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Abstract

Asymptotic expansion method is widely used method in derivation and mathematical
justification of the lower dimensional models in continuum mechanics. Important part of
the method is a priori scaling of the unknowns. Following an idea of Miara in this work
we justify the scaling directly from the 3-D elasticity and the Ansatz of the asymptotic
expansion method.

1 Introduction

Inspired by the pioneering papers of Ciarlet & Destunder [1979a, 1979b] on elastic plates,
Bermudez & Viano [1984] and Aganovi¢ & Tutek [1981, 1986] performed an asymptotic
analysis of elastic rods, in the framework of linear 3-D elasticity theory. With the help of
a priori scaling of displacement, stress and external data and by the use of general method
of Lions [1973] the leading components of the asymptotic expansion of the displacement
and stress due to a small parameter (being a diameter of the cross section of the rod) were
identified and a convergence of the scaled displacement and stress was proved. It turned
out that the descaled leading displacement is a Bernoulli-Navier field, satisfying the classical
equations of rods. The obtained result was considered as a justification of the a priori
Bernoulli-Navier hypothesis about rigid displacement of the cross sections. With the same
technique Cimetiere, Geymonat, Le Dret, Raoult & Tutek [1986, 1988] investigated nonlinear
rods and suggested how to calculate higher order terms of the asymptotic expansion. For the
linear case Trabucho & Viano [1987, 1989] found out the first three terms for the displacement
and first two terms for the stress; in this way some engineering models of rods were justified.
The asymptotic method was applied to a number of rod problems; for an extensive list of
references see Trabucho & Viafio [1996] and Ciarlet [1997].
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In the mentioned works the justification of the classical models of rods was formal in the
sense that instead of a physical hypothesis of Bernoulli-Navier type some a priori scaling of
displacement, stress and external data was taken. Indeed, Miara [1992a, 1992b, 1994a, 1994b]
proved that the scaling taken in the case of plates (Ciarlet & Destuynder [1979a, 1979b]) is
a consequence of 3-D elasticity theory and of the Ansatz of formal expansion method (see
Ciarlet [1997], pp. 89-95, 269). This result provides a complete justification of the scaling
for the plates.

In this paper we prove an analogous fact for linear rods. In Section 2 we formulate basic
assumptions and Theorem 2.1, containing the main result. The proof of Theorem 2.1 is given
in Section 3. In Section 4 we consider an ”overlooked” model (see Ciarlet [1997], p. 90-91).

2 Statement of the problem and the main result

In that what follows we assume that Latin indices i, 7,... take their values from the set
{1,2,3} and that Greek indices a, 3, ... take their values from the set {1,2}. We assume also
a summation convention over repeating indices.

Let w C R2 _ be a bounded, sufficiently regular domain with the properties

T1T2
/ Todw = 0, / T1Todw = 0. (2.1)
w w

Let be v = 0w, =w x (0,1), ' =y x(0,1), 'y =w x {0} and I'1 = w x {1}. For sufficiently
small ¢ > 0 we define w® = ew, 7* = 0w, Q° = w® x (0,1), I'* =~° x (0,1), I'§ = w® x {0}
and '] = w® x {1}. Let z° denotes a generic point of the domain Q¢; then the transformation

x® = (27,25, 25) = (ex1,ex2, T3), z € (2.2)

is a bijection 2 — Qf, I' — I'® etc. We consider the domain Q¢ as a natural configuration of
a linear, homogeneous and isotropic elastic rod with the Lamé coefficients \* and u®. The
displacement field we denote by u® and the corresponding strain tensor by e(u®) = Sym Vu*.
We shall assume that the rod is clamped on I'y and I'{. The appropriate function space is
then (V¢)3, where

Ve={v e H(Q):v* =0o0onT§ and I'{}. (2.3)
Let ¢ € L%(9°)3 and g° € L?(I'*)® denote respectively the density of the external body
and contact force. Then the equilibrium displacement u® € (V¢)3 is a unique solution to the
variational problem

/E (A tre(u®) tre(v) + 2u°e(u’) - e(v)) dz® =

= f° - vda® +/ g° - vdl®, ve (VO3 (2.4)
Qe €

Let
V={veH (Q):v=00nTyand I'1}. (2.5)

For v¢:QfF — RN (v°:T° = RN), N=1,2,3, and z € Q (z € T) let be
v(e)(z) = v (e, €22, T3). (2.6)
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Then, if v° belongs respectively to the space L2(Q%)N (L?(T%)") and (V#)¥, the function
v(g) belongs to the space L?(Q)YN (L*(T)V) and VY. The following fact is an immediate
consequence of (2.4) and the change of variables (2.6).

Lemma 2.1 The problem (2.4) is equivalent to the problem: find u(e) € V3 such that

e 'B_1(u(e),v) + Bo(u(e),v) + By (u(e),v) =

= E/Qf(a) -vdx + /Fg(e) -vdl, veVs, (2.7)

where the forms B_1, By, By : V3 x V3 = R are defined as follows:
Boa(uw) = [ (Fean(wenn(®) + 2 eas(wieas(®) + i Ouusdes) do. (2.8)
Bo(w,v) = /Q (A (Can(w)ess(v) + e33(w)ess(®)) + 1 (D3tadavs + Bauzdsva)) da, (2.9)
Bi(u,v) = /Q (A + 2u%)esz(u)ess(v) + p°O3uadsvg) du. (2.10)

In the framework of small displacement theory it is obvious that for a small € > 0 the
relation between external forces and Lamé coefficients has to be under control.
Without loss of generality (see Ciarlet [1990], p. 58) assume that

N=\ 4 =up, (2.11)

file) =€PifPi gi(e) = 5p1+1gf1+1, (no summation over i) (2.12)

where p; € Z and numbers A, ;1 as well as functions f7*, gPt1 don’t depend on e. A special
form of the problem (2.7), (2.11), (2.12) suggests an asymptotic analysis: we assume that for
each pair (£(¢),g(¢)) there exist a number p € Z and functions u?, uP™!, ..., not depending
on ¢, such that

u(e) = ePulf + PPt 4+ hot., (2.13)

where the leading term w” is nontrivial for at least one pair (f(¢),g(¢)); h.o.t is an abbrevia-
tion for "higher order terms”. Because of linearity of the problem (2.7) one can assume that
p =0, i.e.

u(e) = u’ + eu' + h.ot. (2.14)

We say that uii (i =1,2,3,l; > p) is the leading i-th component of the expansion (2.13) if the
following conditions are satisfied:

a) for each pair (f(¢),g(e)) and each k € {p,p+1,...,l; — 1} it holds u¥ = 0;

b) for at least one pair (f(¢),g(e)) it holds uiz # 0.

Obviously, min {l1,l2,l3} = 0. The leading displacement of the expansion (2.14) is the field
(ulll,ulz2,ué5) We accept the following basic assumptions (the Ansatz of the asymptotic

expansion method):



A1l The successive terms u¥, k = 0,1,... in (2.14) satisfy the equations obtained (after
inserting (2.14) into (2.7)) by the cancellations of the coefficients of €™, m € Z.

A2 The leading displacement belongs to the space V3.

An inspection of coefficients of different powers of ¢ that appear in (2.7) shows that the
pair (f(€),g(e)), defined by (2.12), is trivial if p; < —2,1=1,2,3, i.e.

fzpl =0, gfﬁl 0 ifp,<—-2,i=1,2,3. (2'15)

Our purpose is to found out the smallest numbers p;, i = 1,2, 3, for which the pair (f(¢), g(¢))
is not necessarily trivial and to identify the correspondent leading displacement. We shall
prove the following result.

Theorem 2.1 Let be p; € Z, p; > —2. If for each pair (f(g),g(g)), defined by (2.12), there

exist terms u®, ..., u3 of the expansion (2.14), then
Pa = 2a b3 = 1a (216)
i.e.
fale) =212, fale) =<fs. (2.17)
gale) = %43, g3(e) = %43 (2.18)
The leading displacement is the field (uf,u9,u}), being of the Bernoulli-Navier type:
ud (z) = 20 (x3), uy(x) = 23 (x3) — 140320 (x3), (2.19)
where
20 € HE(0,1), 2 € HY(0,1). (2.20)

Under assumption
f3(e) € HY(0,1; L*(w)),  ¢3(e) € H'(0,1;L%(y)) (2.21)

the field (29,29, 21) is a unique solution to the system
1 1
EI1/ 03327 Osgndas = / Findzxs, n € Hg(0,1),
0 0
1 1
EIQ/ 8332363377d.%'3 = / FQ?]dl'g, RS Hg(o, 1), (2.22)
0 0

1 1
EA/ ngéagnd:cg :/ Fsndaxs, nE H&(O, 1),
0 0

where
= W (Young’s modulus), (2.23)
/$1dw /x%dw, A= |w|, (2.24)
/ 2+ xaagfg) dw + / (gi + :Ea(939§) d, (2.25)
w gl
/kw+/%M- (2.26)
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Remark 2.1 Interpretation of the results (2.17) and (2.18) can be described by paraphrasing
that one given for the plates (Ciarlet [1997], p. 94): the linear Bernoulli-Navier rod theory
cannot be obtained by an asymptotic analysis of the linear 3-D equations unless the data
behave as specific powers of ¢, in the following sense: the ratio between (some appropriate
measure of) the applied transverse body force and the Lamé constants must behave like 2,
the ratio between (some appropriate measure of) the applied longitudinal body force and the
Lamé constants must behave like ¢, etc.

3 Proof of Theorem 2.1

The equations for successive terms of expansion (2.13) and the corresponding boundary con-
ditions shall be find, respectively, by the use of assumptions Al and A2. Following Miara
[1994a] we shall break the proof into several steps.

Step 1. Taking into account (2.15) we assume that
file) =7 2f72, gi(e) =g . (3.1)

By the cancellation of the coefficient of e~! in (2.7) and setting respectively v3 = 0 and v, = 0
we obtain the system

[ Ocantlessto) + 2ucas()easto)) do = [ fiuda+ [ gtvaar, @2)
Q Q r
v = (v1,v9) € V2,

/ 100 u3Dpv3dr = / f3 2vgdr + / g3 'vsdl, vy € V. (3.3)
Q Q T

Setting in (3.2) va(7) = Na(23), 1o € HE(0,1), we conclude immediately that the functions
f2 and g, ! must satisfy a compatibility condition

/ f2dw + / gxtdy =0on (0,1). (3.4)
w ¥
That is in contradiction with the assumption that u° exists for each pair (f -2, g~ !); therefore

f2=0, git=o0. (3.5)

Setting in (3.2) va(x) = Vo (21, 22)0(23), Y0 € H (W), n € HE(0,1), and taking into account
(3.5) we obtain

/ (Aeaa(u?)ess(9) + 2peqs(u’)eas(¥)) dw = 0 on (0,1). (3.6)

From that we conclude that for each x5 € (0,1) the field (u,u9) is a plane infinitezimal rigid
displacement, i.e. that there exist functions 20, 2% € H'(0,1) such that

ue () = 20(w3) + Ga(z1, 22)2° (23), (3.7)
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where
(51(1’1,.%'2) = —X9, 52(1‘1,$2) =x1. (3.8)
From (3.7) it follows that
29,29 € H}(0,1). (3.9)

Analogously, setting in (3.3) respectively vs(z) = n3(x3) and vs(x) = d(z1,x2)n3(23), U €
Hl(w), n3 € H}(0,1), we obtain a compatibility condition

/ f3 2dw + / g3 dw =0 on (0,1) (3.10)
and therefore
f52=0, g3'=0 (3.11)
and
ug(m) = zg($3), (3.12)
where
29 € H}(0,1). (3.13)

Step 2. Taking into account (3.5) and (3.11) we assume that

file)=e1f71, gi(e) =gy (3.14)

By the cancellation of the coefficient of € in (2.7) and setting respectively v3 = 0 and v, = 0
we obtain the system

/Q (Aeaa(ul)egg(v) + 2peqp(ut)eas(v) + Aesz(u)ess(v) + ,u&lug@gva) dr  (3.15)
= / fotvadz + / PQuedl, v = (v1,v2) € V?,
Q r
/ (,u ((%ué + Bgug) OqV3 + A@augagvg) dx = / fg_lvgdx + / ggvng, vs € ¥3.16)
Q Q r
Setting in (3.15) v () = 1a(23), Na € HE(0,1), we obtain a compatibility condition

/fojldw—l-/ggdyz() on (0,1) (3.17)
w ol

and therefore
=0, g=o. (3.18)

Setting in (3.15) va(z) = Yo (21, 22)n(23), Vo € H'(w), n € HE(0,1), and taking into account
(3.12) and (3.18) we obtain

/ (Aeaa(uh)ess(9) + 2ueas(ueqs(9)) dw + A@gzg/ egp(V¥)dw =0on (0,1).  (3.19)

w

From (3.19) it follows that there exist functions z.,z' € H'(0,1) such that

1

ul (2) = 25 (23) + 6alw1, 12) 2" (23) — V00329 (23), (3.20)
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where

L A
C2(A+p)
From (3.20) we conclude that

(Poisson ratio). (3.21)

25 € H*(0,1). (3.22)

Analogously, setting in (3.16) vs(x) = n3(z3), n3 € H}(0,1), we obtain a compatibility
condition

/f;ldw + / g3dy =0 on (0,1) (3.23)

and therefore
f31=0, ¢3=0; (3.24)

setting vg(ws) = 9(z1, w2)n3(w3), ¥ € HY(w), n3 € HE(0,1) and taking into account (3.7) and
(3.24) we have

/ Dot On¥dw + D320 (3) / Da¥dw + 832° (x3) / 500a¥dw =0 on (0,1). (3.25)

w

From (3.25) we conclude that there exists a function 23 € H*(0,1) such that
ul(z) = 23 (23) — 200322 (23) + w(x1, 22)032° (3), (3.26)

where w € H'(w) N Li(w) is the warping function of the domain w, i.e. solution to the
problem

/ (Ot + 62) daddw = 0, ¥ € HY(w) N L2(w): (3.27)

o Li(w) = {79 e L} (w): /wﬁdw = o} . (3.28)

From (3.26) we conclude that
29,20 € H*(0,1). (3.29)

Step 3. Because of (3.18) and (3.24) we assume

file) =17, gi(e) = eg;. (3.30)

By the cancellation of the coefficient of ¢ in (2.7) and setting respectively v3 = 0 and v, =0
we obtain the system

/ (Aeaa(u?)ega(v) + 2ueqs(u?)eqs(v) + Aegs(u')egg(v) + p(Oaus + O3ud)dsv,J3B1)
Q
— [ fvade+ [ gloadr, = (o0 € V2
Q r
/ (u@augaavg + Meaa (w0303 + pdsuldavs + (A + 2u)633(u0)83113) dx (3.32)
Q

:/f??vgdx—i—/g%vgdl“, vy € V.
Q r



Setting in (3.31) va (%) = na(z3), 1o € HE(0,1), we have
u/(@au§+83ug)83nadm: / fgnad:n—i—/génadl“.
Q Q r
Inserting (3.7) and (3.26) into (3.33) and taking into account that

/ Oqwdw = 0, / 0adw =0

we obtain a compatibility condition

/faodw—i-/gédfy— 0 on (0,1)
w g

and therefore
f2=0, gl=o0.

(3.33)

(3.34)

(3.35)

(3.36)

Setting in (3.31) va(z) = Ya(x1, 22)n(73), 90 € H (W), n € HY(0,1), and taking into account
(3.7), (3.26), (3.27) and (3.36), after integration by parts with respect to the variable x3 we

obtain

/ ()\eaa(u2)€ﬂﬂ(79) + ZMBaﬂ(UZ)ea,@(ﬁ)) dw + A63z§ /

w

—1—)\83320/ wOggdw — uaggzo/(aaw + 00)Vadw =0, on (0,1).
Setting here ¥, = J, and taking into account that
D= / (Oaw + 64) dadw = / (Baw + 64)* dw > 0

one gets 9332 = 0 or, because of (3.9),
2 =o.

The equation (3.37) takes the form

[ Oan(uienn(®) + 2ucas(u)cas(9)) do
+)\83Z?1) / 8579ﬁdw — /\83322/ xa@;ﬁgdw =0on <0, 1>.

From (3.40) we conclude that there exist functions 22, 2! € H*(0, 1) such that

up (x) = z5(w3) + 0a(21, 12) 2% (23) — VTaO323(13) + vPap(w1, 12) 3320,

where

g2 g2 1T
((I)aﬂ):<2(1 2) %( 2122)>

172

8

85193dw — )\83322/ l‘aag%gcﬂg)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)



(see Trabucho & Viaiio [1996]). Setting in (3.32) vs(x) = n3(z3), n3 € H(0,1), we get

/Q ()\eaa(ul) + ()\ + 2#)633(’(10)) 83773611‘ = /Qfgngdl‘ + / géngdl“. (3.43)
I

Inserting here (3.12) and (3.20) and taking into account (3.13) we conclude that 29 € HZ(0,1)
is a unique solution to the problem

1 1
EA/ 32503133 :/ </ f??der/g?l,d’Y) nadas, 13 € Hy(0,1). (3.44)
0 0 w 0
Because of (3.22) we obtain
—~FAds324 :/fgdw—l—/g%d’y. (3.45)
w gl

Setting in (3.32) vs(z3) = I(w1, x2)n3(x3), ¥ € H (w), n3 € H}(0,1) and taking into account
(3.12) and (3.20), after integration by parts with respect to the variable x3 we get

u/@augaaﬁdw#—uagzé/&Xﬁdw—l—u@gzl/&a@aﬁ (3.46)
—uuaggz:?/:caaaﬁdw—Eaggzg/79dw:/fgﬂdw—i—/g%z?d’y on (0,1).
w w w 0%

Because of (3.45) it is sufficient to consider (3.46) for ¥ € H'(w) N Li(w). According to the
assumptions (2.21) there is a unique U3 € H'(Q) N H(0, 1; L3(w)) such that

m / U205 0dw = / fI9dw + / giddy on (0,1),9 € H' (w) N L3(w). (3.47)
w w 107
From (3.46) and (3.47) it follows that there exists 22 € H'(0,1) such that
v
ud(z) = Ud(x) + 22(x3) — £o032(23) + w(z1, 22)032" (23) + §x38332g. (3.48)

Step 4. Because of (3.36) we assume

fale) = sfé, ga(€) = 62g§. (3.49)

Setting in (2.7) v3 = 0 and va (%) = Na(x3), 70 € HE(0, 1), by the cancellation of the coefficient
of €2 we obtain

u/(@aug—i-agui)@gnadw:/fénadx—i—/ginadl“. (3.50)
0 Q r

Inserting here (3.20) and (3.48) we get

1 1
,u/ (83z1/(8aw+(5a)dw+/GaUgdw> O3Nadrs —/ (/ folédw—l—/ggd’y) Nadrs;
0 w w 0 w 01

(3.51)



because of (3.34) and the equality

u/@aUg?dw:/xafgdw—i—/xag%d*y (3.52)
w w ¥

we have

1 1
/ (/ Tofddw + / xagz)l,dfy) OsNodrs = / (/ fldw +/gid’y> Nadrs. (3.53)
0 w 0% 0 w 0%

Taking into account assumptions (2.21), after integration by parts with respect to the variable
r3 we obtain a compatibility condition

/ (fé + :na@:),f?(,)) dw + / (gi + xaagggl,) dvy = 0. (3.54)
w g
Therefore
f3=0, g3=0, (3.55)
fa=0, gi=0. (3.56)
Because of (3.44) it holds
29 =0 (3.57)
and, because of (3.12),
uy = 0. (3.58)
Therefore
uj € V. (3.59)
From (3.26) it follows
20 e H2(0,1), =z € H(0,1). (3.60)
Because of (3.55) we assume
fa(e) = cf3, g3(e) = &%g3. (3.61)

Setting in (2.7) vo = 0 and vs(x) = n3(z3), 73 € HE(0,1), after cancellation of the coefficient
of €2 we obtain

/Q (AOaud + (X + 211)O3u3) O3nsda = /Q fanzdx + / ganzdl. (3.62)
N

Inserting here (3.26) and (3.41) and taking into account (3.60)s we conclude that 21 is a
unique solution to the problem

1 1
EA/ 832%83773 :/ (/ f;gldw—i—/ggdfy) N3, N3 € H&(O,l). (3.63)
0 0 w ¥
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Setting in (2.7) va = 0 and v3(x) = 24030a(x3), Na € HZ(0,1), after cancellation of the
coefficient of €2 we obtain

u/ (Oau3 + O3ul) O3nadr = —/ (A2 + (X + 21)03u3) x5053mpdr (3.64)
Q Q

+/ xaf?}@gnadx—k/xag%@gnadf.
Q N

By the use of (3.26) and (3.41) on the right hand side we get

1
,u/ (aau§+83u§) O3nedr = Efa/ 633288337]ad.%'3 (3.65)
Q 0

1
—l—/ </ xaf:)}dw—i—/xaggdﬁy) 03N drs.
0 w ¥

Taking into account the assumptions (2.21), after integration by parts in the second term on
the right hand side we obtain

1
u/ (Oau§+83ui) O3Nedr = Efa/ 6332863377ad333 (3.66)
Q 0

1
—/ (/ :L‘aagf?}dij/xaagggdv) Nadxs.
0 w ol

Step 5. Because of (3.56) we assume

fale) =2, gale) =< ga. (3.67)

Setting in (2.7) v3 = 0 and va(x) = 74 (73), 7o € HZ(0,1), after cancellation of the coefficient
of €3 we obtain

,u/ (O3 + Osu?) ngad:r::/fgnadx+/ginadf‘. (3.68)
Q Q r

Taking into account (3.60);, from (3.66) and (3.68) we conclude that 20 is a unique solution
to the problem

1 1
EIa/ 8332283377adx3 = / </ fznadw+/g3nad’y> Nadrs (3.69)
0 0 w Y
1
—|—/ </ xaagfgdw—l—/:caagggdfy) Nadrs, Mo € Hg(O,l).
0 w o7

The conclusions of Theorem 2.1 follow now from results of the Steps 1-5.

4 On overlooked models

We shall here discuss the asymptotic analysis for data (2.12) when p, # 2 or p3 # 1. In
such cases analysis leads to some compatibility conditions (see e.g. (3.10)). Therefore the
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definition of the leading displacement of the expansion (2.14) (see p. 3) has to be changed:
under ”arbitrary” pair (f(¢),g(¢)) we have to consider each one that satisfies all necessary
compatibility conditions.

If —2 < p; < 0, it turns out that the compatibility conditions are very complicated and
without clear physical interpretation; moreover, the problems for the leading displacements
are ill posed.

We shall formulate the result for p; = 0 (i = 1,2,3) only. In this case the compatibility
conditions are "reasonable”, but the leading displacement is not unique. For the sake of
simplicity we assume some regularity of the functions f : (0,1) — L?(w)?, g : (0,1) — L?(v)%.
Repeating the steps of the proof of Theorem 2.1 we obtain the following conclusion.

If there exist the terms u?, ..., u? of the expansion (2.14) with u° € V3, then f° and g'
satisfy the compatibility conditions

/ fOdw + / gldy =0, / Lo fodw + / Togsdy = const. (4.1)
w w w o'
The leading displacement is u°(z), with the components
ud (x) = 22(23) + alw1, 2)2°(23), ud(z) = 23(x3), (4.2)
where
29,29 29 € HL(0,1) N H?(0,1). (4.3)
The functions 2%, 29, 20 satisfy the equations
—11Dd332° = / SafOdw + / Sagidy, (4.4)
w v
—~EAd3320 = / fdw + /gédv7 (4.5)
w v
1 1
E[a/ 8332283377ad$3 = / Fane, Mo € H(% (0, 1) N Hz((), 1), (4.6)
0 0
where
F, = )\833/ 2a0gWadw + (A + 2u)(zo)(i”) / Tawdw; (4.7)
here W € H?(0,1; H'(w)?) is a solution to the problem
/ Wadw = 0, / OaWeadw =0, (4.8)
| NcanW)eis(0) + 2ucap(W)eas(d) do (4.9)
+83320/ (/\wagﬁg — U (agw + 5g) 195) dw (4.10)
= / fa¥adw + /gaﬂad% (4.11)
w gl
RS Hl(w)z,/ Vodw = 0,/ Saladw = 0. (4.12)
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As in the previous sections, w denotes the warping function of the domain w.
As we see, rotation 2z and longitudinal displacement z) are unique, but the transversal
displacement 20 is defined up to a polynomial (a,z3 + ba)z3(z3 — 1), @a, b € R.
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