Root separation for reducible integer polynomials
of degrees four and five
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Abstract

For n > 2, let eyq(n) denote the root-separation exponent restricted to reducible
integer polynomials of degree n. We prove eeq(4) > 5/2, improving the previous lower
bound 7/3. Assuming Hall’s conjecture, we obtain the exact value e;eq(4) = 5/2. We
also prove eeq(5) > 22/7, improving the previous lower bound 3. Both constructions
use a bounded resultant between a factor of degree n — 1 and a linear factor whose
heights have different orders of growth. More generally, every exponent above n — 2
is governed by rational approximation to a real algebraic number of degree n — 1.
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1 Introduction

For a polynomial
P(x):adxd—l—-~+a0€(C[x], ad7£0,

put
H(P) = max |a;|.

0<j<d

If P € Z[z] is separable, its root separation is

sep(P) = P la —B.
a#p

For n > 2, define

) i — log sep(P)

Cred(N) = im sup _

PeZ[z] reducible over Q, deg P=n 1Og H(P)
P separable, H(P)—oo

If P = cPy with P, primitive, then sep(P) = sep(Fp) and H(P) = |c|H(F). When
—logsep(Py) > 0, passing to the primitive part can only increase the quotient defining
the exponent; when it is negative, the quotient cannot contribute to a positive limsup.
Since the exponents considered below are positive, it is therefore harmless to restrict to
primitive polynomials.
Mahler’s inequality [8] gives e,q(n) < n — 1. Bugeaud and Dujella [3] proved the
general lower bound
2n —1
3

ered(n) > (n>4).



This gives the lower bounds 7/3 in degree four and 3 in degree five. In the monic
reducible quartic problem the exponent is exactly 2 [6]. For monic reducible quintics, the
corresponding exponent lies between 7/3 and 3 [7]. Thus the nonmonic setting considered
here is genuinely different.

Our first result is the following.

Theorem 1. One has

5
6red(4) 2 5
If Hall’s conjecture holds, then
crald) =
red — 2

The connection between Hall’s conjecture and root separation already appears in [4],
where the assertion that the root-separation exponent for monic cubic polynomials equals
3/2 is shown to be equivalent to Hall’s conjecture. In the present setting, Hall’s conjecture
enters through Badziahin’s cubic-rational approximation estimate.

The quartic construction is based on the cubic-rational family in [1, Section 5]. See
also [5] for recent related work on cubic-rational approximation. We verify directly the
polynomial identity responsible for the approximation and use it to construct reducible
quartics.

Our second result is unconditional.

Theorem 2. One has
(5)> 2
€red = .

The proof uses explicit quartic polynomials Fj and primitive linear polynomials Ly
with resultant equal to 1. To the best of our knowledge, neither this identity nor the
resulting root-separation construction has appeared previously.

The two constructions follow the same principle. A factor of degree m has height of
order T', a linear factor has height of order 77, and their resultant remains bounded. When
the two factors have exactly one common limiting root, simple in both, this produces the
exponent

mp + 1
p+1°

The quartic and quintic constructions correspond to (m, p) = (3,3) and (m, p) = (4,5/2),
respectively.
We also prove the general structural estimate

A—11 < €rea(n) < max{n —2,\,_11} (n > 3),

where \,,_1; measures approximation between real algebraic numbers of degree n — 1 and
rational numbers, with both heights allowed to vary. Thus an exponent larger than n — 2
can arise only from a real root of an irreducible factor of degree n — 1 approaching the
rational root of a linear factor.

The paper is organized as follows. In Section 2 we prove the height, resultant, and
separation estimates needed later and establish the structural reduction stated above. The
degree-four and degree-five constructions are given in Sections 3 and 4, respectively.



2 Heights, resultants, and structural reductions

For a nonconstant polynomial A(z) = a, [I_,(z — «;) € Clz], its Mahler measure is

= Ja,| T] max{L,]aul}.
=1

If .
) = b, 1:[1(66 — ;) € Clal,

we use the standard formulas

Disc(A) =a?? J] (i — o)’

and

Res(A, B) —abTHH ay [ Bew).

i=1j5=1 =1
In particular,

Res(B, A) = (—1)"° Res(A, B).

For A, B € Z[z|, the discriminant and the resultant are integers. Moreover, Disc(A4) =0
if and only if A has a multiple root, while Res(A, B) = 0 if and only if A and B have a
common root in C.

All constants in this section depend only on the indicated degrees. For standard
background on heights, Mahler measure, discriminants, and resultants, see [2, Appendix A].

Lemma 1 (Height of a product). If A, B € Clz| have degrees r, s, then
H(AB) =<, H(A)H(B).

Proof. By Jensen’s formula,
1 21 .
log M(A) = — / log | A(e™)| dt.
21 Jo

Hence, by Jensen’s inequality applied to the concave function log, followed by Parseval’s
identity,

M(AY? = exp (1 /2“ log \A(e“)|2dt>
2m Jo

1
<o [ IAE bt = zw (r + 1)H(A)"
T

Thus M(A) < v/r+ 1 H(A). On the other hand, every coefficient of A is an elementary sym-
metric function of its roots, and therefore H(A) < 2"M(A). Since M(AB) = M(A)M(B),
applying these two estimates to A, B, and AB gives

H(AB) <2""\/(r+1)(s+ 1) H(A)H(B), H(A)H(B) <2""°\/r + s+ 1 H(AB).
This proves the assertion. O

Lemma 2 (Mahler’s separation estimate). Let A € Z[x] be separable of degree r > 2.
Then
sep(A) >, H(A)'™".
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Proof. Write A(x) = a, [1;_,(z — a;) and choose ay, ay with |a; — as| = sep(A). Since A
is separable, its discriminant is a nonzero integer,

1 < |Disc(A)| = |a,* [ |aw — o*.
i<j
For every i, j, |a; — ;| < 2max{l, |o;|} max{1, |o;|}. Bounding all factors except |a; — s
in this way gives
1 <, sep(A)*M(A)* 2.

The result follows from the inequality M(A) < /r + 1 H(A) proved above. O

Lemma 3 (Roots of distinct factors). Let A, B € Z[z] be primitive irreducible nonassociate
polynomials of degrees r, s, respectively, and let o and [ be roots of A and B. Then

la — B| >, H(A)*H(B)™".

Proof. Since A and B are nonassociate irreducible polynomials, their resultant is a nonzero
integer. Writing all roots of A and B as «; and f;, and isolating the factor |a — 3|, we
obtain

1 < |Res(4, B)| <ys |a — B|M (A M(BY"

The claimed estimate follows from M (A) <, H(A) and M(B) <5 H(B). O

The product formula for the resultant has the following useful consequence for poly-
nomial sequences whose normalized limits have a unique common simple root. The
next proposition gives a precise form of this observation and the corresponding exponent
calculation.

Proposition 1 (Roots approaching a common limit). Let r;s > 1, and let a,b > 0 with
a+b>0. Let (Ty)r>1 be a sequence of positive real numbers tending to infinity, and, for
every k > 1, let Ay, By € Z[x] satisfy deg Ay =1 and deg B, = s. Assume

H(Ay) =T W, H(By) = TW.

Suppose that A, /H(A) and By/H(By) converge coefficientwise to polynomials As, Boo
of degrees r,s. Assume that these limiting polynomials have exactly one common root 7,
which is simple in both. Then, for all sufficiently large k, there are unique roots oy of Ay
and By of By in a fized sufficiently small neighbourhood of v, and

ar —7, P —
If, for all sufficiently large k, Res(Ag, By) # 0 and
’ RGS(Ak, Bk>’ = T’:+o(1)

for some o € R, then

|05k B Bk| _ Tk—sa—rb-I—cr—i-o(l)‘

Consequently,

sa+rb—o
a+b

provided Ay By is separable for all sufficiently large k.

€red (T + 8)

v

b
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Proof. Choose a closed disc D centred at v which contains no other root of A, or By,
Since 7 is a simple root of each limiting polynomial, continuity of roots shows that, for all
sufficiently large k, each of A, and By has exactly one root in D. Denote these roots by
ar and . Then ay, B — 7.

Label the remaining roots so that

T

Ap(r) = arg [ [ (2 = ain), f[ (x—Bjx)

i=1

where oy, = o and 31 = B, and so that each root converges, with multiplicity, to a
root of the corresponding limiting polynomial. Since the limits have degrees r and s, their
leading coefficients are nonzero, and hence

|ark:| — T]?+0(1) ’b ’ _ b+0(1)

The product formula for the resultant gives

| Res(Ay, Bi)| = |ark|*|bsx|" o — Bl 1T |k — Bl

1<i<r, 1<j<s
(1,9)#(1,1)

The final product converges to a positive constant, because v is the only common root of
the limiting polynomials and is simple in each. Therefore

| Res(Ay, By)| = sa+rb+o \OCk — Bl

Comparison with | Res(Ag, Bg)| = T,f+°(1) gives the asserted estimate for |ay — Fy/.
By Lemma 1,
H(AuBy) = THW 5 o,

whereas sep(AxBy) < |ay — Bi|. Since Ay By is a separable reducible integer polynomial of
degree r + s for all sufficiently large &, the claimed lower bound for e,eq(r + s) follows. [

Corollary 1. Let m > 1. For every k > 1, let Fy, € Z[x] be a polynomial of degree m, and
let Ly(z) = qpx — pr, with g, # 0. Suppose that there exist p > 0 and a sequence (Ty)r>1 of
positive real numbers tending to infinity such that

H(F,) =T} W, H(Ly) =TV,

Assume that Fy/H(Fy) and Ly /H(Ly) satisfy the limiting-polynomial hypotheses of Propo-
sition 1, that
0 < |Res(Fy, Ly)| < 1,

and that Fy, Ly is separable for all sufficiently large k. Then

mp + 1
p+1°

ered(m + 1) > @, (p), D(p) =

Proof. The bounded nonzero resultants satisfy | Res(Fj, Ly)| = T ol ). Apply Proposition 1
with
r=nm, s=1, a=1, b=p, o=0.

The resulting exponent is
1+mp

IL+p

= P (p). [



For m > 1, the function ®,, is increasing, since

m—1
D (p)=m— ——-.
(p) ]
Thus the exponent increases when the height of the linear factor grows faster relative to
the height of the degree-m factor. The constructions below realize

5 22
BE=5  wfy)=%

For an algebraic number £, let H () be the height of its primitive minimal polynomial
in Z[x]. For r = p/q € Q in lowest terms, with ¢ > 0, this gives H(r) = max{|p|,q}. For
m > 2, define

Ami1 = lim sup —log|€ — 7] .
T teR, degé=m, req log(H (§)H(r))

Proposition 2 (Structural reduction). For every n > 3,
A-11 < €rea(n) < max{n —2, \,_11}. (2.1)
Consequently, if \,—11 > n — 2, then

€red (n) = )\nfl,l-

Proof. For the lower bound, let A be the primitive minimal polynomial of a real algebraic
number ¢ of degree n — 1, and let r = p/q be in lowest terms, with ¢ > 0. The polynomial
A(z)(gx — p) is primitive by Gauss’s lemma and reducible. It is separable since A is
separable and, being irreducible of degree n — 1 > 2, has no rational root; hence A and
qr — p have no common root. Moreover, Lemma 1 gives

H(A(x)(gz — p)) <o HE)H(r).
Its root separation is at most |§ — r|. Moreover, Lemma 3 and the elementary bounds
€< HE+1, || <H(r)

show that
[log [§ — 7| = On(log(H (&) H(r))).
Together with the height estimate above, this gives
“logle—r|  —logle 1]
log H(A(a:)(qa: — p)) log(H (&) H (r))

+o(1)

as H(§)H(r) — oo. Taking the limsup gives A\,—11 < €pea(n).
For the upper bound, let (P) be an arbitrary sequence of primitive separable reducible
polynomials of degree n with H(P;) — oo, and put

— log sep(Py)
K 1= ——— "
© log H(P)
By Lemma 2, the sequence (k) is bounded above. If limsup,_, . xx = —oo, there is

nothing to prove. Otherwise, after passing to a subsequence, we may assume that ry
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converges to limsup,_, . #;. For each k, choose roots ay # [ with |ay, — k| = sep(F%),
and write

Ny,
Py =[] Ack,
=1

where the A, are pairwise nonassociate primitive irreducible polynomials. Since P is
separable, these factors are distinct. For fixed n, repeated use of Lemma 1 gives

N,
log H(Py) = log H(Aex) + On(1). (2.2)
=1
There are only finitely many possibilities for the factor degrees, for whether oy and [y
lie in the same factor or in distinct factors, and for the degrees of the relevant factor or
factors. Passing to a further subsequence, we may assume that these data are fixed. The
sequence (k) has the same limit along this further subsequence.
Suppose first that o and 55 belong to the same factor Ay, of degree d. Since Ay, is a
proper factor, d < n — 1. By Lemma 2 and (2.2),

—log |ove — B[ < (d — 1) log H(Ag) + On(1) < (n — 2)log H(P;) + On(1).

Suppose next that the two roots belong to distinct factors A, and By, of degrees r and
s. By Lemma 3 and (2.2),

—log |ag — Bk| < slog H(Ag) + rlog H(By) + O,(1)
< max{r,s}log H(Py) + O,(1).

Unless {r,s} = {n — 1,1}, one has max{r, s} <n — 2, and hence xky <n —2+ o(1).
It remains to consider a factorization

P, = ALy,

where Ay is primitive irreducible of degree n — 1, L; is primitive linear, and the closest
pair consists of a root ay of A, and the rational root r; of L. If «, is nonreal, then @y is
another root of A; and

sep(Ax) < |ag — ag| = 2| Im ag| < 2|ag — ri.

Mahler’s estimate and H (Ag) <, H(FPy) therefore give ki, < n—2+o0(1) along the indices
for which oy, is nonreal.

Finally, suppose that ay is real. Since A, and L are the primitive minimal polynomials
of ay and 7y, respectively,

H(Pk> =n H(Oék)H(T’k>
The product on the right tends to infinity. As in the lower-bound argument,

| log o, — 71|| = On(log(H (ax) H(r%))),

and therefore
—loglay —ry|  —log|ag — 1

log H(P,)  log(H(ag)H(ry))
The definition of A,,_;; now gives an upper bound \,_; ; for this case.

Since (k) along the subsequence under consideration converges to the limsup of the
original sequence, the preceding estimates prove the upper bound in (2.1). ]

R = +0(1).
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3 Reducible quartics

By Corollary 1, sequences of cubic and linear polynomials with heights T,i oM and T,f +O(1),

respectively, where T}, — oo, and with bounded nonzero resultants yield the lower bound
®3(3) = 5/2. Badziahin’s cubic-rational family [1, Section 5] has precisely these features.
We now verify them directly.

Define integers uy, v, by

U+ upV2 = (1+\/§)k+1 (k>0).
Equivalently,
up =1, wy =2, upyr = 2u + up-1, vo=1, v =3, Ugp1 =20 + V1.

Taking norms gives
2ui —vi = (—1).
This identity implies ged(ug, vy) = 1, and vy /u — /2.
Set
Cr(7) = wpr® + (duy, + vp)2® — 2(uy, + 205w — 20y,

and
DE = 4ui + 16u%vk + 14ukUZ + 41}2’,

Q. = Suj + 14uivy, + Sugvi + v3.

The coefficient of x is the corrected version of [1, formula (18)], and the identity below
includes the factor (—1)* omitted from [1, formula (20)].

Lemma 4. Replace uy, v by indeterminates u,v in the definitions of C, pr, qx, and denote
the resulting quantities by C,p,q. Then

¢*C(p/q) = 2(2u* — v*)°.

Consequently,
6.Cx(pr/a) = 2(=1)".

Proof. After clearing the denominator, the left-hand side is
up® + (4u + v)p*q — 2(u + 20)pg* — 2vg’.
Substitution of p and ¢, followed by collection of homogeneous terms, gives
2(32u10 — 80ubv? + 80ubv? — 40utv® + 10u?0® — vlo),
which is 2(2u? — v?)®. The second assertion follows from 2u2 — v = (—1)*. O

Lemma 5. For every even k, the polynomial Cy is primitive and irreducible over Q.
Moreover,

p
H(Cy) < vy, H(gez —py) =< 03, qﬁ — V2.
k

Furthermore, coefficientwise,

o o) =0 (4 V) — (24 4VE)r — 2V2,

and /2 is a simple oot of gs.



Proof. Since ged(ug, vy) = 1, one has ged(ug, dug + vi) = 1, so Cj, is primitive. Reducing
the two recurrences modulo 3 shows that both sequences have period 8. At the even
indices, the pairs (uy, vx) cycle through

(1,1), (2,1), (2,2), (1,2).
The corresponding reductions of Cj, up to nonzero scalar multiples, are
-2t +1, -2t 4r+1, —2d+22-1, 2BB—z-1

None has a root in F3, so each is irreducible. Hence C}, is irreducible over Q.

Since Cy/u — g3 coefficientwise, H(Cy)/ur — H(gs3) > 0; in particular, H(Cy) =<
ug < vg. Since vy /u — V2, dividing the homogeneous formulas for py and ¢ by u} gives
pr/up — 32+ 24y/2 and q./ui — 24 + 16y/2. Consequently, H(qxx — py) < u} =< vj and
P/ ak — V2.

Finally,

gs(z) = (x — V2)(2* + (4 + 2V2)z + 2),

and

Bh(V2) =8+4V2#0. O
Proof. (Proof of the unconditional part of Theorem 1) Restrict to even k and put
Li(z) = qrx — py.
By Lemma 4 and the symmetry of the resultant,
| Res(Cy, Li)| = 2.

Moreover,
H(Cy) = v, W, H(Lg) = vp™W.

The convergence in Lemma 5 implies

Cy g3
H(Ck) H(gs) .

Since pr/qx — /2 and py, ¢, > 0, one also has

Lk . T 1
H(Ly) V2o

The two limiting polynomials have exactly one common root, namely v/2, and it is simple
in both. Thus Proposition 1, with T, = vi, r =3, s=1,a=1,b =3, and 0 = 0, gives a
root &, of C}, such that

Dk
& — —

qk

~10+0(1)
k .

gk_>\/§7

The root & is real for all sufficiently large k, since otherwise its conjugate would be a
second root near the simple real root /2.

The identity in Lemma 4 also implies ged(pg, gx) = 1, since a common divisor would
have its third power dividing 2. Hence the product (gzz — py)Ck(z) is primitive by Gauss’s
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lemma. It is separable, since C}, is irreducible over Q and hence separable, and its resultant
with Ly is nonzero. By Lemma 1,

H((qer — pi)Ci(x)) =< H(L) H(Cy) = v

Since the displayed cross-distance is one of the root distances of this product, Proposition 1
gives

The same family gives
H(&) = H(Cy) =", H(pe/ge) = vy,

and therefore A\;; > 5/2. Since this is larger than 2, Proposition 2 also gives the
unconditional identity
€red(4) = )\371. Il

We now record the conditional upper bound. We use the following weak form of Hall’s
conjecture, as in [1, Conjecture (Hall)]: for every ¢ > 0, the inequality

0<|X3-V? < |X]|l/2
has only finitely many integer solutions (X,Y).

Proposition 3 (Badziahin’s conditional estimate). Assume Hall’s conjecture. Then

5
A1 < 5

Proof. Fix € € (0,1/2). On p. 2 of [1], D3 is defined as the set of pairs (u, ) for which
there is a constant ¢ > 0 such that

€ —rl = cH(&) " H(r)™

for every real cubic irrational ¢ and every rational r. The paper also observes that requiring
the inequality for all pairs or for all but finitely many pairs gives the same set Ds ;.
By [1, Theorem 3, formula (4)], for every 6 with 1/2 +¢ < 6 <1, one has

2(1 — 0)
<Q+ m, 2+0> S D3’1.

Taking 6 = 1/2 + €, both exponents are 5/2 + ¢, since 6 + 2(1 — 0)/(1/2 —€) =5/2 + ¢
and 2 + 60 = 5/2 + e. Thus there is a constant ¢, > 0 such that

& —r| > CeH(f)_5/2_€H(T)—5/2—e

for every real cubic irrational £ and every rational . By the definition of A3 ;, this implies
A31 < 5/2+ €. Letting € — 0 proves the proposition. O]

Proof. (Completion of the proof of Theorem 1) Assume Hall’s conjecture. Then Proposi-
tion 3 and the explicit construction give A3 ; = 5/2. The last assertion of Proposition 2
then yields e,eq(4) = 5/2. O

10



4 Reducible quintics

For m = 4, Corollary 1 gives the exponent

_4p+1
Cop+ 1

D4(p)

The value 22/7 corresponds to p = 5/2. We therefore seek quartic polynomials of height

T}, linear polynomials of height T,? / 2, and a bounded nonzero resultant, such that their
normalized limiting polynomials have exactly one common real root, simple in both. The
construction below has resultant equal to 1.

For k > 0, define positive integers ¢y, di by

cr + dk\/§ = (1 + \/5)12]“_1.

Taking norms gives
¢ —2d; = —1. (4.1)

We shall use the congruences
cr=dp = (=1F  (mod 3), cr =dp = (=1)F  (mod 11). (4.2)

Indeed,
(14 v/2)2 =19601 + 13860v/2 = —1 (mod 33)

in Z[/2], and (4.2) follows after taking the kth power and multiplying by 1 + v/2.

Define
Fy(z) = (15¢; + 16¢dy, + 18d7)z*

—32(2¢; + 3cpdy + 4d3)2?
+12(—c;, — 16cxdy, + 2d3) 2
+192¢,dpr — 12(3¢; + 16cxdy, + 10d7).

Thus the coefficients of Fj are homogeneous quadratic forms in ¢, d,. Define rational
numbers ag, by by

o+ /2 = ;((7 T 5V2) (e + div/2) — (2 VI)(ex — div2)). (4.3)

They are in fact integers. By (4.2), the numerator in (4.3) is congruent modulo 3 in Z[v/2]

to
(D" ((T+5v2) (1 + v2)* = (2= V2)(1 - V2)).
The expression in parentheses is
573 4 411v/2 = 3(191 + 137V/2),
SO ay, b, € Z. Moreover,
3by = 5¢; + 35cidy + 100cids + 140c2d; + 100cdyy + 2843 + ¢ + 2dy, > 0.

Put

11



Theorem 3 (Quartic identity). For every k > 0,
b, (—a’“) 1.
by,

Res(Lk, Fk) = 1,
ged(ag, by) = 1, and both Ly and Fy are primitive.

Consequently,

Proof. Throughout this proof, write s = v/2, and put

X = (14 s)*(cp + dps)°, E = 81b.F} (—Zk‘) :
k

Using 7+ 5s = (1 +5)%, (1+s)(2—s) = s, and (4.1), the definition (4.3) gives
3(1 4 s)(cp + dis)(ay + brs) = (1 +8)(7 4 58)(cp + dpps)® — (1 +8)(2 — 8)(c; — 2d3) = X + s.
The norm of X is 1. Conjugating the last identity therefore gives
3(1 — s)(cp — dis)(ap — bps) = X! — s.
We now evaluate the homogenized quartic at (—ag, b). Substitute
2a, = (ag + bis) + (ar — bys), 2sbr = (ay + bgs) — (ay — bys)

and use the preceding two identities. Expanding and simplifying the homogenized value
gives

E=2sX""X+s)"+2(X +5)3X ! —s)
—3(X 48X =8 +2(X +8)(X T —s) —2sX(X ! — ).

Expanding and collecting the powers of X gives
E=(2-s)(X?+X?)+2s(s* = 2)(s* +3)(X ' — X) +9s* + 245% — 3.

Since s? = 2, the terms containing X vanish and the remaining constant is 81. Hence
E = 81, which proves

If an integer ¢ divides both a; and b, then ¢* divides the left-hand side of the last
identity; hence |¢| = 1. Thus ged(ag, bx) = 1, and Ly, is primitive. Every common divisor
of the coefficients of F}, also divides the same value 1, so F} is primitive. Finally, the
formula for the resultant of a linear and a quartic polynomial gives

Res(Lk, Fk) = biFk(—ak/bk) = 1. ]

The coefficients of F} can be recovered systematically. Start with a general quartic
whose coefficients are homogeneous quadratic forms in ¢, dg, and put t = ¢ + diV/2. By
(4.1), ¢ — d/2 = —t~'. Expressing the left-hand side of the identity just proved in terms
of t gives a Laurent polynomial whose coefficients depend linearly on the coefficients of
the five quadratic forms. Requiring all nonconstant Laurent coefficients to vanish and the

constant term to be 1 gives a linear system with a unique solution, namely the polynomial
F. defined above.
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Lemma 6. For every k > 0, the polynomial F}, is irreducible over Q.

Proof. By (4.2), ¢, = dj, = (—1)* (mod 11). Since every coefficient of Fj, is a homogeneous
quadratic form in ¢, d, the sign disappears and

Fi(x) =5h(z) (mod 11), h(z) = x* + 42 + 82% + x + 3.

If h were reducible over [y, it would have an irreducible factor of degree 1 or 2, and that
factor would divide z'' — z. Binary exponentiation modulo h(z) in Fy;[z] gives

o —r =2+ +4r+5 (mod h(x)).
The Euclidean algorithm in Fy;[x] then gives the Bézout identity
(52 4+ 5z + 3)h(z) + (=5z® + 22 — 2 +5)(2* + 2 + 42 +5) =1 (mod 11).

Thus ged(h, 212! — x) = 1, so h is irreducible over Fy;. Since Fj, is primitive by Theorem 3
and its reduction has degree 4, the standard reduction criterion proves that Fj, is irreducible
over Q. O

Lemma 7 (Asymptotics of the quartic family). As k — oo,

H(F,) = = (14 V2)*, ap = by, =< ¢ = (14 v/2)%%, % /2.
k

The normalized polynomials Fy/ci converge coefficientwise to
ga(z) = (24 + 8v/2)x" — (128 + 48v/2)2® — 96v/2 2% + 96v2 & — 96 — 96v/2.
Moreover, g5(—v/2) =0 and
gi(=V/2) = =512 — 384v/2 £ 0.
Proof. From the definition of ¢y, d,

o (1 4 \/5)1%—1—1 4 (1 _ \/5)1219-1—1 5 (1 4 \/§)le+1 _ (1 _ \/5)1%4-1
k — 5 k= 2\/§ .

2
Since |1 — /2| < 1, it follows that

1 1
CL o~ — 1+\/§ 12k+1’ d ~ 1+\/§ 12k+1’
g1 ) E~ S \/5( )
so di/cr — 1/+/2. Dividing the coefficients of F}, by ¢ gives the stated coefficientwise

limit. Since g4 # 0,

H(Fy)

In (4.3), the first term has order (1 + /2)%* and the second has order (1 + /2)7'%¢.
Conjugating (4.3) shows that aj, — byv/2 has order (1 + v/2)'?*. Consequently,

Gy ~ é(? +5V2) (e, + diV2)?,

bk ~ 6\1/§<7 + 5\/§>(Ck + dk\/§)5

This proves the remaining asymptotic estimates and ay /b, — V2. The two assertions
about g4 follow by direct substitution. O]
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Proof. (Proof of Theorem 2) By Theorem 3,
Res(Lk, Fk) =1.

Put
Ty = ¢
By Lemma 7, 1to(1) 5/240(1)
H(F,)=T,""",  H(Ly) =T, :
Moreover,
Fk 94

— .
H(Fy)  H(ga)
Since ay /by, — v/2 > 1, one has H(L;) = ay, for all sufficiently large k, and therefore
L
P, = + 1.

H(Ly) V2

The limiting polynomials have exactly one common root, namely —/2, and this root is
simple in both. Applying Proposition 1 gives a root «;, of F} such that

a —1140

by,
The root «ay, is real for all sufficiently large k, since otherwise its conjugate would give a
second root of F, near the simple root —v/2 of ga.

The product LiF}, is primitive by Gauss’s lemma. Lemma 6 shows that Fj, is irreducible
over QQ, hence separable. Since the resultant of the two factors is 1, the product is separable.
By Lemma 1,

ap — _\/57

H(LyFy) = H(Ly)H(Fy) = T,

Hence
11 22
ered<5) > % = 7
Since F}, is the primitive minimal polynomial of o and L; is the primitive minimal
polynomial of —ay /by, the same construction gives

H(Oék;) = H<Fk) = 7‘}:“"0(1)7 H(_ak/bk) — H(Lk) _ T]S/Q—H)(l),

so \y1 > 22/7 > 3. By Proposition 2,

22
61red(5) - /\4,1 > 7

No matching upper bound for A\, ; is obtained here. O
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