


Osnovni trik: rastav na parcijalne razlomke prije samog integriranja

Za polinome P i Q 6= 0, integral ∫
P(x)

Q(x)
dx

ra£unamo ovako: zapi²emo funkciju P(x)
Q(x) u obliku

P(x)

Q(x)
= p(x)︸︷︷︸

polinom

+ r1(x)︸ ︷︷ ︸+ r2(x)︸ ︷︷ ︸+ . . .+ rn(x)︸ ︷︷ ︸
parcijalni razlomci

⇒
∫

P(x)

Q(x)
=

∫
p(x) dx︸ ︷︷ ︸
znamo

+

∫
r1(x) dx︸ ︷︷ ︸+

∫
r2(x) dx︸ ︷︷ ︸+ . . .+

∫
rn(x) dx︸ ︷︷ ︸ .

nau£it ¢emo
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Zadatak 51(a)

Izra£unajte integral I :=

∫
x5 + x4 − 8

x3 − 4x
dx .

Rje²enje. Rastavom na parcijalne razlomke (sami) dobivamo

x5 + x4 − 8

x3 − 4x
= x2 + x + 4+

2

x
+

5

x − 2
− 3

x + 2

pa je

I =

∫ (
x2 + x + 4+

2

x
+

5

x − 2
− 3

x + 2

)
dx

=
x3

3
+

x2

2
+ 4x + 2 ln |x |+ 5 ln |x − 2| − 3 ln |x + 2|+ C .
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Zadatak 51(a)
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Kako integrirati �kompliciranije� parcijalne razlomke?

Postoji nekoliko klasi£nih trikova. . .



Klasi£ni trik A

Za a ∈ R \ {0} i A,B ∈ R,∫
Ax + B

x2 + a2
dx =

∫
Ax

x2 + a2
dx︸ ︷︷ ︸

supstitucijom

t=x2+a2

+B

∫
dx

x2 + a2︸ ︷︷ ︸
tabli£ni integral

.



Zadatak 51(b)

Izra£unajte integral I :=

∫
3x − 1

x2 + 5
dx .

Rje²enje. I
Trik A
=

∫
3x

x2 + 5
dx︸ ︷︷ ︸

=:I1

−
∫

dx

x2 + 5︸ ︷︷ ︸
=:I2

.

I1 =

∫
3x

x2 + 5
dx =

[
t = x2 + 5

dt = 2x dx

]

=

∫
3

t
· dt
2

=
3

2
ln |t|+ C1 =

3

2
ln
(
x2 + 5

)
+ C1.

I2 =

∫
dx

x2 + 5
=

∫
dx

x2 +
(√

5
)2

=
1√
5
arctg

x√
5
+ C2.

⇒ I = I1 − I2 =
3

2
ln
(
x2 + 5

)
− 1√

5
arctg

x√
5
+ C .

∫
dx = x + C∫
xa dx =

xa+1

a+ 1
+ C (a 6= −1)∫

dx

x
= ln |x |+ C∫

ex dx = ex + C∫
ax dx =

ax

ln a
+ C (a > 0, a 6= 1)∫

cos x dx = sin x + C∫
sin x dx = − cos x + C∫
dx

cos2 x
= tg x + C∫

dx

sin2 x
= − ctg x + C∫

dx
√
1− x2

= arcsin x + C∫
dx

1+ x2
= arctg x + C∫

dx

a2 + x2
=

1

a
arctg

x

a
+ C (a > 0)
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Klasi£ni trik B

Za b ∈ R \ {0} i A,B, c ∈ R takve da je D := b2 − 4c < 0, integral∫
Ax + B

x2 + bx + c
dx

moºemo izra£unati ovako: zapisivanjem nazivnika x2 + bx + c u obliku

kvadrat binoma + konstanta

dobivamo ∫
Ax + B

x2 + bx + c
dx =

∫
Ax + B(

x + b
2

)2
+ c − b2

4

dx

=

[
t = x +

b

2
⇒ x = t − b

2
dt = dx

]

=

∫
At − Ab

2
+ B

t2 + 4c−b2
4

dt.

Dobiveni integral moºemo izra£unati klasi£nim trikom A!



Zadatak 51(c)

Izra£unajte integral

∫
3x − 1

x2 − 4x + 8
dx .

Rje²enje.

∫
3x − 1

x2 − 4x + 8
dx

Trik B
=

∫
3x − 1

(x − 2)2 + 4
dx

=

[
t = x − 2 ⇒ x = t + 2

dt = dx

]

=
3(t + 2)− 1

t2 + 4
dt =

∫
3t + 5

t2 + 4
dt

Trik A
=

∫
3t

t2 + 4
dt︸ ︷︷ ︸

supstitucijom u=t2+4
ili pogodimo

+

∫
5

t2 + 22
dt︸ ︷︷ ︸

tabli£ni integral

=
3

2
ln
(
t2 + 4

)
+ 5 · 1

2
arctg

t

2
+ C

=
3

2
ln
(
x2 − 4x + 8

)
+

5

2
arctg

(x
2
− 1
)
+ C .

∫
dx = x + C∫
xa dx =

xa+1

a+ 1
+ C (a 6= −1)∫

dx

x
= ln |x |+ C∫

ex dx = ex + C∫
ax dx =

ax

ln a
+ C (a > 0, a 6= 1)∫

cos x dx = sin x + C∫
sin x dx = − cos x + C∫
dx

cos2 x
= tg x + C∫

dx

sin2 x
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Klasi£ni trik C∗

Za a ∈ R \ {0}, integral
I :=

∫
dx

(x2 + a2)2

moºemo izra£unati ovako:

I =

∫
dx

(x2 + a2)2
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(x2 + a2)2
dx =

1

a2

∫ (
1

x2 + a2
− x2

(x2 + a2)2

)
dx

=
1

a2
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a
−
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x2

(x2 + a2)2
dx︸ ︷︷ ︸

=:I1

)
.

Nadalje,

supstitucijom t = x2 + a2

I1
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∫
x · x

(x2 + a2)2
dx

p.i.
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u = x du = dx

dv = x
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· 1
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a
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a
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Zadatak 51(d)

Izra£unajte integral I :=

∫
x3 + 2x2 − 2x + 1

x4 − x
dx .

Rje²enje. Rastavom na parcijalne razlomke (sami) dobivamo

x3 + 2x2 − 2x + 1

x4 − x
=

x3 + 2x2 − 2x + 1

x(x − 1) (x2 + x + 1)
= −1

x
+

2

3
· 1

x − 1
+

4

3
· x + 2

x2 + x + 1

pa je

I =

∫ (
−1

x
+

2

3
· 1

x − 1
+

4

3
· x + 2

x2 + x + 1

)
dx

= − ln |x |+ 2

3
ln |x − 1|+ 4

3

∫
x + 2

x2 + x + 1
dx︸ ︷︷ ︸

=:I1

.
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Zadatak 51(d)

Preostaje izra£unati integral I1 :=

∫
x + 2

x2 + x + 1
dx .

Imamo I1 =

∫
x + 2

x2 + x + 1
dx

Trik B
=

∫
x + 2(

x + 1
2

)2
+ 3

4

dx

=

[
t = x + 1

2
⇒ x = t − 1

2

dt = dx

]

=

∫
t + 3

2

t2 + 3
4

dt

Trik A
=

∫
t

t2 + 3
4

dt︸ ︷︷ ︸
supstitucijom u=t2+ 3

4
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+
3

2

∫
1

t2 +
(√

3
2

)2 dt
︸ ︷︷ ︸

tabli£ni integral
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ln
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4
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3
t + C1
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x2 + x + 1
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√
3 arctg

2x + 1√
3

+ C1.

∫
dx = x + C∫
xa dx =

xa+1

a+ 1
+ C (a 6= −1)∫

dx

x
= ln |x |+ C∫

ex dx = ex + C∫
ax dx =

ax

ln a
+ C (a > 0, a 6= 1)∫

cos x dx = sin x + C∫
sin x dx = − cos x + C∫
dx

cos2 x
= tg x + C∫

dx

sin2 x
= − ctg x + C∫
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