On some inequalities for convex functions of higher order II

May 19, 1999

Josip Pečarić Faculty of Textile Technology, University of Zagreb, Pierottijeva 6, 10 000 Zagreb, Croatia Vera Čuljak Department of mathematics Faculty of Civil Engineering, University of Zagreb, Kačićeva 26, 10 000 Zagreb, Croatia Mladen Rogina Department of Mathematics, University of Zagreb, Bijenička cesta 30, 10 000 Zagreb, Croatia

Abstract In this paper we prove some inequalities for convex function of a higher order.

The well known Hermite interpolating polynomial leads us to a converse of Jensen inequality for a regular, signed measure and, as a consequence, a generalization of Hadamard and Petrović’s inequalities. Also, we obtain a new upper bound for the error function of the Hermite interpolating polynomial |e_H (x)| in terms of ‖f^{(n)}‖_ν , resulting in a generalization of Mahajani inequality for different norm ν.

Keywords: Jensen inequality, Hadamard inequality, Petrović inequality, Hermite’s polynomial, (n)-convex function. AMS Subject classification:

1 Introduction

In [1] A.M.Fink has considered Fejer generalizations [9] of the left side Hadamard inequality involving convex functions of higher order. He has also proved the generalization of the right side this inequality:

Theorem A 1 Let f ∈ C^2[−1, 1] be convex, μ a regular, non-negative measure on the collection of all Borel sets in R, and G(s, t) the homogeneous Green’s function of the differential operator^{d2}_{ds2} on [−1, 1]. If the function s →

∫_1

−1 G(s, ·)dμ is non-positive, then

∫_1 −1 f dμ ≤ P_0 f(−1) + f(1) 2 + P_1 f(1) − f(−1) 2 where P_k =

∫_1 −1 x^k dμ(x) , k ∈ {0, 1}.

The following Theorem corresponds to some conversions of the well known Jensen inequality for convex functions (see Lemma 1 in [4]):

Theorem A 2 Let f : I = [m, M] → R, (−∞ < m < M < ∞) be convex and g : [a, b] → [m, M] such that g ∈ L^1(μ) on [a, b] for a non-negative measure μ satisfying ∫_b a dμ = 1. Then ∫_b a f(g(t))dμ(t) ≤ M − ∫_b a g(t)dμ(t) M − m f(m) + ∫_b a g(t)dμ(t) − m M − m f(M). The following generalization of the well known Petrović inequality for convex functions [17] was given by F. Giaccardi [15] (see also [3], p. 153-154): Theorem A 3 Let p, x ∈ R^n satisfy

(x_i − x_0) (_n ∑ k=1 p_k x_k − x_i ) ≥ 0, i = 1, .., n, (1) where x_0, ∑_n k=1 p_k x_k ∈ [a, b] ∑_n k=1 p_k x_k ≠ x_0. If f : [a, b] → R is convex, then n∑ k=1 p_kf(x_k ) ≤ Af (_n ∑ k=1 p_k x_k ) + B (_n ∑ k=1 p_k − 1 ) f(x_0), (2) where A = ∑_n i=1 p_i(x_i − x_0) ∑_n i=1 p_ix_i − x_0 , B = ∑_n i=1 p_ix_i ∑_n i=1 p_ix_i − x_0 . G. S. Mahajani [16] proved the following results: Theorem A 4 Let f ∈ C^1[a, b] be such that ∫_b a f(t)dt = 0. 1^0 If |f^′(x)| ≤ M then | ∫_x a f(t)dt| ≤ M(b − a)^2 8 , ∀x ∈ [a, b]; moreover, (3)

2^0 if (1^0) holds and f(a) = f(b) = 0, then | ∫_x a f(t)dt| ≤ M(b − a)^2 16 , ∀x ∈ [a, b]. (4) The notion of n-convexity goes back to Popoviciu [19]; we follow the definition given by Karlin [11]:

Definition 1 A function f :→ R is said to be (n)-convex on [a, b], n ≥ 0, if for all choices of (n + 1) distinct points in [a, b], n^{th} order divided difference of f satisfies [x_0, ..., x_n]f ≥ 0.

In fact, Popoviciu proved that each continuous (n)-convex function on [a, b] is the uniform limit of the sequence of (n)-convex polynomials. Many related results, as well as some important inequalities due to Favard, Berwald and Steffensen can be found in [12].

In this paper we give a proof of some inequalities for convex function of higher order (n > 2). In Section 3 we prove a result of Fink generalization of Hadamard inequality for convex function of higher order, while in Section 4 we give a generalization of a converse of the Jensen inequality for regular, signed Borel measure μ, and also for a convex function of higher order. In Section 5 we obtain a generalization of Giaccardi inequality for (2m)-convex function, and in section 6 we give an upper bound for the error function of the Hermite interpolating polynomial in terms of ‖ ‖_ν , which implies a generalization of Mahajani inequality for a different ν.

2 Preliminaries

Let −∞ < a < b < ∞, and a ≤ a_1 < a_2 ... < a_r ≤ b, (r ≥ 2) be given. It is well known, that for f ∈ C^n[a, b] a unique polynomial P_H (t) of degree (n − 1) [10], [2] exists, such that

Hermite conditions:

P^{(i)}_H (a_j) = f^{(i)}(a_j ); 0 ≤ i ≤ k_j , 1 ≤ j ≤ r, r∑ j=1 k_j + r = n,

in particular:

Simple Hermite or Osculatory conditions: (n = 2m, r = m, k_j = 1 for all j)

P_O(a_j ) = f(a_j ), P^′_O(a_j ) = f^′(b_j ), 1 ≤ j ≤ m,

Lagrange conditions: (r = n, k_j = 0 for all j)

P_L(a_j ) = f(a_j ), 1 ≤ j ≤ n,

Type (m, n − m) conditions: (r = 2, 1 ≤ m ≤ n − 1, k_1 = m − 1, k_2 = n − m − 1)

P^{(i)}_{mn}(a) = f^{(i)}(a_j ), 0 ≤ i ≤ m − 1 P^{(i)}_{mn}(b) = f^{(i)}(b_j ), 0 ≤ i ≤ n − m − 1,

Two-point Taylor conditions: (n = 2m, r = 2, k_1 = k_2 = m − 1)

P^{(i)}_{2T} (a) = f^{(i)}(a), P^{(i)}_{2T} (b) = f^{(i)}(b), 0 ≤ i ≤ m − 1.

The associated error |e_H (t)| can be represented in terms of the Green’s function G_H (t, s) for the multipoint boundary value problem z^{(n)}(t) = 0, z^{(i)}(a_j) = 0 0 ≤ i ≤ k_j , 1 ≤ j ≤ r, that is, the following result holds [2]:

Theorem A 5 Let F ∈ C^n[a, b], and let P_H be its Hermite inrepolating polynomial. Then F (t) = P_H (t) + e_H (t) = r∑ j=1 k_j∑

i=0 H_{ij} (t)f^{(i)}(a_j ) + ∫_b a G_H (t, s)F^{(n)}(s)ds, (5) where H_{ij} are fundamental polynomials of the Hermite basis, defined by

H_{ij} (t) = 1 i! ω(t) (t − a_j )^{kj +1−i} k_j −i∑

k=0 1 k_j ! [ (t − a_j)^{kj +1} ω(t) ]^{(k)}_{t=aj} (t − a_j)^k , (6)

where ω(t) = r∏ j=1 (t − a_j )^{kj +1}, (7)

and G_H is the Green’s function, defined by G_H (t, s) = ∑_l j=1 ∑_{kj} i=0 (a_j −s)^{n−i−1} (n−i−1)! Hij (t), s ≤ t − ∑_l j=l+1 ∑_{kj} i=0 (a_j −s)^{n−i−1} (n−i−1)! Hij (t), s ≥ t. (8) for all a_l ≤ s ≤ a_{l+1}, l = 1, ..., r − 1.

We use the following lemma describing positivity properties of the Green’s function (8), done by Levin [13] (i) and Beesack [14] (ii):

Lemma A 1 The Green’s function G_H (t, s), has the following properties: (i) G_H (t, s) ω(t) > 0, a_1 ≤ t ≤ a_r, a_1 < s < a_r, (9) (ii) G_H (t, s) ≤ 1 (n − 1)!(b − a) |ω(t)|, (10) (iii) ∫_b a |G_H (t, s)|ds = 1 n! |ω(t)|. (11) 3 Generalization of Hadamard inequality

Theorem 1 Let f : [a, b] → R, be (n)-convex function, let −∞ ≤ a ≤ a_1 < a_2 ... < a_r ≤ b ≤ ∞ be given, (r ≥ 2), k_j ∈ N, j = 1, ...r, ∑_r j=1 k_j + r = n, and μ a regular, signed measure on Borel sets.

(I) If ∫_b a G_H (s, t)dμ(t) ≤ 0, ∀s ∈ [a, b], (12) then ∫_b a f(t)dμ(t) ≤ r∑ j=1 k_j∑

i=0 f^{(i)}(a_j ) ∫_b a H_{ij} (t)dμ(t). (13) The reverse inequality in (12) implies the reverse inequality in (13).

(II) If μ is a positive measure, then

(i) if ω(t) > 0, the reverse of the inequality in (13) holds; (ii) (ii) if ω(t) < 0, then inequality in (13) is always valid.

PROOF. By using (5), Theorem A5, (12), and a condition for the Green’s function, we prove (I) as follows: ∫_b a f(t)dμ(t) = ∫_b a r∑ j=1 k_j∑

i=0 f^{(i)}(a_j)H_{ij} (t)dμ(t) + ∫_b a ( ∫_b a G_H (t, s)f^{(n)}(s)ds)dμ(t) = r∑ j=1 k_j∑

i=0 f^{(i)}(a_j) ∫_b a H_{ij} (t)dμ(t) + ∫_b a f^{(n)}(s)[ ∫_b a G_H (s, t)dμ(t)]ds ≤ r∑ j=1 k_j∑

i=0 f^{(i)}(a_j) ∫_b a H_{ij} (t)dμ(t) By using (9) and lemma (i), we prove (II). For the other cases we have the following corrolaries:

Corollary 1 (I) Let f : [a, b] → R, be (n)-convex, and 1 ≤ m ≤ n − 1 be fixed. If ∫_b a G_{mn}(s, t)dμ(t) ≤ 0, ∀s ∈ [a, b] (14) then ∫_b a f(t)dμ(t) ≤ m−1∑ i=0 f^{(i)}(a) ∫_b a τ_i(t)dμ(t) + n−m−1 ∑ i=0 f^{(i)}(b) ∫_b a ν_i(t)dμ(t) (15) where

τ_i(t) = 1 i! (t − a)^i( t − b a − b )^{n−m} m−1−i ∑ k=0 ( n − m + k − 1 k ) ( t − a b − a )^k , . (16)

ν_i(t) = 1 i! (t − b)^i( t − a b − a )^n n−m−1−i ∑ k=0 ( m + k − 1 k ) ( t − b a − b )^k. (17) The Green’s function can be explicitly calculated: G_{mn}(t, s) = ∑_{m−1} i=0 [ ∑_{m−1−i} p=0 (_{n−m+p−1} p ) (^{t−a}_{b−a} )^p]^{(t−a)(a−s)n−i−1} i!(n−i−1)! ( b−t b−a )^{n−m}, s ≤ t − ∑_{n−m−1} i=0 [ ∑_{n−m−i−1} q=0 (_{m+q−1} q ) (^{b−t}_{b−a} )^q]^{(t−b)(b−s)n−i−1} i!(n−i−1)! ( t−a b−a )^m, s ≥ t. (18)

The reverse inequality in (14) implies the reverse inequality in (15). (II) If μ is a positive measure then

(i) if m and n have the same parity, then the reverse of the inequality in (15) holds

(ii) if m and n have different parity, then inequality in (15) always holds.

PROOF. Statement (I) is a direct consequence of Theorem 1. Since the Green’s function corresponding to the (m, n − m) condition can be written as (18) (cf. [2]), (II) follows from the fact that ω(t) = (t − a)^m(t − b)^{n−m}.

Corollary 2 (I) Let f ∈ C^{2m}[a, b], be (2m)-convex, and G_{2T} the Green’s function of the two-point Taylor problem:

G_{2T} (t, s) =

(−1)^m (2m − 1)! p^m(t, s) ∑_{m−1} j=0 (_{m−1+j} j ) (t − s)^{m−1−j} q^j (t, s), s ≤ t q^m(t, s) ∑_{m−1} j=0 (_{m−1+j} j ) (s − t)^{m−1−j} p^j (t, s), s ≥ t, (19)

p(t, s) = (s − a)(b − t) b − a , q(t, s) = p(s, t), ∀t, s ∈ [a, b]. Suppose that that the measure μ is such that for all s ∫_b a G_{2T} (s, t)dμ(t) ≤ 0, (20) then ∫_b a f(t)dμ(t) ≤ m−1∑ i=0 m−1−i ∑ k=0 ( m + k − 1 k ) [f^{(i)}(a) ∫_b a (t − a)^i i! ( t − b a − b )^m( t − a b − a )^kdμ(t) + f^{(i)}(b) ∫_b a (t − b)^i i! ( t − a b − a )^m( t − b a − b )^k dμ(t)] (21)

The reverse inequality in (20) implies the reverse inequality in (21). (II) If μ is positive, then

(i) if m is even, then reverse of (21) holds;

(ii) if m is odd, (21) holds.

PROOF. By using Theorem 1 and the Green’s function for the Two-point Taylor conditions [2], we first prove statement (I). Statement (II) follows from the fact that ω(t) = (t − a)^m(t − b)^m. Corollary 3 (I) Let f : [a, b] → R, be (4)-convex and μ such that for all s ∫_b a G_O(s, t)dμ(t) ≤ 0. (22) Then ∫_b a f(t)dμ(t) ≤ f(a) (b − a)^2 ∫_b a [1 + 2(t − a) b − a ](t − b)^2dμ(t) + f(b) (b − a)^2 ∫_b a [1 − 2(t − b) b − a ](t − a)^2dμ(t) (23) + f^′(a) (b − a)^2 ∫_b a (t − a)(t − b)^2dμ(t) + f^′(b) (b − a)^2 ∫_b a (t − b)(t − a)^2dμ(t), where G_O(t, s) = (a−s)^2 3! (^{b−t}_{b−a} )^2[(t − s) + 2^{(t−a)(b−s)}_{b−a} ], s ≤ t (b−s)^2 3! (^{t−a}_{b−a} )^2[(s − t) + 2^{(s−a)(b−t)}_{b−a} ], s ≥ t. (24)

If the reverse inequality in (22) is valid, then the reverse inequality in (23) is also valid. II. If μ is positive, then the reverse inequality in (23) holds.

PROOF. By using Theorem 1 and the Green’s function for the Osculatory condition n = 4 [2], we obtain (I). The second statement follows from the fact that for all t ∈ [a, b] ω(t) = (t − a)^2(t − b)^2 > 0.

As the consequence of Theorem 1 for the Lagrange condition n = 2, we obtain a generalization of the Fink inequality (1), (see also [18]).

Corollary 4 (I) Let f ∈ C^2[a, b] be convex and G_L the special Lagrange Greens’s function defined by G_L(t, s) = (a−s)(t−b) a−b , s ≤ t −(b−s)(t−a) b−a, s ≥ t. (25)

If μ is such a measure that for all s ∈ [a, b] ∫_b a G_L(s, t)dμ(t) ≤ 0, (26) then ∫_b a f(t)dμ(t) ≤ f(a) ∫_b a b − t b − a dμ(t) + f(b) ∫_b a t − a b − a dμ(t) = P_0[ bf(b) − af(a) b − a ] + P_1[ f(b) − f(a) b − a ], (27)

where P_k = ∫_b a t^k dμ(t) , k = 0, 1. The reverse inequality in (26) implies the reverse inequality in (27).

(II) If μ is positive, then inequality in (27) holds.

PROOF. Statement (II) follows from the fact that G_L(s, t) < 0, ∀s, t ∈ [a, b] × [a, b].

4 Generalization of the conversion of the Jensen inequality

Theorem 2 Let f : [M_1, M_2] → R be (n)-convex and m, n ∈ N such that , 1 ≤ m ≤ n−1. Let g : [a, b] → [M_1, M_2] be integrable with respect to μ, If μ is such that ∫_b a G_{mn}(s, g(t))dμ(t) ≤ 0, ∀s ∈ [M_1, M_2] (28) then ∫_b a f(g(t))dμ(t) ≤ m−1∑ i=0 f^{(i)}(M_1) ∫_b a τ_i(g(t))dμ(t)+ n−m−1 ∑ i=0 f^{(i)}(M_2) ∫_b a ν_i(g(t))dμ(t)(29) where τ_i and ν_i are defined on [M_1, M_2] by:

τ_i(x) = 1 i! (x − M_1)^i( x − M_2 M_1 − M_2 )^{n−m} m−1−i ∑ k=0 ( n − m + k − 1 k ) ( x − M_1 M_2 − M_1

)^k

ν_i(x) = 1 i! (x − M_2)^i( x − M_1 M_2 − M_1

)^n n−m−1−i ∑ k=0 ( m + k − 1 k ) ( x − M_2 M_1 − M_2

)^k

If the reverse inequality in (28) is valid, then the reverse inequality in (29) holds.

PROOF. By using (5) and Theorem A 5, for f(g(t)) we have f(g(t)) = m−1∑ i=0 f^{(i)}(M_1)τ_i(g(t)) + n−m−1 ∑ i=0 f^{(i)}(M_2)ν_i(g(t)) + ∫_b a G_{mn}(g(t), s)f^{(n)}(s)ds By integrating and using the condition (28) we get the result (29).

Corollary 5 Let f(t) : [M_1, M_2] → R be (2m)-convex, g : [a, b] → [M_1, M_2] integrable with respect to μ,and μ such that ∫_b a G_{2T} (s, g(t))dμ(t) ≤ 0, ∀s ∈ [M_1, M_2]. (30)

Then ∫_b a f(g(t))dμ(t) ≤ m−1∑ i=0 m−1−i ∑ k=0 ( m + k − 1 k ) (31)

[ f^{(i)}(M_1) ∫_b a (g(t) − M_1)^i i! ( g(t) − M_2 M_1 − M_2

)^m( g(t) − M_1 M_2 − M_1 )^k dμ(t) + f^{(i)}(M_2) ∫_b a (g(t) − M_2)^i i! ( g(t) − a M_2 − M_1

)^m( g(t) − M_2 M_1 − M_2 )^kdμ(t)] where the Green’s function G_2T is defined on [M_1, M_2]×[M_1, M_2]. If the reverse inequality in (30) is valid, then the reverse inequality in (31) is also valid.

For the Lagrange condition n = 2, the following corrolary is a generalization of Theorem A2 for signed measure μ, (see also [18]).

Corollary 6 Let f(t) be convex on [M_1, M_2] and g : [a, b] → [M_1, M_2] integrable with respect to μ. If μ is such that ∫_b a G_L(s, g(t)) dμ(t) ≤ 0, ∀s ∈ [M_1, M_2], (32) then ∫_b a f(g(t))dμ(t) ≤ f(M_1) ( M_2 − ∫_b a g(t)dμ(t) M_2 − M_1 ) + f(M_2) ( ∫_b a g(t)dμ(t) − M_1 M_2 − M_1 ) .(33)

The reverse inequality in (32) implies the reverse inequality in (33).

By using Corrolary 6 we can obtain the results (see [18]) as in the following Corrolary:

Corollary 7 Let the conditions of Corollary 6 be satisfied, and let J be an interval such that J ⊃ f(I). If Φ(u, v) is a real function defined on J × J, non-decreasing in u, then Φ[ ∫_b a f(g(t))dμ(t), f( ∫_b a g(t)dμ(t))] ≤ max

x∈[M_1,M_2] Φ [ M_2 − x M_2 − M_1 f(M_1) + x − M_1 M_2 − M_1 f(M_2), f(x) ] (34) (= max_{θ∈[0,1]} Φ[θf(M_1) + (1 − θ)f(M_2), f(θM_1 + (1 − θ)M_2)]).

The right-hand side of (34) is a non-decreasing function of M_2 and a non-increasing function of M_1.

5 Generalization of Giaccardi and Petrović inequal- ity In discrete case we also obtain some interesting inequalities for convex function of higher order, some being generalizations of the well known ones mentioned before. Corollary 8 Let p, x ∈ R^n be such that x_0 ≤ x_i ≤ ∑_n k=1 p_k x_k x_0, ∑_n k=1 p_k x_k ∈ [c, d] and ∑_n k=1 p_k x_k ≠ x_0. If we choose p = (p_1, . . . p_n) in such a way that n∑ k=1 p_kG_{mN} (s, x_k) ≤ 0, ∀s ∈ [c, d], (35) then for (N)-convex function f : [c, d] → R and 1 ≤ m ≤ N − 1 we have the following inequality: n∑ i=1 p_if(x_i) ≤ m−1∑ k=0 f^{(k)}(x_0) n∑ i=1 p_iτ_k(x_i) + N −m−1 ∑ k=0 f^{(k)}( n∑ j=1 p_j x_j ) n∑ i=1 p_iν_k (x_i). (36)

The reverse inequality in (35) implies the reverse inequality in (36). PROOF. We take a discrete measure μ in Theorem 2, and g(t) = t for all t ∈ [a, b]. We can suppose that [c, d] ⊃ [M_1, M_2], where M_1, M_2 are as in Theorem 2. For a specific choice of M_1 and M_2

M_1 = x_0, M_2 = n∑ k=1 p_k x_k, we have

x_0 ≤ x_i ≤ n∑ k=1 p_kx_k .

In case of two-point Taylor conditions, we have the following generalization of Giaccardi inequality (2) for (2m)-convex function (see also [18]):

Corollary 9 Let p, x ∈ R^n be such that

(x_i − x_0) (_n ∑ k=1 p_k x_k − x_i ) ≥ 0, i = 1, .., n (37) and x_0, ∑_n k=1 p_k x_k ∈ [c, d], ∑_n k=1 p_k x_k ≠ x_0. If n∑ k=1 p_kG_{2T} (s, x_k) ≤ 0, ∀s ∈ [c, d], (38) then for a (2m)-convex function f : [c, d] → R the following inequality holds: n∑ i=1 p_if(x_i) ≤ m−1∑ i=0 m−1−i ∑ k=0 ( m + k − 1 k ) (39)

[ f^{(i)}(x_0) n∑ i=1 p_i (x_i − c)^i i! ( x_i − d c − d )^m( x_i − c d − c )^k

+ f^{(i)}( n∑ j=1 p_j x_j ) n∑ i=1 (x_i − d)^i i! ( x_i − c d − c )^m( x_i − d c − d )^k].

The reverse inequality in (38) also implies the reverse inequality in (39). PROOF. As in the proof of Corrolary 8 we may suppose that [c, d] ⊃ [M_1, M_2], and choose special M_1 and M_2 in Theorem 2, namely M_1 = x_0, M_2 = ∑_n k=1 p_k x_k, to obtain x_0 ≤ x_i ≤ ∑_n k=1 p_k x_k. For a different choice of M_1, M_2 (M_2 = x_0, M_1 = ∑_n k=1 p_k x_k) we have ∑_n k=1 p_k x_k ≤ x_i ≤ x_0, i.e the condition (x_i − x_0)( ∑_n k=1 p_k x_k) ≥ 0 (37).

6 Generalization of Mahajani inequality

Theorem 3 Let f ∈ C^n[a, b], η and ν be conjugate exponents, and 1 ≤ η ≤ ∞. Then |e_H (t)| ≤ 1 [(n − 1)!(b − a)]^1ν (n!)^{1η} |ω(t)| ‖f^{(n)}‖_ν . PROOF. The error function e_H (t) = f(t) − P_H (t) has the following representations [2]:

e_H (t) = ∫_b a G_H (t, s)f^{(n)}(s)ds then |e_H (t)| = | ∫_b a G_H (t, s)f^{(n)}(s)ds| ≤ ∫_b a |G_H (t, s)f^{(n)}(s)|ds (40) holds.

By using Hölder inequality in (40) , and (10) , (11) in Lema A we have |e_H (t)| ≤ ( ω(t) (n − 1)!(b − a) )_{η−1} 1 n! ω(t) 1 η ‖f^{(n)}‖_ν ≤ 1 [(n − 1)!(b − a)]^1ν (n!)^{1η} |ω(t)| ‖f^{(n)}‖_ν .

As a consequence of Theorem 3 we have the error estimate as in Agarwal [2](p. 91).

Corollary 10 Let f ∈ C^n[a, b], η and ν be conjugate exponents , 1 ≤ η ≤ ∞ and p ≥ 1. Then

‖e_H ‖_p ≤ 1 [(n − 1)!(b − a)]^{1ν} (n!)^{1η} , (∫_b a |ω(t)|^p ) 1_p ‖f^{(n)}‖_ν . is valid.

Now we shall give a generalization of inequality by Mitrinović and Pečarić [5],[6], generalization of Theorem A4 1^o and some variant of Fink generalization of Mahajani’s inequality [7],[6] :

Theorem 4 (I) Let f ∈ C^n[a, b], ∫_b a f(t)dt = 0, η and ν be conjugate exponents such that 1 ≤ η ≤ ∞. Let −∞ ≤ a ≤ a_1 < a_2 ... < a_r ≤ b ≤ ∞ be the points such that r ≥ 2, k_j ∈ N, j = 1, ...r, ∑_r j=1 k_j + r = n + 1, Then for all x ∈ [a, b] | ∫_x a f(t)dt − r∑ j=1 k_j∑

i=1 H̃_{ij} (x)f^{(i−1)}(a_j )| ≤ 1 [n!(b − a)]^1ν [(n + 1)!]^{1η} |ω(x)| ‖f^{(n)}‖_ν(41) where H̃_{ij} (x) are polynomials of the Hermite basis for ∫_x a f(t)dt. (II) Also, if f^{(i)}(a_j ) = 0, 1 ≤ i ≤ k_j − 1, j = 1, ..r, then for all x ∈ [a, b] | ∫_x a f(t)dt| ≤ 1 [n!(b − a)]^1ν 1 [(n + 1)!]^{1η}

|ω(x)| ‖f^{(n)}‖_ν (42)

PROOF. Let P̃_H be the Hermite interpolating polynomial for the primitive of the function f, and ẽ_H the associated error function. We can then use Theorem 3 for ẽ_H (x), to obtain (41).

Corollary 11 Let f ∈ C^n[a, b] such that ∫_b a f(t)dt = 0, and for fixed m, 1 ≤ m ≤ n, holds f^{(i)}(a) = 0, i = 0, ..., m − 2, f^{(i)}(b) = 0, i = 0, ..., n − m − 1. Let η and ν be conjugate exponents such that 1 ≤ η ≤ ∞. Then for all x ∈ [a, b] holds | ∫_x a f(t)dt| ≤ 1 [n!(b − a)]^{1ν} 1 [(n + 1)!]^{1η} |(x − a)^m (x − b)^{n+1−m}| ‖f^{(n)}‖_ν ≤ 1 [n!(b − a)]^1ν (b − a)^{n+1} [(n + 1)!]^{1η} m^m(n − m + 1)^{n−m+1} (n + 1)^{n+1} ‖f^{(n)}‖_ν .

Corollary 12 Let f ∈ C^{2m−1}[a, b], ∫_b a f(t)dt = 0, and holds f^{(i)}(a) = f^{(i)}(b) = 0, i = 0, ..., m − 2. Let η and ν be a conjugate exponents such that 1 ≤ η ≤ ∞, then ∀x ∈ [a, b] | ∫_x a f(t)dt| ≤ 1 [(2m − 1)!(b − a)]^{1ν} 1 [(2m)!]^{1η} |(x − a)^m (x − b)^m| ‖f^{(2m−1)}‖_ν ≤ 1 [(2m − 1)!(b − a)]^1ν 1 [(2m)!]^{1η} (b − a)^{2m} 4^m ‖f^{(2m−1)}‖_ν .

Corollary 13 Let f ∈ C^1[a, b] and ∫_b a f(t)dt = 0. Let η and ν be conjugate exponents such that 1 ≤ η ≤ ∞, then ∀x ∈ [a, b] | ∫_x a f(t)dt| ≤ (b − a)^{2− 1ν} 2^{2+ 1η} ‖f^′‖_ν Remark. For ν = ∞ in above Corollaries we have generalization of Mahajani inequality 1^o for functions with bounded derivatives of a higher order |f^{(n)}| ≤ M (M ≥ 0). Remark. For ν = ∞ and n = 1, m = 1 in the above Corollaries, we obtain Mahajani inequality 1^o (3).

References

[1] A.M. Fink, A best possible Hadamard inequality, Math.Inequal. and Appl.,Vol. 1. (2), (1998), 223-234.

[2] R.P. Agarwal, P.J.Y.Wong, Error Inequalities in Polynomial Interpolation and Their Applications, Kluwer Academic Publishers. Dordrecht / Boston / London, 1993.

[3] J.E. Pečarić, F. Proschan,Y.L.Tong Convex functions, partial orderings,and statistical applications, Academic Press,Inc, Boston/ London, 1992.

[4] J.E. Pečarić, P.R.Beesack, On Knopp’s inequality for convex functions, Canad.Math.Bull.Vol. 30 (3), (1987).

[5] Mitrinović, D.S., J.E. Pečarić, On some applications of Hermite’s interpolation polynomial and some related results Symposium Num.Meth.Appr.Th. Niš. (1984), 93-98.

[6] D.S.Mitrinović,J.E.Pečarić, A.M.Fink Inequalities involving functions and their integrals and derivatives , Kluwer Academic Publishers, Dordrecht / Boston / London, 1991.

[7] A.M.Fink, Bounds on the deviation of a function from its averages , Czech J. 42, (1992), 289-310.

[8] P.R. Beesack, On inequalities complementary to Jensen’s Can. J. Math. 35 (1983), 324-338.

[9] L.Fejer, Uber die Fouriereichen II, Gesammelte Arbeiten I (German) Budapest (1970).

[10] I.S.Berezin, N.P.Zhidkov, Computing Methods , Pergamon Press, Oxford, 1965.

[11] S. Karlin, Total Positivity, Stanford Univ. Press, Stanford, 1968.

[12] S. Karlin, W. J. Studden, Tchebycheff systems: with applications in analysis and statistics, Interscience, New York, 1966.

[13] A.Ju.Levin, Some problems bearing on the oscillation of solutions of linear differential equations , Soviet Math. Dokl. 4(1963), 121-124.

[14] P.R.Beesack, On the Green’s function of an N-point boundary value problem , Pacific J.Math. 12 (1962), 801-812.

[15] F.Giaccardi, Su alcune disuguaglianze , Giorn.Mat.Finanz. 1(4) (1953), 139-153. [16] G.S.Mahajani, A note on an inequality , Math.Student 6 (1938), 125-128. [17] M.Petrović, Sur une functionnelle , Publ.Math.Univ. Belgrade 1,(1932), 149-156. [18] J Pečarić, V. Čuljak, A.M.Fink On some inequalities for convex function of higher order, Nonlinear Analysis-Theory methods and Applications, to appear.

[19] T.Popoviciu, Sur l’approximation des fonctions convexes d’ordre superieur , Mathematica 10, (1934), 49-54.