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Another Approach to The Quintic Spline
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ABSTRACT. A set of end conditions for interpolatory quintic spline is
derived by use of integration. These end conditions are only in terms of function

vatues at the knots (data), and rise to O(hs) spline approximation.
1. INTRODUCTION
In the literature, most of the end conditions for the spline functions are
obtained from conditions imposed on the spline fuctions, its finite
differences, and/or its derivatives near the two endpoints. Recently,
Behforooz [1] has established a new class of end conditions for cubic
spline by use of integration. In this paper his idea is extended to the
case of quintic spline, and four end conditions are derived by use of
integration.
2. PRELIMINARY RESULTS
Let Q be a quintic spline on the interval [a,b] with equally spaced knots
(2.1) ;= a-+ih; i=0,1,--k,

where h=(b—a)/k. Let Q interpolates the function y=y(x) at the knots
x4 1=0,1, -k, i.e.

(2.2) Q($5)= Y3 i=0119""k’
where y,=y(z,;), and yECnla ll)} n>7. To smehfy the presentation we
use the abbreviations mt—Q () and Mi1=Q (x,). Then by use of
Hermite’s two point interpolation Fformuls, Q(z) can be written as:
(2.3) Q@) =y +M(x—%s11) + QTi_y, Tioyy THX —24_y)?
+ QlZio1y Tiyy Tiy T)@ —x4_1) (T —2y)
+ Qi1 Ty, Ty, Ty Tft](w—xi—ﬂz(w—xt)z
+ QITi—1y Timty Tioyy Ty Loy Til(@—24-1) (€ —20)7

T 1 ST Ty i =1)2s‘ ¢ ‘9k1
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(2.5) Qlxicry Tiyy Loy 5’31]"13 2[yi— yi—l]+h[ml+mi—1]})

(9

(2.4) Qlxy—1, T4y, zt

;ﬂ

~

(2.6) Qlz1—13%1-13%1—1,T13% 1] = ——{ G[yt — Y- 1]+2h[mt+2mi 1] +h Mi—}
(2.7) Qlxi—1, Tim1y Tiry Tsy Lyy Ti]= {12[yi yf_l]—6h[m¢+me_:]
+hH{ M — M),

are usual notations for divided differences. To determine the k+-i
parameters m,;, the following consistency relations are used

(2-8) m¢_2+ 26m1_1+ 66m5+ 26m,+1+ Myy2=

= T_i —Y1—2 — 10y, + 10y + yi+2]; i= 2,3, ,k-—2.
The equations (2.8) provide only k-—3 linear equations in k-1 para-
meters my i=0,1,--,k. It follows that the conditions (2.2) are not

auffiniant + Aatarmina a nniana anintisa aonlina ) and Pnn\r additinnal
SUiiiCienty 1o GqGewermine a unigque quiniiC Spiine %W, angd iour aédalliona:

linearly independent equations are needed for this purpose. In the next
section, these four end conditions will be derived by use of integration.
The following identities between M’s, m’s and yY’s will be needed to
compute the parameters M, i=0,1,--.k.

(2.9) M0=3-—5—711[222m0+454m1+158m2+6m3 3;:2[—47y0+13y,

+31y2+3ys),
(2.10) M, 32h[6m0 —66m,; —58m, 10 —18y, — 3y, +35Y3
—162!4—?45]:
(2.11) My=z2{ mi_o+ 32m,_, — 32muy— Muys)
2.11) t=733 { =21 $—1 t+1 1+2]
43 [y 416y, —38y 41690+ Yok d= 2,3,k —2,
I 32h2lul L | g i1 g% | JIT ) UIT‘,’ td

(212) Moy = Zi{6me —66mu—s —58mu_o—2m- 3j— Gh2(3yk—18yk..l

~ . T ¥ -~ L N <9 - ]
—IYk—2 TIOYk—3 T 1O0YKk—-4 T Yk-5)

(213) My ==3(222m, +454ms_; +158my o +6ms_s)— 10147y,
) PET Rt -7 x-2 3T 3Rt

+13yx—1+31Yx—2+ 3yk-3]~
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quintic spline identities from Behforooz and Papamichael [2] and (3]
have been used. Some of the algebra involved in the derivation of
theseresults is laborious but the proofs are otherwise elementary and for
this reason they are omitted.

3. END CONDITIONS

For simplicity we explain only how the first end condition at near r=a
is obtained. The other three results can be obtained in & similar manner.
From (2.3)—{2.7) we can find that

Ly
_h h? he
(3.1) J Qz)dx = '2'[y£—1+ yi]+ l—ﬁ[mi--x— ms]+ m[Mt—l'i" Mt]-
Li—y
Let P,z) denotes the quintic interpolating polynomial which matches the
functlon y=y(x) at six points x;_;, L4, --,Xs44. Then it can be shown that

X
(3.2) ,,[ P{x)dx = 1—4—726[47531,_1-4— 1427y, — 798Y44.
Ty
= + 482yi42 — 173Y443+ 27yt+4]o
By setting
[ Rx)dx = [ P(x)dz,
Ti, L3y

and using the results (3.1) and (3.2), and eliminating Af’s by use of the

quintic spline identities (see for example, Behforooz and Papamlchael 2]
and [3]), we will get the following two end conditions (3.3) at near
endpoint x=a. In a similar manner, the other two end conditions, (3.4),
can be derived at other endpoint x=b.

(3.3)  20m— 113m,, — 2TMyy—Mys= 2‘}h[ 640y, + 5806y,,,
~T224yi4z +2716Y145 —904Y 1y s +246Ys1s) = 0,1,

(3.4)  2lm,— 113m,_,—2Tm,s—Mmi_s= 5’7{%["‘640% + 5806y,_,
—T224y,_; +2716Y,- — 904y, +246Ys_s} E= kj—1.

Tha amxitoti~acc {22 amd (2 4 4han with /) O ana ioa A 4~ ~A~seenae
1 ne cq_uuuuua 19.3) anu (J.» LII€1 WILIl (4.0 @I T usSu w Lumpu

4
the k41 parameters my i= 0,1,.-,k. Then, by using the
identities (2.9)—(2.13) the values of k-+1 parameters M,; i=0,1,--.k,

=
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computed, then the formula (2.3) together with (2.4)—(2.7) can be used to
compute Q{(x) at any point x€[a,b]. Now we state the followin theorem

without proof:

THEOREM 3.1. Let @ be the quintic spline which interpolates the
Function wﬁ(" [a.b] at the egually spaced knots (2.1) with k>7, and

L2 e ET Lo LS SLLsS U

satisfies the end conditions (3.3) and (3.4). Then

3.5) Q" — y|=ofn*) r=0,1, .5,

REMARK: The n spline lish r d )
to the class of FE(e,B,Y) qui ntlc sphne whlch has beenm established by
1
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