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Effective model of the fluid flow through elastic tube

with variable radius

Josip Tambača, Sunčica Čanić and Andro Mikelić

Abstract

We study the flow of an incompressible viscous Newtonian fluid through a

tube with compliant walls. The tube is assumed to be straight, long, with circular

cross–sections of variable radius. Elastic properties of the tube wall are described

by the linear membrane shell equations. The flow is driven by the pulsatile inlet

and outlet dynamic pressure data. Applying asymptotic techniques we derive a

closed reduced model. The model is of mixed hyperbolic–parabolic type with

memory effects. This two dimensional model can be solved as a system of two

one–dimensional problems, so it has the complexity of one-dimensional problems.

This provides an efficient numerical algorithm for a model that captures leading

order 2–dimensional effects.

1 Introduction

This paper is motivated by the study of blood flow in compliant arteries. In medium to
large vessels blood is usually modelled as an incompressible Newtonian fluid [11, 12]. The
vessel walls we consider to be thin, behaving as a prestressed linearly elastic membrane
shell [9, 10, 2]. The flow is driven by the inlet and outlet pressure that is periodic
in time. We look for a closed, effective model that approximates the 3D problem to
the ε2–accuracy, where ε is the aspect ratio of the problem, defined in (1.1). The
axially symmetric problem in the straight tube with the constant reference radius was
studied in [5]. The numerical results presented in [6] show excellent agreement with the
experimental data.

Here we generalize the results in [5] and [6] for the tubes with circular cross–sections
of variable radius (i.e. radius R is a function of the longitudinal variable). This is the
case ,for example, in tapered arteries, aneurysms or stenosis.

We first formulate the three-dimensional problem. Then we derive the a priori es-
timates from the energy equality of the problem. These estimates are used to define
nondimensional quantities in the problem. This enables us to compare the terms in the
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problem and to build a simplified approximation. For straight tubes there are two basic
assumptions:

ε =
max R

L
(1.1)

is small (the radius is small compared to the length of the tube) and the deflection of
the tube wall is small compared to the radius. For tubes with variable radius our result
is also limited by the assumption that the radius varies slowly: R′ ≈ ε and that the first
and second derivatives with respect to the spatial variables of the fluid velocity and the
displacement of the structure are all of order one.

We obtain the equations that are closed and of mixed, hyperbolic–parabolic type with
memory. The memory effects capture the viscoelastic nature ([1]) of the coupled fluid–
structure interaction problem. We also derive a numerical algorithm for the reduced
model. The algorithm uses the one–dimensional finite element method with C1 elements
for both space variables and an implicit discretization of time.

2 Setting up the problem

We study the flow of an incompressible Newtonian fluid in an axially symmetric cylin-
drical domain with variable radius governed by the time-dependent inlet and outlet
boundary data. In the reference configuration the length of the domain is denoted by
L. For a given smooth function R : [0, L] → R, the radius of the cylinder at z ∈ [0, L] is
denoted by R(z). The reference domain is now defined by (see Figure 1)

Ω =
{

x = (r cos θ, r sin θ, z) ∈ R
3 : r ∈ (0, R(z)), θ ∈ (0, 2π), z ∈ (0, L)

}

and its lateral boundary is given by

Σ =
{

x = (R(z) cos θ, R(z) sin θ, z) ∈ R
3 : θ ∈ (0, 2π), z ∈ (0, L)

}

.

We assume that the domain is thin and long, i.e. the nondimensional parameter ε = Rmax

L

0 z L

Ω

Σ

R(z)

Figure 1: The reference domain

is small, where Rmax = maxz∈[0,L] R(z).
The lateral boundary is assumed to be elastic and to deform as a result of the fluid–

structure interaction between the fluid and the structure. To be precise we assume that
Σ behaves as a homogeneous, isotropic, linearly elastic membrane shell with thickness
h [3] and that at the reference configuration the shell is prestressed by T 0

θθ = pref
Rmax

h
,
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Σ

Ω(t)

Σ(t)

Ω

η

Figure 2: The deformed domain

where T 0
θθ is the θ, θ component of the stress tensor (see [9, 10]). Moreover, we account

for the radial displacements η of the shell only. Therefore the strain, given by the linear
part of the change of metric tensor of the shell, is given by

G(η) =
1

2
Lin

(

(R′ + η′)2 − (R′)2 0
0 (R + η)2 − R2

)

=

(

R′η′ 0
0 Rη

)

.

Here ′ denotes the derivative with respect to the longitudinal variable. Then, for a given
radial component of the force fr, the model equation for the boundary behavior in the
weak formulation is given by
∫ L

0

hρS

∂2η

∂t2
ξR
√

1 + (R′)2dz +

∫ L

0

( σhE

1 − σ2

(

R′

1 + (R′)2
η′ +

1

R
η

)(

R′

1 + (R′)2
ξ′ +

1

R
ξ

)

+
hE

1 + σ

(

(

R′

1 + (R′)2

)2

η′ξ′ +
1

R2
ηξ

)

)

R
√

1 + (R′)2dz (2.1)

+

∫ L

0

hT 0
θθ

ηξ

R2
R
√

1 + (R′)2dz =

∫ L

0

frξR
√

1 + (R′)2dz, ξ ∈ H1
0 (0, L);

here E is the Young modulus, σ the Poisson ratio, ρS is the shell density. For simplicity
we only take the membrane part of the shell model (the Koiter shell model [2]). Note,
as well, that the radial component η is not the component of the displacement normal
to the shell.

With these assumptions on the geometry of the problem, the moving domain Ω(t)
at time t is given by

Ω(t) =
{

(r cos θ, r sin θ, z) ∈ R
3 : r ∈ (0, R(z) + η(t, z)), θ ∈ (0, 2π), z ∈ (0, L)

}

,

while the wall of the cylinder at time t is described by

Σ(t) =
{

((R(z) + η(t, z)) cos θ, (R(z) + η(t, z)) sin θ, z) ∈ R
3 : θ ∈ (0, 2π), z ∈ (0, L)

}

,

see Figure 2. We also denote the inlet and outlet boundary B0(t) = ∂Ω(t) ∩ {z =
0}, BL(t) = ∂Ω(t) ∩ {z = L}.

Now we search for the axially symmetric solution (vr, vz, η), where v = (vr, vz) is the
fluid velocity, of the problem defined by the following:
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a) the fluid satisfies the incompressible Navier–Stokes equations in Ω(t)

ρF

(

∂vr

∂t
+ vr

∂vr

∂r
+ vz

∂vr

∂z

)

− µ

(

∂2vr

∂r2
+

∂2vr

∂z2
+

1

r

∂vr

∂r
− vr

r2

)

+
∂p

∂r
= 0,

ρF

(

∂vz

∂t
+ vr

∂vz

∂r
+ vz

∂vz

∂z

)

− µ

(

∂2vz

∂r2
+

∂2vz

∂z2
+

1

r

∂vz

∂r

)

+
∂p

∂z
= 0,

∂vr

∂r
+

∂vz

∂z
+

vr

r
= 0.

Here p is the pressure, µ is the fluid dynamic viscosity coefficient and ρF is the
fluid density;

b) the moving boundary Σ(t) behaves as the linearly membrane shell defined by the
equations (2.1);

c) the kinematic condition on the contact Σ(t) of the fluid and the structure is the
continuity of the velocity

vr(R + η(z, t), z, t) =
∂η(z, t)

∂t
, vz(R + η(z, t), z, t) = 0;

d) the dynamic condition on the contact Σ(t) of the fluid and the structure is the
continuity of the contact force. Since the radial component of the fluid contact
force [(p − pref)I − 2µD(v)] n · er is given in the Eulerian coordinates, where pref

is the reference pressure, and the structure contact force (2.1) is given in the
Lagrangian coordinates, we must take into account the Jacobian of the transfor-
mation from the Eulerian to the Lagrangian coordinates J :=

√

det((∇φ)T∇φ) =
√

(R + η)2 (1 + (R′ + η′)2), where φ : (z, θ) 7→ (x, y, z) and its gradient ∇φ are
defined by

x = (R + η) cos θ
y = (R + η) sin θ
z = z

, ∇φ =





(R′ + η′) cos θ −(R + η) sin θ
(R′ + η′) sin θ (R + η) cos θ

1 0



 .

Here n is the unit normal at the deformed structure

n = − R′ + η′

√

1 + (R′ + η′)2
ez +

1
√

1 + (R′ + η′)2
er.

The coupling is then performed by requiring that for every Borel subset B of the
lateral boundary Σ, the contact force exerted by the fluid to the structure equals,
but is of opposite sign to the contact force exerted by the structure to the fluid,
namely,

∫

B

[(p − pref)I − 2µD(v)]n · erJdθdz =

∫

B

frR
√

1 + (R′)2dθdz
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and so, pointwise, the dynamic coupling condition reads

[(p − pref)I − 2µD(v)] (−(R′ + η′)ez + er) · er

(

1 +
η

R

) 1
√

1 + (R′)2
= fr, (2.2)

where fr is given in (2.1).

e) boundary conditions (inlet/outlet conditions)

vr = 0, p + ρF (vz)
2/2 = P0(t) + pref on B0(t), (2.3)

vr = 0, p + ρF (vz)
2/2 = PL(t) + pref on BL(t), (2.4)

η = 0 for z = 0, η = 0 for z = L and ∀t ∈ R+, (2.5)

for P0, PL given functions of t only.

f) initial conditions

η =
∂η

∂t
= 0 and v = 0 on Σ × {0}. (2.6)

The problem defined by a)–f) is a three–dimensional fluid–structure interaction problem.
It is the starting point for our analysis.

The assumption of zero longitudinal displacement of the structure leads to a limited
applicability of the model in the case of tube with variable radius of the cross–section.
Still, we believe that for a small change of the radius the model is reasonable.

The flow is driven by the inlet/outlet time dependent dynamic pressure. In the
simplified model this condition reduces to requiring only the pressure which can be mea-
sured. As a consequence, a boundary layer forms to compensate the zero displacement
of the structure and the displacement forced by the inlet/outlet pressure. In [4] it was
proved that boundary layer affects the flow around inlet/outlet only locally.

In the next section we derive the a priori estimates for the velocity and the displace-
ment from the total energy of the problem. These estimates lead to the nondimensional
equations of the problem from which we deduce the reduced model.

3 The a priori estimates

The main step in the derivation of the effective equations approximating the problem
a)–f) are the a priori estimates. These estimates provide the magnitudes of the unknown
functions in the problem v, p, η which we use to write the nondimensional equations.

We start with the energy equality. The Navier–Stokes equations are multiplied by
the velocity and integrated over the space domain Ω(t). Then after integration by parts
and application of the boundary and contact conditions we obtain the following Lemma.
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Lemma 3.1 Solution (v, η) satisfies the following energy equality

ρF

2

d

dt

∫

Ω(t)

v2dV + 2µ

∫

Ω(t)

D(v) · D(v)dV +
d

dt

∫ L

0

hρS (∂tη)2 πR
√

1 + (R′)2dz

+
d

dt

∫ L

0

(

σhE

1 − σ2

(

R′η′

1 + (R′)2
+

η

R

)2

+
hE

1 + σ

(

(

R′η′

1 + (R′)2

)2

+
η2

R2

))

πR
√

1 + (R′)2dz

+
d

dt

∫ L

0

hT 0
θθ

η2

R2
πR
√

1 + (R′)2dz =

∫

B0(t)

vzP0(t)dS −
∫

BL(t)

vzPL(t)dS (3.1)

Now we rescale time by introducing the nondimensional time t = ωt, where ω is the
characteristic frequency, which will be specified later in (3.3). To simplify notation we
keep t to denote the rescaled time until section 4.1. We also denote

Q =

(

T 0
θθ +

E

1 + σ

)

h

R
, Qmin = min Q Rmin = min R, Rmax = max R.

To obtain the a priori estimates we integrate (3.1) over time, use the initial conditions,
estimate the left–hand side from below and take only the η2 term from the potential
energy of the membrane to obtain

ρF ω

2
‖v‖2

Ω(t) + 2µ

∫ t

0

‖D(v)‖2
Ω(τ)dτ + ρSω3πhRmin

∫ L

0

(∂tη)2 dz + ωπQmin

∫ L

0

η2dz

≤
∫ t

0

(
∫

B0(t)

vzP0(t)dS −
∫

BL(t)

vzPL(t)dS

)

dτ. (3.2)

In the sequel we estimate the right–hand side using the terms on the left–hand side.
Functions

p̂(t) =
A(t)

L
z + P0(t), A(t) = PL(t) − P0(t)

and the Green formula applied to the right–hand side allow us to write

∫ t

0

(
∫

BL(τ)

vzPL(τ)dS −
∫

B0(τ)

vzP0(τ)dS

)

dτ

=

∫ t

0

(
∫

Ω(τ)

div (p̂v)dS −
∫

Σ(τ)

p̂v · νdΣ(τ)

)

dτ

=

∫ t

0

(
∫

Ω(τ)

A(τ)

L
vzdS −

∫ L

0

∫ 2π

0

p̂ω∂τηνrJ

)

dθdzdτ

where νr = R+η√
(R+η)2(1+(R′+η′)2)

and J =
√

(R + η)2(1 + (R′ + η′)2) are the radial compo-

nent of the unit normal on Σ and the Jacobian of the change of coordinates. The last
two terms we estimate separately.
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Lemma 3.2 For any α > 0 one has

∣

∣

∣

∣

2πω

∫ t

0

∫ L

0

p̂
∂η

∂t
(R + η)dzdτ

∣

∣

∣

∣

≤ 8πR2
maxω

Qmin

∫ L

0

p̂2dz +
πωQmin

8
‖η‖2 +

8πωLR2
max

Qmin

(

sup
z

∫ t

0

|∂tp̂|dτ

)2

+
πωQmin

8L
L sup

t

‖η‖2 + πω
‖p̂‖2

∞

αQmin

∫ t

0

∥

∥

∥

∥

∂η

∂t

∥

∥

∥

∥

2

+ πωαQmin

∫ t

0

‖η‖2

Proof. The coefficient in (3.2) in front of η2 is much greater than the coefficient in front
of ∂tη. Therefore we integrate by parts to remove the time derivative from η.

∣

∣

∣

∣

2πω

∫ t

0

∫ L

0

p̂
∂η

∂t
(R + η)dzdτ

∣

∣

∣

∣

= 2πω

∣

∣

∣

∣

∫ t

0

∫ L

0

Rp̂
∂η

∂t
+ 2πω

∫ t

0

∫ L

0

p̂
∂η

∂t
η

∣

∣

∣

∣

=

∣

∣

∣

∣

2πω

∫ t

0

∫ L

0

R
∂

∂t
(p̂η) − 2πω

∫ t

0

∫ L

0

R
∂p̂

∂t
η + 2πω

∫ t

0

∫ L

0

p̂
∂η

∂t
η

∣

∣

∣

∣

≤ πωR2
max

8

Qmin

∣

∣

∣

∣

∫ L

0

p̂2dz

∣

∣

∣

∣

+
πωQmin

8

∣

∣

∣

∣

∫ L

0

η2dz

∣

∣

∣

∣

+2πω

(
√

8LRmax

Qmin

sup
z

∫ t

0

|∂tp̂|dτ

)(
√

RmaxQmin

8L
sup

t

∫ L

0

ηdz

)

+2πω

∫ t

0

∫ L

0

(
√

1

αQmin
p̂
∂η

∂t

)

(

√

αQminη
)

.

The estimate follows by applying the inequality 2ab ≤ a2 + b2 and the Schwartz–Cauchy
inequality several times. 2

Lemma 3.3 Let ‖A‖2
∞

ρF L2 ≤ ‖p̂‖2
∞

ρShRmin

. Then for any α > 0 one has

∣

∣

∣

∣

∫ t

0

∫

Ω(t)

A(t)

L
vzdxdτ

∣

∣

∣

∣

≤ ρF αω

2

∫ t

0

‖vz‖2
Ω(τ)dτ +

π

ρF αωL2
R2L

∫ t

0

|A(τ)|2dτ

+
π‖p̂‖2

∞

ρSαωhRmin

∫ t

0

‖η‖2dτ.

Proof.

∣

∣

∣

∣

∫ t

0

∫

Ω(t)

A(t)

L
vzdxdτ

∣

∣

∣

∣

≤ ρF αω

2

∫ t

0

‖vz‖2
L2(Ω(τ))dτ +

1

2ρF αω

∫ t

0

|A(τ)|2
L2

|Ω(τ)|dτ.

The size of Ω(t) can be estimated as |Ω(t)| = π
∫ L

0
(R+η)2dz ≤ 2π

∫ L

0
(R2 +η2)dz. Using

the assumption of the lemma implies the statement. 2
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PARAMETERS AORTA/ILIACS

Char. radius R(m) 0.003-0.012, [12]
Char. length L(m) 0.065-0.2

Dyn. viscosity µ( kg

ms
) 3.5 × 10−3

Young’s modulus E(Pa) 105 − 106 [11]
Wall thickness h(m) 1 − 2 × 10−3 [12]
Wall density ρS(kg/m3) 1100, [12]
Fluid density ρF (kg/m3) 1050

Table 1: Table with parameter values

The assumption of Lemma 3.3 is fulfilled for our underlying application to blood flow.
Namely, as ‖A‖∞ ≤ ‖p‖∞ the inequality is satisfied because the left–hand side of in-
equality h

L
Rmin

L
≤ ρF

ρS
is of order ε and the right–hand side of order one, see Table 1.

Now we define y(t) as the left–hand side of (3.2)

y(t) =

∫ t

0

(%F ω

2
‖v‖2

L2(Ω(t)) + 2µ‖D(v)‖2
L2(Ω) + πω3ρShRmin ‖∂tη‖2 + πωQmin‖η‖2

)

dτ

and estimate it using Lemma 3.2 and Lemma 3.3 to obtain

y′(t) ≤
(

α +
‖p̂‖2

∞

αρSω2hRminQmin

)

y(t) +
πωQmin

4
sup

t

‖η‖2 +
8πR2

maxω

Qmin

∫ L

0

p̂2dz

+
8πωLR2

max

Qmin

(

sup
z

∫ t

0

|∂tp̂|dτ

)2

+
πR2

max

ρF αωL

∫ t

0

|A(τ)|2dτ.

Now we choose α so that
‖p̂‖2

∞

αρsω2hRminQmin

≤ α

and t0 such that y′(t0) = maxt∈[0,T ] y
′(t). Then y(t) ≤ Ty′(t0), for t ∈ [0, T ] and one has

the estimate

y′(t0) ≤ 2αTy′(t0) +
πωQmin

4
sup

t

‖η‖2 +
8πR2

maxω

Qmin

∫ L

0

p̂2dz

+
8πωLR2

max

Qmin

(

sup
z

∫ T

0

|∂tp̂|dτ

)2

+
πR2

max

ρF αωL

∫ T

0

|A(τ)|2dτ.

Now take α = 1
4T

and obtain the following estimate

y′(t) ≤ 16πLR2
maxω

Qmin

(

sup
z,t

|p̂|2 +

(

sup
z

∫ t

0

p̂tdτ

)2
)

+
8TπR2

max

ρF ωL

∫ t

0

|A(τ)|2dτ.
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Now we choose the characteristic frequency ω so that all terms on the right–hand side
contribute with the same weight. We set the coefficients in the estimate to be equal and
obtain

ω =
1

L

√

Qmin

2ρF

; (3.3)

then ωL, in the constant cross–section case (R = Rmax), is exactly the same as the
structure ”sound speed” obtained by Fung [7].

Theorem 3.1 The solution (v, η) of the fluid-structure problem satisfies the estimate

%F

2
‖v‖2

L2(Ω(t)) + 2µ‖D(v)‖2
L2(Ω) + πω2ρShRmin

∥

∥

∥

∥

∂η

∂t

∥

∥

∥

∥

2

+
π

2
Qmin‖η‖2 ≤ 16πLR2

max

Qmin
P2,

where P2 := supz,t |p̂|2 +
(

supz

∫ t

0
|∂tp̂|dτ

)2

+ T
∫ t

0
|A(τ)|2.

Corollary 3.1 The solution (v, η) of the fluid-structure problem satisfies the estimates

1

R2
maxπL

‖v‖2 ≤ 32

%F Qmin
P2,

1

L
‖η‖2 ≤ 32R2

max

Q2
min

P2.

4 The reduced problem

4.1 Nondimensional equations

Since the a priori estimates obtained from Theorem 3.1 present the upper bounds for the
behavior of the unknown functions we use the scaled upper bounds to only capture how
the magnitude of the unknown functions changes with a given parameter. Using these
estimates we will be able to derive the nondimensional problem and to detect the small
terms. We introduce the nondimensional variables (beside t = ωt which was introduced
previously)

r = r/Rmax, z = z/L

and the nondimensional functions R, Q, v, η, p by

R(Lz) = RmaxR(z),

Q(Lz) = QminQ(z),

v(Rmaxr, Lz, t) = V v(r, z, t), V =

√

1

2%F Qmin

P,

η(Lz, t) = Ξη(z, t), Ξ =
Rmax

Qmin

P,

p(Rmaxr, Lz, t) = %F V 2p(r, z, t)
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and denote

ε =
Rmax

L
, δ =

Ξ

Rmax
, γ =

h

Rmax
.

The nondimensional equations are then given by:
a) the Navier–Stokes equations

Sh
∂vr

∂t
+

1

ε
vr

∂vr

∂r
+ vz

∂vr

∂z
− 1

Re

(

∂

∂r

(

1

r

∂

∂r
(rvr)

)

+ ε2∂2vr

∂z2

)

+
1

ε

∂p

∂r
= 0,

Sh
∂vz

∂t
+

1

ε
vr

∂vz

∂r
+ vz

∂vz

∂z
− 1

Re

(

1

r

∂

∂r

(

r
∂vz

∂r

)

+ ε2∂2vz

∂z2

)

+
∂p

∂z
= 0, (4.1)

1

ε

1

r

∂

∂r
(rvr) +

∂vz

∂z
= 0,

where Sh = ωL
V

and Re = ρF V R2
max

µL
are the Strouhal and the Reynolds numbers. Note

that the nondimensional parameters Sh and Re which are typically used to determine
the flow regimes, are given, as a consequence of our a priori estimates, in terms of the
parameters in the problem, such as the Young’s modulus, the Poisson ratio, etc. They
incorporate the information about both the fluid part of the problem (given via V and
µ) and the behavior of the membrane (given via E, ω and σ).

b) the linear membrane shell equations:

∫ 1

0

ρS

2ρF

Pγε2∂2η

∂t
2 ξR

√

1 + ε2
(

R
′
)2

dz

+

∫ 1

0

σE

1 − σ2
γδ







ε2R
′

1 + ε2
(

R
′
)2 η′ +

1

R
η













ε2R
′

1 + ε2
(

R
′
)2 ξ′ +

1

R
ξ






R

√

1 + ε2
(

R
′
)2

dz

+

∫ 1

0

E

1 + σ
γδ













εR
′

1 + ε2
(

R
′
)2







2

ε2η′ξ′ +
1

R
2ηξ






R

√

1 + ε2
(

R
′
)2

dz (4.2)

+

∫ 1

0

γδT 0
θθ

ηξ

R
2R

√

1 + ε2
(

R
′
)2

dz =

∫ 1

0

frξR

√

1 + ε2
(

R
′
)2

dz, ξ ∈ H1
0 (0, 1);

c) the kinematic contact condition

1

ε
vr(R + δη(z, t), z, t) =

∂η(z, t)

∂t
, vz(R + δη(z, t), z, t) = 0;

d) the dynamic contact condition

fr = ρF V 2

(

(p − pref) +
1

Re

(

(

εR
′
+ εδη′

)

(

ε2∂vr

∂z
+ ε

∂vz

∂r

)

− 2ε
∂vr

∂r

)) 1 + δ η

R
√

1 + ε2
(

R
′
)2

.
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4.2 The ε reduction

Now we construct the ε2 approximation of the starting problem in Section 2. First note
that due to the incompressibility equation one has that vr/ε = O(1) (this was noted
in the a priori estimates as they were derived for the vector v). Then we build an ε2–
approximation by taking only the two leading ε approximations in each of the equations
a)–d) from Section 4.1. Here we implicitly assume that R

′ ≈ 1 (equivalently R′ ≈ ε)
which sets a restriction on the geometry of the problem. We obtain

a) the hydrostatic approximation of equations (4.1)

∂p

∂r
= 0,

Sh
∂vz

∂t
+

1

ε
vr

∂vz

∂r
+ vz

∂vz

∂z
− 1

Re

(

1

r

∂

∂r

(

r
∂vz

∂r

))

+
∂p

∂z
= 0, (4.3)

1

ε

1

r

∂

∂r
(rvr) +

∂vz

∂z
= 0.

b) the linear membrane shell approximation of equation (4.2)

∫ 1

0

(

E

1 − σ2
+ T 0

θθ

)

γδ
1

R
ηξdz =

∫ 1

0

frξRdz, ξ ∈ H1
0 (0, 1);

c) the kinematic contact condition

1

ε
vr(R + δη(z, t), z, t) =

∂η(z, t)

∂t
, vz(R + δη(z, t), z, t) = 0;

d) the dynamic contact condition

fr = ρF V 2 (p − pref)

(

1 + δ
η

R

)

.

Note that the force–displacement relationship in the reduced shell model is algebraic.
Together with the hydrostatic approximation of the flow and the dynamic contact condi-
tion at the interface this implies the algebraic pressure–displacement relationship called
the Laplace law

p − pref =
γδ

ρFV 2

(

E

1 − σ2
+ T 0

θθ

)

1

R

η

R + δη
.

In the asymptotic reduction of the equations we have lost the boundary conditions
for the membrane shell. This leads to the boundary layer near the boundary to accom-
modate the transition from the zero displacement to the displacement dictated by the
dynamic pressure condition. In [4] it was proved that the contamination of the flow
by the boundary layer decays exponentially fast away from the inlet/outlet boundaries.
Therefore, except for a small neighborhood of the inlet/outlet boundary, the displace-
ment will follow the dynamics determined by the time-dependent dynamic pressure.
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Furthermore, notice that the ε2-approximation of the inlet and outlet boundary con-
ditions consists of prescribing only the pressure and not the dynamic pressure.

The system a)–d), together with the boundary and initial conditions from e), f) in
Section 2, is a closed free-boundary problem. It is a simplification of the problem from
Section 2 but still difficult to study from numerical and theoretical viewpoint. Therefore,
we perform further reductions.

4.3 The ε expansion

To derive the reduced effective equations that approximate the original three-dimensional
problem to the ε2 accuracy we rely on the ideas presented by the authors in [5] utilizing
homogenization theory in porous media flows. Once the proper motivation is established
the calculation of the effective equations itself can be performed using formal asymptotic
theory, which we now utilize.

The physiological flow conditions are such that we can rescale the Strouhal and the
Reynolds number

Sh0 = εSh, Re0 = Re/ε

to obtain the numbers of usual magnitude for a laminar flow. It implies that the axial
momentum equation (the second equation in (4.3)) can be written as

Sh0
∂vz

∂t
+ vr

∂vz

∂r
+ εvz

∂vz

∂z
− 1

Re0

(

1

r

∂

∂r

(

r
∂vz

∂r

))

+
∂p

∂z
= 0, (4.4)

where p = Rmax

LρF V 2 p. Now we assume the following expansions with respect to ε

vz = v0
z + εv1

z + · · · , vr = εv1
r + · · · , p = p

0
+ εp

1
+ · · · , η = η0 + εη1 + · · ·

and plug them into a)–d) but with the equation (4.3) replaced by (4.4). Then we obtain
The 0th order terms

Sh0
∂v0

z

∂t
− 1

Re0

(

1

r

∂

∂r

(

r
∂v0

z

∂r

))

+
∂p

0

∂z
= 0,

1

r

∂

∂r

(

rv1
r

)

+
∂v0

z

∂z
= 0,

v1
r(R + δη0(z, t), z, t) =

∂η0(z, t)

∂t
, v0

z(R + δη0(z, t), z, t) = 0,

p
0 − pref =

Rmaxγδ

ρF V 2L

(

E

1 − σ2
+ T 0

θθ

)

1

R

η0

R + δη0
,

The 1st order terms

Sh0
∂v1

z

∂t
+ v1

r

∂v0
z

∂r
+ v0

z

∂v0
z

∂z
− 1

Re0

(

1

r

∂

∂r

(

r
∂v1

z

∂r

))

+
∂p

1

∂z
= 0,
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1

r

∂

∂r

(

rv2
r

)

+
∂v1

z

∂z
= 0,

v2
r(R + δη0(z, t), z, t) +

∂v1
r

∂r
(R + δη0(z, t), z, t)δη1(z, t) =

∂η1(z, t)

∂t
,

v1
z(R + δη0(z, t), z, t) +

∂v1
z

∂r
(R + δη0(z, t), z, t)δη1(z, t) = 0,

p
1

=
Rmaxγδ

ρF V 2L

(

E

1 − σ2
+ T 0

θθ

)

η1

(R + δη0)2
.

Now we assume that the displacement of the structure is small compared to the radius:
δ ≤ ε. Therefore the model without p

1
and η1 (and of course v2

r) is an ε2 approximation
as well. Then integrating the incompressibility condition over the cross–section in the 0th
order terms equation and using the kinematic contact condition we obtain the following

The 0th order approximation

∂

∂t
(R + δη0)2 + 2δ

∂

∂z

∫ R+δη0

0

rv0
zdr = 0,

Sh0
∂v0

z

∂t
− 1

Re0

(

1

r

∂

∂r

(

r
∂v0

z

∂r

))

= −∂p
0

∂z
,

p
0 − pref =

Rmaxγδ

ρFV 2L

(

E

1 − σ2
+ T 0

θθ

)

1

R

η0

R + δη0
,

with the initial and boundary conditions

v0
z|r=0 − bounded, v0

z|r=R+δη0 = 0, v0
z|t=0 = 0,

η0|t=0 = 0, p
0|z=0 = pref +

Rmax

ρF V 2L
P0, p

0|z=1 = pref +
Rmax

ρF V 2L
PL.

The 1st order corrector

∂

∂r
(rv1

r) +
∂

∂z
(rv0

z) = 0,

Sh0
∂v1

z

∂t
− 1

Re0

1

r

∂

∂r

(

r
∂v1

z

∂r

)

= −v1
r

∂v0
z

∂r
− v0

z

∂v0
z

∂z
,

with the initial and boundary conditions

v1
r|r=0 − bounded, v1

r|r=R+δη0 =
∂η0

∂t
,

v1
z|r=0 − bounded, v1

z|r=R+δη0 = 0, v1
z|t=0 = 0.

4.4 The δ expansion

The 0th order approximation together with the 1st order corrector make a closed reduced
model, but still with the lateral boundary which is a free boundary. Therefore we make
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a further simplification by using the assumption δ ≤ ε and by expanding the problem
with respect to δ:

v0
z = v0,0

z + δv0,1
z + · · · , p = p0,0 + δp0,1 + · · · , η0 = η0,0 + δη0,1 + · · · .

We obtain the 0, 0–order approximation

∂η0,0

∂t
+

1

R

∂

∂z

∫ R

0

rv0,0
z dr = 0,

Sh0
∂v0,0

z

∂t
− 1

Re0

1

r

∂

∂r

(

r
∂v0,0

z

∂r

)

= −∂p
0,0

∂z
,

p
0,0

= pref +
Rmaxγδ

ρFV 2L

(

E

1 − σ2
+ T 0

θθ

)

η0,0

R
2 ,

and the 0, 0–order boundary and initial conditions

v0,0
z |r=0 − bounded, v0,0

z |r=R = 0, v0,0
z |t=0 = 0,

η0,0|t=0 = 0, p
0,0|z=0 = pref +

Rmax

ρF V 2L
P0, p

0,0|z=1 = pref +
Rmax

ρF V 2L
PL.

The δ corrector is given by

∂

∂t
η0,1 +

1

R

∂

∂z

∫ R

0

rv0,1
z dr = − 1

2R

∂

∂t

(

η0,0
)2

,

Sh0
∂v0,1

z

∂t
− 1

Re0

1

r

∂

∂r

(

r
∂v0,1

z

∂r

)

= −∂p
0,1

∂z
,

p
0,1

=
Rmaxγδ

ρF V 2L

(

E

1 − σ2
+ T 0

θθ

)

1

R

(

η0,1

R
− (η0,0)2

R
2

)

,

with the boundary and initial conditions

v0,1
z |r=0 − bounded, v0,1

z |r=R = −η0,0∂v0,0
z

∂r
|r=R, v0,1

z |t=0 = 0,

η0,1|t=0 = 0, η0,1|z=0 = 0, η0,1|z=1 = 0.

The δ expansion in the ε correction is just a linearization of the free-boundary prob-
lem since its correctors contain only the ε2 terms. So the the equations of the 1, 0
approximation are

∂

∂r
(rv1,0

r ) +
∂

∂z
(rv0,0

z ) = 0,

Sh0
∂v1,0

z

∂t
− 1

Re0

1

r

∂

∂r

(

r
∂v1,0

z

∂r

)

= −v1,0
r

∂v0,0
z

∂r
− v0,0

z

∂v0,0
z

∂z
,

with the initial and boundary conditions

v1,0
r |r=0 − bounded, v1,0

r |r=R =
∂η0,0

∂t
,

v1,0
z |r=0 − bounded, v1,0

z |r=R = 0, v1,0
z |t=0 = 0.
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4.5 The reduced model in dimensional form

The nondimensional form of the equations allowed us to detect smaller terms. Now we
have to go back to the physical domain and to write down the model in terms of the
physical quantities

vz = v0,0
z + v0,1

z + v1,0
z , vr = v1,0

r , η = η0,0 + η0,1 + η1,0, p = p0,0 + p0,1,

where

v0,0
z = V v0,0

z , v0,1
z = δV v0,1

z , v1,0
z = εV v1,0

z , v1,0
r = εV v1,0

r ,

η0,0 = Ξη0,0, η0,1 = δΞη0,1, p0,0 = ρF V 2 L

Rmax
p

0,0
, p0,1 = ρF V 2 L

Rmax
δp

0,1
.

The 0th order model is given by

∂η0,0

∂t
+

1

R

∂

∂z

∫ R

0

rv0,0
z dr = 0,

%F

∂v0,0
z

∂t
− µ

1

r

∂

∂r

(

r
∂v0,0

z

∂r

)

= − ∂

∂z

((

E

1 − ν2
+ T 0

θθ

)

h

R2
η0,0

)

, (4.5)

v0,0
z |r=0 − bounded, v0,0

z |t=R = 0, v0,0
z |t=0 = 0,

η0,0|t=0 = 0, η0,0|z=0 = P0/C, η0,0|z=L = PL/C.

The δ correction

∂η0,1

∂t
+

1

R

∂

∂z

∫ R

0

rv0,1
z dr = − 1

2R

∂

∂t

(

η0,0
)2

,

%F

∂v0,1
z

∂t
− µ

1

r

∂

∂r

(

r
∂v0,1

z

∂r

)

= − ∂

∂z

((

E

1 − ν2
+ T 0

θθ

)

h

R2

(

η0,1 − (η0,0)2

R

))

,(4.6)

v0,1
z |r=0 − bounded, v0,1

z |r=R = −η0,0 ∂v0,0
z

∂r
|r=R, v0,1

z |t=0 = 0,

η0,1|t=0 = 0, η0,1|z=0 = 0, η0,1|z=L = 0.

The ε correction

v1,0
r (r, z, t) =

1

r

(

R
∂η0,0

∂t
+

∫ R

r

ξ
∂v0,0

z

∂z
(ξ, z, t)dξ

)

, (4.7)

ρF

∂v1,0
z

∂t
− µ

1

r

∂

∂r

(

r
∂v1,0

z

∂r

)

= −ρF

(

v1,0
r

∂v0,0
z

∂r
+ v0,0

z

∂v0,0
z

∂z

)

, (4.8)

v1,0
z |r=0 − bounded, v1,0

z |r=R = 0, v1,0
z |t=0 = 0.

In [5] it was observed that (4.5) can be solved by considering the auxiliary problem

∂ζ

∂t
− 1

r

∂

∂r

(

r
∂ζ

∂r

)

= 0 in (0, R) × (0,∞)

ζ|r=0 is bounded , ζ|R=0 = 0 and ζ|t=0 = 1,
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and the mean of ζ in the radial direction K(t) = 2
∫ R

0
ζ(r, t) rdr, which can both be

evaluated in terms of the Bessel’s functions. Our solution can then be written in terms
of the following operator (K ? f) (z, t) :=

∫ t

0
K(µ(t−τ)

ρF
)f(z, τ)dτ. Now the problem for η0,0

expressed in terms of

p0,0 = Cη0,0, C =

(

E

1 − ν2
+ T 0

θθ

)

h

R2
(4.9)

consists of finding p0,0 by solving the following initial-boundary value problem of the
Biot type with memory:

∂p0,0

∂t
(z, t) =

C

2ρF R

∂2(K ? p0,0)

∂z2
(z, t) on (0, L) × (0, +∞)

p0,0|z=0 = P0, p0,0|z=L = PL and p0,0|t=0 = 0.
(4.10)

This approach uncovers the visco-elastic nature of the coupled fluid-structure interaction
problem since the resulting equations have the form of a Biot system with memory (see
[1] and references therein for details).

5 Numerical Method

In [5] we have described a method for numerically solving equations (4.5)-(4.8), but
written in form of (4.10), directly using a combination of a finite difference method for
the calculation of the displacement and a finite element method for the calculation of
the velocity. In this manuscript we describe a direct numerical procedure for solving
(4.5)–(4.8). The approximation 1, 0 is straightforward once the approximations 0, 0 and
0, 1 are obtained.

First rewrite the (4.5) approximation in terms of v0,0
z and p0,0. Multiply the first

equation in (4.5) by C (see (4.9)) and take the derivative with respect to t and then

substitute ∂v
0,0
z

∂t
from the second equation to obtain

∂2p0,0

∂t2
= −C

R

∫ R

0

r
∂

∂z

∂v0,0
z

∂t
dr = − C

ρF R

∫ R

0

r
∂

∂z

(

µ
1

r

∂

∂r

(

r
∂v0,0

z

∂r

)

− ∂

∂z

(

p0,0
)

)

dr

= −Cµ

ρF

∂

∂z

(

∂v0,0
z

∂r
|r=R

)

+
CR

2ρF

∂2p0,0

∂z2
.

Therefore instead of (4.5), we solve the hyperbolic-parabolic system

∂2p0,0

∂t2
− CR

2ρF

∂2p0,0

∂z2
= −Cµ

ρF

∂

∂z

(

∂v0,0
z

∂r
|r=R

)

, (5.1)

ρF

∂v0,0
z

∂t
− µ

1

r

∂

∂r

(

r
∂v0,0

z

∂r

)

= −∂p0,0

∂z
, (5.2)
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with the initial and boundary conditions

v0,0
z |r=0 − bounded, v0,0

z |t=R = 0, v0,0
z |t=0 = 0,

p0,0|t=0 = 0, p0,0|z=0 = P0, p0,0|z=L = PL.

Perform the same computation for the 0, 1 approximation and replace (4.6) by

∂2p0,1

∂t2
− CR

2ρF

∂2p0,1

∂z2
= −Cµ

ρF

∂

∂z

(

∂v0,0
z

∂r
|r=R

)

− CR

2ρF

∂2

∂z2

(

C

R
(η0,0)2

)

− C

2R

∂2

∂t2
(

η0,0
)2

, (5.3)

ρF

∂v0,1
z

∂t
− µ

1

r

∂

∂r

(

r
∂v0,1

z

∂r

)

= − ∂

∂z

(

p0,1 − C

R
(η0,0)2

)

, (5.4)

with the initial and boundary conditions given by

v0,1
z |r=0 − bounded, v0,1

z |r=R = −η0,0 ∂v0,0
z

∂r
|r=R, v0,1

z |t=0 = 0,

p0,1|t=0 = 0, p0,1|z=0 = 0, p0,1|z=L = 0.

The problems for (p0,0, v0,0
z ) and (p0,1, v0,1

z ) are of the same form. It is a coupled system
of the hyperbolic (for the displacement of the domain wall) and parabolic equation
(for the velocity). The velocity equations are given on the cross–sections r ∈ (0, R(z))
of the domain with no explicit dependence on each other with longitudinal variable z
as a parameter. The dependence is incorporated through the wave equation for the
displacement of the wall.

The approximation 1, 0 is straightforward once the approximations 0, 0 and 0, 1 are
obtained. The systems for the 0, 0 and 0, 1 approximations have the same form, with
the mass and stiffness matrices equal for both problems, depending only on the variable
z through the cross–section (0, R(z)). Thus they are generated only once for each cross–
section.

The problems 0, 0 and 0, 1 are solved simultaneously using a time-iteration procedure.
First solve the parabolic equation for v0,0

z at the time step ti+1 by explicitly evaluating
the right–hand side at the time-step ti. Then solve the wave equation for η0,0 with the
evaluation of the right–hand side at the time-step ti+1. Using these results for v0,0

z and
η0,0, computed at ti+1, obtain a correction at ti+1 by repeating the process with the
updated values of the right–hand sides. An implicit time discretization is used. The
numerical algorithm reads:

1. Approximation 0, 0: for i = 0 to nT

(a) solve (5.2) at ti+1 for v0,0
z using 1D FEM with linear elements

(b) solve (5.1) at ti+1 for p0,0 using 1D FEM with C1 elements
(c) compute η0,0
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2. Approximation 0, 1: for i = 0 to nT

(a) solve (5.4) at ti+1 for v0,1
z using 1D FEM with linear elements

(b) solve (5.3) at ti+1 for p0,1 using 1D FEM with C1 elements
(c) compute η0,1

3. Approximation 1, 0
(a) solve (4.7) for v1,0

r using numerical integration
(b) solve (4.8) for v1,0

z using 1D FEM with linear elements

4. Compute the total approximation vr = v1,0
r , vz = v0,0

z + v0,1
z + v1,0

z , η = η0,0 + η0,1.

In this algorithm a sequence of 1D problems is solved, so the numerical complexity is
that of 1D solvers. However, leading order two-dimensional effects are captured as shown
in Figures 5–7.

6 Numerical results

Numerical simulations were performed for the following set of parameters:

ρF = 1050kg/m3, µ = 0.0035kg/ms, L = 0.065m,

h = 0.0018m, E = 200000Pa, ν = 0.5, pref = 85mmHg,
(6.1)

corresponding to the iliac arteries. The inlet and outlet pressure data are shown in
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Figure 3: Inlet/outlet pressure

Figure 3. We consider tapered iliac arteries with the radius

R(z) = −slope(z − L/2)/L + 0.003, (6.2)
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0 zL

R(L/2)

Figure 4: Sketch of the tapered domains

given in meters, where the slope takes the value from the set {10−7, 10−6, 10−5, 10−4, 2 ·
10−4}. The mean radius in all examples is 0.003m. The slope 2 · 10−4 is typical for the
iliac arteries.

A calculation of the non-dimensional parameter values shows that our model can be
used to simulate the flow with parameter value given in (6.1). More precisely, for the
pressure data shown in Figure 3, the value of the norm P is around 15000, the average
magnitude of the velocity V is 1.15m/s, the time scale parameter ω = 95s−1, and the
Strouhal and Reynolds numbers are

Sh = 5.36, Re = 47, Sh0 = 0.25, Re0 = 1022.

Note that these quantities are in good agreement with measured data [8, 13]. Moreover,
numerical calculations show that the derivatives of the computed quantities remain of
order one.
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Figure 5: Velocity profiles for different times in one cardiac cycle for slope = 10−7 (left)
and slope = 2 · 10−4 (right).

The velocity decreases as the slope given in (6.2) because the resistance of the system
grows (see Figure 5 and Figure 6). A local recirculation area for t = 0.5 is observed. The
area of flow recirculation grows as the slope increases. The same property is observed
while decreasing the radius of the tube with constant radius.
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Figure 6: Velocity profiles for different slopes at time t = 0.22s (left) and time t = 0.5s
(right) in one cardiac cycle.

The solution of the model for slope 10−7 practically corresponds to the tube of
constant radius (see Figure 7) as well as the solutions for slopes 10−6 and 10−5. As the
radius of the tapered tube is decreased the velocity grows from the inlet to the outlet.
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Figure 7: Velocity profiles for different longitudinal cross–section and slope = 10−7 (left)
and slope = 2 · 10−4 (right) at time t = 0.44.
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