
ALGEBARSKA TOPOLOGIJA 2011/12

Druga tjedna zadaća 19. rujna 2011.

1. Neka su brojevi 𝑣, 𝑒, 𝑓 ∈ N takvi da je 𝑣 − 𝑒+ 𝑓 = 2. Konstruiraj ćelijsku strukturu
2-sfere S2 koja ima 𝑣 0-ćelija, 𝑒 1-ćelija i 𝑓 2-ćelija.

2. Navedi sve potkomplekse od S∞, u standardnoj ćelijskoj strukturi od S∞, kojima je
𝑛-skelet jednak S𝑛.

3. Znamo da je 𝑛-sfere S𝑛 homeomorfna jednotočkovnoj kompaktifikaciji prostora R𝑛.
Je li beskonačnodimenzionalna sfera S∞ = ⋃︀𝑛 S𝑛 homeomorfna jednotočkovnoj
kompaktifikaciji prostora R∞ = ⋃︀𝑛R𝑛?

4. Pokaži da je beskonačnodimenzionalna sfera S∞ kontraktibilna.
[Uputa: Promatraj S∞ kao potprostor od R∞.]

5. (𝑎) Pokaži da je za svako preslikavanja 𝑓 : S1 → S1 cilindar preslikavanja CW kom-
pleks. Opiši ćelijsku strukturu.

(𝑏) Konstruiraj 2-dimenzionalni CW kompleks koji sadrži kao deformacijske
retrakte i vijenac (cilindar) S1 × 𝐼 i Möbiusovu traku.

6. Pokaži da je S1 * S1 � S3, i općenito S𝑚 * S𝑛 � S𝑚+𝑛+1.

7. Pokaži da je prostor koji se dobije kada na sferu S2 nalijepimo 𝑛 2-ćelija duž bilo
koje familije od 𝑛 kružnica, homotopski ekvivalentan wedgeu od 𝑛+ 1 2-sfera.

8. Neka je 𝑋 ⊆ R3 potprostor kojeg čini Kleinova boca kada se na „uobičajeni”
način „smjesti” u R3, s kružnicom kao samopresjekom
(radi se zapravo o imerziji), kao na slici.
Pokaži da je 𝑋 ≃ S1 ∨ S1 ∨ S2.
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circular arcs, and with the one-point compactification of X as a cross-sectional slice.

The desired space Y is then obtained from this subspace of R3 by wrapping one more

cone on the Cantor set around the boundary of the disk.

8. For n > 2, construct an n room analog of the house with two rooms.

9. Show that a retract of a contractible space is contractible.

10. Show that a space X is contractible iff every map f :X→Y , for arbitrary Y , is

nullhomotopic. Similarly, show X is contractible iff every map f :Y→X is nullho-

motopic.

11. Show that f :X→Y is a homotopy equivalence if there exist maps g,h :Y→X
such that fg ' 11 and hf ' 11. More generally, show that f is a homotopy equiva-

lence if fg and hf are homotopy equivalences.

12. Show that a homotopy equivalence f :X→Y induces a bijection between the set

of path-components of X and the set of path-components of Y , and that f restricts to

a homotopy equivalence from each path-component of X to the corresponding path-

component of Y . Prove also the corresponding statements with components instead

of path-components. Deduce that if the components of a space X coincide with its

path-components, then the same holds for any space Y homotopy equivalent to X .

13. Show that any two deformation retractions r 0
t and r 1

t of a space X onto a

subspace A can be joined by a continuous family of deformation retractions r st ,

0 ≤ s ≤ 1, of X onto A , where continuity means that the map X×I×I→X sending

(x, s, t) to r st (x) is continuous.

14. Given positive integers v , e , and f satisfying v − e + f = 2, construct a cell

structure on S2 having v 0 cells, e 1 cells, and f 2 cells.

15. Enumerate all the subcomplexes of S∞ , with the cell structure on S∞ that has Sn

as its n skeleton.

16. Show that S∞ is contractible.

17. (a) Show that the mapping cylinder of every map f :S1→S1 is a CW complex.

(b) Construct a 2 dimensional CW complex that contains both an annulus S1×I and

a Möbius band as deformation retracts.

18. Show that S1 ∗ S1 = S3 , and more generally Sm ∗ Sn = Sm+n+1 .

19. Show that the space obtained from S2 by attaching n 2 cells along any collection

of n circles in S2 is homotopy equivalent to the wedge sum of n+ 1 2 spheres.

20. Show that the subspace X ⊂ R3 formed by a Klein bottle

intersecting itself in a circle, as shown in the figure, is homotopy

equivalent to S1 ∨ S1 ∨ S2 .

21. If X is a connected space that is a union of a finite number of 2 spheres, any

two of which intersect in at most one point, show that X is homotopy equivalent to a

wedge sum of S1 ’s and S2 ’s.


