
ALGEBARSKA TOPOLOGIJA 2011/12

Sedma tjedna zadaća 14. studenoga 2011.

1. Neka su 𝑝 : 𝑋 → 𝑋 i 𝑞 : 𝑌 → 𝑌 natkrivajući prostori. Pokaži da je onda i njihov
produkt 𝑝 × 𝑞 : 𝑋 × 𝑌 → 𝑋 × 𝑌 natkrivajući prostor.

2. Neka je 𝑋 ⊆ R3 prostor koji se sastoji od sfere S2 i jednog njezinog dijametra.
Konstruiraj jednostavno povezan natkrivajući prostor za 𝑋.

3. Neka je W ⊆ R2 Varšavska kružnica —
potprostor od R2 koji se sastoji od di-
jela grafa funkcije 𝑓(𝑥) = sin 1

𝑥 , seg-
menta [−1,1] na osi 𝑦 i luka koji spaja
ta dva komada (vidi sliku).
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Exercises

1. For a covering space p : X̃→X and a subspace A ⊂ X , let Ã = p−1(A) . Show that

the restriction p : Ã→A is a covering space.

2. Show that if p1 : X̃1→X1 and p2 : X̃2→X2 are covering spaces, so is their product

p1×p2 : X̃1×X̃2→X1×X2 .

3. Let p : X̃→X be a covering space with p−1(x) finite and nonempty for all x ∈ X .

Show that X̃ is compact Hausdorff iff X is compact Hausdorff.

4. Construct a simply-connected covering space of the space X ⊂ R3 that is the union

of a sphere and a diameter. Do the same when X is the union of a sphere and a circle

intersecting it in two points.

5. Let X be the subspace of R2 consisting of the four sides of the square [0,1]×[0,1]
together with the segments of the vertical lines x = 1/2, 1/3, 1/4, ··· inside the square.

Show that for every covering space X̃→X there is some neighborhood of the left

edge of X that lifts homeomorphically to X̃ . Deduce that X has no simply-connected

covering space.

6. Let X be the shrinking wedge of circles in Example 1.25, and let X̃ be its covering

space shown in the figure below.

Construct a two-sheeted covering space Y→X̃ such that the composition Y→X̃→X
of the two covering spaces is not a covering space. Note that a composition of two

covering spaces does have the unique path lifting property, however.

7. Let Y be the quasi-circle shown in the figure, a closed subspace

of R2 consisting of a portion of the graph of y = sin(1/x) , the

segment [−1,1] in the y axis, and an arc connecting these two

pieces. Collapsing the segment of Y in the y axis to a point

gives a quotient map f :Y→S1 . Show that f does not lift to

the covering space R→S1 , even though π1(Y) = 0. Thus local

path-connectedness of Y is a necessary hypothesis in the lifting criterion.

8. Let X̃ and Ỹ be simply-connected covering spaces of the path-connected, locally

path-connected spaces X and Y . Show that if X ' Y then X̃ ' Ỹ . [Exercise 10 in

Chapter 0 may be helpful.]

9. Show that if a path-connected, locally path-connected space X has π1(X) finite,

then every map X→S1 is nullhomotopic. [Use the covering space R→S1 .]

10. Find all the connected 2 sheeted and 3 sheeted covering spaces of S1∨S1 , up to

isomorphism of covering spaces without basepoints.

Stezanjem segmenta [−1,1] na osi 𝑦 u točku, dobivamo kvocijentno preslikavanje
𝑞 : W→ S1. Pokaži da se preslikavanje 𝑞 ne može podići do preslikavanja 𝑞 : W→
R u natkrivajući prostor exp: R → S1, iako je 𝜋1(𝑊) = 0. Ne kosi li se to s
propozicijom 64.3?

4. Neka je 𝑝 : ̃︀𝑋 → 𝑋 natkrivajuće preslikavanje. Dokaži da je 𝑝 otvoreno preslikavanje
i da 𝑋 ima kvocijentnu topologiju s obzirom na 𝑝.

5. Neka je 𝑝 : ̃︀𝑋 → 𝑋 natkrivajuće preslikavanje a 𝜙 : ̃︀𝑋 → ̃︀𝑋 neprekidno preslikavanje
za koje vrijedi 𝑝 ∘𝜙 = 𝑝, i neka je prostor ̃︀𝑋 putevima povezan. Koristeći se samo
teoremom o jedinstvenosti podizanja puteva, dokaži da ako postoji točka 𝑥0 ∈ ̃︀𝑋
takva da je 𝜙(𝑥0) = 𝑥0 onda je 𝜙 = 1 ̃︀𝑋 .

6. Neka je 𝑋 ⊆ R2 rub kvadrata [0,1] × [0,1] zajedno s vertikalnim segmentima
duljine 1 u točkama 𝑥 = 1/2, 1/3, 1/4, . . . .

(𝑎) Pokaži da za svako natkrivajuće preslikavanje
𝑝 : ̃︀𝑋 → 𝑋 postoji okolina lijevog ruba od 𝑋
koja se homeomorfno podiže u ̃︀𝑋.

(𝑏) Dokaži da ne postoji jednostavno povezano
natkrivanje prostora 𝑋.

· · ·

7. Neka su ̃︀𝑋 i ̃︀𝑌 jednostavno povezani natkrivajući prostori putevima povezanih,
lokalno putevima povezanih prostora 𝑋 i 𝑌 . Dokaži da ako su prostori 𝑋 i 𝑌
homotopski ekvivalentni, onda su i prostori ̃︀𝑋 i ̃︀𝑌 homotopski ekvivalentni.

8. Neka je 𝑋 putevima povezan, lokalno putevima povezan prostor takav da je njegova
fundamentalna grupa konačna. Dokaži da je tada svako preslikavanje 𝑓 : 𝑋 → S1

nulhomotopno. [Uputa: Koristi se natkrivanjem R→ S1.]

9. Odredi natkrivanje torusa T = S1 × S1 koje je odred̄eno podgrupom 3Z × 2Z ≤
Z×Z = 𝜋1(T).
[Uputa: Univerzalno natkrivanje torusa je R×R→ S1 × S1 = T (vidi 1. zadatak).]


