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1 Introduction

The Ingram Conjecture states that if T and 7} are two different tent maps,
then lim{[0, 1], 7} is not homeomorphic to lim{[0, 1],7;}. There are many
paper;vritten on this topic, and, perhaps no<t_surprisingly, the focus is usu-
ally on the structure of the postcritical orbit. If the critical point is peri-
odic then the Ingram Conjecture is true, [K1], [K2], [S1] (for a particularly
reader-friendly version of this proof see [Bl-J-K-Ke]) and recently the second
author proved the Ingram Conjecture in the case that the critical point is pre-
periodic, [S3] (see also [Bru] for a result in this direction). Thus in order to
continue towards a proof of the Ingram Conjecture we must focus on the case
when the critical point has an infinite (non-periodic and non-pre-periodic)
orbit.

A natural subdivision of the family of tent maps with an infinite post-
critical orbit is into the collection of tent maps with a recurrent critical point
and the collection of tent maps without a recurrent critical point. The fo-
cus of this paper is the case that the critical point is nonrecurrent, but we
should say something about the recurrent case. It is well-known that the set
of parameters, t € [\/5, 2], that correspond to tent maps 7; with a recurrent
critical point is a set of full Lebesgue measure. Many of these tent maps
generate horrendously complicated continua as inverse limit spaces. They
frequently display the property of being locally universal in the sense that
every open set contains a homeomorphic copy of every other tent map inverse
limit, [Ba-B-D].

In this paper, though, we focus on the case that the critical point is
nonrecurrent. We adopt the viewpoint of the second author in her recent
work on the preperiodic case and consider the inverse limit as a quotient
space of a certain set of bi-infinite sequences of 0’s and 1’s. We hope to make
this viewpoint well-known and well-understood by demonstrating its utility
towards proving the Ingram Conjecture.

Perhaps the most striking difference between the case we are considering



and the previously solved cases (finite critical orbit) is that in the previous
cases the inverse limits had only finitely many inhomogeneities, i.e. neigh-
borhoods at which the continuum is not homeomorphic to the product of a
Cantor set and an open arc. In the case under consideration there are always
infinitely many such inhomogeneities (see [R] and [G-Kn-R] for a detailed dis-
cussion of these inhomogeneities), but we show in this paper that the amount
of variation in the composant structure is still finite. In a forthcoming paper
we will use the fact that there are only finitely many structures in a given
composant to prove the Ingram Conjecture in the case that the critical point
orbit is dense in a countable set.

It is natural in thinking about Ingram’s Conjecture to attempt to de-
scribe the structure of the composants of these inverse limit spaces. All
of these spaces are indecomposable metric continua, and as such they have
uncountably many composants. Every homeomorphism will preserve the
composants, and it will send a composant containing an inhomogeneity to
another composant containing an inhomogeneity. In this paper we describe
many properties of the composants of im{[0, 1], 75} with an aim towards
using these properties in a proof of the I;gram Conjecture.

We begin the paper with a detailed description of the symbolic repre-
sentation of the inverse limit space. We state some of the properties of that
description paying particular attention to composant properties. We then
list many of the lemmas and theorems from [S2] which, even though they
were originally proved in the case of a finite critical orbit, are true in this
more general setting. We occasionally give some indication as to how the
proofs would need to be altered to fit this case. We end the paper with our
main theorem which states that even though the critical point has an infinite
orbit, if the critical point is nonrecurrent then there are only finitely many

different “types” of structures in the composants of the inverse limit space.



2 Preliminaries

Let s € (v/2,2] be such that the tent map T} : [0, 1] — [0, 1] has critical point
which is not recurrent. Let fs : [0, 1] — [0, 1] be the rescaled core of the tent

map T, i.e.
Fa(6) = sE+2—s5, if0<E <ecs,
ZVsi—9, e <est,
where ¢, = % is the critical point. Let C, denote the limit of the inverse

sequence consisting of copies of [0, 1], where the bonding map is the rescaled

core fs,

Cs =lm{[0, 1], i} = {(-.., €-5,€2,60) € [0, 1]+ &5 = fi(€oim), @ € N}

(s is a continuum (compact connected metric space). It is well known that

to describe the structure of continua im{[0, 1], T}, s € (1, 2], it is sufficient

to describe the structure of continua Cj, s € (v/2, 2.

Now we recall a symbolic representation of the inverse limit spaces C
provided by Brucks and Diamond in [B-D].

For every point £ € [0, 1] an itinerary of & under the map fs is a right-
infinite sequences of zeros and ones 7' () = (7;)icz, = Tor129 - -+ € {0, 1}2+,

where

€T, = Oa fsl(§>§687
' L fi§) = ¢

Note that every point £ € [0, 1] has at most two itineraries and the points
which have two itineraries are the preimages of the critical point. The knead-
ing sequence of the map f,, denoted by ¢ = (¢;)ien, is the itinerary of
fs(cs) = 1. Note that €y = cocsey ... is the itinerary of f2(c,) = 0. A se-
quence 7 € {0, 1}%+ is called allowed (with respect to f,) if there is & € [0, 1]
such that 7 is the itinerary of ¢ under the map f,. By Theorem I1.3.8 in
[C-E], 7 is allowed if and only if ¢, < 7" and ¢*7 < ¢}, for every k € Z,.
Let us denote by X the set of all allowed sequences = € {0, 1}?+. The met-

ric d on the space X' is given as follows: For two sequences = = (z;);cz, and



Y = Wiiez,, let d(Z, ) =0if T =7, and let d(7, y) =27Fif T £y,
where k = min{j € Z, : x; # y;}. The one-sided shift 0 : X} — X, given
by o((%i)icz,) = (Tit1)icz, , is continuous. Let us define an equivalence rela-
tion ~ on X7 as follows: @ ~ 7 if either @ = %, or there exists m € Z,
such that To@1 ... Tm_1 = YoU1 - - - Ym—1s Tm # Ym a0d T i1 = Yme1 = C1.
If [7] € X}/ and there exists § € [7] with ¥ # 7, we will write, for
simplicity, [2'] = zoz; . . .xm_lg?l. The mapping 7 : X}/ — [0,1], given
by n[Z] = £ if 7 is an itinerary of the point ¢, is a homeomorphism, and
7(6([7))) = fo(x([Z])), for every [Z] € X}/, where 5 : X}/ — X}/
is given by &([7']) = [0 Z]. For this reason, we will often identify [0, 1] and
X/~

For a bi-infinite sequence T = (x;);cz, we denote the right-infinite se-
quence ;T;j11T;i2 ..., also called a right tail of Z, by E} = TjTj41Tj42 - -
A bi-infinite sequence Z € {0, 1}Z is called allowed (with respect to f,), if all
of its right tails ?J are itineraries (with respect to fs), i.e., if for every right
tail 7}, j € Z, one has ¢y < 7; and o*7; < ¢, for every k € Z,. Let
X, = {7 € {0,1}% : z is allowed with respect to f,} denote the space of all
bi-infinite allowed sequences with respect to f;. The metric d on the space
X is given as follows: For two sequences Z,§ € X, T = (2;)icz, ¥ = (Yi)icz,
if 7 # g, let k=min{|j|:j € Z, z; # y;}. Then d(z,y) =27%if T # 7, and
d(z,y) = 0 if £ = . The shift map o : X; — X, given by (0%); = x;41, for
every ¢ € Z, is a homeomorphism. Let us define an equivalence relation ~ on
the space X, as follows: Two sequences Z,y € X, T = (2;)icz, ¥ = (Yi)icz,
are equivalent, T = y, if either z = g, or if there is k € Z with z; = v,
for i <k, x) # yr and Tpy1 = Yrs1 = c1. By Theorem 2.5 in [B-D] there
is a homeomorphism h : X,/~ — C, such that h(([z])) = f(h([z])), for
every [Z] € X/~, where 6 : X/~ — X/~ is given by 7([Z]) = [0Z], and
fs : Uy — Cs is given by fs( v 63 €9,601) = (11,600,800, [5(601), e,
the maps ¢ and fs are conjugate. Note that the maps ¢ and fs are homeo-

morphisms. We will often identify Cs and X /~. If there is a sequence y € [z]



with g # Z, it is unique, and we denote it by * = (z});ez. If there is no such
y € [z] with §y # Z, we put ¥ = z. Let m; : X;/~ — [0,1], j € Z,, be the
projection on the j-th coordinate, i.e., m;[7] = 7(7_;), where w(7"_;) = £ if
?_j is an itinerary of the point &.

For a bi-infinite sequence & = (x;);cz, we denote the left-infinite sequence
... Xj_9wj 17, also called left tail of Z, by Yj = ...xj_ox;17;. A left-infinite
sequence T = (z_;);en is allowed if for every k € N, there exists an itinerary,
such that its initial part of length £ is the finite sequence x_j...x_;. Note
that if 7 is allowed, then all of its left tails ?j are allowed. Each left-infinite
sequence T = ...x_s3r_ox_q describes one composant in Cy which is the set
of bi-infinite sequences having a left tail common to = . Two sequences T
and %y describe the same composant if and only if they have a common left
tail (Corollary 2.10 in [B-D]).

Next we introduce some of our own definitions and results which ap-
peared in [S2] for inverse limit spaces of tent maps that have a preperiodic
critical point. These are also valid in this more general setting of inverse

limit spaces of tent maps with nonrecurrent critical points.

Every composant of Cj is arcwise connected. Let ‘@ =...a_3a_sa_; and
let n € Z;. The set AL = {[z] € C, : 3% € [z], T_, = @’} is an arc and we
call it a basic arc. For a fixed left-infinite sequence Y = ...y_sy_oy_1, let C

be the corresponding composant of Cs. If AZ is a basic arc contained in the
composant C, then either v0_; = _,,, or there is k € N with v_, Y pkr1
and U_y_1 = Y_n_p. In the first case we put k = 0. When k£ = 0, and
whenever it is clear which sequence % represents the composant containing
the basic arc AL, we write only A" instead of AT;__H. When k£ > 0, we

write only A} instead of AL, where v =v_j...v_;, and we understand that

— =
Vok—1= Yn—k-

Forn € N,let P(n) =card{i: y_, =1,1 <i<n}. Ifn=0,let P(0) =
0. An arc A" is called even (respectively odd), if P(n) is even (respectively

odd). An arc A”

(V]

V=0U_f...0_1, Uk # Y_n_r, is called even (respectively



odd) if (~1)P0H = T[4, (~1)°= (respectively (—1)P0+) 2 TT5, (~1)7= ).

We introduce an ordering on the composant C' denoted by < and called
generalized parity-lexicographical ordering, as follows: For [z],[z] € C, let
k=k([z],[z]) =max{i e N: z_; £Zy_;or z_; #y_;, T = (x;)iez € [T], Z =
(21)icz € [2]}. 2, =y, and z;, =y, foralli e N, T € [z], Z € [Z],
let k = 0. We say that 7 < Z if either (—1)"®x_, < (=1)"® 2, or there
exists | € Z, | > —k, such that z; = 2, for —k < i <[, and (=1)"Wex; <
(—1)P®ez;, where e = [T.2" (=1)% = [[Z",.(—1)% € {~1,1}. We say that
Z] < [zlifz <Zorz =2

Note that the ordering depends on the chosen left-infinite sequence % .
The choice of another representative of this particular composant would lead
either to the same, or to the opposite ordering. There exists an order-
preserving bijection ¢ between the real line, endowed with its natural or-
der, and C', endowed with the ordering <. Therefore, the ordering < on the
composant C' is natural. Note that ¢ is continuous, but its inverse is not.

We define some special points as follows: A point [z] € O is called an
identification point or shorter an i-point if there is m € Z, with Z_,41 = 1.

Let [z] € Cs be an i-point with & # z*. The level of [z] is defined by
Lzl =mif |x_,, —x* |=1 Itz =7z* let L[Z] = oc.

The importance of the i-points and their levels is visible from the fol-
lowing: Let ‘@ = (a_;)ieny and b = (b_)ien, @ # ?, be allowed sequences.
For n € N, let A7 and A% be the basic arcs. If there is 7] € AL MNAZ, then

T, ="a and T*, = D Hence, [z] is an i-point, and there is m > n with
T =2, =ap_iy1, fori>m, |v_, —a*, |=1and T 41 = ?_*mH = 7,
implying that L[Z] = m. Also, if [g] € AZ is an i-point with L[g] > n, then
[y] € OAL.

Note that ,_| Az is an injection and if AZ has boundary points [Z] and
[y] with L[z] = [ and L[y] = k, then m,_1(AL) = {m,_1[7] : [7] € AL} is a
closed interval with boundary points fi="(c,) and fF"*1(c,). Let A% be

another basic arc. Let {[z°] < --- < [Z']} be the ordered set of all i-points



of AL, and {[u’] < --- < [@/]} be the ordered set of all i-points of AZ. If
ﬂn,l(ﬁA%) = mn-1(0A%), then i = j and either L[z™] = L[u™], for every
me{l,....j—1}if A% and AZ have the same parity, or L[z™] = L[ui=™],

for every m € {1,...,j — 1}, if they have different parity. For every k €
{0,...,n — 1}, the arc A<_ is a union of arcs Af, ie., AL = U,A%, where

the union is computed over all finite sequences w of length n — k& such that

‘@w is allowed. Since f, is L.e.o. and mo o = f, o, for every arc A, there is

m € Z4 such that 6™(A) = {6"[z] : [Z] € A} contains at least one i-point.
In [S2] (Proposition 2.10) we proved the following properties for basic

arcs:

Proposition 2.1 Let ‘@ = (a_;)ien be an allowed sequence, n € N, and
let AL be the associated basic arc. Then, for every i-point [y] € int AL,
there are points (7], [2] € AL, [z] < [y] < [Z], such that, for every point
[a) € AL, [z] X [u] < [g], there is a point [v] € AL, [g] < [v] = [Z], such that
[U_111] = [V_111], where I = L[g].

The proof for nonrecurrent case is the same as the proof for preperiodic case.

We say that the arc AL is [y]-symmetric between [Z] and [Z]. If either
(7] € AL, or [Z] € AL, we say that the arc AL is [g]-symmetric.

Note that, if the basic arc AZ contains an i-point [7] such that L[y] =
n—1, then AL is [y]-symmetric. If AZ is [y]-symmetric and [Z] € JAL then,
in the nonrecurrent case (as in the strictly preperiodic case) the corresponding
point [z] is not an i-point.

Since every basic arc contains finitely many ¢-points, the following corol-
lary (Corollary 2.12 in [S2]) is a direct consequence of the previous proposi-
tion:

Corollary 2.2 Let A% and A% be two neighboring arcs, let {[z°] < [z'] <

< [Z™]} be their i-points and let k € {1,...,m — 1} be such that [7*] =
AL N A% Let j = min{k,m — k}. Then for every [u], [P+ < [a) < [z,
there is 0], [7¥] < [0] 2 [2*T97Y], such that [U_p.1] = [V_n1]. In particular,
L[z*=% = L[z*], for everyi € N, i < j — 1.

8



3 The Structure of a Composant Containing
a Periodic Point

Let [a] be any periodic point of continuum Cj. Let the period of [a] be N € N.
Then a = a* = w>.w™ for some finite word w of the length |w| = N. Let us
denote by C' the composant represented by the sequence w™. Let K = 2kN ,
for some k € N. For every i € Z, the mapping 6% is an order-preserving
homeomorphism on C' having [a] as a fixed point. We will study the structure
of composant C. In what follows we ‘adjust’ most of our definitions, lemmas,
and theorems to the 67X th image of the space. Since & is a homeomorphism
this is obviously the same space, but the indices will have changed. The
reason for doing this is two-fold: (1) Since K is an even multiple of the
period of [a], 3P% will send the composant we are studying back to itself in
an order-preserving way and (2) in a forthcoming paper we will prove that
a homeomorphism of these spaces must ‘almost commute’ with some power
of the shift, so in that context we will need to be working in this adjusted
space.

We sort the i-points of C' in the following way: For every p € Z, a point
[7] € C is called p-point, if either there is m € Z, with [Z_,x_ms1] = [€1],
or if [z] = [a]. A p-point [Z] has p-level L,[z] = m if [v_px—m—2" g, | = 1.
Let us define L,[a] = oo, for every p € Z,. For every p,m € Z,, the
set E,,n = {[7] € C* : 37 € [7], T pk-mr1 = Ci} is the set of all p-
points of level m and E, = Uy_(E, ,, U {[a]} is the set of all p-points of
the composant C'. Note that E,.; C E,, for every p € Z,. Since there
is an order-preserving bijection from (Z, <) to (E,, <), such that 0 € Z is
mapped to [a] € E,, from now on, the points of E, will be indexed by Z. So,
E,={...,[z7',[z°,[z'],...} and [2°] = [a].

The sequence L,[z°%], L,[Z'], L,[Z?], ... is called the folding pattern of
the composant C. Note that [z°] < [z'] < [#?] < .... Let ¢ € Z4, q >
p,and E, = {....[g7Y,[#°,[g'],...}. Since 69X is an order-preserving



homeomorphism on C|, it is easy to see that, for every ¢ € Z,, one has
g@PE([7]) = [§'] and L,[Z'] = L,[5']. Therefore, the folding pattern of the
composant C' does not depend on p.

Now, we give some basic properties of the folding pattern of the com-
posant C. These properties were first proved in [S2] for the preperiodic case.
In that paper they were stated and proved for a composant containing a
point in the inverse limit generated by the particular periodic orbit to which
the critical point was mapped. However, the results are true in a more gen-
eral setting. As long as the critical point is nonrecurrent and the composant
contains a point periodic under the shift-map we have the following results.

The proofs require no change and so we simply list the relevant results here:

1. Let p € Z,. Let [2"] € E, and L,[z"] = iK + k, for some i € N and
k € Z, k < K. Then, for every j € Z,, j < i, there is [z™] € E,,
[z™] < [2"], such that L,[z™] = jK + k (The paragraph preceding
Lemma 3.2).

2. Let p,g,k € Z, and let arcs A,B C C be such that there are no
i-points [Z] € intA and [y] € intB with L,[z] > k and L,[y] > k.
If mprcik(A) = murcyx(B), then for E, NintA = {[z°] < --- < [z"]}
and for E, NintB = {[y°] < -+ < [§™]}, one has m = n and either
L,|z'] = Ly|y"], for every 0 < i < n, or L,[z'] = L,[yg"""], for every
0 < i < n (The paragraph preceding Lemma 3.2).

3. Let p € Z;. Let [2"] € E, be such that [z"] # [a] and L,[z"] #
0. Let i,j € N be the smallest numbers with L,[z""] > L,[z"] and
L,|z"7] > L,[z"]. Then the arc between the points [z"77] and [z" "] is
[Z"]-symmetric and L,[z"*] = L,[z"¥], for every k, 0 < k < min{i, j}
(Lemma 3.2).

4. Let p € Zy and [z],[y] € E,, [Z] # [y]. If L,[z] = L,[y], then there is
Z] € E, between [Z| and [y]| such that L,[z] > L,[z] (Lemma 3.4 and
Remark 3.5).
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5. Let p € Zy and [z"],[z2™] € E,, |m —n| > 2. If there is k € Z;
such that L,[z™] = L,[z"], and L,[z7] # L,[z"], for every n < j < m,
then n 4+ m is even and, for [ = max{L,[z/] : n < j < m}, one has

_n+m

L,[z"] <l= Ly[z = ] (Corollary 3.7 and Remark 3.8).

6. Let p € Zy. Let [z],[y] € E, be such that L,[z] =k, L[y =k+1, k €
Z., and there is no [w] € E, between [Z] and [y], satisfying L,[w] > k.
Then, for every n < k, there is [z] € E, between [z] and [g], such that
L,[Z] =n (Lemma 3.9 and Remark 3.10).

An arc A of the composant C' such that 0A = {[u],[v]} and AN E, =
{[5°), ..., [y"]} is called p-symmetric if [u_,x] = [V_px] and L,[§'] = L,[5"7],
for every 0 < ¢ < n. By statement 2. above, every p-symmetric arc is also
g-symmetric, for every 0 < ¢ < p. Note that if A is a p-symmetric arc of
the composant C' and AN E, = {[z°],.. ., [z"]}, then by statement 5. above,
n is even. The p-point [72] is called the center of A, it is denoted by [x4],
and also by statement 5. above, L,[x*] = max{L,[7] : [z] € E, N intA}.
Therefore, the centers of the p-symmetric arcs of the composant C' are the
“turning points” of the composant C.

In order to describe the folding pattern of the composant C, we study
some special arcs. For p € Z, an arc B of the composant C is called a
p-bridge if 0B C E,, L,[z] = 0, for every [z] € 0B, and L,[z] # 0, for every
[z] € int BN E,. Note that for every [Z| € int B one has either x_,x = 0, or
xr_pi = 1. If for every [Z] € int B one has z_,x = 0 (respectively z_,x = 1),
we will say that B is a p-bridge of sign 0 (respectively of sign 1).

For ¢ < p,let BNE, = {[z°],...,[z™]}. We will call the finite sequence
FP,B) = Lyz",..., L,z™] the g-folding pattern of the p-bridge B. If ¢ = p,
we will write, for simplicity, F'P(B) instead of F'P,(B). It is easy to see that
p-bridges are p-symmetric, and that L,[x?] determines the ¢-folding pattern
of the p-bridge B, for all ¢ < p. Therefore, it is natural to ask which kind
of p-bridges with respect to the p-levels of their centers exist? The answer is

the same as in the preperiodic case:

11



Lemma 3.1 Let p € Z, and n € N. There is a p-bridge B C C such that
Ly[X¥] = n if and only if ¢, € £2([0, ).

The proof is the same as the proof of Lemma 3.12 in [S2]. The following

corollary is a direct consequence of the previous lemma:

Corollary 3.2 Let p € Zy. If c3 = 0, then for every n € N, there is a
p-bridge B C C such that L,[x?] = n.

Lemma 3.3 Let p € Z,. For every n € N, there is a p-bridge B C C' such
that L,[x?] = 2n.

The proof is the same as the proof of Lemma 3.14 in [S2].

Lemma 3.4 Let p € Zy and m = min{i € N : co;y1 = 0}. There is a
p-bridge B C C such that L,[x?] = 2n — 1 if and only if n > m.

The proof is the same as the proof of Lemma 3.15 in [S2].

Corollary 3.5 Let p € Z; and let [z],[y] € E, be such that L,[z] = k,
L)yl = k+1, k € Zy. Then for every n < k, there is [z] € E, between
[Z] and [y], such that L,[Z] = n. Furthermore, either there is a p-bridge B
between [Z] and [y] such that L,[x?] = n, or there is no p-bridge whose p-level

of the center equals n.

The proof is similar to the proof of Corollary 3.17 in [S2] for the case i = j = 0
(see Remark 3.18 in [S2]).
Let B be a p-bridge with BN E, = {[z°],...,[z"]}. Let

T(B) = min{L,[y"] : A is a p-bridge of the same sign as B such that for
ANE, = {[@],...,[a"]} one has L,[a'] = L,[z'], 0 <i < n/2}.

For ¢ € Z, let D C C be a ¢-bridge and DN E, = {[¢°],...,[y"]}. If
T(B) = T(D), than there are a p-bridge B; C C and a ¢-bridge D; C C with
Ly[xP'] = L [x""]. Hence, m = n and L,[z'] = L,[§], for every 0 < i < n,
i # n/2. Therefore, we will call the number T'(B) the type of the p-bridge B.

12



Theorem 3.6 There are finitely many bridge types.

Proof: Let p € Z,. It is sufficient to prove that there exists M € N such
that for every p-bridge B C C and for every [z] € BN E,, (7] # [x?], one
has L,[z] < M.

The kneading sequence ¢; satisfies the following properties:

(a) There is the smallest k; € N such that for every i € N one has

. .
Cis1---Civk, 7 C1...Ck, (otherwise ¢ is recurrent),

(b) There is the smallest odd ko such that ¢, = 0 (if c9;1 = 1 for every
i € N, then ¢ = 10111cglegl -~ = 1% 10(1 — ¢6)(1 — ¢g) ... which
contradicts the assumption that s > v/2).

Let A C C be an arc and let AN E, = {[z%],...,[z™]}. Let us denote
by FP(A) the folding pattern of the arc A, i.e. FP(A) = (L,[z'])", =
L,|z%,. .., Ly[z™].

Let us suppose, on the contrary, that for every ¢ € N, there exists a p-bridge
B which contains a p-point [27¢], [2™] # [¥”'] such that L,[z™] = n; =
max{L,[Z] : [Z] € B'N E,,[7] # [¥”']} and the sequence (n;);en is strictly
increasing. Then for every p-bridge B! € (B%);cy there exists a p-bridge A
with F'P(A) = 0 n 0, for some n € N, with the following properties:

(i) 6™ (A) = A C B,
(i) [z™] € OA™.

Note that L,[Z™] = n; and n = L,[x®'] —n;. Now we fix some p-bridge B! €
(B")sen and the corresponding p-bridge A. We will study arcs A® = 5%(A),
i < ny, and their folding patterns F'P(A").

(1) Since FP(A) =0 n 0, one has ¢,;1 = ¢; and FP(A') =1n+11 (if
Cnp1 # ¢1 then FP(AY)=10n+101and A™ ¢ B').
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(2)

Suppose that ¢, 2 # . Then FP(A?) =2 0 n+ 2 0 2. Therefore,
Cnis =c3 =c; and FP(A%) =3 1n+31 3. Since c3 = ¢; implies ¢4 =
c1, one has that F'P(A*) contains the pattern 2 0 4. Thus, ¢5 = ¢; and
FP(A®) contains the pattern 3 1 5. Continuing we get that F'P(A*)
contains 0 for every 2i < n;, and FP(A**1) contains 1,3, ...,2i+1 and
does not contain 0 for every 2i + 1 < n;. Since the sequence (n;);en is

strictly increasing, one has ¢; = ¢9;41 for every ¢ € N which contradicts
(b). Therefore, ¢, 2 = ¢y and FP(A%?) =2n+2 2.

Suppose that ¢,13 # c3. Then FP(A%) =3 0 n+ 3 0 3 and hence
Cnpa =Cy =cy and FP(A*) =4 1n+414. If c5 # co, then FP(A?)
contains the pattern 2 0 5. This implies that ¢; = ¢3 = ¢¢ and that
FP(A®) contains the pattern 3 1 6. Going on we get that F'P(A%*T!)
contains 0 for every 2i+1 < n;, and FP(A*%2) contains 1,3,...,2i+1
and does not contain 0 for every 2i + 2 < n;. But ¢; = c9;41 for every
i € N contradicts (b). Therefore, c5 = cs.

Suppose that ¢; = ¢;43 for every @ < j and ¢; # ¢;j3. Then FP(ATT3)
contains the pattern 5+ 3 0 j.

If j = 3¢+ 1 for some 4, then

02 e C5 — I — Cj-‘rl
63 = C6 = o .. = C]+2

Since ¢y = ¢j41, then FP(A7**) contains the pattern 1 0 j 4+ 1 which
contradicts the assumption that A™ C B!

If y = 3¢ 4 2 for some 4, then

C1 = Cc4 = . e e Cj+2
3 = ¢ = -+ = Cjt1.

Since F'P(A7*3) contains the pattern j + 3 0 j, then ¢;11 = ¢ and
c3 = ¢1. Since ¢j42 = ¢1, then FP(A7*?) contains the pattern 2 0 j + 2
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and FP(A7%) contains the pattern 3 1 j + 3. Since ¢4 = ¢ # ¢y,
then FP(A’TT) contains the pattern 4 0 2. Since c5 = ¢y # ¢, then
FP(A7®) contains the pattern 5 0 1 which contradicts the assumption

that A™ C B

If j = 3¢ for some ¢, then

Cl f— c4 e “ .. f— C]-‘r].
Cg = C5 = = Cjt2
c3 = Cg = -+ = Cj 7§ Cj+3‘

Therefore, c3 = 0 (otherwise ¢; is not o-maximal). Since FP(A7+3)
contains the pattern 3 0 j + 3, then ¢;;4 = c1. If ¢jy5 # ¢, then
FP(A7%5) contains the pattern 2 0 j + 5 and FP(A’"%) contains the
pattern 3 0 1 which contradicts the assumption that A™ C B'. There-
fore, ¢j45 = co. If ¢ji7 # c4, then FP(AITT) contains the pattern
40 j+T7and FP(A’®) contains the pattern 5 0 1 which contradicts
the assumption that A™ C B'. If ¢j,g # cs, then FP(A’®) contains
the pattern 5 0 j + 8 and FP(A’™®) contains the pattern 6 0 1 which
again contradicts the assumption that A™ C B!. Continuing we get
that ¢; = ¢j41 = ¢jpa = -+ = c3ip1 and ¢ = ¢j2 = Cjy5 = -+ = C3iy42
for every i with 3i + 2 < n;. Since the sequence (n;);ey is strictly in-
creasing, this implies that ¢; = 10 % (1 — ¢3)(1 — ¢g) ... (1 — c3;) which
contradicts the assumption that s > V2. Therefore, ¢,.3 = c3 and
FP(A*) =3n+33.

Note that the only assumptions on n are the following:

(0) FP(A) =0n 0, i.e. n is the p-level of p-point whose both neigh-
boring p-points have p-levels 0,

and the assumptions (i) and (#¢). In (1), (2) and (3) we have proved
that for every n which satisfies (0), (¢) and (ii), one has ¢; = ¢4, for

every i < 4, i.e. the proofs in (1), (2) and (3) do not depend on n.
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(4) Suppose that we have proved that there exists j such that for every

n which satisfies (0), (i) and (ii), one has ¢; = ¢,;, for every i < j,
and suppose that ¢; # ¢,.;. Then FP(A7) =3 0n—+j 0 j. Therefore,
similarly to (1), one has ¢, 441 = ¢j41 = ¢ and FP(AI) = j+11n+
j+11j+1. Similarly to (2), one has ¢j1o = ¢, and so on.

Since j satisfies (0), (¢) and (i), one has ¢;+; = ¢; for every i < j.

(0)

0 n

1 n+1

2 n+2
7 —1 n+j—1

J 0 n+j 0
Jj+1 1 n+7+1 1
Jj+2 2 n+j+2 2
27 —1 J—1 n+25—1 J—1

25 (0) J 0) n+25  (0) J
2741 j+1=1 n+25+1 j+1=1
27 42 ]+2=2 n+25+2 1+2=2
37 —1 2j—1=75-1 n+35—1 2j—1=75-1

Therefore, cg4;1; = ¢; for every i < j and for every d such that (d+1)j <
n;. Since the sequence (n;);en is strictly increasing, this implies that
¢ = 10cs. .. Cj_1 * Y for some ¥, which contradicts the assumption

that s > /2. Therefore, ¢; = Cnyi for every i, which contradicts (a).

Therefore, there exists M € N such that for every p-bridge B C C' and for
every [Z] € BN E,, [z] # [X?], one has L,[z] < M. &

We should point out that we do not know which bridge types are allowed

for a given tent map with a nonrecurrent critical point, only that there are
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finitely many types.

Next, we consider relations between different bridges of the composant
C. For two p-bridges B!, B> C C, we say that B! < B? if for every [z| € B!,
and for every [y] € B2, one has [z] < [y]. Let B C C be a p-bridge and let
BNE, ;= {[z%,...,[z"]}. The arc between the points [z°] and [Y®] we
will denote by A%, and the arc between the point [Y”] and [z"] we will de-
note by A'. The arcs A' and A% we will call the (p — 1)-semibridges. Note
that L, 1[z'] = L,_1[z""], for every i € {0,...,n/2}. We say that the
(p — 1)-semibridges A! and A? have the semitype sT(A') = sT(A?) = T(B).
Let A be an arc such that 9A C E, ; and let AN E,_; = {[°],...,[y™]}.
If m = n/2 and either L, 1[y'] = L,_1[z'] for every i € {0,...,n/2 — 1},
and [?T(p—l)l(] = [y—B(p—l)K:L or Ly a[§] = Ly-a[z"*7], for every i €
{1,...,n/2}, and [¥°, k] = [X 5, 1)k}, then the arc Ais a (p — 1)-
semibridge with the semitype sT'(A) = T'(B).

If K > M, then the only p-bridges which contain p-points of p-level K
are p-bridges whose centers are p-points of p-level K. Therefore, from now
on we assume that K > M.

Let D be a p-bridge and DN E,_; = {[z°],...,[z"]}. Then L,[z°] =0,
L, 1[7°] = K, and [z°] is the center of (p—1)-bridge of type K. Let i € N be
the smallest number with L, [z] = 0, and let j < n be the largest number
with L, 1[Z7] = 0. Let A}, be the arc between the points [z°] and [z], and let
A% be the arc between the points [Z/] and [z"]. Then sT(A}L) = sT(A%) =
K. The arc AL, we will call the first (p — 1)-semibridge of the p-bridge D,
and the arc A% we will call the last (p — 1)-semibridge of the p-bridge D.
Between the points [Z'] and [27] there is one or more (p — 1)-bridges. The
ordered set of the first and the last (p — 1)-semibridges and all (p — 1)-bridges
contained in the p-bridge B is called the structure of the p-bridge B, and it
is denoted by S(B).

Lemma 3.7 Letp € Z,. Let B C C be a p-bridge, BNE, = {[z°],...,[z"]}
and S(B) = (AL, By, ..., Bm, A%). Let A be the arc between the points [Z°]
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and [7]. Then {[7 k] : [7] € A} = {[Z k] : [z] € B} and A} C A.

The proof is the same as the proof of Lemma 3.21 of [S2].
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