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Cilj: upoznati studente s osnovnim temama moderne teorije parcijalnih diferencijalnih jednadzbi.
U prvom dijelu kolegija bavit ¢emo se varijacijskom teorijom linearnih elipti¢kih, paraboliékih i
hiperboli¢kih parcijalnih diferencijalnih jednad#bi, dok je drugi dio posveéen metodama za nelinearne
jednadZzbame.

Teme:
e Primjeri PDJ, te pripadnih inicijalno-rubnih zadaéa
e Fundamentalna rjeSenja. Ilasi¢na i slaba rjesenja. Prostori Soboljeva.

e Varijacijska teorija linearnih eliptickih PDJ. Egzistencija, jedinstvenost, regularnost rjesenja,
te princip maksimuma

e Varijacijska teorija linearnih parabolickih PDJ. Evolucijski prostori, Galerkinova metoda. Egzi-
stencija, jedinstvenost, regularnost rjesenja, te princip maksimuma

e Varijacijska teorija linearnih hiperbolickih PDJ. Galerkinova metoda, konaéna brzina sirenja.
Egzistencija, jedinstvenost, regularnost rjeSenja. Simetriéni hiperboli¢ki sustavi prvog reda.

e Teoremi fiksne tocke i primjene na polulinearne i kvazilinearne jednadzbe
e Primjena metode monotonosti na nelinearne jednadzbe.

e Hiperbolicki zakoni satuvanja, 3ok valovi i entropijska rjesenja.
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1. Motivacija i primjeri parcijalnih diferencijalnih jednadzbi.
2. Klasifikacija parcijalnih diferencijalnih jednadzbi.

3. Klasi¢na i slaba rjesenja.

4. Slabe derivacije. Soboljevljevi prostori.

5. Linearne jednadzbe.

e Linearne elipticke jednadzbe 2. reda. Slaba rjesenja. Lax Milgramov teorem.
Principi maksimuma.

e Linearne parabolicke jednadzbe 2. reda. Slaba rjesenja. Princip maksimuma.

e Linearne hiperbolicke jednadzbe 2. reda. Slaba rjeSenja.
6. Nelinearne jednadzbe.

e Metoda fiksne tocke za polulinearne jednadzbe.

e Skalarni hiperbolicki zakon saéuvanja. Karakteristike. Sok valovi. Entropijska
rjeSenja.
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Dodatna literatura

e M.Renardy, R.Rogers, An introduction to partial differential equations, Texsts in
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o H.Brezis, Functional analysis, Sobolev spaces and partial differential equations,
Springer, 2011.
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1.2. EXAMPLES 3

Remark. We use “PDE” as an abbreviation for both “partial differential
equation” and “partial differential equations”. O

1.2. EXAMPLES

There is no general theory known concerning the solvability of all partial
differential equations. Such a theory is extremely unlikely to exist, given
the rich variety of physical, geometric, and probabilistic phenomena which
can be modeled by PDE. Instead, research focuses on various particular
partial differential equations that are important for applications within and
outside of mathematics, with the hope that insight from the origins of these
PDE can give clues as to their solutions.

Following is a list of many specific partial differential equations of in-
terest in current research. This listing is intended merely to familiarize the
reader with the names and forms of various famous PDE. To display most
clearly the mathematical structure of these equations, we have mostly set
relevant physical constants to unity. We will later discuss the origin and
interpretation of many of these PDE.

Throughout z € U, where U is an open subset of R, and ¢ > 0. Also
Du = Dzu = (Ug,,...,Us,) denotes the gradient of u with respect to the
spatial variable x = (z1,...,z,).

1.2.1. Single partial differential equations.
a. Linear equations.

1. Laplace’s equation P L OTE L TP LIS

n RS B Rl E
Au = E Uz, = 0.
1=1

2. Helmholtz’s (or eigenvalue) equation

—Au = \u.

3. Linear transport equation
HASS TEpHITFER
n —
us + Zbi“xi -0 Hepq TRAisTE Fﬁ»
HOBHT o TRHHSTEE

=1

4. Liouville’s equation

u— Y (bu)s, = 0.
i=1
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5. Heat (or diffusion) equation

ut-—Au=0.

6. Schrodinger’s equation

tug + Au = 0.
U

7. Kolmogorov’s equation

n n
i i
U — E a’uzizj+§ buy, =
i=1

i,5=1

8. Fokker-Planck equation

Evavcip  EIRHTHEG

STy ST ETI

Vhesa Toreate & STeije)
HUYTedh ubc—’:?c)éPNHoSﬂ
X TLERSTDaL,

\%LOT}(B b

ey H;s.obm

TPt 5ROV
\ Thi R oy e

u— Y (690)zz; — 3 (Bu)s, = 0.
i=1

i,j=1

9. Wave equation
Uy — Au =10,

10. Telegraph equation

Ut +dut = Uze = 0.

11. General wave equation

n k(3
Ut — Z aijuzizj + Zbiux,. =0,

§,j=1 i=1
12. Airy’s equation

Lt

Ut + Ugzr = 0.
13. Beam equation

Ut + Ugzee = 0.

vaV
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b. Nonlinear equations.

1.

Eikonal equation

e
|Du| = 1. o™
Nonlinear Poisson equation
—Au = f(u).
. p-Laplacian equation B e Sy
div(|[DufP2Du) =0,  rwsnvwep (\Su®

S

Minimal surface equation
ZeXUR U U ety

Du —
div( 5 1/2> = 0. AV T 5T
1+ IDU'I ) RLoMe  HUH L ASLEE TORIING

Monge-Ampére equation

oo
det(Du) = f. GEoRETRA

Hamilton—Jacobi equation
HOTP oy 3+
u + H(Du,z) = 0. BesTRe oy B YED
BT 1O
Scalar conservation law

ug + div F(u) = 0.

Fobis Gty
odvumyE st h;rv.@f—k’m,,..

Inviscid Burgers’ equation
e Tevvon

(Lo
TR pau s @A

up + Uty = 0.

Scalar reaction-diffusion equation

up — Au = f(u).

10. Porous medium equation

u — AuY) = 0.

11. Nonlinear wave equations

12. Korteweg—-deVries (KdV) equation

uy — Au = f(u),
Ut — div a(Du) =0.

2o T\ T NUOb
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1.2.2. Systems of partial differential equations.
a. Linear systems.

1. Equilibrium equations of linear elasticity
pAu + (A + p)D(divu) = 0.
2. Ewolution equations of linear elasticity
vy — pAu — (A + p)D(divu) = 0.

3. Mazwell’s equations

B; = —curlE ElLee ro TDiHAM IR
divB =divE = 0. T - Blevreers

©

D~ Gt
b. Nonlinear systems.

1. System of conservation laws
u; +divF(u) = 0.
2. Reaction-diffusion system
u; — Au = f(u).

3. Euler’s equations for incompressible, inviscid flow

{ut+u'Du=—~Dp
diva = 0.

4. Navier-Stokes equations for incompressible, viscous flow

{ut—{—u-Du—-Au:—Dp

divu = 0.

See Zwillinger [ZW] for a much more extensive listing of interesting
PDE.
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