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Abstract
Let

KO =Y e
j=0

be a Kac polynomial with independent, identically distributed real coefficients, and let N,(f)
be the number of its real zeros. Throughout the paper the coefficient law is assumed to
satisfy Do’s moment hypotheses

E¢ =0, Ee? =1, E|¢)>T™ < 0o for some 7 > 0.

Under these standing assumptions, Do’s theorem gives the strong law for the number of zeros
in [—1,1], and a Kolmogorov—Rogozin argument gives the required edge-strip upper tail at
the Gaussian bulk scale. Thus the bulk-gap reduction needs only two additional persistence
inputs: a Gaussian-order one-time bulk gap estimate and a two-time correlation estimate for
such gaps. When these two inputs hold, for every 0 < § < 1/(27),

n—oo logn

NS 1
P <liminf <—-+4+25| >0,
0

and hence Ny(f) /logn — 2/ cannot hold almost surely. We also prove an independent cone-
record criterion: if the associated planar coefficient walk has a divergent cone-survival series,
then liminf,, . fo) /logn < 1/m with positive probability. This applies in particular to
Rademacher coefficients. For standard Gaussian coefficients we verify the two bulk-persistence
inputs and recover the Gaussian conclusion.

1 Introduction and setup

For a real coefficient sequence &, &1, . . ., set
K,(f)(x) = ija:j, QT(f) (x) = x"K,(f)(l/x) = an_jxj.
j=0 Jj=0

Let NT(LE) denote the number of real zeros of Kff), counted without multiplicity. For a polynomial
P and a set A C R, let Np(A) denote the number of real zeros of P in A, counted without
multiplicity. If P = 0, then for the interval sets used below we set Np(A) = +o0; in particular
Ng) = 400 on the zero-polynomial event. This convention is harmless under the standing
hypothesis, since P(§ = 0) < 1.

From now on, the coefficient law in all main results is assumed to satisfy Do’s moment
hypotheses, namely

EE =0, Ee? =1, E|¢)>T" < 0o for some 7 > 0. (H)



Some deterministic or auxiliary estimates are stated with only the weaker hypotheses they need.
Under (H), Do’s theorem [4] gives

Neo(=L1) 1

— = almost surely. (1.1)
logn T

For n > 3, put L,, := 4loglogn, and define
L,:=[-1+Ly/n,1— Ly/n], J=[1-L,/n,1],

J, =[-1,-1+ L,/n], Jn = J U,

For i.i.d. coefficients with common law &, set
B = {Nyo(In) =0}, pf) = P(BY),
and, for 6 > 0,
o0 .= {Ng© (Jn) < 26logn}, D)9 .= B 0 O,

Definition 1.1 (bulk-persistent coefficient law). We say that the standing coefficient law & is
bulk-persistent if the following two estimates hold.

(B1) The one-time bulk gap has Gaussian order:

(B2) For every e > 0, there is C. < oo such that, for all sufficiently large n and all integers
h > nf,
P(BY N B, < CplPpfd).

Theorem 1.2 (bulk-persistence Erdés—521 criterion). If £ is bulk-persistent, then, for every
0<d<1/(2nm),

(©)
P (liminf Nu < 1 + 25) > 0.
v

n—oo logn

Consequently,

(©)
P(lim Nu :2><1.

n—oologn W

The second mechanism uses the cone
K= {(u,v) € R*:u > |vl|}.

For the coefficient law &, let

¢\ =P <Z(€2i+lu§2i) € K for every 0 <r < m) , m2>0. (1.2)
i=0

We call ., qﬁS) = oo the divergent cone-survival condition.



Theorem 1.3 (cone-survival Kac polynomials). Under the standing hypothesis (H), if

i @) = o0,
m=0

then ©
P (hmlnf N < 1) >0
n—oo logn —
Consequently,
(&)
]P’(hm N —2> <1
n—oologn W
Corollary 1.4 (Rademacher coefficients). Let €g,e1,... be independent symmetric Rademacher

variables and set .
K,(x) = Zsjwj.
=0

If N,, denotes the number of real zeros of K,,, counted without multiplicity, then

n—oo logn — w

P (lim inf Nn < 1) > 0.

In particular,

]P’(lim N :2)<1.

n—oologn

The proof of Theorem 1.2 is given in Section 8. The proofs of Theorem 1.3 and Corollary 1.4
are given in Section 7. The point of the standing hypothesis is that the typical interior-zero
input (1.1) is automatic, and the edge-strip input follows from Corollary 6.3. Therefore the
bulk-gap route requires only the two rare-event estimates in Definition 1.1(B1)—(B2). These
estimates are persistence inputs and are not supplied by Do’s strong law alone.

Remark 1.5 (status of (B1)—(B2) under the standing hypothesis). The assumptions (H) are
not enough, within the present argument, to verify Definition 1.1(B1)—(B2). Do’s theorem is
an almost-sure law of large numbers for the typical number of zeros; it gives the strong law
(1.1), but it does not estimate the rare event that a growing bulk window contains no zero,
nor does it estimate correlations between such rare events at two different degrees. Recent
persistence-universality results of Ghosal-Mukherjee [7] show logarithmic-scale universality for
no-real-zero probabilities under finite variance assumptions, but those results do not supply the
two-sided correct-order bound p,, = (L,/n)%® with the present L, = 4loglogn cutoff, and they
do not give the two-time estimate (B2).

There is also a structural reason not to import the Gaussian proof verbatim. The proof of
Theorem 5.2 uses Gaussian tools in an essential way: a Cameron—Martin barrier estimate for
the limiting process and Borell-TIS tails to make the old-block bad event smaller than every
prescribed power of h. The moment condition (H) gives only a finite (2 4+ n)-moment and does
not provide these sub-Gaussian uniform tails or a Gaussian comparison principle for persistence
with deterministic drift. Thus a proof of (B1)—(B2) under the standing hypothesis would require
additional persistence-universality and two-time correlation estimates, beyond both Do’s strong
law and the arguments below.

Remark 1.6 (Rademacher coefficients and the role of (B1)-(B2)). A symmetric Rademacher
random variable satisfies the standing hypothesis. The Gaussian-style bulk-persistence route
would still require the sharp one-time and two-time bulk persistence inputs Definition 1.1(B1)-
(B2). Existing persistence-universality results, such as Ghosal-Mukherjee [7], give logarithmic
exponent information but not those correct-order and two-time estimates.



Theorem 1.3 therefore uses a different mechanism. Instead of estimating the probability of a
typical Gaussian-order bulk gap, it finds a smaller but still nonsummable family of explicit events
on which the reversed polynomial has no root in (—1,1) \ {0}. These events are cone-record
events for a planar random walk, with pair correlations controlled by the record decomposition.
In the Rademacher case their probabilities are of order 1/(m + 1), which proves Corollary 1.4.
Thus the cone-survival result should be viewed as a bypass of (B1)—-(B2), not as a verification of
them.

The rest of the paper separates the abstract reduction from ensemble-specific inputs. Sec-
tions 2-5 verify the two bulk-persistence assumptions for standard Gaussian coefficients, Section 6
proves the edge-strip estimate under the standing moment hypotheses, and Section 7 proves the
general cone-survival theorem and the Rademacher corollary by the independent cone-record
argument.

For the Gaussian verification, we specialize to

n
i ii.d.
Kn(x) = § :gjx]7 90,91, - - - I’I\J N<07 1)7
=0

and we write

Qu(w) =" Kn1/2) = 3" g
=0

For each fixed n, @, has the same law as K,,. In this Gaussian case we suppress the superscript
(9) and write
By, .= {Ng, (1) = 0}.

By countable intersection, there is a full-probability event €2, on which, for every n > 0, one
has g, # 0, K,(£1) # 0, and all real zeros of K,, are simple. We shall use this event only for
the Gaussian pathwise identifications; all probability estimates are unchanged after discarding
its null complement. On €2, under the reciprocal map = +— 1/x, the zeros of @, in (—1,1)
correspond exactly, with multiplicity, to the zeros of K,, in (—oo, —1) U (1, 00).

The Gaussian bulk-persistence verification has two steps.

1. Prove the correct-order one-time estimate

P(B,) = (Ln/n)/®.

2. Prove the pair bound

P(By, N Bpyn) <e (Ln/n)*8(Ly/R)*® (b >nd).

The standing strong law (1.1) and the endpoint estimate from Section 6 supply the remaining
inputs used in the abstract reduction. Combining these inputs gives, with positive probability,
infinitely many n for which the reversed polynomial has no roots in the bulk and only O(logn)
roots in the edge strips. The bulk-persistence theorem then shows that convergence of Néf) /logn
to 2/7 cannot hold with probability one for any bulk-persistent Kac ensemble. For Rademacher
coefficients the cone-record proof in Section 7 gives the conclusion directly, without proving the
bulk persistence hypotheses (B1)—(B2).

Throughout, n~“(") denotes a quantity bounded by Cyn~4 for every fixed A > 0, with
Cy < 0.



2 The limiting stationary process

Set y

Ty 1= tanhi, teR.
Then z; € (—1,1) and x_; = —z4. For each n > 3, define
2n — L,

T, :=1lo
A direct calculation gives

Ly, L,
rp, =1——, ror, =—14+—,
n n

so x; maps [—T),,T,] onto I,,.
Let

[ee]
1 i.i.d.
Gx) =Y vz, Aoym,... RN(0,1),
=0

be the Gaussian power series, and define
Y; = /1 — 22 G(xy), teR.
Then Y is a centered stationary Gaussian process with covariance
E[YsY:] = sech(s—_t)
stt] — 2 .

Indeed,

V(1 —22)(1-a?) 1
B = o TG0

Let
d(T):=P(Y; >0V|t| <T), T >0.

The Pfaffian structure of the real zero process of G was identified by Forrester [6] and by
Matsumoto—Shirai [8]. We use the sharp gap asymptotic of FitzGerald, Tribe and Zaboronski [5,
Section 3.1, equation (17)]: after the map

x
= arctanh x,
x

the zero process is stationary in the u-coordinate and
log P(G has no real zero in [a,b]) = —g(q)(b) —®(a)) + O(1) (@l —1, b1 1).
In our parametrization x; = tanh(¢/2), one has ®(z;) = t/2. Therefore the event
{Ye #0V[t] <T}
is exactly the event that G has no real zero in [z_7, z7], and
O(zp) — O(x_p) =T.
Thus the FTZ formula gives

log P(Y; £ 0 V[t| < T) = —%T +o(1),



and therefore
P(Y; £ 0 V|t| < T) = e 3778,

This is the same normalization as the one-sided statement logP(Y; # 0 VO < ¢t < T) =
—(3/16)T + o(T') appearing in [5, equation (21)]; the apparent difference between 3/16 and 3/8
is only that our symmetric interval [—T, T has t-length 27, while the FTZ coordinate u = ®(z)
satisfies t = 2u. Since the paths are continuous and the law is invariant under ¥ — —Y, the two
no-zero sign events have equal probability,

d(T) = e 3778, (2.1)

We also need the elementary fact that a small barrier changes the persistence probability by
at most an e?0T) factor.

Lemma 2.1 (barrier stability). There ezists C' < oo such that for all T > 1 and all 0 < 6 <1,
d(T) <P(Y; > =6 V|t| < T) < e“2Td(T),

and
e OTq(T) <P(Y; > V|t| < T) < d(T).

Proof. The case § = 0 is trivial, so assume 0 < § < 1. Let Iy = [-T,T] and let K7 be the
covariance operator on L?(I7),

T t—s
(Kpf)(t) = [T sech( 5 )f(s) ds.
Set . 5
cp = /0 sech(u/2) du > 0, hs(s) :== C—lfT(s), mrs = Krhs.
0

We recall the standard reproducing-kernel Hilbert space identification for this restriction of the
process. If

T
W, ;:/ h(s)Y,ds,  he L(Ir),
T

then
E[WnY:] = (Krh)(t).

Hence Krh belongs to the Cameron-Martin space Hr of the Gaussian measure induced by Y|z,
on C(Ir). Moreover, with the usual quotient by the null space of Kr,

| Kphl3,, = Var Wy, = (h, Kph) 121,
Applying this with h = hs, the function mps = Krhs is a legitimate Cameron-Martin shift and
||mT,5||§{T = (hs, Krhs)12(1)-
We write the associated Gaussian linear functional as

(hs,Y) = /_2 he(s)Y; ds.

Thus the Cameron-Martin formula applies to the shift Y — Y 4 mr s with cost

1 2
exp{ s llmasll, |



After the change of variables u =t — s we have
§ [T u
t) = — h(—) du.
mr,5(t) o /t_T sec (2) u
Let k(u) :=sech(u/2). Then k is even and strictly decreasing on [0, 00). For ¢ € [0,T],
d [T
%/ k(u) du = k(t +T) — k(t —T) = k(t +T) — k(T — ) < 0.

t-T

By evenness, the same monotonicity holds as |¢| increases on [—T, T, so the integral is minimized
at t = +£T. Therefore
s 2T s 1
mrs(t) > —/ sech(u/2)du > — [ sech(u/2)du = ¢,
co Jo €o Jo
where we used 7' > 1 in the second inequality. Moreover, because [ sech(u/2)du < oo,
lmrsll3,. < C16°T

for some absolute C < oo.
Let
Ap = {f S C(IT) : f(t) >0 Vte IT}.

Since mps > 0 on I,
{Y; > =0 V|t| <T} C{Y + mps € Ar}.

The Cameron—Martin formula gives
P(Y +mys € Ar) = E[14, (V) exp((hs, Y) = Sllmrslifi, )|
Apply Holder with p =149 and ¢ = (1+6)/6. Since (hs,Y) is centered Gaussian with variance
sl
P(Y + mrs € Ar) < d(T)Y/P exp(q;2l||mT,5”3-[T) < d(T)V/(1+9)C20T

By (2.1), —logd(T) < T, so
d(T)fé/(lthS) < 6036T.
Therefore
P(Y; > =6 V|t| < T) < e“OTd(T)

for some C' < co. The lower bound is trivial.
For the positive barrier, let

BT,(; = {f € C(IT) : f(t) > Vte IT}.

Since mps > 0 on I,
{Y € .AT} - {Y +mrs € BT75}.

Hence
d(T) =P € .AT) < ]P’(Y +mrs € BT75).

Applying the Cameron—Martin formula again and then Hélder with the same exponents p = 144§
and ¢ = (14 6)/d, we obtain

d(T) <P(Y 4+ mrs € Brs) < P(Y; > § V|t| < T)Y/PelaT

Therefore
P(Y: > 6 V|t] < T) > d(T)Pe” " = d(T) d(T) e~ T

Using again (2.1), we have d(T)° > e=%69T 5o
B(Y; > 6 Vit < T) > e~CoTd(T)

for a possibly larger constant C' < co. The upper bound is trivial. O



3 A uniform approximation on the bulk window

For [t| < T, define

2 Lo 1—apt?
S (t)” = E ) = —t X (t) == .
! =0 ' 1—af ! En(t)

Then B, is exactly the event that X, is either strictly positive everywhere on [-T,,T,] or
strictly negative everywhere on [T, T},].

Lemma 3.1 (approximation by the limiting process). For each n, one can construct, on a
common probability space, a stationary sech-process Y and another stationary sech-process y(®)
such that for all |t| < T,

Xo(t) =Y+ An(t),  [A()] < 27T 4+ 26720 |1y,
Consequently, there exist absolute constants c,C' < oo such that for every M > 1 and all large n,

IP’( sup | X,(t) =Y > C’Me*L"\/logn) < emeM?logn,
[t<Tn

Proof. Since only the fixed-n law of @), enters this lemma, we may replace the finite coefficient
block of @, by a fresh block (ag,...,a,) with the same joint law and realize

n P
Qn(z) = aja’, ag,ay, ... "~ N(0,1),
=0

on the same probability space as the infinite Gaussian power series G(z) = f.io aja;j . This
coupling preserves exactly the law of the finite polynomial @, ; the coefficients any1, any2, ...
are only auxiliary tail variables used to compare @), with G. Then

Qn(z) = G(z) — 2™ G, (x),
where -
gn(l’) = Zan+1+j$j~
=0
Define B N
Y;(n) = \/1 — 27 Gp(y).

Then Y™ has the same stationary sech-process law as Y (although, in general, it is not
independent of Y). No independence between these two processes is needed here. Since

1
En(t) = 1— a2,

1—a?
we get

Y, n+1y(n)

Xn(t) — Ty t
1 l,%n-i—Q

Write

On |t| < T, one has |z;| <1— Ly/n, so

+1
|xt‘n+1 < (1 . &)n < €7L", ’xt‘2n+2 < 672Ln'
n



For all large n, e~2f» < 1/2, hence

1

1
N s = 2 ‘W s

Substituting this into the formula for X, (t) gives

- 1] < 2¢72Ln,

|An(t)] < 267 ] + 26720 1.

For the tail estimate, first consider a stationary Gaussian process Z with covariance

—1
EZ,Z, = sech(s 5 ) .
Its canonical metric satisfies

s—t

dz(s,t)? = E(Zs — Zt)2 =2 {1 — sech<2>} )
Using 1 — sechu < C'min{u?, 1}, we obtain

dz(s,t) < Cmin{|s —t|,1}.

Consequently,
24T
N(-T.T),dz,e) < C Jg . 0<e<l.
Dudley’s entropy bound gives
E sup |Z;] < Cy/log(2+T).

|t <T
By the Borell-TIS inequality (see, e.g., [1, Section 2.1]), for all M > 1 and all large n,

P ( sup |Z] > CM\/logn> < emeM?logn,

[tI<Ty

Applying this estimate to Y and to Y (™ and then using the pointwise bound for A,,, gives the
stated tail estimate. O

Remark 3.2. The same proof applies verbatim to a Gaussian polynomial with any prescribed
number of coefficients. Here the subscript m denotes the number of coefficients, not the degree:
if
m—1 .
Proa(z) = b2, boy..s bt R N(0,1),
r=0

then we define

m—1
Sm(t)? = a7, T, = log
r=0
With this convention, the normalized process

P (33‘75)
S (t)

admits the same coupling with a stationary sech-process on [—T,,, T),], with the same proof and
with the tail term z}*. We shall use this degree-(h — 1) variant for the fresh block Fj, below.



4 Bulk gap probabilities
Theorem 4.1 (one-time bulk law). There exist constants 0 < ¢ < C < oo such that for all

sufficiently large n,
c<&>3/8 <P(B,) < C<&>3/8'

n n

Proof. Since B, is the event that X, is strictly of one sign on [—T,,T,],
P(B,) = 2P(X,(t) > 0 V[t| < T}).
Let capp, Capp > 0 be the constants from Lemma 3.1. Fix M > 1 and set

Nn = CappMe_L" v/1ogn.

By Lemma 3.1, after coupling X,, with Y,

]P’( sup | X (t) — Yy > nn) < g CappM?logn
[t|<Tn

For all sufficiently large n, one has 7, < 1. Therefore
IP(Yt > NMn V’t’ < Tn) — e*CaPPMQ logn
<P(X,(t) > 0V|t| <Tp)
<P(Y: > —n, V|t < Tp) + o—CappM?logn

Because

3/2 _

T < e Fn(logn)3/? = (logn) /2

— 0,
and 7, < 1 for all sufficiently large n, Lemma 2.1 gives
P(Y;f > 1n V‘t‘ < Tn) = d(Tn) = P(Y;f > = V’t’ < Tn)‘
Choose M so large that cappM? > 1. Then e~carpM?logn — (q(T7)) by (2.1). Hence

P(Xa(t) > 0 V|t| < T)) = d(T},).

Using (2.1),
P(B,) = e ¥Tn/8,
Finally,
e Tn = L = Ln
on—L, n’
S0 P(B.) (&)3/8
n) —~ n .

5 The bulk pair bound

Fix n > 3 and h > 3, and write m = n + h. Decompose

h—1

Qm(:v) = Fh(ﬂf) + thn(x), Fh(x) = Z gmirxr.

r=0

The fresh block F}, is independent of F,, := o(go, .-, gn)-

10



For the h-scale bulk window, define

9% — L O
Ty, = log Th, Eh(t)2 = Z x%r’ ’t’ < T,
h —
r=0
and set (z2) h (1)
Fp(xy oy Qn (T
X, () = , W, (t) = Lt
®) Sh(t) nn(?) En(t)

After increasing the lower threshold for n and h, if necessary, we may assume that r +— L, /r =
4(loglogr)/r is decreasing for all r under consideration. Since m > h,

[71 +Lh/hv 1- Lh/h] - [*1 + Lm/ma 1- Lm/m]a

SO
B € {(X), + Uy p)(t) # 0 for all [t| < T} (5.1)

Lemma 5.1 (smallness of the old block). There ezist absolute constants ¢,C < oo such that,
for all sufficiently large n, h and all M > 1,

P( sup | n(t)| > CMe‘Lh\/@) < e~cMlogh,
[tI<Th

Proof. Write

n
Qn(z) = Zaj‘r]’ aj = Gn—j-
7=0

Let (a})j>o be i.i.d. N(0,1), independent of F,, and extend @, by an independent Gaussian tail:
i .
Ho(z) = Qp(z) + 2" Z asa’.
=0

Then H,, is an infinite Gaussian power series with i.i.d. standard normal coefficients, and we can
write

[e.9]
Qn(x) = Hp(z) — 2" H,, (2), Hp(x) = Za;xj.
§=0
Define N _
Zt = 1-— .T% Hn(ﬂft), Zt = 1-— $% ’Hn(xt),
so Z and Z are stationary sech-processes. They need not be independent. Since
1
Sh(t) = ——=\/1—a{",
1—a?

we obtain ~
JJ?Zt — l'?—HHJZt

\I]n,h(t) =

On |t| < T}, one has |z, <1 — Ly /h, hence

|$t‘h S eth7 |$t‘h+n+1 S eiLh, - < 2

for all large h. Therefore N
(U n(t)] < 26750 (| Z4| + | Z4)).

11



Fix M > 1 and let
A= { sup [, p(t)] > C’Me_L”\/logh}.

[t|I<T},

Since A depends only on @,,, while the auxiliary tail (a ) j>0 is independent of @, we may write

P(A) = EQn 1A(Qn) = EQn,a’ ]-A(Qn)‘

For every fixed realization of the old block @),, and every fixed realization of the auxiliary tail,
the displayed bound for ¥,, ;, gives the pointwise indicator domination

14(@n) < Lot supyy o, (120+1Z:1)>C e Pn\fiog iy

The event A itself depends only on Q),, so adjoining the auxiliary tail does not change its law.
Averaging the pointwise inequality first over the auxiliary tail and then over @, or equivalently
taking expectation over the enlarged space, we obtain

P(A) < P( sup (|Zi] + |Z|) > §M/logh).

[t|<Th

Since Z and Z are stationary sech-processes, the same entropy estimate and Borell-TIS bound
as in Lemma 3.1 (again see [1, Section 2.1]) yield the stated tail estimate after adjusting the
constants. O

Theorem 5.2 (bulk pair bound). Fiz e > 0. There exists C. < 0o such that, for all sufficiently
large n and all integers h > n®,

Lh>3/8'

P(B,, N Bysp) < C- ( = )3/8( ;

Proof. Fix € > 0. We only need to consider sufficiently large n and integers A > n®, so in
particular h > 3 and the monotonicity discussion above applies.

Let capp, Capp > 0 be the constants from the degree-(h — 1) variant of Lemma 3.1 furnished
by Remark 3.2, and let coq, Colg > 0 be the constants from Lemma 5.1. Set

Cy .= min{capp, Cold}y CQ = max{C’app, Cold}'

Choose M so large that
3 1
2 — —
coM* > 3 (1 + 5),

and define

pn = CoMe L \/log h.

We now make the conditioning and coupling step explicit. Enlarge the original probability
space (2, F,P) to a product space (Q F, IP) by adjoining an auxiliary Gaussian tail, independent
of the entire original o-field F, so that the fresh block F}, becomes the first h coefficients of an
infinite Gaussian power series. The degree-(h — 1) approximation lemma from Remark 3.2 then
yields, on (ﬁ, Iﬁ’), a stationary sech-process Y built from the fresh block together with this
auxiliary tail. In particular, Y® is not independent of X3, but it is independent of F,,. Define

By, = { sup | X (t) — v "| < Ph}~
[tI<Th

Then E}, depends only on the fresh block and the auxiliary randomness, is independent of F,,,
and satisfies
P(Ef, | Fu) = P(Ef) < e oM logh, (5.2)

12



No independence between Ej and B,, is asserted or needed; the argument below uses only the
deterministic implication obtained when B,,, E}, and the old-block good event all occur. Also
define the F,,-measurable event

G = { sup [T ()] < 1}
[t|<Th

By Lemma 5.1,
2
P(Gy ) < e oMlosh, (5.3)

Fix an outcome of F;, for which G, , holds. Probabilities below are taken on the enlarged
product space, and the original event B, is identified with its pullback to that space. Since B,
does not depend on the auxiliary randomness, this extension preserves its conditional law:

P(By, | Fn) = B(By, | Fr) < B(Bim N Ey | Fu) + P(ES | Fp).

If in addition E}, holds and B,, occurs, then by (5.1) the process X, + ¥, , has no zero and
therefore is strictly of one sign on [T}, Ty]. This is a deterministic consequence of the three
events By,, Ej, and G,,p, not an independence statement. Hence there exists o € {£1} such
that

O'(Xh(t) + \I’n,h(t)) >0 for all ’t’ <Ty,.

Since on Ej NGy, one has | X (t) — Yt(h)| < pp, and |, 1 (t)| < pp, it follows that
h h
oY 2 (X0 (1) + W (1) = 1 Xn(0) = ¥ = 9 (8)] > ~20
for all |t| < Tj,. Therefore, on G, p,

BB Ey | Fo) < S PV > —2p, V|t < Th)) = 2P(Y; > 205 V[t| < Th).
oe{£1}

Combining this with (5.2), and using that Y (") has the same law as Y, we obtain on Gn.h,
P(Bp | Fn) < 2P(Y; > —2p;, V|t| < Tp,) 4 e~ M logh,
Since the trivial bound P(By, | F,) < 1 always holds, we may write
P(By, | Fa) < 16, [2P(Y > =204 V1| < Tp) + e~ M 08k 10
Multiply by 1p, and take expectations:
P(B, N By,) = E[15,P(By, | Fn)]
< P(By)[2P(Y: > —2py V|t| < Tp) + e M RER] L P(GE ).

Now
onTh < e Pr(log h)?/? = (logh) /2 = 0,
and 2pp < 1 for all sufficiently large h, so Lemma 2.1 gives
Lh)3/8

B(Y; > ~2p Vli| < Th) < d(Th) = (]

Also, since coM? > 3/8,

—coM?logh _ 3 —coM? __ ﬂ 3/8
e =h —0(( h) ;
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so the term P(B,,)e~®M*logh jg absorbed into the main contribution
Lp\3/8
P(B,) (7) .
Finally, by (5.3),
P(Grp) < hmo

Put a = coM?. Since h > n and a > %(1 + 1/¢), we have e(a — 3/8) > 3/8, and hence
h™ 9 = h—3/8h—(a—3/8) < h—3/8n—e(a—3/8) < n_3/8h_3/8.

Consequently,
eoM? Ly \3/8 / L\ 3/3
et e (S ()
for all large n. Combining this with Theorem 4.1,
LyN\3/8
P(B,) < (7).
we conclude that

L. \3/8 ,L;\3/8
P(Bn N Bn—i—h) <e (f) (#) .
Corollary 5.3 (bulk gaps infinitely often).
P(B, i.0.) > 0.
Proof. Fix € € (0,5/8). Set
L.\ 3/8
pn = P(B,) < <?n) .

Then
3/8
Sni= > pu = N/SLY®,
n<N
To apply the Kochen—Stone lemma [10], it suffices to show
> P(BmNBy) < S
mn<N

By symmetry,

> PBnNBp) <Sv+ >, Y. P(ByNByyn)
m,n<N n<N 1<h<N-n

Split the inner sum into h < n® and h > n®. For the small gaps, use the trivial estimate
P(Bn N Bn-i—h) < Pn,

which gives
S S P(BaNBuin) < Y npu < NBLYE = o(5%)
n<N 1<h<n® n<N
because € < 5/8.
For the large gaps, Theorem 5.2 gives

S S P(BaNBuin) < > pn Y pr < S
n<N h>nf n<N h<N

Hence
> P(BmNBy) < S

mn<N

Since ), pn = 00, the Kochen—Stone lemma yields

P(B,, i.0.) > 0.

14



6 A general edge upper tail

The endpoint estimates below are not intrinsically Gaussian. They require only second moments
and an anti-concentration estimate for signed sums of the coefficients. We first state the Rolle-
theoretic edge estimate with an explicit signed concentration function, and then verify the needed
concentration bound from the Kolmogorov—Rogozin inequality under the non-degeneracy already
implied by the standing hypothesis. Let

n
7=0

where &g, &1, ... are independent copies of a real random variable. For 8 > 0, define the signed
concentration function

an(0):=  sup P (

€05-En€{—1,1}

Z&j&j < 9\/ﬂ+1> .
7=0

Lemma 6.1 (one-sided edge upper tail). There is an absolute constant C' < oo such that, for
everyn > 1, every 0 <y < 1, every integer h with 1 < h < n, and every 6 > 0,

h
P(Np,([y,1]) > h) < q,(0) + CO~2 (”l(lh—y)> .

The same estimate holds for [—1,—y].

Proof. The argument follows the same Rolle-theoretic template as in Can—Nguyen [2], but the
proof only uses the variance normalization and the concentration function qy.
We first record a deterministic consequence of Rolle’s theorem.

Claim. Let b € [y,1]. If f € C"([y,b]) has at least h distinct zeros in [y, b], then

[F ()] <

b
(h—1)! /y (b= )" (w)] du. (6.1)

For h = 1, this is immediate by integrating from a zero of f in [y, b] to the endpoint b. Assume
h > 2 and that the claim holds for h — 1. Let z be the largest zero of f in [y,b]. For every
s € [z,b], all h zeros of f lie in [y, s], so Rolle’s theorem gives at least h — 1 distinct zeros of f’
in [y, s]. Applying the induction hypothesis to f’ on [y, s], we obtain

1

[f'(s)] < <h_2)!/ys(s — )2 fM) (w)| du.

Since f(z) =0,
b
IO [ 1 ©lds
1 b

S =) / /ys“ = )" 21" (w)| duds
1 b b
(h) . \h—2
(h - 2)' /y |f (U)| /max{z,u}(s U) ds du

b o h—1
<aai 70w,

which proves (6.1).
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Specializing to b = 1, we see that if P, has at least h distinct zeros in [y, 1], then

1

P < o= e [ ) P ) a
n > 1Ip -— (h—l)' ; u n (U Uu.

Hence, for every 6 > 0,

L g, (6.2)

P(Np,([y 1) = ) < P(P(D] < 0V +T) + oo Bl

The first term is bounded by q,,(0).
We next estimate E[I?]. By Cauchy-Schwarz,

2 1 ! 0l ! P P ()2
hence (1—y)h )
E[I7] < h'(h—l)'/y (1 — uw)" B[P (u)]? du.
Now

n

P @) =S (g™, (= — 1) (G —h+1),
j=h

and the assumptions E&; = 0, Ef‘? = 1, and independence give

n

BRSO @) = 3 (7)3u 2",
j=h

Substituting this and enlarging the u-integral from [y, 1] to [0, 1], we get

(L= )" (=2 (2] = 2h)!
E[l}] < O
h! = (24 — h)!
For each j > h,
. h—1 .
2(2j—2h)‘ . J—-r . -h
R e - < <
S oy T (])hg%_h_r_(])h_] :

Using the crude Stirling bound h! > (h/e)", we get

(6.3)

en(lh— y))h

E[I?] <n (

Combining (6.2) and (6.3) proves the stated bound for [y, 1].

For [~1, —y], apply the same argument to P,(—z). Its coefficients are ((—1)7¢;)}_,. If the
law of £ is not symmetric, these coefficients need not be identically distributed with the original
ones; however, the one-sided proof above used only independence, zero means, unit variances,
and the endpoint small-ball estimate. These properties are preserved by deterministic sign
changes, the derivative second moments are unchanged, and the endpoint small-ball probability
is bounded by the signed concentration function qp,. O
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Lemma 6.2 (signed anti-concentration). Assume that £ is not almost surely constant. Then
there is a constant C¢ < 0o such that, for everyn >0 and every 0 < 6 <1,

4n(0) < Ce(0 4 (n+1)71/2). (6.4)
Proof. For a real random variable Z, let

Qz(r) :=supP(Z € [u,u+r]), r>0,
ueR

be its concentration function. Since § is non-degenerate, there are p > 0 and ¢¢ > 0 such that

Qe(p) <1—ce.

Indeed, since £ is non-degenerate, there are a < b such that p_ := P(§ < a) > 0 and p; :=
P(§ > b) > 0. Taking p := (b — a)/2, every interval of length p misses at least one of (—o0, a]
and [b,00), s0 Q¢(p) <1 —min(p_, p4). The same bound holds for —§.

Fix signs €o,...,en € {=1,1}, put X; := £;§;, and let Sy = 3°7_( X, where N :=n + 1.
We use the Kolmogorov-Rogozin inequality in the following form [9]: if 0 < r; < R, then

R
Vi (1 = Qx,(r))
Let R := 20v/N. The event |Sn| < 0+/N is contained in an interval of length R, so its

probability is at most Qg (R). If R < p, choose r; = R. Since Qx;(R) < Qx;(p) < 1 — ¢,
Kolmogorov-Rogozin gives

Qsy(R) < Ckr

Qsy(R) < CgN_1/2.
If R > p, choose r; = p. Then
R
R) < Ce—= < C¢h.
Qsy(R) < 13 VN = 13
Combining the two cases and taking the supremum over the signs proves (6.4). O

Corollary 6.3 (edge strips under the standing moment hypotheses). Under the standing
hypothesis (H), for every fized § > 0,

L,\3/8
P(an(Jn) > 2510gn) = 0((11) ) .
The same statement holds with P, replaced by the reversed polynomial ™ P, (1/x). Consequently,
if in addition p'& =< (Ln/n)%/8, then
P((C{°)%) = o(pi?)),
which is the edge estimate needed in the proof of Theorem 1.2.

Proof. The variance normalization in (H) implies that £ is not degenerate, so Lemma 6.2 applies.
Let hy, := [0logn]. Since hy /L, — oo, for all sufficiently large n the quantity

Ln hn/3
o= (Chn)

lies in (0, 1], where C' is chosen large enough to absorb the absolute constants in Lemma 6.1.
Applying Lemma 6.1 with y = 1 — L,,/n, and then Lemma 6.2, gives

L hn/3
P(an(J;[) > hn) < Ce(fn +n~Y?) + (Ch") :
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The same bound holds for J; . Since L, = 4loglogn and h,, = dlogn + O(1),

h h
0,, = exp[—; log cﬁﬂ =),
Thus each one-sided edge probability is O(n~%2) + n=“() which is o((L,/n)%®). To pass
from the one-sided estimates to J,,, note the integer threshold: if both J,I and J, contained
fewer than h,, zeros, their total would be at most 2h,, — 2 < 20logn. Hence Np, (J,) > 20logn
implies that at least one endpoint strip contains at least h,, zeros. A union bound gives the

displayed estimate for J,. The reversed polynomial has the same coefficient law as F,, so the

same argument applies to it. If pgf) = (Lp/ n)3/ 8 the displayed estimate is exactly o(p,(f)). O

7 A cone-record proof for cone-survival coefficients

This section proves Theorem 1.3. The argument is independent of the Gaussian bulk persistence
estimates. It uses the elementary observation that a deterministic cone condition on the even
and odd partial sums forces a polynomial to be positive at every nonzero point of (—1,1); it
then applies this condition to record events for a two-dimensional coefficient walk.
Recall that
K ={(u,v) € R*: u > |v|}.

Lemma 7.1 (Abel cone criterion). Let
2m+1 )
P(x) = Z a;x’, a; € R,
=0
and define
T '
E, ::Za% O, ::Za2i+1, 0<r<m.
=0 =0
If (E,,O,) € K for every 0 < r < m, and if the pairs (az;, azi+1), 0 < i < m, are not all zero,

then
P(z) >0 (0 <|z| <1).

If, in addition, (ag,a1) # (0,0), then P(z) > 0 for every —1 < z < 1.

Proof. Write y = 22. Put
m ) m '
Ely) = Z“%yzv O(y) = Zamﬂ?ﬁ
i=0 i=0

For each sign o € {—1, 1}, the partial sums of the coefficients ag; + cag;t+1 are

E,.+4+ 00, >0.
Abel summation gives, for 0 <y < 1,
m—1
E(y)+00(y) = (1-y) > (Er + 00.)y" + (Em + 00pm)y™ > 0.
r=0

Moreover, if 0 < y < 1, the two quantities E(y) + O(y) and E(y) — O(y) cannot both vanish,
unless all their nonnegative Abel-summation terms vanish. That would force E,. = O, = 0 for
all r, contrary to the assumption that these pairs are not all zero.
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Finally, for —1 < z < 1,

B+ o6) + 1

For 0 < |z| < 1, both weights are positive and at least one of the two bracketed terms is positive,
so P(xz) > 0. If (ag,a1) # (0,0), then the cone condition at r = 0 gives ag > |a1| and hence

P(z) = E(z?) +20(a?) =

(E(2*) - O(a?)).

P(0) = ap > 0, proving the last assertion. O
Let &y, &1, ... be ii.d. real random variables. For ¢ > 0, set
Zi = (&2i4+1,£2i), W_q:=0, W, = ZZ (m >0).

Define the cone-record event
©) .= {W,, — Wi € K for every —1 <k < m}. (7.1)
Lemma 7.2 (cone records force no nonzero bulk zeros). Let

G o= {0,615+ §2mr1) # 0}

On A,(ﬁ) N Gy, the reversed polynomial

2m+1

Q2m+1 =Y Smpr—ja’

7=0

has no zero in (—1,0) U (0,1).

Proof. For Qg% 41, the even and odd coefficient sums from Lemma 7.1 are

E. —Z§2m+1 25 = Z §2it1, Or —Zfzm 25 = Z &2i-

t=m—r i=m—r

Thus
(ET7 Or) =W — W1,

with the convention W_; = 0. The event A,(f,,) says precisely that these vectors belong to K
for all 0 <r <m. On G,, the coefficient pairs are not all zero. Lemma 7.1 therefore implies
Q2m+1( x) > 0 for every 0 < |z| < 1. O

Lemma 7.3 (record decomposition). For every i.i.d. coefficient law &,
PAY) = ol
Moreover, if 0 < m < £, then

P(A N AP) = gDq, .

Proof. By reversing the order of the independent increments, }P’(Agn)) is the probability that the
walk S, :=Zg+ -+ Z,, 0 <r <m, stays in K. This is exactly q(g).
For m < ¢, let
By :={Wy — W}, € K for every m < k < (}.

()

The event B,, , depends only on the increments Z,11,. .., Zy, is independent of A;;’, and has

probability qf_)m_l. Since K is closed under addition,

AONB,, =A9NAD.
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Indeed, if k¥ < m, then on Aq(fl) N B,
Wy —=Wi=W,—=Wy)+ (W, —Wi) e L+ K CK,

and the case m < k < £ is exactly By, . The reverse inclusion is immediate from the definitions.
Independence gives the displayed identity. O

Corollary 7.4 (cone records under divergent cone survival). If > >°_ qg) = o0, then

P(AY®) i.0.) > 0.

m

Proof. Let Sy := Z%:o qg). By assumption Sy — oco. Using Lemma 7.3,
S PAONAP) <sy+2 Y g4, ) < Sy +28%.

mA<N 0<m<(<N

The Kochen-Stone lemma [10] yields
P(AY) i.0.) > limsup 7]2\[2 > 0.
N—o0 SN + 2SN
O

Proof of Theorem 1.3. By Corollary 7.4, with positive probability there are infinitely many m
for which A'$ holds. Since E¢2 = 1, we have p := P(£ = 0) < 1, and hence

Z P(G},) = Z P2 < oo

m>0 m>0

By Borel-Cantelli, z,,, fails only finitely often almost surely. Therefore, on a positive-probability
event, there are infinitely many m for which both A%) and G, hold. Lemma 7.2 gives that
Qgi)l_ﬂ has no zero in (—1,0) U (0,1) for every such m. The reciprocal identity

Qé%—i—l(x) = $2m+1K§2+1(1/$)
then shows that Kéf,)lﬂ has no zero in (—oo, —1) U (1,00). Thus, along these indices,

3
N2(n2+1 = NK

([=1,1)).

(&)
2m—+1
Do’s theorem [4], applied under the standing hypothesis, gives

Nyo([=1,1]) 1

— — almost surely.
logn T

Intersecting this full-probability event with the positive-probability cone-record event proves

(€)
P (hminf Nu < 1) > 0.

n—oo logn — w

Since 1/m < 2/, almost sure convergence to 2/7 is impossible. O

Lemma 7.5 (Rademacher cone survival). If £ is a symmetric Rademacher variable, then there
are constants 0 < ¢ < C' < oo such that, for every m > 0,




Proof. Apply the linear map (u,v) — (u + v,u — v), which sends K to the closed quadrant
[0,00)2. A transformed Rademacher increment is one of

(270)7 (_270)7 (0a2)7 (07_2)7

each with probability 1/4. Conditional on the number N of horizontal moves among the first
m 4+ 1 transformed increments, the two coordinates are independent one-dimensional simple
random walks of respective lengths N and m 4+ 1 — N; the order of the horizontal and vertical
moves is irrelevant because each coordinate changes only on its own moves. If

br Z:P(Sl,...,STZO)

for a one-dimensional simple symmetric walk (S;) started at zero, then the classical one-
dimensional ballot estimate gives

—or( " = (r -1/2,
b, =2 (LT/2J> (r+1)

Consequently,
¢\ = E[bnbmi1-n]-

The upper bound follows from b, < C(r 4+ 1)~'/2 and the elementary binomial estimate

E[ 1 ] C
VIN+1)(m+2-N)| ~m+1

For the lower bound, restrict to the event (m + 1)/3 < N < 2(m + 1)/3, which has probability
bounded below by an absolute positive constant; on this event byby,+1-n > ¢/(m + 1). This
proves the claim. O

Proof of Corollary 1.4. A symmetric Rademacher random variable satisfies the standing hypoth-
esis. By Lemma 7.5, >, qﬁg) = 00. The corollary follows from Theorem 1.3. 0

Remark 7.6 (more general coefficient laws). The cone-record mechanism is not intrinsically
tied to the values +1. The Abel criterion applies to any real coefficients, and Theorem 1.3
reduces the probabilistic input to the divergent cone-survival condition }_,, q,(é) = oo for the
planar walk with increments (£2i41,&2;). This formulation is useful because it can be checked by
standard random-walk-in-cones estimates. For instance, under (H) the increment covariance is

the identity, so the Brownian cone exponent of IC, a wedge of angle 7/2, is one. Denisov—Wachtel

tail asymptotics for random walks in cones [3] therefore give qﬁg) = 1/(m+1) whenever the usual

cone-entry, non-degeneracy, and lattice or aperiodicity hypotheses needed for those estimates

are satisfied. The Rademacher verification above is included because it is short, explicit, and

avoids listing those technical support assumptions.

8 Proof of the bulk-persistence theorem and Gaussian conclusion

Proof of Theorem 1.2. Fix 0 < § < 1/(2m). By Corollary 6.3 and Definition 1.1(B1),
P((CE?)) = o(p?).

Therefore
P(DIE) > 49 — P((C0)%) = (1 - o)
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Together with the trivial bound JP’(D;LO’(;) < p% ), this implies

S P(DOY) =00, 3 P(DOO) = NYSLYE,
n<N

We claim that D occurs infinitely often with positive probability. Choose ¢ € (0, 5/8). The

diagonal contribution is at most >, <y P& which is o((Xn<n P )) ). Since DE? ¢ BY, the
short-spacing contribution satisfies

n<N 1<h<n® n<N n<N

2
Z Z P(D QéﬂD Znsp(é =0 (Zpg))

For h > nf, Definition 1.1(B2) gives
P(D©* 0 DY) < P(BO N BY),) <. pl&pl©.

Thus 9
S PO nDE ST .
m,n<N n<N

The Kochen—Stone lemma [10] yields

P(DE)9 i.0.) > 0. (8.1)

n
On Dg)’é, the polynomial Qg) has no zero in I, and at most 2§ logn zeros in J,, hence

N (g)((—l, 1)) < 2510gn

Every zero x of K with |z| > 1 maps injectively to the zero 1/z € (—1,1) of Qg). This
one-way injection remains valid even when the leading coefficient vanishes and the degree drops;
such a degree drop may create additional zeros of ng) at 0, but those extra zeros can only make
the upper bound below easier. Therefore, with

O(E) K(&)(( 7_1)U(17OO))7
we have
0¥ < 25logn on D)9 (8.2)

Intersecting the positive-probability event in (8.1) with the full-probability event on which
(1.1) holds, we obtain a positive-probability event on which there is a subsequence n; — co with

D%.)’J for every j, and also

Using (8.2), along this subsequence

N(ﬁ) NK(é) ([_17 1])
nj < j

< + 26.
logn; logn;

Taking j — oo proves
(€ 1
<—+2
T

lim inf
n—oo logn

on an event of positive probability. Since § < 1/(27), the value 1/7 + 26 is strictly smaller than
2/, so the almost sure convergence fo) /logn — 2/m cannot hold with probability one. [
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Corollary 8.1 (Gaussian Kac polynomials). Let

n
i iid.
Kn(x) :Zgjxja go,g1,--- ~ N(O> 1)1
J=0

and let Ny, be the number of real zeros of K,,. Then, for every 0 < § < 1/(2m),

N, 1
P(liminf L <+25)>0.

n—oo logn — w

In particular,

]P’(lim N :2)<1.

n—oologn  w

Proof. The standard Gaussian law satisfies the standing hypothesis. The one-time bulk estimate,
Theorem 4.1, gives Definition 1.1(B1). Theorem 5.2 gives the pair estimate in the explicit form

Ln 3/8 L 3/8
P(B,, N Byyn) <- (n> (hh> .

Using the lower bound in Theorem 4.1, p, > (L, /r)3/3, this is precisely P(By, N Bnipn) <e PnDh,
as required in Definition 1.1(B2). Thus the standard Gaussian law is bulk-persistent, and
Theorem 1.2 applies. O

Remark 8.2. The bulk-persistence theorem separates the proof into a deterministic—probabilistic
reduction and ensemble-specific inputs. Under the standing moment hypotheses, the strong law
(1.1) follows from Do’s theorem [4], and the edge input follows from the Kolmogorov-Rogozin
bound in Lemma 6.2 once the one-time bulk scale Definition 1.1(B1) is known. The one-time and
two-time bulk-gap estimates in Definition 1.1(B1)—(B2) are separate ensemble-specific persistence
inputs; they are not proved here for general laws satisfying the standing assumptions and are
not supplied by Do’s theorem alone. The cone-survival theorem bypasses those inputs by using
explicit cone-record events instead of Gaussian-order bulk gaps; the Rademacher corollary is the
simplest explicit instance.
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