5.1. Neodredeni mtegral
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Neka je f : | — R, gdje je | otvoren interval u R. Antiderivacija ili primitivna funkcija od f je
svaka funkcija F : | — R takva da vrijedi

F'(x)=f(x) zasvexcecl.

Neodreden integral od f je skup svih njenih antiderivacija. Oznaka:

/ £(x) dx.




Svojstva antiderivacije i neodredenog integrala

@ Nema svaka funkcija f : | — R antiderivaciju, ali svaka neprekidna funkcija ¥ : / — R ima.




Svojstva antiderivacije i neodredenog integrala

@ Nema svaka funkcija f : | — R antiderivaciju, ali svaka neprekidna funkcija ¥ : / — R ima.

@ Ako je F jedna antiderivacija od f, tada je
/f(x)dxz{F—G—C: C e R}.

Krace pisemo

/f(x)dx — F(x)+C, CeR.




Svojstva antiderivacije i neodredenog integrala

@ Nema svaka funkcija f : | — R antiderivaciju, ali svaka neprekidna funkcija ¥ : / — R ima.

@ Ako je F jedna antiderivacija od f, tada je
/f(x)dxz{F—G—C: C e R}.
Krace pisemo

/f(x) dx = F(x)+C, CeR.

o Neka je a € R. Sljedece jednakosti vrijede kad god je njihova desna strana definirana:
0] /af(x)dx:a/f(x)dx
(ii) /(f(x)ig(x)) dx = /f(x)dxi/g(x) dx.




Tablica integrala

/ dx inxt C
————— = arcsinx
V1—x2

/ dx tex 4+ C
—— = arctg x
1+ x2

/ dx B
a2+ x2

1
farctgi +C
a a

(a>0)

cosxdx =sinx+ C

/
/
/
/
/
/

sinxdx = —cosx + C
d
p—g =tgx+ C
dx
>— = —ctgx+ C
sin” x




Zasto je [ =In|x|+ C?

@ Zasto ne dx
/ =Inx+ C?
X




Zasto je [ =In|x|+ C?

@ Zasto ne dx
/ =Inx+ C?
X

Zato §to je D1 =R\ {0}, a Djhx = (0, +00).




Zasto je [ =In|x|+ C?

@ Zasto ne q
/X =Inx+ C?
X

Zato §to je D1 =R\ {0}, a Djhx = (0, +00).
o S druge strane, Dy, |, = R\ {0} = D1 i, s obzirom da je

x| {x, ako je x > 0, {Inx, ako je x > 0,
X| =

: , paje  Inlx|= :
—x, ako je x <0, In(—x), ako je x <0,
imamo
(In ||}’ = (Inx) =1, ako je x > 0,
(In(—x)) = _ix (-1) = %, ako je x < 0,
dakle )
(Inlx))' ==,  xeR\{0},

X

Sto znaci da je In |x| antiderivacija funkcije %




Zadatak 45(a)

IzraCunajte integral

/x5 dx.

ddx = C -1
x? dx +1+ (a# -1)
— =In|x|+C
efdx=¢e"+C

X
aXdXZI:fa+C (a>0, a#1)

cosxdx =sinx + C

@ o
X

inxdx = —cosx + C
d
cos;(x:tgx+c

d

;( =—ctgx+ C
sin? x

dx inx 4 C
————— = arcsinx
V1—x2

dx tex 4+ C
——— = arctg x
14+ x2

dx X
32+X2_7arctg;+C (a>0)



Zadatak 45(a)

IzraCunajte integral
/x5 dx.

Rjesenje. Imamo

6
/Xst:X6+C.

ddx = C -1
x? dx +1+ (a# -1)
— =In|x|+C
efdx=¢e"+C

X
aXdXZI:fa+C (a>0, a#1)

cosxdx =sinx + C

@ o
X

inxdx = —cosx + C
d
cos;(x:tgx+c

d

;( =—ctgx+ C
sin? x

dx inx 4 C
————— = arcsinx
V1—x2

dx tex 4+ C
——— = arctg x
14+ x2

dx X
32+X2_7arctg;+C (a>0)



Zadatak 45(b)

IzraCunajte integral

ddx = C -1
x? dx +1+ (a# -1)
— =In|x|+ C
efdx=¢e"+C

X
aXdXZI:fa+C (a>0, a#1)

cosxdx =sinx + C

e S S

inxdx = —cosx + C
d
cos;(x —tex+C
d
sin;(x =—ctgx+ C
dx inx 4 C
————— = arcsinx
V1—x2
dx tgx + C
——— = arctg x
14+ x2
dx X
o _7arctg;+C (a>0)



Zadatak 45(b)

IzraCunajte integral

Rjesenje. Imamo

ddx = C -1
x? dx +1+ (a# -1)
— =In|x|+ C
efdx=¢e"+C

X
aXdXZI:fa+C (a>0, a#1)

cosxdx =sinx + C

e S S

inxdx = —cosx + C
d
cos;(x =tex+cC
d
sin;(x =—ctgx+ C
dx inx 4 C
————— = arcsinx
V1—x2
dx tgx + C
——— = arctg x
14+ x2
dx X
o _7arctg;+C (a>0)



Zadatak 45(b)

IzraCunajte integral

Rjesenje. Imamo

ddx = C -1
x? dx +1+ (a# -1)
— =In|x|+ C
efdx=¢e"+C

X
aXdXZI:fa+C (a>0, a#1)

cosxdx =sinx + C

e S S

inxdx = —cosx + C
d
cos;(x =tex+cC
d
sin;(x =—ctgx+ C
dx inx 4 C
————— = arcsinx
V1—x2
dx tgx + C
——— = arctg x
14+ x2
dx X
o _7arctg;+C (a>0)



Zadatak 45(b)

IzraCunajte integral

Rjesenje. Imamo

ddx = C -1
x? dx +1—4— (a# -1)
— =In|x|+ C
efdx=¢e"+C

X
aXdXZI:fa+C (a>0, a#1)

cosxdx =sinx + C

e S

inxdx = —cosx + C
d
cos;(x =tex+C
d
sin;(x =—ctgx+ C
dx inx 4 C
————— = arcsinx
V1—x2
dx tgx + C
——— —arctg x
14+ x2
dx X
o _7arctg;+C (a>0)



Zadatak 45(c)

IzraCunajte integral

[t

o

x=x+C
a+1
a+1

=In|x|+ C

ddx =

X

+C (a#-1)

o

X

mx ><‘
o
X
|
o

X

+
a

aX

X

dx

Q

+C (a>0,a#1)
Ina

cosxdx =sinx + C

\\\\\T\\\\\\

inxdx = —cosx + C
dx
c052X:tgx+C

d

; =—ctgx+ C
sin® x

dx . ‘c
———— = arcsinx
V1—x2

dx tox + C

= arctg x

14 x2

dx 1 X
22+X2:;arctg;+C (a>0)



Zadatak 45(c)

IzraCunajte integral

o

x=x+C

a+1
/de. x?dx = . +C (a#-1)
a+1
. C1—X:In|x|-|-C
.. 3 _ 1 Ly\2 x
Rjesenje. /\/X'\/;dx—/(x 'X3> dx e“dx=e+C

aX

X

dx

Q

+C (a>0,a#1)
Ina

cosxdx =sinx + C

\\\\\T\\\\\\

inxdx = —cosx + C
dx
c052X:tgx+C

d

; =—ctgx+ C
sin® x

dx . ‘c
———— = arcsinx
V1—x2

dx tox+ C

= arctg x

14+ x2

dx 1 X
22+X2:;arctg;+C (a>0)



Zadatak 45(c)

IzraCunajte integral

[\ g

Rjesenje. /de = / (Xl x;,); dx
1
2

:/(XH.%) dx

o

x=x+C
a+1
a+1

=In|x|+ C

ddx =

X

+C (a#-1)

o

X

mx ><‘
o
X
|
o

X

+
A

ax

X

dx

Q

+C (a>0,a#1)
Ina

cosxdx =sinx + C

\\\\\T\\\\\\

inxdx = —cosx + C
dx
c052X:tgx+C

d

; =—ctgx+ C
sin® x

dx . ‘c
———— = arcsinx
V1—x2

dx tox+ C

= arctg x

14+ x2

dx 1 X
22+X2:;arctg;+C (a>0)



Zadatak 45(c)

IzraCunajte integral

[\ g

Rjesenje. /de = / (Xl x;,); dx
1
2

o

x=x+C
a+1
a+1

=In|x|+ C

ddx =

X

+C (a#-1)

o

X

mx ><‘
o
X
|
o

X

+
A

ax

X

dx

Q

+C (a>0,a#1)
Ina

cosxdx =sinx + C

\\\\\T\\\\\\

inxdx = —cosx + C
dx
c052X:tgx+C

d

; =—ctgx+ C
sin® x

dx . ‘c
———— = arcsinx
V1—x2

dx tox+ C

= arctg x

14+ x2

dx 1 X
22+X2:;arctg;+C (a>0)



Zadatak 45(c)

IzraCunajte integral

o

x=x+C

3 a+1
/\/X'\/;dx- X7 dx = £C (a#-1)
a+1
1 C1—X:In|x|-|—C
R.v . \_'y*d _ 1 % §d X
Jjesenje. \/ X v/xdx = X X X e dx — ¥ 4 C
1 ax
N 2 adx=—+C (a>0, a#1)

Ina

cosxdx =sinx + C

I

—
S
QN-\‘H
X

inxdx = —cosx + C
dx
2 =t C
= x3 dx cos? x gx+
dx
—— = —ctgx+ C
sin® x
dx . ‘c
———— = arcsinx
V1—x2
dx tox+ C
= arctg x
14+ x2
dx 1 X
e :;arctg;JrC (a>0)



Zadatak 45(c)

IzraCunajte integral

/\/X- J/x dx.
Rjesenje. /mdx:/(xl.x;,); dx
:/(XH;); dx

Il
X
win
[oR
x

o

x=x+C
a+1
a+1

=In|x|+ C

ddx =

+C (a#-1)

X

o

X

mx ><‘
o
X
|
o

X

+
A

ax

X

dx +C (a>0,a#1)

Q

Ina

cosxdx =sinx + C

\\\\\T\\\\\\

inxdx = —cosx + C
dx
c052X:tgx+C

d

; =—ctgx+ C
sin® x

dx . ‘c
———— = arcsinx
V1—x2

dx tox+ C

= arctg x

14+ x2

dx 1 X
22+X2:;arctg;+C (a>0)



Zadatak 45(c)

IzraCunajte integral dx=x+C
3 a+1
/\/X-\/;(dx. x¥dx = +C (a#-1)
a+1
1 C1—X:In|x|-|—C
Rjesenj Vx-xdx= [ (x*-x3)7d .
jesenje. X y/xdx = XX X e“dx =€+ C
1 aX
2 adx=—+C (a>0, a#1)

:/(XHi) dx Ina

cosxdx =sinx + C

e e

sinxdx = —cosx + C
dx
2 =t C
:/X3 dx cos? x gx+
dx
5 sinZX:7Cth+C
X3 dx
= —+C ———— =arcsinx+ C
5 V1—x2
3 dx
3 s 1+X2:arctgx+C
:gX3+C dx ! tX+C(>0)
= —arctg — a
a2 + x2 a ga



Zadatak 45(d)

IzraCunajte integral

/ (3x4 + 4X_5) dx.

X
aXdXZI:fa+C (a>0, a#1)

cosxdx =sinx + C

e S

inxdx = —cosx + C
d
cos;(x =tex+C
d
sin;(x = ctex+C
dx inx 4 C
————— = arcsinx
V1—x2
dx tex 4+ C
——— = arctg x
14+ x2
dx X
o _7arctg;+C (a>0)



Zadatak 45(d)

IzraCunajte integral
/ (3x4 + 4X_5) dx.

Rjesenje. Imamo

5 —4
/(3x4+4x—5) dx:3-%+4~x_—4+C

=tgx+ C

=—ctgx+ C

=arcsinx + C




Zadatak 45(d)

IzraCunajte integral

/ (3x4 + 4X_5) dx.

Rjesenje. Imamo

X5 —4

/(3x4+4x_5) dx:3-€+4~x_—4+(;

35 a4 C
= — - .
5X X +

/dx:x+C
a+1

X

4dx = C -1
x? dx a+1+ (a# )
dx

— =In|x|+ C

—

0,
>
X
a.
X
Il
|
aQ
o
[
X
Jr
(@}

=—ctgx+ C

=arcsinx + C

/

/

/

/ d

/ —=tgx+C
/

/

/

/



Zadatak 45(e)

IzraCunajte integral

/

x — 4x3 —|—2x%

4
X5

dx

ddx = C -1
x? dx +1+ (a# -1)
— =In|x|+ C
efdx=¢e"+C

X
aXdXZI:fa+C (a>0, a#1)

cosxdx =sinx + C

@ [y
X

inxdx = —cosx + C
d
cos;(x:tgx+c

d

;( =—ctgx+ C
sin? x

dx inx 4 C
————— = arcsinx
V1—x2

dx tex 4+ C
——— = arctg x
14+ x2

dx X
32+X2_7arctg;+C (a>0)



Zadatak 45(e)

IzraCunajte integral

/

Rjesenje. Imamo

/x—4x3+2x§

4
X5

x —4x3 4 2x%
——dx

4
X5

dx = / (Xé —4X1~'Tl —i—2x_1l5) dx

ddx = C -1
x? dx +1—4— (a# -1)
— =In|x|+C
efdx=¢e"+C

X
aXdXZI:fa+C (a>0, a#1)

cosxdx =sinx + C

@ o
X

inxdx = —cosx + C
d
cos;(x:tgx+c

d

;( =—ctgx+ C
sin? x

dx inx 4 C
————— = arcsinx
V1—x2

dx tex 4+ C
——— —arctg x
14+ x2

dx X
32+X2_7arctg;+C (a>0)



Zadatak 45(e)

IzraCunajte integral

/

Rjesenje. Imamo

/x—4x3+2x§
—d

4
X5

x — 4x3 4+ 2x

X

t.mox‘ >U<m \

1 11
(XE —4x35 +2x~

W=

—4.

dx

G~

X
Glo

Gle

) ax

ddx = C -1
x? dx +1—4— (a# -1)
— =In|x|+C
efdx=¢e"+C

X
aXdXZI:fa+C (a>0, a#1)

cosxdx =sinx + C

@ o
X

inxdx = —cosx + C
d
cos;(x:tgx+c

d

;( =—ctgx+ C
sin? x

dx inx 4 C
————— = arcsinx
V1—x2

dx tex 4+ C
——— —arctg x
14+ x2

dx X
32+X2_7arctg;+C (a>0)



Zadatak 45(e)

IzraCunajte integral

/

Rjesenje. Imamo

/x—4x3+2x
x5

1
3

x — 4x3 4+ 2x

dx

ol

o

©>Lm t.mox‘ >U<m \

W=

o

dx.

5] %
o m‘;

als O

N

»| G

X
Glo

slo oo

1 11 7
(XE —4x3 + QX_E) dx

+C

+ C.

X
aXdXZI:fa+C (a>0, a#1)

cosxdx =sinx + C

=tgx+ C

=—ctgx+ C

=arcsinx + C

/
/
/
/
/
/sinxdx: —cosx+ C
/
/
/
/
/



Zadatak 45(f)

IzraCunajte integral

/SX dx.

ddx = C -1
x? dx +1+ (a# -1)
— =In|x|+ C
efdx=¢e"+C

X
aXdXZI:fa+C (a>0, a#1)

cosxdx =sinx + C

£ o
X

inxdx = —cosx + C
d
cos;(x:tgx+c

d

;( =—ctgx+ C
sin? x

dx inx 4 C
————— = arcsinx
V1—x2

dx tgx + C
——— = arctg x
14+ x2

dx X
32+X2_7arctg;+C (a>0)



Zadatak 45(f)

IzraCunajte integral
/SX dx.

Rjesenje. Imamo

/5XdX25+C.

Inb

X
aXdXZI:fa+C (a>0, a#1)

cosxdx =sinx + C

=tgx+ C

=—ctgx+ C

—arcsinx + C

/
/
/
/
/
/sinxdx: —cosx+ C
/
/
/
/
/



Zadatak 45(g)

IzraCunajte integral

/(6 sin x + 5 cos x) dx.

X
aXdXZI:fa+C (a>0, a#1)

cosxdx =sinx + C

e S S

inxdx = —cosx + C
d
cos;(x =tex+cC
d
sin;(x =—ctgx+ C
dx inx 4 C
————— = arcsinx
V1—x2
dx tgx + C
——— —arctg x
14+ x2
dx X
o _7arctg;+C (a>0)



Zadatak 45(g)

IzraCunajte integral

X
aXdXZI:fa+C (a>0, a#1)

/(6 sinx + 5 cos x) dx.

cosxdx =sinx + C

=tgx+ C

/(6sinx+5cosx)dx: —6cosx + 5sinx + C.
=—ctgx+ C

=arcsinx + C

/
/
/
/
/
Rjesenje. Imamo /sinxdx = —cosx+ C
/
/
/
/
/



Zadatak 45(h)

IzraCunajte integral

/tg2 x dx.

ddx = C -1
x? dx +1+ (a# -1)
— =In|x|+C
efdx=¢e"+C

X
aXdXZI:fa+C (a>0, a#1)

cosxdx =sinx + C

e S S

inxdx = —cosx + C
d
cos;(x =tex+C
d
sin;(x = ctex+C
dx inx 4 C
————— = arcsinx
V1—x2
dx tex 4+ C
——— = arctg x
14+ x2
dx X
o _7arctg;+C (a>0)



Zadatak 45(h)

IzraCunajte integral

/tg2 x dx.

Rjesenje. Imamo

")
/tgzxdx:/smzx dx
cos? x

ddx = C -1
x? dx +1—4— (a# -1)
— =In|x|+ C
efdx=¢e"+C

X
aXdXZI:fa+C (a>0, a#1)

cosxdx =sinx + C

e S S

inxdx = —cosx + C
d
cos;(x =tex+C
d
sin;(x = ctex+C
dx inx 4 C
————— = arcsinx
V1—x2
dx tex 4+ C
——— = arctg x
14 x2
dx X
o _7arctg;+C (a>0)



Zadatak 45(h)

IzraCunajte integral

/tg2 x dx.

Rjesenje. Imamo

")
/tgzxdx:/smzx dx
cos? x

1—cos?x
= 72dx
Cos? X

ddx = C -1
x? dx +1—4— (a# -1)
— =In|x|+C
efdx=¢e"+C

X
aXdXZI:fa+C (a>0, a#1)

cosxdx =sinx + C

e S S

inxdx = —cosx + C
d
cos;(x =tex+C
d
sin;(x = ctex+C
dx inx 4 C
————— = arcsinx
V1—x2
dx tex 4 C
——— = arctg x
14+ x2
dx X
o _7arctg;+C (a>0)



Zadatak 45(h)

IzraCunajte integral

/tg2 x dx.

Rjesenje. Imamo

")
/tgzxdx:/smzx dx
cos? x

1—cos?x
= 72dx
Cos? X

1
:/< 5 —1)dx
cos? x

X
aXdXZI:fa+C (a>0, a#1)

cosxdx =sinx + C

=tgx+ C

=—ctgx+ C

=arcsinx + C

/
/
/
/
/
/sinxdx: —cosx+ C
/
/
/
/
/



Zadatak 45(h)

IzraCunajte integral

/tg2 x dx.

Rjesenje. Imamo ax
aXdXZIf+C (a>0, a#1)
na

/
/
/
/ /COSX /
/
/
/
/
/

1 5 sinxdx = —cosx + C
— COS™ X
= [ o dx

COS“ X

1
:/< 5 —1)dx
cos? x

=tgx —x+ C.

=tgx+ C

=—ctgx+ C

=arcsinx + C




Zadatak 45(i)

IzraCunajte integral

/

1 + cos(2x)

cos? x — 1

dx=x+C

=2 4c (a>0, a#1)
Ina

a
[e]
wn
X
o
x
|
0,
5
X
+
(o)

inxdx = —cosx + C

o
x

=tgx+ C

[a]

a.0
x %
x

=—ctgx+ C

0,

=)
N

X

=arcsinx + C

A
(ol
OB~
X
N

5 = arctgx + C
X
X

32+X2

._.
o+

\\\\\T\\\\\\

1
zfarctgi-i-C (a>0)
a a



Zadatak 45(i)

IzraCunajte integral

/ 1 + cos(2x)
cos?x —1
Rjesenje. Imamo
1 2 1 2
/ + cos(2x) dx = / + cos(2x) d
cos®x — 1 — (1 = cos? x)

dx =x+C
Xa+1
ddx = Cc -1
x? dx +1+ (a# -1)
d
—X:In|x|+C
X
efdx=¢e"+C
dx=— +C (a>0,a#1)

Ina

cosxdx =sinx + C

sinxdx = —cosx + C
cocl;(x =ex+C
si(::x = ctex+C
\/% =arcsinx + C
— X
dx 5 = arctgx + C
e

e S S S

1 X
= —arctg— + C 0
o aarcga-i- (a>0)



Zadatak 45(i)

IzraCunajte integral

/

/ 1 + cos(2x) dx —

Rjesenje. Imamo

cos2x —1

1 + cos(2x)

1 + cos(2x)
— (1 — cos? x)
1 + cos(2x) d

dx=x+C

X
a
“dx = —

+C (a>0,a#1)

L)

Ina

a
(o]
wn
X
o
x
|
©,
5
X
+
(o)

inxdx = —cosx + C

o
x

=tgx+ C

[a]

a.0
x %
x

=—ctgx+ C

0,

=)
N

X

[oN
X

=arcsinx + C

o
x|
x
N

5 = arctgx + C
X
X

32+X2

._.
o+

\\\\\T\\\\\\

1
zfarctgi-i-C (a>0)
a a



Zadatak 45(i)

IzraCunajte integral

/

/ 1 + cos(2x) dx —

Rjesenje. Imamo

cos2x —1

1 + cos(2x)

1 + cos(2x)
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Zadatak 45(n)
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Zadatak 45(n)
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