, . . . , xq + rqyq)

q∏
k=1

dσλbk(yk)

q∏
k=1

dxk,

N ε
λ(f) :=

∫
(R2)2q

∏
(r1,...,rq)∈{0,1}q

f(x1 + r1y1, . . . , xq + rqyq)

q∏
k=1

(σλbk ∗ gελbk)(yk)
q∏

k=1

dxk dyk.

For x = (x01, x
1
1, . . . , x

0
q , x

1
q) ∈ (R2)2q we write

F(x) :=
∏

(r1,...,rq)∈{0,1}q
f(xr11 , . . . , x

rq
q ).

If we substitute x0k = xk, x1k = xk + yk, then N ε
λ(f) takes a nicer and more symmetric expression:

N ε
λ(f) :=

∫
(R2)2q

F(x)

q∏
k=1

(σ ∗ gε)λbk(x
1
k − x0k) dx.

The variables x0k and x1k represent the two endpoints of the kth side. Choosing all 2q combinations
of endpoints gives all vertices of the box.

Proposition 2.7 (Box estimates). For AR ⊆ ([0, R]2)q with |AR| ⩾ δR2q and R≫ λJ ,

N 1
λ (1AR

) ≳□ δ
2qR2q, (2.15)

J∑
j=1

|N ε
λj
(1AR

)−N 1
λj
(1AR

)| ≲□ ε
−CqR2q, (2.16)

|N 0
λ (1AR

)−N ε
λ(1AR

)| ≲□ ε
1/2R2q. (2.17)

Here Cq is a large constant depending only on q.

Proof. Structured part. Partition the kth square [0, R]2 in a 2-dimensional coordinate plane R2

into ∼ (R/λ)2 squares Qk of side length ⩽ bkλ. In the smoothest form, restrict x0k and x1k to lie
in the same square Qk. Since (σ ∗ g)λbk is bounded below by ≳ λ−2 on a ∼ λ neighborhood of the
origin, this restriction gives:

N 1
λ (1AR

) ≳□

∑
Q1,...,Qq

|Q1| · · · |Qq|
∫
−

Q1×Q1×···×Qq×Qq

F(x) dx.
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For each product cell and f ⩾ 0, we have:∫
−

Q1×Q1×···×Qq×Qq

∏
r∈{0,1}q

f(xr11 , . . . , x
rq
q ) dx ⩾

( ∫
−

Q1×···×Qq

f

)2q

. (2.18)

For q = 1 this is easy by Jensen’s inequality. For the induction step, write the left side as an average
over the last pair (x0q , x

1
q) of a product of two (q − 1)-dimensional box forms. Cauchy–Schwarz in

the variables indexed by the first q − 1 coordinates bounds this average below by the square of
the corresponding (q − 1)-dimensional average, and the induction hypothesis applies. The reader
is encouraged to write up the details and compare them with the proof of Proposition A.5 (the
celebrated Gowers–Cauchy–Schwarz inequality) given in the appendix.

Summing (2.18) over all product cells gives

N 1
λ (f) ≳□

∑
Q1,...,Qq

|Q1| · · · |Qq|
( |AR ∩ (Q1 × · · · ×Qq)|

|Q1| · · · |Qq|

)2q
.

Jensen’s inequality over the product partition bounds this as

≳ R2q

(
|AR|
R2q

)2q

,

which is (2.15).
Error part. By differentiating the product of the q smoothed circular factors, the contribution

of the derivative falling on the mth edge is

(σ ∗ kt)λbm(x0m − x1m)
∏
k ̸=m

(σ ∗ gt)λbk(x
0
k − x1k).

It suffices to treat m = q. Insert the average 1 =
∫ eθtλ
θtλ ds/s. For s ∼ tλ, the Fourier identity for

the Laplacian gives

σλbq ∗ ktλbq =
2∑

l=1

σλbq ∗ gr ∗ h(l)s ∗ h(l)s , r ∼ s ∼ tλ, (2.19)

up to constants depending on □. The other smoothed circle kernels and the factor σλbq ∗ gr are
dominated, for t ⩾ ε, by superpositions of Gaussian kernels at scale sγ, γ ⩾ 1, with total mass
O□(ε

−Cq).
Expand the two derivatives in (2.19). The variables with rq = 0 form one face of the box and

the variables with rq = 1 form the opposite face. Applying Cauchy–Schwarz between these two
faces converts the absolute value of the derivative term into a positive cubical heat-flow form. More
explicitly, one obtains the bound

J∑
j=1

|Lq
λj
(f)| ≲□,q ε

−Cq log(1/ε)

∫
[1,∞)q−1

Θq,q

γ1,...,γq−1,
√
2
(f)

q−1∏
k=1

dγk
γ2k

, (2.20)

where

Θq,m
γ1,...,γq(f) := −

∫ ∞

0

∫ ∏
r∈{0,1}q

f(xr11 , . . . , x
rq
q ) ksγm(x

0
m − x1m)
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×
∏
k ̸=m

gsγk(x
0
k − x1k) dx

ds

s
.

The minus sign is chosen because k = ∆g and the corresponding quadratic form is nonnegative.
Indeed, writing the two m-faces as a function Fm of the common mth coordinate, the identity

ksγm = 2
2∑

l=1

h
(l)

sγm/
√
2
∗ h(l)

sγm/
√
2

gives

Θq,m
γ1,...,γq(f) = 2

2∑
l=1

∫ ∞

0

∫ ∥∥∥Fm ∗ h(l)
sγm/

√
2

∥∥∥2
2

∏
k ̸=m

gsγk(x
0
k − x1k)

ds

s
⩾ 0.

Summing these nonnegative forms over m telescopes by the heat equation:

q∑
m=1

Θq,m
γ1,...,γq(f) ≲ ∥f∥2

q

2q .

To see the telescoping, differentiate the fully Gaussian cubical average∫ ∏
r∈{0,1}q

f(xr11 , . . . , x
rq
q )

q∏
k=1

gsγk(x
0
k − x1k) dx

with respect to s and integrate from s = 0 to s = ∞. At s = ∞ the normalized Gaussians vanish
weakly on compactly supported data, while at s = 0 all paired coordinates coalesce and the limit
is
∫
f2

q
⩽ R2q. Since each Θ is nonnegative, (2.20) is bounded by Cε−Cq log(1/ε)R2q. Summing

over the possible derivative positions proves (2.16). This is the cubical singular-integral estimate
in its soft heat-flow form; related estimates appear in [9, 14].

Uniform part. Let the heat derivative fall on the mth edge and keep all other endpoint variables
fixed. The product of vertex factors splits into two faces,

F0(u) =
∏
rm=0

f(. . . , u, . . .), F1(v) =
∏
rm=1

f(. . . , v, . . .).

The relevant bilinear form in u, v ∈ R2 is∫
F0(u)F1(v)(σλbm ∗ ktλbm)(u− v) dudv.

By Plancherel it is equal to ∫
F̂0(ξ)F̂1(ξ)σ̂(λbmξ)k̂(tλbmξ) dξ.

The multiplier is O(t1/2) by (2.4). Hence the bilinear form is bounded by Ct1/2 ∥F0∥2 ∥F1∥2.
After integrating the remaining variables against probability kernels and using 0 ⩽ f ⩽ 1 and
supp f ⊆ ([0, R]2)q, this gives

|Lm
λ,t(f)| ≲ t1/2R2q.

Integrating 0 < t < ε and summing over m proves (2.17).
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Proof of Theorem 2.6. Apply Proposition 2.1. The structured function is c0(δ) := cδ2
q , the uniform

function is u(ε) := Cεcq , and the error estimate can take ηε(J) := Cε−CqJ−1. The abstract
contradiction argument therefore gives N 0

λ (1A) > 0 at all sufficiently large scales. Positivity of
N 0

λ (1A) produces the required box because each singular factor is supported on the circle |x0k−x1k| =
λbk.

With no additional effort one can prove the following compact counterpart to the last (cubical
all-large-scale) theorem.

Theorem 2.8 (Quantified cube interval [10, 11]). For every positive integer q there exists C ′
q ∈

(0,∞) such that, whenever A ⊆ ([0, 1]2)q is measurable with |A| ⩾ δ, 0 < δ ⩽ 1/2, there is an
interval I ⊆ (0, 1] of length at least

exp(−δ−C′
q)

such that for every λ ∈ I one can find xi, yi ∈ R2, 1 ⩽ i ⩽ q, satisfying

(x1 + r1y1, . . . , xq + rqyq) ∈ A

for all (r1, . . . , rq) ∈ {0, 1}q, with
∥yi∥2 = λ for all i.

Namely, one considers the intervals (2−j , 2−j+1], 1 ⩽ j ⩽ J , for a sufficiently large number of
scales J . If every one of them contained a scale λj at which no configuration is found, then we
would obtain a contradiction just as in the previous proof. Thus, in one of these intervals, every
scale is realized by a cube in A. Its length is at least 2−J ⩾ exp(−δ−C) and we are done. We omit
the details, since the whole next chapter on arithmetic progressions will be concerned with a much
more involved compact density theorem.

2.6 The hypercube distance graph
The reader can find this section primarily as useful practice of the previously seen techniques. Let
Γq be the distance graph isomorphic to the 1-skeleton of the q-dimensional unit hypercube. A
planar set A contains an isometric copy of λΓq if there are x ∈ R2 and vectors y1, . . . , yq ∈ R2 with
|yi| = λ such that

x+ r1y1 + · · ·+ rqyq ∈ A

for all (r1, . . . , rq) ∈ {0, 1}q, and the 2q points are all mutually distinct.

Theorem 2.9 (All large dilates of Γq [33]). For every positive integer q and every measurable
A ⊆ R2 of positive upper Banach density, there exists λ0(A, q) > 0 such that for every λ ⩾ λ0(A, q)
the set A contains an isometric copy of λΓq.

Theorem 2.10 (Compact interval version for Γq [33]). For every q there is Cq ∈ (0,∞) such that
if A ⊆ [0, 1]2 is measurable with |A| ⩾ δ, 0 < δ ⩽ 1/2, then there is an interval I ⊆ (0, 1] of length
at least

exp(−δ−Cq)

such that A contains an isometric copy of λΓq for every λ ∈ I.

These are dimensionally sharp: the graph is embedded in the plane even though its “degeneracy”
(as defined in [41]) is q.
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Let f = 1AR
and define

Fq(x; y1, . . . , yq) =
∏

(r1,...,rq)∈{0,1}q
f(x+ r1y1 + · · ·+ rqyq).

With σλ being the circle measure for radius λ,

N 0
λ (f) :=

∫
(R2)q+1

Fq(x; y1, . . . , yq) dσλ(y1) · · · dσλ(yq) dx.

The smoothed form replaces each σλ by σλ ∗ gελ:

N ε
λ(f) :=

∫
(R2)q+1

Fq(x; y1, . . . , yq)
( q∏

k=1

(σλ ∗ gελ)(yk)
)
dx.

Positivity of N 0
λ (1A) implies the existence of a nondegenerate copy of λΓq because degenerate

coincidences are described by finitely many linear relations among y1, . . . , yq and therefore have
zero σ⊗q

λ -measure.

Proposition 2.11 (Hypercube graph estimates [33]). For R ⩾ λ > 0 and AR ⊆ [0, R]2,

N 1
λ (1AR

) ≳q

(
|AR|
R2

)2q

R2. (2.21)

For 0 < λ1 < · · · < λJ with λj+1 ⩾ 2λj, R ⩾ 2λJ , and ε ∈ (0, 1],

J∑
j=1

∣∣∣N ε
λj
(1AR

)−N 1
λj
(1AR

)
∣∣∣ ≲q ε

−3q−1R2. (2.22)

For all λ > 0 and ε ∈ (0, 1], ∣∣N 0
λ (1AR

)−N ε
λ(1AR

)
∣∣ ≲q ε

1/2R2. (2.23)

The proof is left as an exercise, quite similar to the previous section. A notable difference is that
the structured part will need the Gowers–Cauchy–Schwarz inequality (Proposition A.5), which is
moved to Appendix A.4, not to spoil the exercise here. Likewise, the reader is invited to deduce
Theorems 2.9 and 2.10 from Estimates (2.21), (2.22), and (2.23) following analogous deductions,
which have been seen a few times already.

2.7 Open problem
Problem 2.12 (Equilateral triangles in the plane). A classical problem asks whether every planar
set of positive upper density contains a congruent copy of every sufficiently large equilateral triangle;
see Bourgain [3] and the discussion surrounding the Euclidean obstructions in [19]. In fact, all
dimensionally sharp embeddings of simplices, i.e., d = q ⩾ 2, are still open.



Chapter 3

Density theorems for arithmetic
progressions

This chapter treats the compact quantitative density theorem for arithmetic progressions, a certain
Euclidean strengthening of Szemerédi’s theorem. Here one fixes a dense set inside a unit cube
and asks for a whole interval of realized scales by the progression “gaps.” The analytic proof
follows a paper by Durcik and the author [10], who were highly influenced by the three-term
predecessor due to Cook–Magyar–Pramanik [8]. The proof combines Szemerédi’s theorem [50] and
its quantitative improvements [27, 30, 2, 38, 45], Varnavides-type averaging [53], Gowers norms
[23, 15], and multiscale cancellation related to the multilinear Hilbert transforms [36, 37, 52, 13, 55].
However, we begin the section by first explaining why the usual Euclidean norm (i.e., the ℓ2-norm)
is no longer suitable for this problem.

3.1 Bourgain’s example and a generalization
The main issue is that the Euclidean norm cannot guarantee a density theorem for arithmetic
progressions, either the “all large scales” variant or the variant with “an interval of scales.”

An obstruction is already visible for three-term progressions,

x, x+ y, x+ 2y; (3.1)

it was first observed by Bourgain [3]. Namely, the parallelogram law in Rd immediately gives

|x+ 2y|2 − 2|x+ y|2 + |x|2 = 2|y|2.

An immediate consequence of this identity can be phrased as follows: if all three numbers |x|2,
|x + y|2, |x + 2y|2 are close to integers, the expression 2|y|2 also needs to be close to an integer.
More quantitatively, if there exist integers m0,m1,m2 such that∣∣|x|2 −m0

∣∣ < 1

10
,
∣∣|x+ y|2 −m1

∣∣ < 1

10
,
∣∣|x+ 2y|2 −m2

∣∣ < 1

10
,

then ∣∣2|y|2 − (m0 − 2m1 +m2)
∣∣ < 2

5
,

so |y|2 can never be of the form k/2 + 1/4 for k ∈ Z. Thus, if we define

A :=
∞⋃

m=1

{
x ∈ Rd : m− 1

10
⩽ |x|2 ⩽ m+

1

10

}
,

19
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λ

allowed gap lengths

Figure 3.1: Bourgain’s annular obstruction.

then its density d(A) is easily seen to be 1/5, while the set{
|y| : (∃x, y ∈ Rd)(x, x+ y, x+ 2y ∈ A)

}
(3.2)

of gap lengths of three-term progressions (3.1) fully contained in A does not contain any interval
of the form [λ0,∞), simply because it avoids all numbers of the form λ =

√
(2k + 1)/4, k ∈ N.

This rules out the possibility of a result analogous to Theorems 2.2, 2.4, 2.6, and 2.9. Figure 3.1
contains an illustration of the set A defined above. Geometrically it is a union of a sequence of
annuli that get thinner as they move further away from the origin.

It is worth observing that a compact density result, like Theorems 2.8 and 2.10, is also not
possible for three-term arithmetic progressions, again in any number of dimensions. Namely, for
an arbitrary ϵ > 0 define the compact set

Aϵ :=
∞⋃

m=1

{
x ∈ [0, 1]d : m− 1

10
⩽
∣∣∣x
ϵ

∣∣∣2 ⩽ m+
1

10

}
.

It is not difficult to show
lim
ϵ→0+

|Aϵ| =
1

5
.

On the other hand, just as before we see that its corresponding set (3.2) does not contain numbers
ϵ
√

(2k + 1)/4, k = 1, 2, 3, . . .. Consequently, its connected components all have length O(ϵ), so the
set of progression-gaps cannot contain an interval of length that depends only on |Aϵ|.

A similar obstruction for longer progressions

x, x+ y, x+ 2y, . . . , x+ (n− 1)y (3.3)

was noted in [12]. For arithmetic progressions of length n we again do not have a density theorem
that we would like, even when the progression gaps are measured in the ℓp-norm,

∥y∥p = ∥(y1, y2, . . . , yd)∥p :=
(
|y1|p + |y2|p + · · ·+ |yd|p

)1/p
,

for p ∈ {1, 2, . . . , n− 1}. The obstruction is now based on the identity

p∑
k=0

(−1)p−k

(
p

k

)
∥x+ ky∥pp = p!∥y∥pp for x, y ∈ [0,∞)d,
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and one can consider the sets

A :=
∞⋃

m=1

{
x ∈ [0,∞)d : m− 1

2p+2
⩽ ∥x∥pp ⩽ m+

1

2p+2

}
,

Aϵ :=

∞⋃
m=1

{
x ∈ [0, 1]d : m− 1

2p+2
⩽
∥∥∥x
ϵ

∥∥∥p
p
⩽ m+

1

2p+2

}
.

We invite the reader to fill in the details.

3.2 The correct problem
Let A ⊆ [0, 1]d be measurable. For an integer n ⩾ 3 define

ℓp-gapsn(A) = {λ ⩾ 0 : ∃x, y ∈ Rd, x, x+ y, . . . , x+ (n− 1)y ∈ A, ∥y∥p = λ}.

We want to prove a compact density theorem, which will give an interval of gap lengths whose
size is bounded from below using only the density of the set. The previous section explains that
we must exclude the values p = 1, 2, . . . , n − 1. Quite surprisingly, these are the only values of
p ∈ [1,∞) that we need to exclude.

Theorem 3.1 (Compact interval theorem for ℓp gaps). Let n ⩾ 3,

p ∈ [1,∞) \ {1, 2, . . . , n− 1},

and let
D(n, p) = 2n+3(n+ p).

If d ⩾ D(n, p), then every measurable set A ⊆ [0, 1]d with |A| ⩾ δ > 0 has ℓp-gapsn(A) containing
an interval of length ≳δ 1.

We can even be more concrete (but unlikely optimal) about this lower bound. Take 0 < δ ⩽ 1/2
and put Lδ := 1 + log(1/δ). Then the interval can have length

exp
(
− exp

(
CL6

δ(1 + logLδ)
))
, n = 3,

exp
(
− exp(δ−C)

)
, n = 4,

exp
(
− exp

(
exp(LC

δ )
))
, n ⩾ 5

for some constant C = C(n, p, d) ∈ (0,∞).

These strange quantities are dictated by the current state-of-the-art bounds in Szemerédi’s
theorem.

The “all-large-scales” variant of this result is known only for n = 3 and it is due to Cook,
Magyar, and Pramanik [8]. The same paper [8], between the lines, also established Theorem 3.1
for n = 3, so an additional difficulty lies in handing longer progressions.
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3.3 Szemerédi’s theorem as the structured lower bound
Let N(n, η) be the least integer such that every subset of {0, 1, . . . , N−1} with at least ηN elements
contains a nontrivial n-term arithmetic progression. It is convenient to record this finitary input
in the inverse form as follows. For each fixed n ⩾ 3 there is Cn ∈ (0,∞) such that

N(n, η) ⩽


exp
(
CnL

6
η(1 + logLη)

)
, n = 3,

exp(η−Cn), n = 4,

exp
(
exp(LCn

η )
)
, n ⩾ 5.

(3.4)

Indeed, if rn(M) denotes the largest cardinality of an n-term-progression-free subset of {1, . . . ,M},
then Raghavan’s improvement of Roth’s theorem [45] (after the Kelley–Meka breakthrough [30])
gives

r3(M) ⩽M exp{−c(logM)1/6(log logM)−1/6}
for an absolute constant c > 0. Taking logM = CL6

η(1+logLη) with C large makes the exponential
saving at least e−Lη , and hence forces a nontrivial three-term progression in every subset of density
at least η. The second line follows from Green and Tao’s bound r4(M) ≪ M(logM)−c [27]. For
n ⩾ 5, Leng, Sah, and Sawhney prove rn(M) ≪n M exp[−(log logM)cn ] [38], which gives the third
line.

The continuous ingredient needed below is a Varnavides averaging version of Szemerédi’s the-
orem. Notice that the lemma itself is qualitative in form and keeps the exact dependence on
N(n, δ/4); the estimates in (3.4) are substituted only afterwards.

Lemma 3.2 (Continuous Varnavides lower bound). For n ⩾ 3, d ⩾ 1, 0 < δ ⩽ 1/2, 0 < λ ⩽ 1,
and every measurable A ⊆ [0, 1]d with |A| ⩾ δ,

λ−d

∫
[0,λ]d

∫
[0,1]d

n−1∏
i=0

1A(x+ iy) dx dy ≳d δ
d+1N(n, δ/4)−d−2. (3.5)

Proof. Put

N = N(n, δ/4), θ =
δ

4d
,

and consider the parameter set

T =
( θλ
2N

,
θλ

N

]d
× [0, 1− θ]d,

whose elements are denoted by (t, u). Since 0 < λ ⩽ 1, for every 0 ⩽ k ⩽ N − 1 and (t, u) ∈ T the
point u+ kt lies in [0, 1]d; indeed 0 ⩽ kt ⩽ θλ ⩽ θ coordinatewise.

Average the density of A along the N -point progression u, u+ t, . . . , u+ (N − 1)t:∫
−
T

1

N

N−1∑
k=0

1A(u+ kt) dtdu.

For a fixed k and t, the change of variables v = u+kt sends u ∈ [0, 1−θ]d to the box [0, 1−θ]d+kt.
This box contains [θ, 1− θ]d, because 0 ⩽ kt ⩽ θ. Hence∫

−
T

1

N

N−1∑
k=0

1A(u+ kt) dt du ⩾ |A ∩ [θ, 1− θ]d|
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⩾ |A| −
∣∣[0, 1]d \ [θ, 1− θ]d

∣∣
⩾ δ − 2dθ = δ/2.

Let

Tlarge =
{
(t, u) ∈ T :

1

N

N−1∑
k=0

1A(u+ kt) ⩾ δ/4
}
.

Since the averaged discrete density is bounded by 1 on Tlarge and by δ/4 on its complement, the
preceding inequality implies

δ

2
⩽

|Tlarge|
|T |

+
δ

4
,

and therefore
|Tlarge| ⩾

δ

4
|T | ≳d δ

d+1N−dλd. (3.6)

For every (t, u) ∈ Tlarge the index set

St,u = {0 ⩽ k ⩽ N − 1 : u+ kt ∈ A}

has cardinality at least (δ/4)N . By the choice of N , it contains a nontrivial n-term arithmetic
progression. Thus there exist integers k and l ⩾ 1 with k + (n− 1)l ⩽ N − 1 such that

n−1∏
i=0

1A(u+ (k + il)t) = 1.

Consequently,

|Tlarge| ⩽
N−1∑
k=0

∑
1⩽l⩽(N−1−k)/(n−1)

∫
T

n−1∏
i=0

1A(u+ (k + il)t) dtdu.

In a summand perform the change of variables

x = u+ kt, y = lt.

The Jacobian is l−d, and the new y lies in (0, θλ]d ⊆ [0, λ]d. Enlarging the x-domain to [0, 1]d, and
using l−d ⩽ 1, gives

|Tlarge| ⩽ N2

∫
[0,λ]d

∫
[0,1]d

n−1∏
i=0

1A(x+ iy) dx dy.

Combining this with (3.6) yields (3.5).

It is interesting to remark that the celebrated Szemerédi’s theorem is actually equivalent to (for
a fixed n ⩾ 3):

A ⊆ [0, 1], |A| ⩾ δ > 0 =⇒
∫
[0,1]

∫
[0,1]

n−1∏
i=0

1A(x+ iy) dy dx ≳δ 1.

One direction follows from Lemma 3.2 with d = 1 and λ = 1. In the other direction one applies
this estimate to a set S ⊆ {0, 1, . . . , N − 1} blown up to a positive measure set

A :=
∑
k∈S

[5k + 2

5N
,
5k + 3

5N

]
⊆ [0, 1].

We will see that Lemma 3.2 gives a lower bound for the structured part that we are about to
define.
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3.4 Exact and smoothed counting forms
Let Sd−1

p = {y ∈ Rd : ∥y∥p = 1}. Following Cook–Magyar–Pramanik and the work of Durcik and
the author [8, 10], let σ denote the natural hypersurface measure on Sd−1

p , equivalently the vague
limit of smooth densities

ση(y) = ψη(∥y∥pp − 1)

with ψ a fixed smooth approximate identity on the line. Let φ be a nonnegative even C∞ bump
on Rd, supported in [−3, 3]d, positive on [−2, 2]d, and normalized to have integral one. For λ > 0
write σλ and φελ for L1-normalized dilates.

The exact counting form is

N 0
λ (A) =

∫
Rd

∫
Rd

n−1∏
i=0

1A(x+ iy) dσλ(y) dx,

so N 0
λ (A) > 0 implies that A contains an n-term progression with ℓp gap λ. The smoothed form is

N ε
λ(A) =

∫
Rd

∫
Rd

n−1∏
i=0

1A(x+ iy) (σλ ∗ φελ)(y) dy dx.

For fixed A and λ, N ε
λ(A) → N 0

λ (A) as ε→ 0+. Indeed, if

F (x, y) =
n−1∏
i=0

1A(x+ iy), f(y) =

∫
F (x, y) dx,

then f is continuous: translating y to y′ changes each factor by an L1-small translate of 1A, and
the product difference is bounded by a telescoping sum of these L1 differences. By Fubini,

N ε
λ(A) =

∫
(f ∗ φελ)(y) dσλ(y),

and dominated convergence with respect to the finite measure σλ gives the claim.
The proof again uses the decomposition (2.1).

3.5 The three estimates for arithmetic progressions
Proposition 3.3 (Structured part [10], with quantitative Szemerédi input). There exists E =
E(n, p, d) such that, for every λ ∈ (0, 1] and every A ⊆ [0, 1]d with |A| ⩾ δ,

N 1
λ (A) ⩾ Θn,p,d(δ),

where

Θn,p,d(δ) =


exp
(
−EL6

δ(1 + logLδ)
)
, n = 3,

exp(−δ−E), n = 4,

exp
(
− exp(LE

δ )
)
, n ⩾ 5.
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Proof. The only point is to compare the coarse annular kernel with normalized Lebesgue measure
on a cube of gap vectors. Since φ is positive on [−2, 2]d and every point z ∈ Sd−1

p has coordinates
in [−1, 1], for every u ∈ [0, 1]d one has

(σ ∗ φ)(u) =
∫
Sd−1
p

φ(u− z) dσ(z) ⩾ σ(Sd−1
p ) min

w∈[−2,2]d
φ(w) > 0.

After dilation this becomes

(σλ ∗ φλ)(y) ≳p,d λ
−d
1[0,λ]d(y), 0 < λ ⩽ 1.

Therefore

N 1
λ (A) ≳p,d λ

−d

∫
[0,λ]d

∫
[0,1]d

n−1∏
i=0

1A(x+ iy) dx dy.

Lemma 3.2 bounds the right hand side below by

≳p,d δ
d+1N(n, δ/4)−d−2.

Substitution of (3.4), with polynomial factors in δ and constants depending on p, d absorbed by
increasing E, gives precisely the three cases in the statement.

The other two estimates require harmonic analysis. Define

ρ(x) = dφ(x) + x · ∇φ(x).

Then −t∂tφt = ρt, so

σλ ∗ φaλ − σλ ∗ φbλ =

∫ b

a
σλ ∗ ρtλ

dt

t
. (3.7)

Moreover
∫
ρ = 0, because ρ(x) = div(xφ(x)).

Lemma 3.4 (The multiscale telescoping estimate). Let 0 ⩽ f ⩽ 1 be supported in [0, 1]d, and put

Fn−1(x, y) =

n−1∏
i=0

f(x+ iy).

For a < b, α, γ ⩾ 2−1/2, and l ∈ {1, . . . , d} define

Λα,γ,l
a,b =

∫ b

a

∫
(Rd)2

∣∣∣∣∫
Rd

Fn−1(x, y)h
(l)
sγ (y − q) dy

∣∣∣∣ gsα(q) dq dx ds

s
.

Then
Λα,γ,l
a,b ≲n,d (αγ)2

(
log

b

a

)1−2−n+2

. (3.8)

Proof. The proof is the Cauchy–Schwarz “telescoping argument.”
For 1 ⩽ k ⩽ n− 1 introduce the partially doubled products

Fk(x, y, uk+1, . . . , un−1) =

k∏
i=0

∏
r∈{0,1}n−k−1

f
(
x+ iy +

n−1∑
s=k+1

rs(i+ s− k)us

)
.
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Thus Fn−1 is the product in the statement. The inductive quantity at level k is obtained from the
preceding display by inserting one derivative in the y variable and Gaussian weights in the already
created difference variables. In the notation relevant for the induction,

Λ
α,αk,...,αn−1

k,l,a,b =

∫ b

a

∫ ∣∣∣∣∫ Fk(x, y, uk+1, . . . , un−1)h
(l)
tαk

(y − pk) dy

∣∣∣∣
× gtα(pk + · · ·+ pn−1)

n−1∏
j=k+1

gtαj (pj)gtαj (uj − pj) dΩ
dt

t
,

where dΩ denotes integration in the variables x, pk, . . . , pn−1, uk+1, . . . , un−1. The lemma is the
case k = n− 1.

The claim is proved by induction on k. The basis k = 1 is the key positivity step. After
changing variables so that the two factors f(x) and f(x+y) are separated, Cauchy–Schwarz writes
the relevant expression as the geometric mean of two quantities of the form

Θ̃l,m,a,b =

∫ b

a

∫
G(x, u) K̃l,m,t(u) dxdu

dt

t
,

where 0 ⩽ G ⩽ 1[0,1]d and

K̃l,m,t(u) = −
∫
h
(l)
tαm

(pm)h
(l)
tαm

(um − pm)
∏
j ̸=m

gtαj (pj)gtαj (uj − pj) dp.

The convolution identities

ga ∗ gb = g(a2+b2)1/2 , h(l)a ∗ h(l)b =
ab

a2 + b2
k
(l)

(a2+b2)1/2
. (3.9)

show that each Θ̃l,m,a,b ⩾ 0: after integrating in all variables except one, it is a square. On the
other hand, the heat equation gives the exact telescoping identity∑

l

∑
m

Θ̃l,m,a,b = π(Ξ̃a − Ξ̃b),

where Ξ̃t is the same integral with every K̃ replaced by the product of the corresponding Gaussians.
Since 0 ⩽ Ξ̃t ⩽ 1, every nonnegative summand Θ̃l,m,a,b is O(1). This proves the induction basis.

Assume now that the estimate has been proved at level k − 1 and consider level k ⩾ 2. Split
the product defining Fk into the i = 0 factor and the remaining factors. Cauchy–Schwarz gives

Λk ⩽ S
1/2
k T

1/2
k .

The easy factor has no derivative and is bounded by

Sk ⩽
∫ b

a

dt

t
= log

b

a
.

For the second factor, expanding the square introduces a new difference variable uk; after the
harmless changes x 7→ x−y and pk 7→ pk+y, the expression becomes a positive form Θk,l,k,a,b with



3.5. The three estimates for arithmetic progressions 27

two first derivatives joined into one second derivative. More generally, for m = k, . . . , n − 1 one
obtains nonnegative forms Θk,l,m,a,b ⩾ 0. The same Gaussian heat identity as in the basis gives

∑
l

(
Ψk,l,a,b +

n−1∑
m=k

Θk,l,m,a,b

)
= π(Ξk,a − Ξk,b),

where 0 ⩽ Ξk,t ⩽ 1. The term Ψ is the only one not visibly positive; it contains a second derivative
in the outer Gaussian. Using (3.9), this second derivative is split into two first derivatives at scale
2−1/2t, and the induction hypothesis at level k − 1 gives

|Ψk,l,a,b| ≲n,d (ααk · · ·αn−1)
4
(
log

b

a

)1−2−k+2

.

Since the Θ’s are nonnegative and their sum is bounded by 1+
∑

l |Ψk,l,a,b|, each Θk,l,m,a,b satisfies
the same bound. Returning to Λk ⩽ S

1/2
k T

1/2
k gives

Λk ≲n,d (ααk · · ·αn−1)
2
(
log

b

a

)1−2−k+1

.

This closes the induction. Setting k = n− 1 gives (3.8).

Proposition 3.5 (Error part [10]). There exists F = F (n, p, d) such that, whenever λj ∈
(2−j , 2−j+1], j = 1, . . . , J ,

J∑
j=1

∣∣∣N ε
λj
(A)−N 1

λj
(A)
∣∣∣ ⩽ ε−FJ1−2−n+2

for all 0 < ε ⩽ 1/2 and all measurable A ⊆ [0, 1]d.

Proof. Choose complex numbers κj of modulus at most 1 so that the left side is the absolute value
of the signed sum. It suffices to prove∣∣∣∣∣∣

J∑
j=1

κj(N ε
λj
(A)−N 1

λj
(A))

∣∣∣∣∣∣ ≲ ε−FJ1−2−n+2
. (3.10)

By (3.7),

σλj
∗ φελj

− σλj
∗ φλj

=

∫ 1

ε
σλj

∗ ρtλj

dt

t
.

The cancellation
∫
ρ = 0 allows us to insert a continuous Littlewood–Paley identity. Choose a

Schwartz function θ satisfying

−
∫ ∞

0
θ̂(uξ)k̂(uξ)

du

u
= 1, ξ ̸= 0.

Applying this to the mean-zero kernel ρtλj
and using the triangle inequality reduces (3.10) to

bounding

J∑
j=1

∫ ∞

0

∫ 1

ε

∣∣∣∣∫ ∫ Fn−1(x, y)(σλj
∗ ρtλj

∗ θtuλj
∗ ktuλj

)(y) dy dx

∣∣∣∣ dtt du

u
. (3.11)
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We now split the second derivative at the scale of the jth gap. Since λj ∼ 2−j ,

1 =
1

log 2

∫ 2−j−4t

2−j−5t

ds

s
.

For such s set rj(s, t) = (t2λ2j − s2)1/2; then s ∼ rj(s, t) ∼ tλj . Formula (3.9) yields

ktuλj
=

t2λ2j
srj(s, t)

d∑
l=1

h
(l)
rj(s,t)u

∗ h(l)su,

with a coefficient bounded above and below by constants. Expanding one of the two first derivatives
and moving absolute values outward, (3.11) is bounded by a constant times

J∑
j=1

d∑
l=1

∫ ∞

0

∫ 1

ε

∫ 2−j−4t

2−j−5t

∫ ∫ ∣∣∣∣∫ Fn−1(x, y)h
(l)
su(y − q) dy

∣∣∣∣ ∣∣∣L(l)
j,t,u,s(q)

∣∣∣ dq dx ds

s

dt

t

du

u
, (3.12)

where
L
(l)
j,t,u,s = σλj

∗ ρtλj
∗ θtuλj

∗ h(l)rj(s,t)u.

We next dominate this harmless kernel by Gaussians at the common scale su. The Fourier transform
of ρ vanishes at the origin and is rapidly decreasing. Hence, for any large N ,∣∣∣(ρu−1 ∗ θ ∗ h(l)rj(s,t)/(tλj)

)(z)
∣∣∣ ≲N,d min{u, u−1}(1 + ∥z∥2)

−N .

Convolving with σ and using t ⩾ ε gives, after rescaling and choosing N = d+ 3,∣∣∣L(l)
j,t,u,s(q)

∣∣∣ ≲p,d ε
−d−3min{u, u−1}

∫ ∞

1
gβsu(q)

dβ

β4
.

Substitute this estimate into (3.12), interchange the integrals, and then replace s by su. The sum
over j fills a single interval of s-scales, namely

2−J−5tu ⩽ s ⩽ 2−5tu.

Lemma 3.4 gives, for each fixed t, u, β, l,∫ 2−5tu

2−J−5tu

∫ ∫ ∣∣∣∣∫ Fn−1(x, y)h
(l)
s (y − q) dy

∣∣∣∣ gβs(q) dq dx ds

s
≲n,d β

2J1−2−n+2
.

Therefore (3.11) is at most

Cn,p,dε
−d−3J1−2−n+2

∫ ∞

1
β2

dβ

β4

∫ ∞

0
min{u, u−1} du

u

∫ 1

ε

dt

t
.

The β integral is finite. The u integral is finite after the sharper form min{u, u−1} du/u =
min{1, u−2} du that results from the preceding rescaling. Finally

∫ 1
ε dt/t ⩽ ε−1. All fixed powers

of ε−1 are absorbed into ε−F , proving the proposition.
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Proposition 3.6 (Uniform part [8, 10]). If d ⩾ D(n, p), then∣∣N 0
λ (A)−N ε

λ(A)
∣∣ ≲n,p,d ε

1/3

for all λ, ε ∈ (0, 1] and all measurable A ⊆ [0, 1]d.

Proof. We use Euclidean Gowers norms. For a compactly supported measurable f on Rd put

∥f∥2
n

Un(Rd) =

∫
(Rd)n+1

∏
ω∈{0,1}n

C|ω|f(x+ ω · h) dx dh,

where C denotes complex conjugation. We will use two elementary facts: the scaling law

∥fλ∥Un = λ−d(1−(n+1)2−n) ∥f∥Un

and the generalized von Neumann inequality∣∣∣∣∣
∫ ∫ n−1∏

i=0

1A(x+ iy)g(y) dy dx

∣∣∣∣∣ ≲n,d λ
d(1−(n+1)2−n) ∥g∥Un(Rd) (3.13)

whenever g is supported in a cube of sidelength O(λ). To prove (3.13), define for 1 ⩽ k ⩽ n the
iterated expressions

Λk =

∫ k−1∏
i=0

( n−k∏
m=1

∆(i+m)hm
1A(x+ iy)

)( n−k∏
m=1

∆hmg(y)
)
dy dx dh1 · · · dhn−k.

The case k = n is the left side of (3.13). Splitting off the i = 0 factor and applying Cauchy–Schwarz
gives

|Λk| ⩽ L
1/2
k M

1/2
k .

The support of g forces all hm to have size On(λ), so Lk ≲n,d λ
d(n−k). Expanding Mk, changing

variables, and relabelling the new difference variable turns it into Λk−1. Starting from k = 1, where
the second Cauchy–Schwarz factor is exactly the Un norm of g, induction gives (3.13).

It remains to estimate the Un norm of the difference between the sharp and smoothed ℓp

spheres. We first record the one-dimensional oscillatory estimate∥∥∥1[−3,3](x)e
2πiu|x|p

∥∥∥
Un(R)

≲n,p (1 + |u|)−2/D(n,p). (3.14)

For |u| ⩽ 1 this follows from the trivial L2n/(n+1) bound. For |u| > 1 split the interval into (−η, η),
[η, 3], and [−3,−η]. The middle interval is representative. Expanding the Un norm reduces the
2nth power to integrals of

Ih(u) =

∫ b

a
e2πiuΦh(x) dx,

where
Φh(x) =

∑
r∈{0,1}n−1

(−1)|r| |x+ r · h|p .
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If some |hi| ⩽ η, we use |Ih(u)| ⩽ 3, and the set of such h has measure On(η). Otherwise every
|hi| > η. Since p /∈ {1, . . . , n − 1}, the repeated finite difference is not identically zero, and the
fundamental theorem of calculus gives

Φ′
h(x) = cn,p h1 · · ·hn−1

∫
[0,1]n−1

(x+ t · h)p−n dt,

with cn,p ̸= 0, and a similar formula for Φ′′
h. On the interval x ⩾ η this yields

|Φ′
h(x)| ≳n,p min{ηp−1, ηn−1}, |Φ′′

h(x)| ≲n,p max{ηp−n−1, 1}.

One integration by parts therefore gives

|Ih(u)| ≲n,p η
−4(n+p)+1|u|−1.

After squaring and integrating in h, one obtains∥∥∥1[η,3]e2πiu|x|p∥∥∥
Un

≲n,p

(
η + η−8(n+p)+1|u|−2

)2−n

.

The small interval contributes O(η(n+1)2−n
), and choosing η = |u|−1/(4(n+p)) proves (3.14).

Now let 0 < η < t < 1. We claim

∥ση ∗ ρt∥Un(Rd) ≲n,p,d t
1/3. (3.15)

Choose an intermediate thickness t < τ < 1 and write

ση ∗ ρt = στ ∗ ρt + (ση − στ ) ∗ ρt.

For the first term, use ρ = div(xφ), hence ρt = t
∑

m ∂mv
(m)
t with v(m)(x) = xmφ(x). The

convolution inequality for Un norms and the bound ∥f∥Un ⩽ ∥f∥L2n/(n+1) give

∥στ ∗ ρt∥Un ≲ t
∑
m

∥∂mστ∥L2n/(n+1) ≲p,d tτ
−2.

For the second term, Fourier inversion in the radial variable gives

ση(x)− στ (x) =

∫
R
(ψ̂(ηu)− ψ̂(τu))e2πiu(∥x∥

p
p−1) du.

On the fixed support [−3, 3]d the phase separates into a product of one-dimensional phases. By
the tensor property of the Un norm and (3.14),

∥ση − στ∥Un ≲n,p

∫
R

∣∣∣ψ̂(ηu)− ψ̂(τu)
∣∣∣ (1 + |u|)−2d/D(n,p) du.

Splitting the u-integral into |u| < 1, 1 ⩽ |u| < τ−1, and |u| ⩾ τ−1, and using d ⩾ D(n, p), gives

∥ση − στ∥Un ≲n,p,d τ.

Convolution with ρt costs only ∥ρt∥1 = ∥ρ∥1, so

∥ση ∗ ρt∥Un ≲ tτ−2 + τ.
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Choosing τ = t1/3 proves (3.15).
We now estimate the uniform term. For 0 < ϑ < ε, (3.7), vague convergence of ση to σ, and

Fubini give

N ϑ
λ (A)−N ε

λ(A) =

∫ ε

ϑ
lim

η→0+

∫ ∫
F (x, y)(σηλ ∗ ρtλ)(y) dy dx

dt

t
.

By scaling and (3.15), ∥∥σηλ ∗ ρtλ
∥∥
Un ≲n,p,d λ

−d(1−(n+1)2−n)t1/3.

The support of σηλ ∗ ρtλ is contained in a cube of side O(λ), so (3.13) cancels the power of λ and
yields ∣∣∣∣∫ ∫ F (x, y)(σηλ ∗ ρtλ)(y) dy dx

∣∣∣∣ ≲n,p,d t
1/3,

uniformly in η. Letting η → 0+ and integrating,∣∣∣N ϑ
λ (A)−N ε

λ(A)
∣∣∣ ≲n,p,d

∫ ε

ϑ
t1/3

dt

t
≲ ε1/3.

Finally let ϑ→ 0+, using N ϑ
λ (A) → N 0

λ (A).

3.6 Obtaining the interval of scales
The three estimates above do not say that the error term is small at every scale. They say
something weaker but sufficient: a long family of separated bad scales cannot exist. This is the
compact analogue of the lacunary contradiction in Proposition 2.1.

Proof of Theorem 3.1 from the three estimates. Let Θ = Θn,p,d(δ) denote the structured lower
bound from Proposition 3.3. Thus, one has

Θ =


exp
(
−EL6

δ(1 + logLδ)
)
, n = 3,

exp(−δ−E), n = 4,

exp
(
− exp(LE

δ )
)
, n ⩾ 5.

Let G be the implicit constant in Proposition 3.6. Choose

ε =
( Θ

3G

)3
, J =

⌊
(3Θ−1ε−F )2

n−2⌋
+ 1,

where F is the exponent in Proposition 3.5. Then

Gε1/3 ⩽ Θ/3, ε−FJ−2−n+2
⩽ Θ/3.

We claim that some dyadic interval (2−j , 2−j+1], 1 ⩽ j ⩽ J , has small error at every scale in it:∣∣N ε
λ(A)−N 1

λ (A)
∣∣ ⩽ ε−FJ−2−n+2

for all λ ∈ (2−j , 2−j+1]. (3.16)

If no such interval existed, then for each j one could choose λj ∈ (2−j , 2−j+1] violating (3.16).
Summing the violations would contradict Proposition 3.5. Hence such a j exists.
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For every λ in this good dyadic interval, decomposition (2.1) and the three estimates give

N 0
λ (A) ⩾ N 1

λ (A)−
∣∣N ε

λ(A)−N 1
λ (A)

∣∣− ∣∣N 0
λ (A)−N ε

λ(A)
∣∣

⩾ Θ−Θ/3−Θ/3 = Θ/3 > 0.

Thus every λ in (2−j , 2−j+1] is an ℓp gap length of an n-term progression in A.
It remains only to translate the size of J into the displayed density dependence. Since ε is a

fixed power of Θ, the choice of J gives

J ≲n,p,d Θ−C0

for some C0 = C0(n, p, d). Therefore the good dyadic interval has length at least

2−J ⩾ exp(−CΘ−C).

Evaluating this expression in the three regimes yields exactly the theorem. If n = 3, then

Θ−C ⩽ exp
(
CL6

δ(1 + logLδ)
)
,

so the length is at least exp(− exp(CL6
δ(1 + logLδ))). If n = 4, then Θ−C ⩽ exp(δ−C), giving

exp[− exp(δ−C)]. Finally, if n ⩾ 5, then

Θ−C ⩽ exp
(
C exp(LE

δ )
)
⩽ exp

(
exp(LC

δ )
)

after increasing C, and the interval length is at least exp(− exp(exp(LC
δ ))).

3.7 Open problem
Problem 3.7 (All large ℓp arithmetic progressions). Let n ⩾ 4 and

p ∈ [1,∞) \ {1, 2, . . . , n− 1}.

One expects that, in sufficiently high dimension, every set of positive upper Banach density contains
n-term arithmetic progressions (3.3) with every sufficiently large ℓp gap ∥y∥p. The compact interval
result proved in this chapter (Theorem 3.1) gives a density-dependent interval of gaps inside the
unit cube, but the corresponding all-large-scales theorem remains open in this generality.



Chapter 4

Density theorems for configurations of
prescribed volume

This chapter is concerned with configurations defined by a volume constraint:
• right simplices of a fixed volume,
• rectangular boxes of a fixed volume,
• box graph embeddings with a fixed product of edge-lengths,
• hyperbolic corners, and
• arbitrary unit-area triangles.

Only some of them will allow a density theorem that we would expect! Furthermore, even for those
configurations, the parameter λ from our general strategy will not be the usual dilation scale, but
rather a certain eccentricity coefficient.

The motivating questions go back to Graham and to Erdős, who contributed vastly to the
Euclidean Ramsey theory [24, 18, 25]. The material for the first three sections is taken from [32],
while the last two sections contain very recent density results in the plane due to Bulj and the
author [5].

4.1 Right simplices
We begin with right-angled simplices and a compact density result.

Theorem 4.1 (Quantitative density theorem for right simplices [32]). For every integer m ⩾ 2
there is Cm ∈ (0,∞) such that, for every d ⩾ m+ 1, if A ⊆ [0, R]d is measurable and

|A|
Rd

⩾

(
Cm

logR

)1/(9m2)

,

then A contains the m+ 1 vertices of a right-angled m-simplex of unit m-volume.
The simplex can be chosen with m− 1 perpendicular edges parallel to e1, . . . , em−1 and the last

perpendicular edge lying in span(em, . . . , ed).

Note that here we can be picky and require the volume of the simplex to be precisely 1. This
is possible because the volume condition is “hyperbolic” as opposed to prescribing edge density (as
we did earlier).

Proof. It is enough to prove the density statement in dimension d = m+ 1. Indeed, if d > m+ 1,
then by Fubini at least one coordinate (m + 1)-plane parallel to span(e1, . . . , em+1) has section-
density at least |A|/Rd, and the lower-dimensional result applied to that section gives the required
simplex in the original cube.

33
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Write a point of Rm+1 as (x, y) with x ∈ Rm−1 and y ∈ R2. Let A ⊆ [0, R]m+1 have density

δ :=
|A|
Rm+1

> 0, θ := m−12−m2−m−1δm+1.

For λ > 0 define an exact counting form

N 0
λ (A) := λ−m+1

∫
Rm−1

∫
Rm−1

∫
R2

1A(x, y)
m−1∏
k=1

1A(x+ ukek, y)

× 1A(x, y + v) dσm!|u1···um−1|−1(v)

m−1∏
k=1

1θλ⩽|uk|⩽λ dy dx du.

If N 0
λ (A) > 0, then for some x, y, u, v all points

(x, y), (x+ u1e1, y), . . . , (x+ um−1em−1, y), (x, y + v)

belong toA. They form a right simplex, because the displayed edge vectors are mutually orthogonal,
and its m-volume is

|u1 · · ·um−1| |v|
m!

=
|u1 · · ·um−1|

m!
m!|u1 · · ·um−1|−1 = 1.

Thus the task is to make one exact count positive. Define N ε
λ(A) simply by replacing σr with

σr ∗ gεr.
The three terms from (2.1) are controlled as follows.
Structured part. First, if R−1/(m−1) ⩽ λ ⩽ R, then

N 1
λ (A) ⩾ cmδ

(m+1)(2m−1)Rm+1. (4.1)

Indeed, when θλ ⩽ |uk| ⩽ λ, the smoothed circle kernel at radius m!|u1 · · ·um−1|−1 is bounded
from below on a square of side comparable to λ−m+1 by a multiple of (θλ)2(m−1). Hence N 1

λ

dominates, up to constants depending on m, the average number of parallelepiped-shaped boxes

I1 × · · · × Im−1 ×Q, |Ik| = λ, ℓ(Q) = λ−m+1,

inside [0, R]m+1 for which one point is chosen from A, each coordinate line through that point has
another point in A, and the vertical two-dimensional fiber has another point in A. On each such
box Hölder’s inequality gives∫

1A(x, y)

m−1∏
k=1

(∫
Ik

1A(x1, . . . , xk−1, x
′
k, xk+1, . . . , y) dx

′
k

)
×
(∫

Q
1A(x, y

′) dy′
)
dx dy ≳m |A ∩ (I1 × · · · × Im−1 ×Q)|2m−1.

Summing over the partition and using Jensen’s inequality yields the lower bound in (4.1); the small
exceptional region where some |uk| < θλ is swallowed by the choice of θ.
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Uniform part. Second, for every 0 < ε ⩽ 1,

|N 0
λ (A)−N ε

λ(A)| ⩽ Cmε
1/2Rm+1. (4.2)

To see this, write f(x, y;u) = 1A(x, y)
∏

k<m 1A(x+ ukek, y) and use the heat equation identity

σr − σr ∗ gεr =
∫ ε

0
σr ∗ ktr

dt

t
,

where kt is a cancellative Gaussian derivative. Taking the Fourier transform in the y variable and
using the standard decay estimate for circular measure, one obtains∣∣∣∣∫ f(x, y;u)1A(x, y + v)(σr ∗ ktr)(v) dv dy

∣∣∣∣ ≲ t1/2R2.

After integrating in x, u and using the normalizing factor R−m−1λ−m+1, the integral in t is∫ ε
0 t

−1/2 dt, which proves (4.2). This is the usual Fourier-decay estimate for the uniform part
in Bourgain’s method [3, 8].

Error part. Third, the error term satisfies the logarithmic square-function bound∫
R
|N ε

eα(A)−N 1
eα(A)|2 dα ⩽ Cmθ

−4(m−1)

(
log

1

ε

)2

Rm+1. (4.3)

Here one writes N ε −N 1 as
∫ 1
ε of the same heat-flow derivative. The cancellative kernel k is split

as a sum of products of two first derivatives of Gaussians. Cauchy–Schwarz places one derivative on
the product f and the other on the final indicator 1A(x, ·). The first factor is estimated crudely by
support size; the second factor is evaluated by Plancherel. After the change of variables λ = eα, the
interval of admissible Gaussian scales has bounded overlap in the (α, s) plane, and the remaining
integral is bounded by |A| ⩽ Rm+1. This proves (4.3); it is the same square-function mechanism
as in the Euclidean Szemerédi proofs of Bourgain and Cook–Magyar–Pramanik [3, 8].

We now finish the proof. Choose

ε = cmδ
2(m+1)(2m−1)

with cm > 0 small enough that (4.2) is at most one third of (4.1). By (4.3), if

J ⩾ Cmθ
−4(m−1)δ−2(m+1)(2m−1)

(
log

1

ε

)2

,

then for some β ∈ [0, J ] the error term at λ = eβ is also at most one third of the structured term.
Provided R ⩾ eJ , this scale lies in the range where the structured estimate applies. Therefore

N 0
eβ (A) ⩾

1

3
N 1

eβ (A) > 0,

and hence A contains the desired unit-volume right simplex. Since the displayed value of J is
bounded by Cmδ

−9m2 after increasing Cm, the condition R ⩾ eJ follows from

δ ⩾

(
Cm

logR

)1/(9m2)

and we are done.
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As an immediate consequence, we obtain a non-compact density result, in which a large set
attains all volumes (with absolutely no exceptions).

Corollary 4.2 (Positive upper Banach density version [32]). Let m ⩾ 2 and d ⩾ m+1. If A ⊆ Rd

is measurable with δ(A) > 0, then for every V > 0 the set A contains a right-angled m-simplex of
m-volume V . Moreover the ratio of any two perpendicular edge lengths may be bounded by

exp
(
C ′
mδ(A)

−9m2
)
.

Proof of the corollary. It is enough to handle V = 1, since the dilation V −1/mA has the same
upper Banach density as A, and scaling back by V 1/m multiplies the simplex volume by V without
changing ratios of perpendicular edge lengths. Put δ = δ(A) and choose

R0 = exp(2Cmδ
−9m2

).

If some cube Q of side R0 satisfies

|A ∩Q|
|Q|

>

(
Cm

logR0

)1/(9m2)

,

then the theorem applied to A∩Q gives a unit-volume right simplex in A. Its smallest perpendicular
edge length is at least m!R−m+1

0 when the product of the m edge lengths is m!, and every edge is at
most R0; hence the ratio of any two perpendicular edge lengths is at most Rm

0 /m! ⩽ exp(C ′
mδ

−9m2
).

If no such cube existed, then every large cube could be tiled by side-R0 cubes plus a boundary
remainder of relative measure O(R0/R). Taking suprema over translations and then R→ ∞ would
give

δ(A) ⩽

(
Cm

logR0

)1/(9m2)

< δ,

contradicting the definition of δ. Thus the required cube exists, and the dilation argument gives
the statement for every prescribed volume V .

4.2 Rectangles and rectangular boxes
Surprisingly, rectangles of area 1 fail every desired density theorem.

Theorem 4.3 (No monochromatic unit-area rectangle [32]). There exists a Jordan-measurable
coloring of R2 in 25 colors such that no color class contains the vertices of a rectangle of area 1.

In particular, there exists a set A ⊆ R2 of upper density d(A) ⩾ 1/25 that avoids the vertices
of every unit-area rectangle.

Proof. Identify R2 with C. For a parallelogram with vertices

z, z + u, z + u+ v, z + v,

consider the alternating complex invariant

I = z2 − (z + u)2 + (z + u+ v)2 − (z + v)2 = 2uv.

If the parallelogram is a rectangle of area 1, then u ⊥ v and |u||v| = 1, so |I| = 2. It is therefore
enough to color the plane in such a way that a monochromatic parallelogram never has |I| = 2.
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Figure 4.1: A coloring of the plane into 25 colors such that no rectangle of area 1 has all vertices
of the same color.

For 0 ⩽ j, k ⩽ 4, define

Cj,k =

{
z ∈ C : z2 ∈ 10

3

(
Z+ iZ+

j + ik

5
+
[
0,

1

5

)
+ i
[
0,

1

5

))}
.

These 25 sets partition C up to boundaries, and the boundaries are preimages of grid lines under the
polynomial map z 7→ z2, hence have planar measure zero. Thus the coloring is Jordan-measurable
in the usual sense. It is illustrated in Figure 4.1.

If all four vertices of a parallelogram are in the same class Cj,k, then the four corresponding
values of z2 lie in translates of the same half-open square. Their alternating sum lies in

10

3

(
Z+ iZ+

(
− 2

5
,
2

5

)
+ i
(
− 2

5
,
2

5

))
.

The square around the origin has radius at most (10/3)(2/5)
√
2 = 4

√
2/3 < 2, while every other

such square is separated from the origin by distance greater than 2. Hence this set is disjoint from
the circle {|w| = 2}. Consequently no monochromatic parallelogram has |uv| = 1, and in particular
no monochromatic rectangle has area 1.

A proof of the same negative result in higher dimensions cannot use complex numbers, so we
resort to the coloring that prevents only slightly tilted boxed and to the compactness of the group
of rotations.

Theorem 4.4 (Higher-dimensional box avoidance [32]). For every positive integer d there exists a
finite Jordan-measurable coloring of Rd such that, for every m ⩽ d, no color class contains the 2m

vertices of an m-dimensional rectangular box of m-volume 1.
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Proof. Fix m ⩽ d first; at the end we refine the finitely many colorings obtained for m = 1, . . . , d.
If an m-box is based at p ∈ Rd and spanned by mutually orthogonal vectors v1, . . . , vm, write its
vertices as p+

∑
j∈T vj , T ⊆ {1, . . . ,m}. Define

J(R) =
∑

T⊆{1,...,m}

(−1)m−|T |
m∏
k=1

pk +∑
j∈T

vj,k

 .

The elementary identity

∑
T⊆{1,...,m}

(−1)m−|T |
m∏
k=1

pk +∑
j∈T

vj,k

 =
∑
π∈Sm

m∏
j=1

vj,π(j) (4.4)

is proved by expanding the product and observing that every monomial missing some index j
cancels after summing over T , while the surviving monomials choose exactly one entry from each
row vj and exactly one coordinate k. In particular, for an axis-parallel box with edge lengths
a1, . . . , am, one has J = a1 · · · am.

The same remains approximately true for boxes whose orientation is close to the standard
one. Let ε0 = (2m+2m!)−1. Suppose vj = ajUej with U ∈ SO(d) and ∥U − I∥op < ε0. Then
|vj,j − aj | < ε0aj and |vj,k| < ε0aj for k ̸= j. In (4.4), the identity permutation contributes within
mε0(1 + ε0)

m−1a1 · · · am of a1 · · · am, while every non-identity permutation contains at least one
off-diagonal entry and contributes at most ε0(1 + ε0)

m−1a1 · · · am. Hence

|J(R)− a1 · · · am| ⩽ 1

4
a1 · · · am.

For a unit-volume box this implies

J(R) ∈ (−5/4,−3/4) ∪ (3/4, 5/4),

up to the harmless sign coming from the choice of base vertex and parity convention.
Now partition Rd into

Sl =

{
x ∈ Rd : x1 · · ·xm ∈ 3

2

(
Z+

[
l

3·2m ,
l+1
3·2m

))}
, 0 ⩽ l < 3 · 2m.

If all vertices of a near-standard unit-volume m-box belonged to the same Sl, then the alternating
sum defining J would lie in

3

2
Z+ (−1/4, 1/4),

which is disjoint from (−5/4,−3/4) ∪ (3/4, 5/4). Therefore this coloring forbids all unit-volume
m-boxes whose orientation lies in a fixed neighborhood of the standard orientation.

For arbitrary orientations, compactness of SO(d) supplies finitely many rotations U1, . . . , UL

such that every U ∈ SO(d) has U−1
i U within operator distance ε0 of I for some i. Refine the

rotated colorings UiSl over all i. If a unit-volume m-box were monochromatic for the refinement,
rotating it back by the appropriate U−1

i would produce a forbidden near-standard monochromatic
box for the basic coloring. Finally, refine the finitely many colorings corresponding to m = 1, . . . , d.
This gives one finite Jordan-measurable coloring excluding all unit-volume rectangular boxes of all
dimensions m ⩽ d.
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The negative result for fixed volume does not rule out sufficiently large volumes. In an increased
ambient dimension one still has a valid density theorem.

Theorem 4.5 (Large rectangular boxes [32]). Let m, d be positive integers with d ⩾ m + 1. If
A ⊆ Rd is measurable with δ(A) > 0, then there exists V0(A) > 0 such that for every V ⩾ V0(A),
A contains the vertices of an m-dimensional rectangular box of volume V . The boxes can be chosen
with m−1 edges in the first coordinate directions and the remaining edge in the span of the remaining
coordinates.

The moral of formulating this theorem is that we can prove it already in d ⩾ m+1 dimensions,
while Theorem 2.6, which realized a stronger type of embedding, used d ⩾ 2m.

Proof. Suppose, toward a contradiction, that A has positive upper Banach density and omits
boxes of volumes λmj for a sequence λj → ∞. Passing to a subsequence, assume λj+1 ⩾ 2λj .
Choose a large cube x0 + [0, R]d on which A has density at least δ > 0; after translating, set
AR = (A− x0) ∩ [0, R]d and assume R ⩾ λJ for a large integer J to be chosen.

Write points as (x, y) ∈ Rm−1 × Rd−m+1. For λ > 0 define

N 0
λ (f) := λ−m+1

∫
Rm−1

∫
Rd−m+1

∫
Rm−1∏

r∈{0,1}m
f(x1 + r1u1, . . . , xm−1 + rm−1um−1, y + rmv)

dσλm|u1···um−1|−1(v)

m−1∏
k=1

1θλ⩽|uk|⩽λ du dy dx,

where θ = m−12−2mdδ2
m . A positive value of N 0

λ gives a rectangular box whose first m − 1 edge
lengths are |uk| and whose last edge length is λm|u1 · · ·um−1|−1, hence whose m-volume is exactly
λm.

Smoothen the spherical measure as before and decompose as in (2.1).
Structured part. First, for 0 < λ ⩽ R,

N 1
λ (1AR

) ≳m,d,δ R
d. (4.5)

Indeed, for θλ ⩽ |uk| ⩽ λ the smoothed spherical kernel dominates a constant multiple of
λ−d+m−1

1[−λ,λ]d−m+1 . Partition [0, R] in the first m − 1 coordinates into intervals of length λ
and the remaining coordinate block into cubes of side λ. On each product cell Q the Gowers-box
Cauchy–Schwarz inequality, the product-form analogue of Proposition A.5, gives∫

Q{0,1}m

∏
r∈{0,1}m

11AR
(zr) dz ⩾ |Q|2−2m |1AR

∩Q|2m .

Summing in Q and applying Jensen’s inequality yields a lower bound of size (Rλ)dδ2
m . The

exceptional region where one |uk| < θλ contributes at mostmθ(Rλ)d and is smaller by the definition
of θ, giving (4.5).

Uniform part. Second,
|N 0

λ (1AR
)−N ε

λ(1AR
)| ≲m,d ε

1/2Rd.
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This is the same Fourier-decay estimate as for right simplices: after fixing x, u, Fourier transform in
the y variable and use the spherical estimate for σ∗kt in dimension d−m+1 ⩾ 2; the normalizations
cancel the sizes of the x and u regions, leaving

∫ ε
0 t

−1/2 dt.
Error part. Third, for separated scales,

J∑
j=1

|N ε
λj
(1AR

)−N 1
λj
(1AR

)| ≲m,d,δ,ε R
d. (4.6)

The proof is a soft singular Brascamp–Lieb argument. The heat-flow representation of N ε − N 1

replaces one Gaussian by a cancellative derivative. Splitting the derivative into two first derivatives
and applying Cauchy–Schwarz reduces the scale sum to a positive cubical form

Θ(k)
γ (F ) = −

∫ ∞

0

∫ ∏
r∈{0,1}m

F (zr)ksγk(z
0
k − z1k)

∏
i̸=k

gsγi(z
0
i − z1i ) dz

ds

s
,

with F = 1AR
. Positivity follows from −ks = 2

∑
l h

(l)

s/
√
2
∗ h(l)

s/
√
2
. Also, differentiating the fully

Gaussian cubical average in s gives

m∑
k=1

Θ(k)
γ (F ) = 2π ∥F∥2

m

L2m .

Thus every Θ
(k)
γ (F ) is at most 2π|AR| ⩽ 2πRd. The intervals of derivative scales associated with

the separated λj have bounded overlap depending on ε; after the prefactor R−d this proves (4.6).
This is the cubical singular Brascamp–Lieb estimate in its heat-flow form, related to [9, 14].

From the general principle in Proposition 2.1 we conclude that a positive-density set contains
vertices of boxes of every sufficiently large volume.

4.3 Hypercube graph obstruction
Here we are studying a distance graph which is isomorphic to the 1-skeleton of the n-dimensional
rectangular box. Just as in Section 2.5, its edge lengths will be denoted b1, b2, . . . , bn.

Theorem 4.6 (Avoiding hypercube graph embeddings with product-one edge lengths [32]). For
every positive integer n there exists a Jordan-measurable finite coloring of R2 such that no color
class contains an embedding

z + r1u1 + · · ·+ rnun, (r1, . . . , rn) ∈ {0, 1}n,

of the 1-skeleton of an n-box with edge lengths bi = |ui| satisfying

b1b2 · · · bn = 1.

In particular, there exists a set A ⊆ R2 of positive upper density that avoids this point configuration.

Proof. The one-variable specialization of (4.4) is

∑
T⊆{1,...,n}

(−1)n−|T |

z +∑
j∈T

uj

n

= n!u1u2 · · ·un.
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Color C by

Cj,k =

{
z ∈ C : zn ∈ 2n!

(
Z+ iZ+

j + ik

2n+1
+ [0, 2−n−1) + i[0, 2−n−1)

)}
,

where 0 ⩽ j, k < 2n+1. If all 2n vertices z +
∑

j∈T uj have the same color, then the alternating
sum of their nth powers belongs to

2n! (Z+ iZ+ (−1/2, 1/2) + i(−1/2, 1/2)) .

After division by n!, this says

u1 · · ·un ∈ 2(Z+ iZ) + (−1/2, 1/2) + i(−1/2, 1/2).

The latter set is disjoint from the unit circle: its central square lies strictly inside the unit disk,
while every other square has distance greater than 1 from the origin. Hence |u1 · · ·un| ̸= 1, so the
product of edge lengths cannot equal 1.

4.4 Hyperbolic corners
The following sections are based on the joint work by Bulj and the author [5]. The proof keeps
Bourgain’s scale-pigeonholing philosophy [3, 4], but the uniform estimate is supplied by a hyperbolic
variant of the trilinear smoothing theory of Christ–Durcik–Roos [6].

A hyperbolic corner is a triple

(x, y), (x+ t, y), (x, y + t−1), t > 0. (4.7)

It is an upward axes-aligned right triangle of area 1/2. A coloring theorem for this configuration
has been shown by Graham [24]: every coloring of the Euclidean plane into finitely many colors
necessarily contains a monochromatic triple of points of the form (4.7). However, no density
theorem of this form was previously known.

Moreover, studying configuration (4.7) continues a line of research interested in linear corners,

(x, y), (x+ t, y), (x, y + t),

see [12], and certain non-linear corners, such as

(x, y), (x+ t, y), (x, y + t2),

see [6]. However, the existing literature was mostly concerned with polynomial nonlinearities only.

Theorem 4.7 (Sets without hyperbolic corners [5]). Let M(R) be the supremum of |A| over
measurable A ⊆ [0, R]2 containing no hyperbolic corner. For R ⩾ 10,

R logR ≲M(R) ≲ R2

(
log logR

logR

)1/4

.

Proof. We first prove the lower bound. Let m = ⌊R/4⌋ and let

Sj =

{
(x, y) ∈ [0, R]2 : R− 4j ⩽ x+ y ⩽ R− 4j +

1

8j

}
, 1 ⩽ j ⩽ m.
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x

y

0
0

R

R

Figure 4.2: A set realizing Ω(R logR).

Set AR =
⋃m

j=1 Sj ; see Figure 4.2. The bands are disjoint, and the area of a strip a ⩽ x+ y ⩽ b in
the relevant triangle is (b2 − a2)/2. Hence

|AR| =
1

2

m∑
j=1

((
R− 4j +

1

8j

)2

− (R− 4j)2

)
=

1

8
R logR+O(R).

If (x, y) ∈ Sj and both (x + t, y) and (x, y + t−1) were in the same band Sj , then t ⩽ 1/(8j) and
t−1 ⩽ 1/(8j), impossible. If both moved to earlier bands Sk, k < j, the gaps of size almost 4
between bands would force t > 3 and t−1 > 3, also impossible. If one point stays in Sj and the
other moves to an earlier band, then, for instance, t ⩽ 1/(8j) while t−1 < 4j, again impossible.
The remaining mixed case is symmetric. Thus AR contains no hyperbolic corner and has measure
≳ R logR.

For the upper bound, let A ⊆ [0, R]2 be corner-free and put δ = |A|/R2. Fix smooth nonneg-
ative functions ζ and ϕ with ζ supported in [1/2, 2],

∫
ϕ = 1, and ϕ bounded below on a fixed

neighborhood of the origin. For λ > 0 define

N 0
λ (A) =

∫ ∞

0

∫
R2

1A(x, y)1A(x+ λu, y)1A

(
x, y +

1

λu

)
ζ(u) dx dy du.

If A is corner-free, then N 0
λ (A) = 0 for every λ > 0. Define the smoothed form

N ε
λ(A) = N 0

λ

(
1A,1A ∗1 ϕλε,1A ∗2 ϕλ−1ε

)
,
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where ∗1 and ∗2 denote convolution in the first and second coordinate. The same splitting (2.1) is
useful once again.

Structured part. The structured term obeys, for λ ∈ [1/R,R],

N 1
λ (A) ⩾ c

|A|3

R4
= cR2δ3. (4.8)

Indeed, N 1
λ has a positive kernel K+

λ (x− x′, y − y′) satisfying

K+
λ ≳ 1[−λ,λ]×[−λ−1,λ−1].

Partition [0, R]2 into N = O(R2) rectangles Q = I × J with |I| ⩽ λ and |J | ⩽ λ−1. On each Q,
Hölder gives ∫

I×I×J×J
1A(x, y)1A(x

′, y)1A(x, y
′) dxdx′ dy dy′ ⩾ |A ∩Q|3.

Since N ≲ R2 and
∑

Q |A ∩Q| = |A|, Jensen’s inequality gives (4.8).
Error part. The error term satisfies(∫ ∞

0
|N ε

λ(A)−N 1
λ (A)|2

dλ

λ

)1/2

≲ |A|
(
log

1

ε

)1/2

. (4.9)

To prove it, expand the difference between the two smoothing scales as a sum of a “horizontal” and
a “vertical” term:

(ϕλε − ϕλ)(x)ϕλ−1ε(y) + ϕλ(x)(ϕλ−1ε − ϕλ−1)(y).

For the horizontal part, Cauchy–Schwarz in (x, y) gives

|E1(λ)| ≲ |A|1/2 ∥1A ∗1 (ϕλε − ϕλ)∥2 .

Integrating |E1(λ)|2 in dλ/λ and using Plancherel reduces the estimate to

sup
ξ ̸=0

∫ ∞

0
|ϕ̂(ελξ)− ϕ̂(λξ)|2 dλ

λ
≲ log

1

ε
.

This follows by the change of variables s = λ|ξ|, smoothness at the origin, and rapid decay at
infinity. The vertical part is identical after replacing λ by λ−1. This proves (4.9).

Uniform part. For the uniform term, a hyperbolic trilinear smoothing estimate gives some
σ > 0 such that

|N 0
λ (A)−N ε

λ(A)| ≲ |A|εσ = R2δεσ. (4.10)

Namely, the hyperbolic analogue of Christ–Durcik–Roos [6] reads

|N 0
1 (f0, f1, f2)| ≲ ∥f0∥∞ ∥f1∥H−σ,0 ∥f2∥H0,−σ ,

for functions supported on a fixed square. To derive (4.10), anisotropically rescale by (x, y) =
(λx′, λ−1y′), so all λ become 1. Decompose f − f ∗1 ϕε and f − f ∗2 ϕε, localize by a bounded-
overlap partition of unity, and apply the smoothing estimate on each bounded window. Since

∥f − f ∗1 ϕε∥H−σ,0 ≲ εσ ∥f∥2 , ∥f − f ∗2 ϕε∥H0,−σ ≲ εσ ∥f∥2 ,

the localized square sum is bounded by εσ ∥f∥22 = εσ|A|. This proves (4.10).
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Combining bounds. Now choose ε = c0δ
2/σ with c0 small. Since N 0

λ (A) = 0, Estimate (4.10)
implies

N ε
λ(A) ⩽

1

2
cR2δ3 ⩽

1

2
N 1

λ (A) (1/R ⩽ λ ⩽ R).

Therefore |N ε
λ(A)−N 1

λ (A)| ≳ R2δ3 throughout this interval. Squaring, integrating in dλ/λ, and
applying (4.9) gives

R4δ6 logR ≲ R4δ2 log
1

ε
≲ R4δ2

(
1 + log

1

δ

)
.

Hence δ4 logR ≲ 1 + log(1/δ), and solving this (nonlinear) inequality gives

δ ≲

(
log logR

logR

)1/4

.

Thus |A| = δR2 ≲ R2(log logR/ logR)1/4, as claimed.

4.5 Unit-area triangles
Here is a very nice geometric consequence of the proof from the previous section. In the popular
Hungarian magazine Matematikai Lapok, Erdős gave a short proof that a set A ⊆ R2 of infinite
measure contains vertices of a triangle of area precisely 1. He naturally wondered if the same
property is retained by sets A that are only known to have sufficiently large Lebesgue measure, say
greater than C for some absolute constant C ∈ (0,∞). This question kept reoccurring in Erdős’s
papers [17, 16, 18] and it is still open at the time of writing.

Our density techniques are not sufficient to handle sets that are scattered though space, but
already Theorem gives a partial after obvious stretching of the plane by the factor

√
2 to switch

from triangles of area 1/2 to those of area 1. We can still do slightly better.

Theorem 4.8 (Sets without unit-area triangles [5]). Let M∆(R) be the supremum of |A| over
measurable A ⊆ [0, R]2 containing no triple of points spanning a triangle of area 1. For R ⩾ 10,

M∆(R) ≲ R2

(
log logR

logR

)1/2

.

Note that this theorem is a strengthening of Theorem 4.1 in the special case of right triangles.
The problem becomes much more difficult in the ambient space of the minimal (i.e., “critical”)
dimension for a configuration, which is here the two-dimensional plane.

Proof. After a fixed dilation it is equivalent to exclude triangles of area 1/2. Define the horizontal
form

−→
M0

λ(A) =

∫ ∞

0

∫
R3

1A(x, y)1A(x+ λu, y)1A

(
x′, y +

1

λu

)
ζ(u) dx dx′ dy du,

and average it over rotations:

M0
λ(A) =

1

2π

∫ 2π

0

−→
M0

λ(RθA) dθ.
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A positive value detects three points spanning area 1/2, because the two non-horizontal vertices
have vertical separation (λu)−1 while the horizontal base has length λu. Thus, if A has no such
triangle, M0

λ(A) = 0 for all λ > 0. Define Mε
λ by the same one-dimensional smoothings as in the

hyperbolic-corner proof:

−→
Mε

λ(A) :=

∫ ∞

0

∫
R3

1A(x, y)(1A ∗1 ϕλε)(x+ λu, y)(1A ∗2 ϕλ−1ε)
(
x′, y +

1

λu

)
ζ(u) dx dx′ dy du,

Mε
λ(A) :=

1

2π

∫ 2π

0

−→
Mε

λ(RθA) dθ.

Structured part. The structured estimate is stronger than for corners:

M1
λ(A) ⩾ c

|A|3

R3
= cR3δ3, δ = |A|/R2, (4.11)

whenever 1/R ⩽ λ ⩽ R. It suffices to prove the bound for the horizontal form and then average
rotations. The positive kernel again dominates 1[−λ,λ]×[−λ−1,λ−1]. Partition the x-axis into intervals
I of length λ and the y-axis into intervals J of length λ−1. Since the third point has an independent
horizontal coordinate x′, the contribution of I, J contains

|A ∩ ([0, R]× J)|
∫
J

∑
I

(∫
I
1A(x, y) dx

)2

dy.

Cauchy–Schwarz in x, then Jensen in J , gives the lower bound |A|3/R3, proving (4.11).
Error part. The error term is controlled by the Riesz energy of the set:

E(A) =
∫∫

1A(z)1A(z
′)

|z − z′|
dz dz′.

More precisely, (∫ ∞

0
|Mε

λ(A)−M1
λ(A)|2

dλ

λ

)1/2

≲ E(A)
(
log

1

ε

)1/2

. (4.12)

For the horizontal form, let G(y) =
∫
1A(x, y) dx. The same Plancherel calculation as in (4.9)

gives (∫ ∞

0
|
−→
Mε

λ(A)−
−→
M1

λ(A)|2
dλ

λ

)1/2

≲

(
log

1

ε

)1/2 ∫
R
G(y)2 dy.

Apply this to every rotation of A and average in the angle. Expanding the square of the X-ray
transform and changing variables from (θ, x, x′, y) to the two planar points z, z′ gives the Jacobian
|z − z′|. Consequently

1

2π

∫ 2π

0

∫
R
Gθ(y)

2 dy dθ ≲
∫∫

1A(z)1A(z
′)

|z − z′|
dz dz′,

which proves (4.12).
Uniform part. The uniform term satisfies, for the same smoothing exponent σ > 0 as before,

|M0
λ(A)−Mε

λ(A)| ≲ εσR|A| = εσR3δ. (4.13)
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For the horizontal form, replace the third indicator by the horizontal-section average

g(x, y) = 1[0,R]2(x, y)
1

R

∫ R

0
1A(x

′, y) dx′.

Then
−→
M is R times a corner-type form with inputs 1A,1A, g. The proof of (4.10) applies to these

inputs and gives Rεσ ∥1A∥2 ∥g∥2 ≲ Rεσ|A|. Averaging rotations gives (4.13).
Combining bounds. Choose ε = c0δ

2/σ so that the uniform term is at most one half of the
structured term. Since M0

λ(A) = 0, estimates (4.11)–(4.12) imply

R6δ6 logR ≲ E(A)2
(
1 + log

1

δ

)
. (4.14)

Hardy–Littlewood–Sobolev alone would give E(A) ≲ |A|3/2 = R3δ3/2 and only the weaker exponent
1/3. To obtain the stated exponent, we improve the energy estimate by induction on the side length
of the containing square.1

Let

η(R) =

(
log logR

logR

)1/2

.

We prove, for sufficiently large absolute constants C and R0, that every triangle-free A ⊆ [0, R]2,
R ⩾ R0, satisfies |A| ⩽ CR2η(R). Assume this is already known for all side lengths between R0

and R/2. For a fixed z ∈ A, use the layer-cake identity∫
1A(z

′)

|z − z′|
dz′ ⩽

∫ 2R

0

|A ∩ B(z, r)|
r2

dr +
|A|
2R

.

For r < R0 we use the trivial area bound, for R0 ⩽ r ⩽ R/4 we apply the induction hypothesis to
A ∩ B(z, r) inside a square of side comparable to r, and for r ⩾ R/4 we use |A| = δR2. This gives∫

1A(z
′)

|z − z′|
dz′ ⩽ C ′R

(
δ + Cη(R)

)
.

Integrating in z ∈ A yields
E(A) ⩽ C ′R3δ

(
δ + Cη(R)

)
. (4.15)

Combining (4.14) and (4.15) gives

δ2 ⩽ C ′′ (1 + log(1/δ))1/2

(logR)1/2
(
δ + Cη(R)

)
.

If C is chosen sufficiently large, this inequality forces δ ⩽ Cη(R); otherwise the left side
dominates both terms on the right for large R. This closes the induction. Therefore
|A| ≲ R2(log logR/ logR)1/2.

1The following improvement via the induction on scales was suggested to the authors of [5] by OpenAI’s ChatGPT
5.5 Pro.
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4.6 Open problems
Problem 4.9 (Rectangular boxes in the critical dimension). For m-dimensional rectangular boxes
of sufficiently large volume, our positive result (Theorem 4.5) assumed ambient dimension d ⩾
m+ 1. The critical case d = m ⩾ 2 remains open and the problem was also posed in [32].

Problem 4.10 (Parallelograms of prescribed area). It is open whether every finite coloring of R2

has a color class containing the vertices of a parallelogram of every prescribed area [32]. Partial re-
sults from that paper show that any positive proof must deal with nearly degenerate parallelograms
and with infinitely many directions.

Problem 4.11 (Unit-area triangles in sets of large finite measure). As we have already mentioned
in Section 4.5, Erdős asked whether there is an absolute constant C such that every planar mea-
surable set of area greater than C contains the vertices of a triangle of unit area; see [18]. Mauldin
[44, 43] provided some partial results but in a different direction from ours. Erdős even suspected
that the smallest such C could be the area of the disk circumscribed around an equilateral triangle
of area 1.





Chapter 5

Density theorems for large point
configurations

After the prescribed-volume examples, we return to arbitrary finite point patterns. The guiding
question is how dense a set must be in order to guarantee every sufficiently large copy of every
pattern of a fixed size. Here we are mainly interested in negative results. We refine Bourgain’s an-
nular obstruction [3], but also add a nontrivial input from equidistribution theory and Diophantine
approximations.

5.1 The threshold problem and polynomial equidistribution
For fixed positive integer d and n, let ρ(d, n) be the smallest threshold such that every measurable
A ⊆ Rd with δ(A) > ρ(d, n) contains, for every n-point pattern P ⊆ Rd, all sufficiently large
similar copies of P . The elementary translated-copy argument of Corollary 1.6 gives

ρ(d, n) ⩽ 1− 1

n
,

and Falconer, Yavicoli, and the author [19] improved this (slighly but with nontrivial effort) to

ρ(d, n) ⩽ 1− 1

n− 1

for d, n ⩾ 2. We recommend [19] to the interested reader, but do not discuss this improvement
here. It is natural to wonder about the asymptotic behavior of these numbers as n → ∞. The
near-optimal lower bound known available at present is the following.

Theorem 5.1 (Near-optimal Euclidean lower bound [34]). There exists an absolute constant C > 0
such that, for every d ⩾ 1 and every sufficiently large n, there exist a measurable set E ⊆ Rd, an
n-point configuration P ⊆ Rd contained in a line, and a sequence λj → ∞ such that

d(E) ⩾ 1− C
log n

n
,

but E contains no Euclidean isometric copy of λjP for any j.

Consequently,

ρ(d, n) ⩾ 1− C
log n

n

for all sufficiently large n. Together with the upper bound from Corollary 1.6, this leaves only a
logarithmic gap in the density threshold.

49
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Figure 5.1: A typical annular construction underlying negative density results, together with a
collinear pattern that is forced to interact with the annular gaps.

We will prove a slightly more general ℓp result; see Theorem 5.3 below. Its number-theoretic
core is a polynomial density property on the circle. Write ∥x∥T = dist(x,Z) for x ∈ T = R/Z and
e(t) = e2πit.

Proposition 5.2 (Uniform polynomial density modulo 1). Fix an integer p ⩾ 2. There is a
constant Kp < ∞ such that, for every sufficiently large n, one can find a set P ⊆ Z with |P | = n
and a real number α with the following property. For every β1, . . . , βp−1 ∈ R, the set

{(αkp + βp−1k
p−1 + · · ·+ β1k) mod 1 : k ∈ P}

meets every interval in T of length

εn = Kp
log n

n
.

Proof. Choose a prime Q satisfying
n2

p
< Q < 2n2

p
,

which is possible for all large n by Bertrand’s postulate, and put α = 1/Q. For β = (β1, . . . , βp−1) ∈
Tp−1 define

xk(β) = αkp + βp−1k
p−1 + · · ·+ β1k (mod 1), 0 ⩽ k < Q.

We first show that the full collection {xk(β) : 0 ⩽ k < Q} is well distributed, uniformly in β.
Let DQ(β) be the discrepancy of this collection. The Erdős–Turán inequality [35] gives, for any

M ⩾ 1,

DQ(β) ≲
1

M
+

M∑
m=1

1

m

∣∣∣∣∣ 1Q
Q−1∑
k=0

e(mxk(β))

∣∣∣∣∣ .
Take M = Q − 1. For 1 ⩽ m ⩽ Q − 1, the leading coefficient of the polynomial mxk(β) is m/Q,
already in lowest terms because Q is prime. Weyl’s inequality [54], applied with denominator Q
and with a small exponent loss η = 2−p, yields∣∣∣∣∣

Q−1∑
k=0

e(mxk(β))

∣∣∣∣∣ ≲p Q
1−2−p

,
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uniformly in m and in all lower-order coefficients. Hence

DQ(β) ≲p
1

Q
+Q−2−p

Q−1∑
m=1

1

m
≲p

logQ

Q2−p ≲p
logn

n
.

Choose Kp so large that DQ(β) ⩽ εn/10 for every β. Then every interval I ⊆ T of length 9εn/10
contains at least (

9εn
10

− εn
10

)
Q =

4

5
εnQ

of the points xk(β).
We now discretize the coefficient torus. For i = 1, . . . , p− 1, choose a grid Ni ⊆ T of mesh

∆i =
εn

100pQi
,

so |Ni| ≲ Qi/εn. Put N = N1 × · · · × Np−1; then

|N | ≲p
Qp(p−1)/2

εp−1
n

.

Let I be the family of intervals of length 9εn/10 whose left endpoints are integer multiples of
εn/100. Then |I| ≲ 1/εn.

For b ∈ N and I ∈ I, set
Rb,I = {0 ⩽ k < Q : xk(b) ∈ I}.

The discrepancy estimate gives |Rb,I | ⩾ (4/5)εnQ. Choose an n-element subset

P ⊆ {0, 1, 2, . . . , Q− 1}

uniformly at random.1 The probability that P misses this particular Rb,I is at most(
Q−|Rb,I |

n

)(
Q
n

) ⩽

(
1−

|Rb,I |
Q

)n

⩽ exp

(
−4

5
εnn

)
.

By the union bound, the probability that some pair (b, I) is missed is at most

|N | |I| exp
(
−4

5
εnn

)
≲p

Qp(p−1)/2

εpn
exp

(
−4

5
Kp log n

)
.

Since Q ≍ n2
p and εn = Kp(log n)/n, the last expression is < 1 for all large n if Kp is chosen

sufficiently large. Therefore there exists a deterministic n-element set P such that

{xk(b) : k ∈ P} ∩ I ̸= ∅ for every b ∈ N , I ∈ I. (5.1)

It remains to pass from grid coefficients to arbitrary coefficients. Let β ∈ Tp−1 and let J ⊆ T
be an interval of length εn. Choose b ∈ N with ∥βi − bi∥T ⩽ ∆i. Since P ⊆ {0, . . . , Q− 1},

∥xk(β)− xk(b)∥T ⩽
p−1∑
i=1

∆iQ
i ⩽

εn
100

(k ∈ P ).

Let J ′ ⊆ J be the concentric subinterval of length 96εn/100. It contains some I ∈ I. By (5.1),
choose k ∈ P with xk(b) ∈ I ⊆ J ′. The preceding estimate then gives xk(β) ∈ J . Thus the desired
polynomial set meets every interval of length εn.

1This randomization argument and the remainder of the proof of the proposition were suggested to the authors
of [34] by OpenAI’s ChatGPT 5.4 Pro.
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5.2 Collinear ℓp obstructions
Theorem 5.3 (Collinear ℓp lower bound [34]). Fix integers d ⩾ 1 and p ⩾ 2. There exists
Cd,p ∈ (0,∞) such that, for all sufficiently large n, there exist a measurable set A ⊆ Rd, an n-point
configuration P ⊆ Rd contained in a line, and scales λj → ∞ such that

d(A) ⩾ 1− Cd,p
log n

n
,

and A contains no ℓp-isometric copy of λjP for any j. If p is even, Cd,p may be chosen indepen-
dently of d, and A may be chosen to have an actual density.

Proof. Let P ⊆ Z and α be supplied by Proposition 5.2, and put

εn = Kp
log n

n
, λj = (α+ j)1/p

for all sufficiently large positive integers j.
First assume that p is even. Define the annular set

A =

{
x ∈ Rd : dist(∥x∥pp ,Z) <

1− εn
2

}
.

It is not difficult to show that d(A) = 1 − εn. Suppose that A contained an ℓp-isometric copy of
λjP . Since P is collinear, its affine copy is collinear as well, so one can write it as

{x+ λjkv : k ∈ P} (5.2)

with ∥v∥p = 1. (Interestingly, here we used the fact that the ℓp space is strictly convex for
1 < p <∞.) For k ∈ P , the binomial theorem gives

∥x+ λjkv∥pp =
d∑

i=1

p∑
l=0

(
p

l

)
xp−l
i λljk

lvli

= (α+ j)kp + βp−1k
p−1 + · · ·+ β1k + β0

for suitable real coefficients β0, . . . , βp−1; the leading coefficient is (α + j) ∥v∥pp = α + j. Since all
copied points lie in A, the values of this polynomial modulo 1 all lie in the interval(

−1− εn
2

,
1− εn

2

)
⊆ T

of length 1− εn. Subtracting the constant β0 and the integer jkp shows that

{αkp + βp−1k
p−1 + · · ·+ β1k mod 1 : k ∈ P}

is contained in an interval of length 1−εn. The complementary interval has length εn, contradicting
Proposition 5.2. Thus no such copy exists.

Now assume that p is odd. For each sign vector σ = (σ1, . . . , σd) ∈ {−1, 1}d set

Fσ(x) =
d∑

i=1

σix
p
i , Aσ =

{
x : dist(Fσ(x),Z) <

1− εn
2

}
,
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and define
A =

⋂
σ∈{−1,1}d

Aσ.

Each Aσ has density 1 − εn in large cubes [−R/2, R/2]d up to an O(Rd−1) error. Therefore, by
the union bound on complements,

d(A) ⩾ 1− 2dεn.

If an ℓp-isometric copy of λjP lay in A, we would again write it as (5.2) with ∥v∥p = 1. Choose
signs so that σiv

p
i = |vi|p for every i. Then

Fσ(x+ λjkv) = (α+ j)kp + βp−1k
p−1 + · · ·+ β1k + β0,

again because the leading coefficient is

λpj
∑
i

σiv
p
i = (α+ j)

∑
i

|vi|p = α+ j.

Since the copied points lie in A ⊆ Aσ, the same interval-complement argument contradicts Propo-
sition 5.2. This proves the theorem, with Cd,p = Kp for even p and Cd,p = 2dKp for odd p.

Proof of Theorem 5.1. Take p = 2 in Theorem 5.3. The norm ℓ2 is the Euclidean norm, the
constructed pattern is collinear, the constructed set has actual density at least 1 − K2(log n)/n,
and the missing ℓ2-isometric copies are exactly missing Euclidean isometric copies.

5.3 Non-collinear ℓp patterns
For p ̸= 2 the geometry of ℓp spaces supplies a simpler obstruction if non-collinear patterns are
allowed.

A well-known result that will be useful are Clarkson’s inequalities [7]. Let 1 < p < ∞, p ̸= 2,
and let u, v ∈ Rd. Then

∥u+ v∥pp + ∥u− v∥pp

{
⩾ 2(∥u∥pp + ∥v∥pp), p > 2,

⩽ 2(∥u∥pp + ∥v∥pp), 1 < p < 2.

In either case equality holds if and only if u and v have disjoint coordinate supports.

Theorem 5.4 (Asymptotically sharp ℓp obstruction [34]). Let d ⩾ 1 and p ∈ (1,∞), p ̸= 2. For
every n ⩾ 2d+1 there exist a measurable set A ⊆ Rd, an n-point configuration P ⊆ Rd, and scales
λj → ∞ such that A contains no ℓp-isometric copy of λjP , while

d(A) = 1− 1

n− 2d+ 2
.

Combining this with the trivial upper bounds from Corollary 1.6, we get sharp asymptotics for
the obviously defined ℓp analogues of the numbers ρ(d, n):

ρ(d, n, p) = 1− 1

n
+Od

(
1

n2

)
.
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Proof. Let e1, . . . , ed be the standard basis and set

P = {ke1 : k = −1, 0, 1, . . . , n− 2d} ∪ {±e2, . . . ,±ed}.

The first set has n− 2d+ 2 points and the second has 2d− 2 points, so |P | = n. Put

ε =
1

n− 2d+ 2
, A = {x ∈ Rd : (x1 + · · ·+ xd) mod 1 ∈ [0, 1− ε)}.

Fubini in the x1 variable gives

|A ∩ [−R/2, R/2]d| = (1− ε)Rd +Od(R
d−1),

so d(A) = 1− ε. Let
λj = j + ε, j = 1, 2, . . . .

We prove that no ℓp-isometric copy of λjP lies in A.
Assume, for contradiction, that such a copy exists. The collinear part

{λjke1 : k = −1, 0, 1, . . . , n− 2d}

must be mapped to points

yk = x+ λjku, k = −1, 0, 1, . . . , n− 2d,

where ∥u∥p = 1. If d = 1, then u = ±e1. Assume d ⩾ 2. Let z+i and z−i be the images of λjei and
−λjei for i = 2, . . . , d, and write

z±i = x+ λjv
±
i .

Then
∥∥v±i ∥∥p = 1.

Because the distance between ei and −ei is 2, we have∥∥v+i − v−i
∥∥
p
= 2 =

∥∥v+i ∥∥p + ∥∥−v−i ∥∥p .
Strict convexity of ℓp implies equality in the triangle inequality only for positively collinear vectors;
hence

v−i = −v+i . (5.3)

Next, the model distances
∥ei − e1∥pp = ∥ei − (−e1)∥pp = 2

become ∥∥v+i − u
∥∥p
p
=
∥∥v+i + u

∥∥p
p
= 2.

Adding the two equalities gives∥∥v+i − u
∥∥p
p
+
∥∥v+i + u

∥∥p
p
= 4 = 2(

∥∥v+i ∥∥pp + ∥u∥pp).

By the equality characterization in Clarkson’s inequalities, v+i and u have disjoint coordinate
supports.

Similarly, for 2 ⩽ i < m ⩽ d, the model distances

∥ei − em∥pp = ∥ei + em∥pp = 2
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and (5.3) give ∥∥v+i − v+m
∥∥p
p
=
∥∥v+i + v+m

∥∥p
p
= 2.

Clarkson’s inequality is again saturated with an equality, which shows that v+i and v+m also have
disjoint coordinate supports. Thus the d nonzero unit vectors

u, v+2 , . . . , v
+
d

have pairwise disjoint nonempty supports inside the d coordinate set {1, . . . , d}. Each support
must therefore be a singleton. In particular,

u = σel

for some l ∈ {1, . . . , d} and σ ∈ {−1, 1}.
All points yk = x+ σλjkel lie in A. If c = x1 + · · ·+ xd, then

c+ σλjk mod 1 ∈ [0, 1− ε) (k = −1, 0, 1, . . . , n− 2d).

Since λj = j + ε, this says that a translate of the set

{σkε mod 1 : k = −1, 0, 1, . . . , n− 2d}

is contained in an interval of length 1 − ε. But this is exactly the set of N = n − 2d + 2 equally
spaced points on the circle, where ε = 1/N . No half-open interval of length 1 − 1/N contains all
N equally spaced points. This contradiction completes the proof.

5.4 Open problem
Problem 5.5 (Sharp density threshold for arbitrary Euclidean patterns). Just as before (see
Section 5.1), let ρ(d, n) denote the least density threshold forcing all sufficiently large similar
copies of every n-point Euclidean pattern in Rd. The best known bounds, due respectively to
Santos Sepčić and the author [34] (Theorem 5.1) and to Falconer, Yavicoli, and the author [19],
are

1− C
log n

n
⩽ ρ(d, n) ⩽ 1− 1

n− 1

for d ⩾ 2 and sufficiently large n. The natural problem is to remove the logarithm in the lower
bound or to improve the upper bound. Closing the gap likely requires a new idea on one side of
this dichotomy.





Appendix A

Preliminaries

This appendix records some technical background used throughout the notes.

A.1 Comparison notation
We use standard asymptotic notation throughout the notes. If X and Y are nonnegative quantities,
then

X ≲ Y

means that X ⩽ CY for a finite constant C independent of the main variables under discussion.
A subscript records allowed dependence: for example X ≲d,n,ε Y means that C may depend on
d, n, ε, but not on scale parameters such as R or λ unless this is explicitly stated. We write

X ≳ Y

for Y ≲ X, and
X ∼ Y

when both inequalities hold. The notation

X = O(Y )

has the same meaning as |X| ≲ Y ; similarly X = Od,n(Y ) permits the implicit constant to depend
on d and n. For nonnegative quantities,

X = Ω(Y )

means X ≳ Y , again with optional subscripts to indicate permitted parameter dependence. Thus
a statement such as |A| = Ωd(R

d) asserts that |A| ⩾ cdR
d for some positive constant depending

only on d.

A.2 Upper Banach density and averaging bodies
We first justify two properties that are used throughout the notes. The definition of upper Banach
density contains a genuine limit, not merely a limsup; and the value of that limit does not depend
on choosing cubes rather than balls or any other fixed compact convex body. This is the elementary
Følner comparison argument [21], specialized to dilates of bounded sets in Euclidean space.

For a bounded measurable set F ⊆ Rd with 0 < |F | <∞, define

DF (E) := sup
x∈Rd

|E ∩ (x+ F )|
|F |

.

Thus the cube definition in Chapter 1 is the assertion that D[0,R]d(E) has a limit as R→ ∞.
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Lemma A.1 (Comparison of two averaging windows). Let F,G ⊆ Rd be bounded measurable sets
with positive finite measure. For every measurable E ⊆ Rd,

DF (E) ⩽ DG(E) + η(F,G), η(F,G) := sup
z∈G

|(F + z)△F |
|F |

.

Proof. Let

AF f(x) :=
1

|F |

∫
F
f(x+ y) dy.

Then DF (E) = ∥AF1E∥∞. For f = 1E and for every z ∈ G,

∣∣AF f(x+ z)−AF f(x)
∣∣ ⩽ |(F + z)△F |

|F |
⩽ η(F,G).

Averaging this inequality over z ∈ G gives

AF f(x) ⩽
1

|G|

∫
G
AF f(x+ z) dz + η(F,G) = AF (AGf)(x) + η(F,G).

The operator AF is a positive average, so

AF (AGf)(x) ⩽ ∥AGf∥∞ = DG(E).

Taking the supremum over x proves the claim.

Lemma A.2 (Mutual dependence of convex dilates). Let K,L ⊆ Rd be compact convex sets with
nonempty interior. For every fixed S > 0,

η(RK,SL) −→ 0 as R→ ∞.

Proof. Since L is bounded, all z ∈ SL satisfy |z| ⩽ CS for some constant CS . Also

|(RK + z)△RK|
|RK|

=
|(K + z/R)△K|

|K|
.

The map u 7→ 1K+u is continuous at u = 0 in L1(Rd), because translations are continuous in L1.
Hence, for every ε > 0, there is δ > 0 such that

|u| < δ =⇒ |(K + u)△K| < ε|K|.

If R > CS/δ, then |z/R| < δ for every z ∈ SL, and the displayed supremum is at most ε.

Proposition A.3 (Existence of the upper-density limit). Let K ⊆ Rd be a compact convex set
with nonempty interior. Then, for every measurable E ⊆ Rd, the limit

lim
R→∞

DRK(E)

exists. More precisely,
lim

R→∞
DRK(E) = inf

S>0
DSK(E).
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Proof. Fix S > 0 and apply Lemma A.1 with F = RK and G = SK:

DRK(E) ⩽ DSK(E) + η(RK,SK).

By Lemma A.2, the error tends to 0 as R→ ∞. Therefore

lim sup
R→∞

DRK(E) ⩽ DSK(E).

Taking the infimum over S gives

lim sup
R→∞

DRK(E) ⩽ inf
S>0

DSK(E).

The quantity on the right is a lower bound for every value DRK(E), and hence it is at most
lim infR→∞DRK(E). Thus the limsup and the liminf are equal, and both equal the stated infimum.

Theorem A.4 (Independence of the averaging body). Let K,L ⊆ Rd be compact convex sets with
nonempty interior. Then, for every measurable E ⊆ Rd,

lim
R→∞

DRK(E) = lim
R→∞

DRL(E).

Consequently the upper Banach density may be computed from translates and dilates of any such
K:

δ(E) = lim
R→∞

sup
x∈Rd

|E ∩ (x+RK)|
Rd|K|

.

In particular, cubes, balls, ellipsoids, simplices, and all compact convex bodies with nonempty inte-
rior give the same number.

Proof. Write
δK(E) := lim

R→∞
DRK(E), δL(E) := lim

R→∞
DRL(E),

which exist by Proposition A.3. Fix S > 0 and compare the large window RK with the fixed
window SL:

DRK(E) ⩽ DSL(E) + η(RK,SL).

Letting R→ ∞ and using Lemma A.2, we obtain

δK(E) ⩽ DSL(E).

Taking the infimum in S and using Proposition A.3 for L gives δK(E) ⩽ δL(E). Interchanging K
and L gives the opposite inequality.

Finally, |RK| = Rd|K|, so the displayed formula is exactly the definition of DRK(E). The
location of K is irrelevant: replacing K by K + a changes x + RK to (x + Ra) + RK, and the
translation parameter x already ranges over all of Rd.
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A.3 Surface measures and decay
This section records the Fourier facts about curved surface measure that are used in the uniform
estimates in the main text. We use the Fourier normalization

f̂(ξ) =

∫
Rd

f(x)e−2πix·ξ dx.

Let Σ ⊆ Rd be a compact C∞ hypersurface and let σ be a smooth compactly supported surface
measure on Σ; in the most important example Σ = Sd−1 and σ is normalized spherical measure.
If the Gaussian curvature of Σ is everywhere nonzero on the support of σ, then stationary phase
gives

|σ̂(ξ)| ≲Σ (1 + |ξ|)−(d−1)/2. (A.1)

For the sphere this estimate can also be read from the Bessel-function formula for σ̂ and the
standard asymptotics of Bessel functions; see Abramowitz–Stegun [1]. In this generality it is a
classical theorem of Littman and Herz, and it is a standard consequence of the stationary-phase
theorem as presented, for instance, in Stein [48], Littman [39], Herz [28], and Sogge [47].

Here is the sketch of the stationary-phase property in the form needed in these notes. Write
ξ = ρθ, where ρ = |ξ| and θ ∈ Sd−1. On a coordinate patch u 7→ Φ(u) ∈ Σ,

σ̂(ρθ) =

∫
e−2πiρθ·Φ(u)a(u) du.

The critical points are precisely the points at which θ is normal to Σ. Non-vanishing Gaussian
curvature says that the Hessian of u 7→ θ · Φ(u) is non-singular at such a point. A partition of
unity and the stationary-phase theorem therefore give, uniformly in θ,

σ̂(ρθ) = ρ−(d−1)/2
∑
uc

ac(θ)e
−2πiρθ·Φ(uc) +OΣ(ρ

−(d+1)/2), ρ ⩾ 1,

where the sum is over the finitely many critical points in the coordinate patches. Away from
the critical set, repeated integration by parts gives rapid decay. Together with the trivial bound
|σ̂(ξ)| ⩽ ∥σ∥ for |ξ| ≲ 1, this proves (A.1).

The same estimate applies to dilates. If σλ denotes the image of σ under x 7→ λx, then

σ̂λ(ξ) = σ̂(λξ), |σ̂λ(ξ)| ≲ (1 + λ|ξ|)−(d−1)/2.

This is the estimate used whenever an exact counting form contains a spherical constraint such as
|y| = λ.

The other recurring ingredient is a smooth approximate identity. Let

g(x) = e−π|x|2 , gt(x) = t−dg(x/t),

and let k = ∆g. Then

ĝ(ξ) = e−π|ξ|2 , k̂t(ξ) = k̂(tξ) = −4π2t2|ξ|2e−πt2|ξ|2 .

Consequently, when σ satisfies (A.1),

sup
ξ∈Rd

|σ̂(λξ)k̂(tλξ)| ≲ tmin{(d−1)/2,2}, 0 < t ⩽ 1.
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Indeed, with r = λ|ξ| the left side is bounded by

(1 + r)−(d−1)/2(tr)2e−πt2r2 .

The maximum occurs either for r ≲ 1 or for r ∼ t−1; the displayed bound follows in both ranges,
and the intermediate range is monotone up to harmless constants. In the planar circular estimates
used repeatedly in Chapters 2 and 3 this gives the familiar bound

sup
ξ∈R2

|σ̂(λξ)k̂(tλξ)| ≲ t1/2.

A closely related smoothing estimate is also used. Since

1− ĝ(ελξ) = 1− e−πε2λ2|ξ|2 ,

one has, for every 0 < γ ⩽ min{(d− 1)/2, 2},

sup
ξ∈Rd

|σ̂(λξ)(1− ĝ(ελξ))| ≲γ ε
γ .

This follows by writing u = λ|ξ| and bounding

(1 + u)−(d−1)/2min{1, ε2u2}.

Plancherel then gives the model L2 estimate∣∣∣∣∫ F (x)
(
F ∗ σλ − F ∗ σλ ∗ gελ

)
(x) dx

∣∣∣∣ ⩽ Cγε
γ ∥F∥2L2(Rd) ,

which is the prototype for the uniform part of Bourgain’s method. More complicated configurations
require the same idea after freezing all but one variable, or after applying a multilinear smoothing
inequality, but the local oscillatory input is still usually just (A.1).

A.4 Gowers norms
The cube notation used in the notes is the continuum analogue of the Gowers uniformity norms
introduced in quantitative proofs of Szemerédi’s theorem [23]; see also the expositions and related
estimates in Green–Tao [26], Tao [51], Shkredov [46], and Eisner–Tao [15]. We record the precise
Cauchy–Schwarz inequality invoked in the main text.

Take k ⩾ 1. If h = (h1, . . . , hk) ∈ (Rd)k and ω = (ω1, . . . , ωk) ∈ {0, 1}k, write

ω · h = ω1h1 + · · ·+ ωkhk, |ω| = ω1 + · · ·+ ωk.

Let Cz = z. For a family of bounded compactly supported functions (fω)ω∈{0,1}k define the Gowers
inner product

⟨fω : ω ∈ {0, 1}k⟩Uk :=

∫
Rd

∫
(Rd)k

∏
ω∈{0,1}k

C|ω|fω(x+ ω · h) dh1 · · · dhk dx.

The Gowers (semi)norm or the uniformity (semi)norm or just the Uk (semi)norm is defined by
putting all functions equal:

∥f∥2
k

Uk(Rd) = ⟨f : ω ∈ {0, 1}k⟩Uk .
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For the nonnegative indicator functions used in the density arguments, the conjugations do not
change the value and the formula becomes the positive cube integral∫

Rd

∫
(Rd)k

∏
ω∈{0,1}k

f(x+ ω · h) dh1 · · · dhk dx.

Proposition A.5 (Gowers–Cauchy–Schwarz inequality). For every k ⩾ 1 and every bounded com-
pactly supported family (fω)ω∈{0,1}k ,∣∣⟨fω : ω ∈ {0, 1}k⟩Uk

∣∣ ⩽ ∏
ω∈{0,1}k

∥fω∥Uk(Rd) .

Proof. The proof is the usual repeated Cauchy–Schwarz argument, written here in a form that is
directly compatible with the Euclidean integrals in the notes. The case k = 1 is immediate: by
Fubini,

⟨f0, f1⟩U1 =

∫
Rd

∫
Rd

f0(x)f1(x+ h) dh dx =

(∫
f0

)(∫
f1

)
,

and this is bounded by ∥f0∥U1 ∥f1∥U1 .
We first prove a two-function estimate that will be used in the induction. For k ⩾ 2 and s ∈ Rd,

write Tsg(x) = g(x+ s). We claim that∫
Rd

∥∥f Tsg∥∥2k−1

Uk−1 ds ⩽ ∥f∥2
k−1

Uk ∥g∥2
k−1

Uk . (A.2)

Expanding the left side gives∫
s,x,h′

∏
η∈{0,1}k−1

C|η|(f(x+ η · h′)g(x+ s+ η · h′)
)
dh′ dx ds,

where h′ = (h1, . . . , hk−1). Put y = x+ s. The expression becomes∫
h′
F (h′)G(h′) dh′,

where

F (h′) =

∫
Rd

∏
η∈{0,1}k−1

C|η|f(x+ η · h′) dx, G(h′) =

∫
Rd

∏
η∈{0,1}k−1

C|η|g(y + η · h′) dy.

By Cauchy–Schwarz in h′ this is at most(∫
|F (h′)|2 dh′

)1/2(∫
|G(h′)|2 dh′

)1/2

.

Finally, after writing the second copy of the base variable as x + hk, the first factor is exactly
∥f∥2

k−1

Uk , and similarly the second is ∥g∥2
k−1

Uk . This proves (A.2).
We now prove the proposition by induction on k. Assume that it has been proved for k − 1.

Write a vertex of {0, 1}k as (η, ϵ) with η ∈ {0, 1}k−1 and ϵ ∈ {0, 1}. Separating the last difference
variable s = hk, the k-dimensional inner product can be written as∫

Rd

〈
fη,0 Tsfη,1 : η ∈ {0, 1}k−1

〉
Uk−1

ds.
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The induction hypothesis bounds the absolute value of the inner product by∏
η∈{0,1}k−1

∥∥fη,0 Tsfη,1∥∥Uk−1 .

Integrating in s and applying Hölder with the 2k−1 equal exponents gives

∣∣⟨fω : ω ∈ {0, 1}k⟩Uk

∣∣ ⩽ ∏
η∈{0,1}k−1

(∫
Rd

∥∥fη,0 Tsfη,1∥∥2k−1

Uk−1 ds

)1/2k−1

.

Applying the two-function estimate (A.2) to each pair (fη,0, fη,1) yields∣∣⟨fω : ω ∈ {0, 1}k⟩Uk

∣∣ ⩽ ∏
η∈{0,1}k−1

∥fη,0∥Uk ∥fη,1∥Uk =
∏

ω∈{0,1}k
∥fω∥Uk .

This completes the induction.

In the main text the last proposition is usually applied to indicator functions or to nonnegative
functions bounded by indicators, when one may remove all conjugation signs from both sides of
the inequality.
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