
ALGEBRAIC PROOF OF THE B{SPLINEDERIVATIVE FORMULAMladen RoginaDepartment of Mathemati
sUniversity of Zagrebrogina�math.hrAbstra
t We prove a well known formula for the generalized derivatives of Cheby-shev B{splines:L1Bki (x) = Bk�1i (x)Ck�1(i) � Bk�1i+1 (x)Ck�1(i+ 1) ;where Ck�1(i) = Z ti+k�1ti Bk�1i (x)d�; (1)in a purely algebrai
 fashion, and thus show that it holds for the mostgeneral spa
es of splines. The integration is performed with respe
t toa 
ertain measure asso
iated in a natural way to the underlying Cheby-shev system of fun
tions. Next, we dis
uss the impli
ations of the for-mula for some spe
ial spline spa
es, with an emphasis on those that arenot asso
iated with ECC-systems.Keywords: Chebyshev splines, divided di�eren
esIntrodu
tion and preliminariesThe 
lassi
 formula for the derivatives of polynomial B{splinesddxBki (x) = (k � 1) ( Bk�1i (x)ti+k�1 � ti � Bk�1i+1 (x)ti+k � ti+1 );may be written in the form:ddxBki (x) = Bk�1i (x)Ck�1(i) � Bk�1i+1 (x)Ck�1(i+ 1) ;where Ck�1(i) = Z ti+k�1ti Bk�1i (x)dx: (2)D R A F T O
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2The same formula holds for Chebyshev splines if integration in (2) is per-formed with respe
t to a 
ertain measure asso
iated in a natural way tothe underlying Chebyshev system of fun
tions. In this way, we 
an de�neChebyshev B-splines re
ursively, and indu
tively prove their propereties.To the best of our knowledge, the derivative formula for non{polynomialsplines �rst appeared in [9℄ for one{weight Chebyshev systems. Later,spe
ial 
ases appear for various Chebyshev splines, like GB splines [4℄,tension splines [3℄, and Chebyshev polynomial splines [10℄. The gen-eral version for Chebyshev splines, that appeared in [1℄, in the form ofa de�ning re
urren
e relation for B-splines, is based on an indire
t ar-gument, relying on indu
tion and uniqueness of Chebyshev B-splines.A dire
t proof, valid for CCC-systems and Lebesgue-Stieltjes measures,follows.1. The derivative formulaWe begin by introdu
ing some new notation and restating some knownfa
ts, to make the proof of the derivative formula easier.Let Æ � [a; b℄ be measurable with respe
t to Lebesgue - Stieltjes mea-sures d�2; : : :d�n, and let P n�1 be n � 1 � n � 1 permutation matrix,that we 
all duality:(P n�1)ij : = Æi;n�j i = 1; : : :n� 1; j = 1; : : :n� 1:We shall use the following notation:measure ve
tor : d~� := (d�2(Æ); : : : d�n(Æ))T 2 Rn�1,redu
ed measure ve
tors : d~�(j) := (d�j+2; : : : d�n)T 2 Rn�j�1,dual measure ve
tor : P n�1d~�.CCC-system S(n; d~�) of order n is a set of fun
tions Lf1; u1; : : :ung:u2(x) = u1(x) Z xa d�2(t2);...un(x) = u1(x) Z xa d�2(t2) : : :Z tn�1a d�n(tn)(see [12℄ and referen
es therein). If all of the measures d�i are dominatedby the Lebesgue measure, then they possess densities 1pi ; i = 2; : : :n; ifpi are smooth, i.e. 1pi : = d�idt 2 Cn�i+1, the fun
tions form an ExtendedComplete Chebyshev System (ECC-system). Redu
tion and duality de-�ne redu
ed, dual, and redu
ed dual Chebyshev systems as Chebyshevsystems de�ned, respe
tively, by appropriate measure ve
tors:D R A F T O
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B{Spline Derivative Formula 3j{redu
ed system: S(n� j; d~�(j)) = fuj;1; : : : uj;n�jgdual system: S(n;P n�1d~�) = fu�1; : : : u�jgj{redu
ed dual system: S(n� j; (P n�1d~�)(j)) = fu�j;1; : : : u�j;n�jg.We de�ne the generalized derivatives as linear operators mapping theChebyshev spa
e of fun
tions spanned by S(n; d~�) to the one spanned byS(n� j; d~�(j)) by Lj;d~� : = Dj � � �D1, where Dj are measure derivatives:Djf(x) : = limÆ!0+ f(x+ Æ)� f(x)d�j+1(x; x+ Æ) :Generalized derivatives with respe
t to the dual measure ve
tor areknown as dual generalized derivatives. For example, if n = 4:S(4; d~�) = fu1; u2; u3; u4g : S(4;P 3d~�) = fu�1; u�2; u�3; u�4g :1 1R x0 d�2(t2) R y0 d�4(t4)R x0 d�2(t2) R x0 d�3(t3) R y0 d�4(t4) R t40 d�3(t3)R x0 d�2(t2) R x0 d�3(t3) R x0 d�4(t4) R y0 d�4(t4) R t40 d�3(t3) R t30 d�2(t2)S(3; d~�(1)) = fu1;1; u1;2; u1;3g : S(3; (P3d~�)(1)) = fu�1;1; u�1;2; u�1;3g :1 1R x0 d�3(t3) R y0 d�3(t3)R x0 d�3(t3) R t30 d�4(t4) R y0 d�3(t3) R t30 d�2(t2)S(2; d~�(2)) = fu2;1; u2;2g : S(2; (P3d~�)(2)) = fu�2;1; u�2;2g :1 1R x0 d�4(t4) R y0 d�2(t2)S(1; d~�(3)) = fu3;1g : S(1; (P3d~�)(3)) = fu�3;1g :1 1Note that the dual of the redu
ed system is di�erent from the redu
eddual system, i.e.: P n�j�1 d~�(j) 6= (Pn�1d~�)(j).The fun
tion Gn;d~�(x; y) : [a; b℄� [a; b℄! R de�ned byGn;d~�(x; y) : = � R xy d�2 R s2y : : :R sn�1y d�n x � y;0 otherwiseD R A F T O
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4is 
alled the Green's fun
tion with respe
t to d~�. It follows easily thatLi;d~�Gn;d~�(x; �) = Gn�i;d~�(i)(x; �); for i = 1; : : : ; n� 1: (3)We shall say that � = fx0; : : : ; xk+1g, a � xi � b is the knot sequen
e ifa = x0 < x1 < x2 < : : :xk < xk+1 = band ~m = (n1; : : : ; nk)T is the multipli
ity ve
tor if ni are integers, and1 � ni � n. ft1 : : : t2n+kg is an extended partition ift1 = : : : = tn = atn+k+1 = : : := t2n+k = btn+1 � : : :� tn+k = x1; : : : ; x1| {z }n1 ; : : : ; xk; : : : ; xk| {z }nk :The spa
e of Chebyshev splines of order n asso
iated with the knotsequen
e � and ve
tors ~m and d~� is denoted as S(n; ~m; d~�;�). Next,in order to de�ne divided di�eren
es, we need to extend the Chebyshevsystems by one extra fun
tion, and that means involving an additionalarti�
ial measure. To this end, let us de�ne the extension operatorEi =0BB� 1 0.. .0 : : : 10 : : : 01CCA Ei : Ri! Ri+1;and the extended measure ve
tor:d~� = (d�2; : : :d�n; d�)T = En�1d~� + ~end�where ~en = [0 : : :0; 1℄T 2 Rn, and d� is the arti�
ial measure (usuallytaken to be the Lebesgue one). The Chebyshev divided di�eren
e of ordern is then [t1; : : : tn+1℄S(n+1;d~�)f = D� t1; : : : ; tn+1u1; : : : ; un; f �D� t1; : : : ; tn+1u1; : : : ; un+1 � :For de�nition of the determinants de�ning the divided di�eren
es, see[12℄. The important thing is the anihilation property, whi
h we quotefor the sake of notation purposes:[t1; : : : ; tn+1℄S(n+1;d~�)u = 0 8u 2 S(n; d~�):D R A F T O
tober 25, 2003, 7:02pm D R A F T



B{Spline Derivative Formula 5In this notation, divided di�eren
es satisfy the M�ulba
h's re
urren
e [5℄:[t1; : : : ; tn+1℄S(n+1;d~�)f =[t2; : : : ; tn+1℄S(n;d~�)f � [t1; : : : ; tn℄S(n;d~�)f[t2; : : : ; tn+1℄S(n;d~�)un+1 � [t1; : : : ; tn℄S(n;d~�)un+1 : (4)Formula (4) 
an even be generalized to the 
omplex 
ase [6℄.The un-normalized Chebyshev B-splines are then de�ned asQni;d~�(x) = (�1)n[ti; : : : ti+n ℄S(n+1;d~�)Gn;d~�(x; �):Let K = kXi=1 ni. B{splines fQni;d~�gn+K1 are the basis for S(n; ~m; d~�;�),and it is known [12℄ that they 
an be normalized so as to make a partitionof unity, i.e. there are 
onstants �ni (d~�) > 0 su
h thatTni;d~�(x) = �ni (d~�)Qni;d~�(x); (5)andPn+Ki=1 Tni;d~�(x) = 1 for x 2 [a; b℄. Moreover, Tni;d~�(x) do not dependon the arti�
ial measure, that is the extension operator En�1 needed tode�ne divided di�eren
es. Indeed,�ni (d~�) = D� ti; : : : ; ti+nu�1; : : : ; u�n+1 �D� ti+1; : : : ; ti+n�1u�1; : : : ; u�n�1 �D� ti+1; : : : ; ti+nu�1; : : : ; u�n �D� ti; : : : ; ti+n�1u�1; : : : ; u�n �and Tni;d~�(x) = D� ti; : : : ; ti+nu�1; : : : ; u�n+1 �D� ti+1; : : : ; ti+n�1u�1; : : : ; u�n�1 �D� ti+1; : : : ; ti+nu�1; : : : ; u�n �D� ti; : : : ; ti+n�1u�1; : : : ; u�n � �D� ti; : : : ; ti+nu�1; : : : ; u�n; Gn;d~� �D� ti; : : : ; ti+nu�1; : : : ; u�n+1 � ;so that the determinants involving u�n+1 
an
el.Theorem 1.1. Let L1;d~� be the �rst generalized derivative with respe
tto the CCC-system S(n; d~�), and let the multipli
ity ve
tor ~m satisfyD R A F T O
tober 25, 2003, 7:02pm D R A F T



6ni < n� 1 for i = 1; : : :k. Then for all x 2 [a; b℄ and i = 1; : : : ; n+K:L1;d~�Tni;d~�(x) = Tn�1i;d~�(1)(x)Cn�1(i) � Tn�1i+1;d~�(1)(x)Cn�1(i+ 1) ; (6)where Cn�1(i) = Z ti+n�1ti Tn�1i;d~�(1)d�2:PROOF. By Sylvester's determinant identity [3, p.158℄:Tni;d~�(x) = (�1)nf[ti+1; � � � ; ti+n℄S(n;P n�1d~�)Gn;d~�(x; �)�[ti; � � � ; ti+n�1℄S(n;P n�1d~�)Gn;d~�(x; �)g:If we apply the �rst generalized derivative and utilize (3), we obtainL1;d~�Tni;d~�(x) = �(!i+1 � !i);where !i : = (�1)n�1[ti; : : :ti+n�1 ℄S(n;P n�1d~�)Gn�1;d~�(1)(x; �):The M�ulba
h's re
urren
e (4) redu
es the order of divided di�eren
es:!i = (�1)n�1
i f [ti+1; : : :ti+n�1 ℄S(n�1;P n�2d~�(1))Gn�1;d~�(1) �[ti; : : : ti+n�2℄S(n�1;P n�2d~�(1))Gn�1;d~�(1)g;where
i=[ti+1;: : :; ti+n�1℄S(n�1;P n�2d~�(1))u�n�[ti;: : :; ti+n�2℄S(n�1;P n�2d~�(1))u�n:Therefore, by Sylvester's identity, !i = Tn�1i;d~�(1)(x)=
i, and it remainsto prove that 
i = Cn�1(i). To this end, let d~q : = En�2P n�2 d~�(1) +d� ~en�1. Re
urren
e for divided di�eren
es in S(n; d~q) applied to u�nyields[ti; : : : ti+n�1 ℄S(n;d~q )u�n = (7)[ti+1; : : :ti+n�1 ℄S(n�1;P n�2d~�(1))u�n � [ti; : : : ti+n�2 ℄S(n�1;P n�2d~�(1))u�n[ti+1; : : :ti+n�1 ℄S(n�1;P n�2d~�(1))v�n � [ti; : : : ti+n�2 ℄S(n�1;P n�2d~�(1))v�n ;where v�n is an element of the extended dual redu
ed system:v�n(y) = Z ya d�n(sn) : : :Z s4a d�3(s3)ds3 Z s3a d�(s2):D R A F T O
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B{Spline Derivative Formula 7Equation (7) implies that
i=[ti; : : : ti+n�1℄S(n;d~q )u�n �f[ti+1; : : :ti+n�1 ℄S(n�1;P n�2d~�(1))v�n�[ti; : : : ti+n�2 ℄S(n�1;P n�2d~�(1))v�ng:By Peano representation of Chebyshev divided di�eren
es [12, p.382℄[ti; : : : ti+n�1℄S(n;d~q)u�n = Z ti+n�1ti Qn�1i;d~�(1)Ln�1;d~q u�nd�;and Ln�1;d~q u�nd� = d�2:By yet another appli
ation of Sylvester's determinant identity, the termin f g 
an be identi�ed with the normalization 
onstant �n�1i (d~�(1)).Theorem 1.1 may now be used to 
al
ulate, at least in theory, allderivatives of a Chebyshev spline. Generalized derivative 
an be fa
tor-ized:Li+1;d~� = Li�k+1;d~�(k)Lk;d~� for k = 1; : : : i; i = 1; : : :n� 2; (8)and this fa
t 
an be used indu
tively to �nd higher derivatives as linear
ombination of lower order splines.Theorem 1.2. Let s(x) = l�1Xj=r�n+1 ÆjTnj;d~�(x) be the B{representationof a Chebyshev spline s 2 S(n; ~m; d~�;�) for x 2 [tr; tl℄, 0 < r <l < k + 1. Then the B{representation of its generalized derivativeLi;d~�s 2 S(n� i; ~m; d~�(i);�) is:Li;d~�s(x) = l�1Xj=r�n+i+1 ÆijTn�ij;d~�(i)(x) for i = 1; : : :n � 1�maxi ni:(9)The 
oeÆ
ients Æij 
an be 
al
ulated re
ursively:Æ0j = Æj ;Æij = Æi�1j � Æi�1j�1Cn�i(j) ;where Cn�i(j) = Z tj+n�itj Tn�ij;d~�(i)d�i+1:D R A F T O
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8PROOF. We know that (9) holds for i = 1. Let us suppose thatLi;d~�s(x) =Xj ÆijTn�ij;d~�(i)(x): (10)Equation (8) for k = i yieldsLi+1;d~� = L1;d~�(i)Li;d~�;when
e by (10)Li+1;d~�s(x) = L1;d~�(i) (Xj ÆijTn�ij;d~�(i)(x)): (11)Theorem 1.1 may now be applied to Tn�i{splines in (11) to obtainLi+1;d~�s(x) =Xj Æij � Æij�1Cn�i�1(j)Tn�i�1j;d~�(i�1)(x) =Xj Æi+1j Tn�i�1j;d~�(i�1)(x):Appli
ationsWe 
an de�ne, and 
al
ulate (at least theoreti
ally) Chebyshev B-splines by a re
urren
e relation implied by the derivative formula:Tni;d~�(x) = 1Cn�1(i) Z xti Tn�1i;d~�(1)d�2 � 1Cn�1(i+ 1) Z xti+1 Tn�1i+1;d~�(1)d�2:From the numeri
al point of view, the re
urren
e involves dangereoussubtra
tions resulting in the loss of signi�
ant digits, even for polyno-mial splines. For Chebyshev splines the numeri
al instability sometimesdestroys the result. To illustrate it, we 
onsider a CCC-system asso
i-ated with the measure ve
tor d~� = (t��2 dt2; dt3; dt4)T, where 0 < � < 1.The system originates from the realisti
 problem 
on
ernig axially sym-metri
 potentials, and is not an ECC-system, sin
e the measures do notposses smooth densities [8℄. The Green's fun
tion isg4;d~�(x; y)=( x3���y3��2(3��) � y(x2��)�y2��)2�� + y2(x1���y1��)2(1��) ; x � y0 otherwise:The simplest 
ase is that of the 4th order splines on triplets of knots, asthe �rst redu
ed system are ordinary powers, and therefore B-splines inthe �rst redu
ed system are s
aled Bernstein polynomials.The following simple Mathemati
a 
ode generates some ChebyshevB-splines for � = 12 :D R A F T O
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B{Spline Derivative Formula 9B1[x_℄ := ((b - x)/(b - a))^2;B2[x_℄ := 2/(b - a)^2*(x - a)*(b - x);a = 1000; b = 1001;C1 = Simplify[Integrate[B1[t℄*Sqrt[t℄, {t, a, b}℄℄C2 = Simplify[Integrate[B2[t℄*Sqrt[t℄, {t, a, b}℄℄first[x_℄ := Simplify[Integrate[B1[t℄*Sqrt[t℄, {t, a, x}℄/C1℄;se
ond[x_℄ := Simplify[Integrate[B2[t℄*Sqrt[t℄, {t, a, x}℄/C2℄;Plot[first[x℄ - se
ond[x℄, {x, a, b + (b - a)/3}℄Depending on a and b (eg. if they are either away from 0 like in the aboveexample, or 
lose to ea
h other), this 
an lead to the loss of half of thesigni�
ant digits. Indeed, re
al
ulation in 64-bit arithmeti
s shows thatonly the �rst seven digits hold, and the error is shown in Fig. 1:Figure 1. Roundo� error for the derivative formula (� = 12 )
20 40 60 80 100

-2·10-7

-1.5·10-7

-1·10-7

-5·10-8

5·10-8

1·10-7

1.5·10-7

Observe also that a

ura
y is lost if we 
al
ulate the normalization
onstants on small intervals by analyti
 formul�. For example, the 
on-stant C1 above is:2 ��15 a 72 + 42 a 52 b� 35 a 32 b2 + 8 b 72�105 (a� b)2 :It is therefore better to use a Gaussian formula with the appropriateweight. In spe
ial 
ases su
h as this, where only one measure is di�erentfrom the Lebesgue one, the derivative formula and knot insertion 
ansometimes be used to obtain numeri
aly stable algorithms (at least forrational �'s); Theorem 1.1 by itself is not enough.The same qualitative behaviour also happens for some ECC-systems,like tension powers, where the ECC-system is determined by the mea-sure ve
tor d~� : = (d�; 
osh(px)d�; 1
osh2(px)d�)T, and p > 0 is knownas tension parameter. The tension parameter and interval length 
anD R A F T O
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10be 
hosen so that straighforward appli
ation of the derivative formulaleads to loss of all signi�
ant digits. There is a way out through knotinsertion [11℄, but Theorem 1.1 still plays an important role in the 
on-stru
tion.Finally, the �rst re
orded proof of the famous deBoor-Cox re
ur-ren
e [7℄ for polynomal splines is based on the derivative formula, plusan additional algebrai
 fa
t, whi
h does not hold in the Chebyshev set-ting [2℄.A
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