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Abstract

Fix a prime p. We consider positive rational p-adic units with finite Schneider’s p-adic
continued fraction expansion and compare this expansion with the ordinary real continued
fraction expansion. We construct examples showing that the two lengths may behave in
essentially different ways: one of them may remain bounded while the other grows, and
there are also families in which both grow logarithmically with the height. We also study
common ordinary and Schneider’s convergents. For rational numbers of height at most H,
we prove a general upper bound for the maximal possible number of common convergents
and a lower bound of order loglog H. For p = 2, we also obtain a sharper construction.

1 Introduction

Schneider introduced in [9] one of the classical continued fraction algorithms in the field
of p-adic numbers [8]. For rational inputs, the behaviour of the algorithm was studied by
Bundschuh [2] and, more recently, in [1, 4, 5, 6, 7]. In this paper, we consider positive rational
p-adic units, that is, elements of Qs NZ.

Unlike real continued fractions, Schneider’s p-adic continued fraction expansions of rational
numbers need not terminate. Infinite expansions occur frequently in this setting, see [2, 5, 6].
Here we restrict attention to rational numbers whose Schneider’s expansion is finite.

For such a rational number «, let r(a) denote the length of its real continued fraction
expansion, written in the usual normalized form with last partial quotient at least 2, and
let s,(cv) denote the length of its finite Schneider’s p-adic continued fraction expansion. We
consider two comparison problems.

The first concerns the possible simultaneous behaviour of r(a) and sp(«) under a height
bound on a. We construct explicit families of rational numbers showing that the pair
(r(a), sp(cr)) may behave in rather different ways: the Schneider’s length may be large while
the ordinary length stays bounded, both lengths may grow logarithmically, and the Schneider’s
length may stay bounded while the ordinary length tends to infinity.

The second problem concerns common convergents. Write Cp(a) for the number of
rational numbers which occur both as ordinary convergents and as Schneider’s convergents
of a. We prove a general upper bound for Cp(a) in terms of the height, and we also give
constructions showing that arbitrarily many common convergents can occur.

The next section collects several auxiliary facts on Schneider’s p-adic continued fractions
and ordinary real continued fractions that will be used throughout the paper. In Section 3,
we compare the lengths of these two expansions for rational numbers and exhibit explicit
examples showing several different types of behaviour. In Section 4, we study common
ordinary and Schneider’s convergents, proving a general upper bound and giving explicit
constructions with many such common convergents.
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2 Preliminaries

We collect the notation and a few auxiliary facts used later. Most of them are standard, and
we include only some short proofs such as the elementary height bound for finite Schneider’s
expansions. Throughout the paper, p denotes a fixed prime.

For

a=2€Q0  gedab) =1,

we write

H(er) = max{|al, b}

for the naive height.
Every positive rational number o has a unique normalized finite ordinary continued
fraction expansion

a=[co;c1y ..y enl, co € L>p, c; €N (j>1), cp>2ifn>1.
We denote the length of such an expansion by
r(a)=n+1.

We now recall Schneider’s algorithm on Qs N Z,, for more details see e.g. [5].
Let o € Q=0 NZ, . Starting from ap = «, one defines inductively digits b; € {1,...,p—1}
and exponents a;y1 > 1 by
a; =b; (mod p),
and, if o # by,
pajJrl
ajr1 =vp(ag = bj), g1 = P

where v, is the p-adic valuation normalized so that v,(p) = 1.
If the algorithm terminates after the digit b,,_1, i.e. ap—1 = by—1, We write

p™
a = [by,p™ by, p® ..., p"™ 1 by 1] = b + W (1)

! pPm—1
b.

m—1

and call this the finite Schneider’s p-adic continued fraction expansion of o with length
sp(a) =m.

For rational inputs, the alternative [2] is that the expansion becomes eventually periodic
with tail
p—1, p:p—1,p:p—1,...,
which occurs if a complete quotient a; becomes negative, equivalently when —1 appears as a
complete quotient, see [2, 5, 6, 7, 10].
For finite Schneider’s expansion (1) we use the standard convergents P, /Q,, defined by

P—ona P—1:17 Q—2:17 Q—lzoa
and, with the convention ag = 0,
P, =b,P, 1 +pan n—25 Qn = ann—l +panQn—2 (O <n<m-— 1)-

Then

n

P,
[b()apal:b17"'7pan:bn]p:Q fOI'OSTLSm—l,

n



and all such P,, @, are positive. Since by € {1,...,p— 1}, one has pt Py, and the congruence
Pn = annfl (mOd p)

shows inductively that p { P, for all n > 0. Similarly, p{ @,, for n > 0. Also, as in [5], we
obtain
PQn-1—Pr1Qy = (_1)n+1pa1+~~+an (n > 0), (2)

and therefore
ged (P, Qn) =1 (n=0).

Hence if

P, _
a = [by,p™ :b1,...,p"" " i by = m—1

B mel’
then
H(Oé) = max{Pm,l, mel} = mel-

We use Vinogradov’s symbols <, >, and =< with implicit constants depending at most
on p, unless stated otherwise.

The following simple proposition gives the maximal possible finite Schneider’s length
under a height bound.

Proposition 2.1. Define a sequence (Up,)m>0 by
Uy=U; =1, Un=Upn-1+pUn—a (m=>2).
Let o € Qx9N Z, have finite Schneider’s expansion, and suppose sp(a) =m. Then
H(a) > Uy,.

FEquality is attained only for

pm::[1,p217p317‘~-7p51]p:U 1
m—

(m symbols 1). Consequently,
max{s,(a) : a € Qo NZ,;, H(a) < H, sp(a) < oo} =max{m>1:U, < H}.

Proof. Write

P,
a = [bo,p™ 1 b1,...,p"" " 1 byq]p = = L
mel
We prove by induction that
Py 2Ujn, Q;2U;  (0<j<m-—1)

For j = 0 and j = 1 this is immediate. If the claim holds for j — 1 and j — 2, then, since
bj > 1and a; > 1,

P;j=bjPj_1 +pYPj_2 =2 Pj—1 + pPj—2 > Uj + pUj—1 = Uj41,
and similarly ; > U;. Hence
H(Oé) = maX{Pm—lv Qm—l} Z Pm—l 2 Um~

Equality P,,—1 = Uy, is attained only if b; = 1 and a; = 1 for all j, and then the same
recurrence gives

mel = Umy mel = Umfl' O



Remark 2.2. Let

I T

Then +1 +1
m m
I S

Ap—tp

and thus U,, =, /\;”.
The next proposition is the standard Fibonacci lower bound for denominators of ordinary

convergents, and is essentially Lamé’s classical estimate for the Euclidean algorithm.

Proposition 2.3. There exists an absolute constant C' > 0 such that for every rational
number «,
r(a) < Clog H(a) + C.

More precisely, if r(a) =n+ 1, then
FTH-l < H(O[),
where (Fy) denotes the Fibonacci sequence.

Proof. Denote by q; the denominators of the convergents in the ordinary continued fraction
expansion of o = [cg; ¢y, ..., ). Write & = a/b in lowest terms. In its normalized ordinary
continued fraction expansion, the final denominator is ¢, = b < H(«). Since the recurrence

W = k@1 + -2 (K >1)
and the inequalities ¢y > 1 imply inductively that ¢ > Fj1, we obtain
Fra) = Foy1 < gn < H(a),
which yields the stated logarithmic bound. O

For the reader’s convenience, we record the following two standard facts from the theory
of ordinary continued fractions.

Lemma 2.4. Let £ = [ag;a1,a2,...] be an irrational real number whose partial quotients
satisfy
a, < B (n>1).

Let py,/qn be the convergents of . Then there exists a constant ¢(B) > 0 such that, whenever
a real number x satisfies
<(B)

2 )
n

lz -] <

the numbers x and & have the same first n + 1 partial quotients. One may take

1
“B) =3B 0B+

Moreover,
< (B+1)"  (n>0)

Consequently, if a sequence (x,,) of rational numbers satisfies
|l’m - ‘S‘ < Anmv

for some A >0 and 0 < n < 1, then there exist positive constants c1,co depending only on
&, A, n, such that
r(xpm) > c1m — ca.



Proof. Fix n > 0. Let {41 = [an+1; an2, ... ] be the (n + 1)st complete quotient of £&. Then

_ pn§n+1 + Pn—1

& .
Qn§n+1 + Gn—1

The map
bny + Pn—1

any + qn-1
is monotone on (0, 00), and the set of real numbers whose continued fraction expansion begins
with (ag, ..., a,) is the interval between

yr—

Pn and [ag;...,an,l]zw.
dn Gn + Gqn—1
A direct computation gives
‘ ¢ Pn|_ !
qn Qn(ann-‘rl + Qn—l)
and
'é_pn+pnl _ Eny1—1
Gn+ qn-11  (@n€n+1 + n—1)(qn + qn—1)
Since every partial quotient of £ is at most B, one has £,11 < B+ 1 and
1 1
—-1> .
En+1 =z i > B+l
py2 + ——————
(p43 + -

Also gn—1 < gp, SO
Qn€n+1 +gn—1 < (B + 2)Qn

and
gn + gn—1 < 2QTL-
Therefore,
Dn 1
s -
‘g qn| (B + 2)%21
and
Pn + Pn—1 1
5 - - 9"
Gn+qn-1| — 2(B+1)(B+2)q3

Hence every real number x with

- € < !
2(B+1)(B+2)q?

remains in the same cylinder as &, so it has the same first n 4+ 1 partial quotients.
The recurrence ¢,4+1 = an+1Gn + gn—1 and the bound a,1; < B imply inductively that
qn < (B+1)" If |z, — &] < An™, then the first part applies as soon as

which holds for all .
mlog(n—") —log(A/c(B))
2log(B +1)

Thus r(x,,) > n+ 1, which yields the claimed linear lower bound. O

n <



Lemma 2.5. Let § be a positive rational number in lowest terms. Then every real number x

satisfying
1

262

has every ordinary convergent of § among its ordinary convergents.

0<

a<
b
b

Proof. By Legendre’s theorem on continued fractions, see e.g. [3, Theorem 8.26], we obtain
that 7 is an ordinary convergent of z. Every convergent in the finite real continued fraction
expansion of ¢ is also an ordinary convergent of . O

3 Lengths of ordinary and Schneider’s expansions

In this section we compare the possible sizes of the ordinary and Schneider’s lengths. We
treat three regimes: long Schneider’s and short ordinary expansions, logarithmic growth in
both theories, and bounded Schneider’s length with unbounded ordinary length.

3.1 Long Schneider’s expansion and short ordinary expansion

We first exhibit a simple family of rational numbers for which the Schneider’s length tends to
infinity while the ordinary length stays uniformly bounded.
Define

Wy =1, Wi=p-—1, W = (p — 1)Wm71 + pWin—_o (m > 2),

and
Tmi=p—-Llp:p—Lp:p—1,...,p:p—1],
with m digits p — 1.

Theorem 3.1. For every m > 1 one has

T = Win
" Wmfl
and
Sp(Tm) = m, r(Tm) < 3, H(tpy) =W, < p™.
More explicitly,
[p - 1]7 m=1,
Ik (p,m) = (2,2),
" [p; Win—1], m > 2 even and (p,m) # (2,2),

[p—1;1,Wy_1 — 1], m >3 odd.

Proof. The identity 7, = W,/ W,,—1 follows from the recurrence for Schneider’s convergents.
Set
Dy =Wy — pWi—1.
Using the recurrence for W,,, we obtain
Dm = (p - 1)Vmel +me72 - me,1 = _(Wmfl _mef2) = _Dmfl-
Since Dy = (p— 1) —1, it follows that

_p —
Do = (—1)™,  ie. Wy =pWpn1+(—1)™



Therefore

(=)™

Wmfl .

If m is even, this is the ordinary continued fraction [p; W;,—1], except in the special case
(p,m) = (2,2), when 7 = 3. If m > 3 is odd, then

Tm =P+

1 Wp-1—1

- =(p—1
P Wm—l <p ) * Wm—l

- [p_ 17 17Wm—1 - 1]

Hence in all cases r(7,,) < 3.
Finally, the characteristic polynomial of (W,) is (z — p)(xz + 1), so Wy, < p™. O

Note that there are also infinite families for which both lengths remain bounded. For
instance,
1,p": 1], =p" +1 (n>1)

has Schneider’s length 2 and ordinary length 1.

3.2 Long Schneider’s expansion and long ordinary expansion

We next give families of rational numbers for which both the ordinary and the Schneider’s
lengths grow logarithmically with the height. The odd prime case and the case p = 2 are
treated separately.

Theorem 3.2. Assume p > 2, and let

Un
Umfl

pm=1[Lp:1,...,p:1], =

with m digits 1. There exist constants c,, Cp, c;,, C{D > 0 such that for allm > 1,

splpm) =m,  cym—Cp <r(ppn) <cym+Cy,  H(pm) < A,

where A\, = (1 + /A4p +1)/2. In particular,

sp(pm) < log H(pm), 7(pm) < log H(pm)-

Proof. The equalities s,(p,) = m and p,, = Uy, /Uy—1 follow from Proposition 2.1; the
height estimate follows from Remark 2.2. Put

)\_1+\/4p+1 1= Ap+1
By the Binet formula,

o — )\m-‘,—l - Mm+1 _ 1— (M/)\)m—i—l
X = (/™

\pm—A|<<(””") .

SO

A

Since A is a quadratic irrational, its ordinary continued fraction is eventually periodic and in
particular has bounded partial quotients. Lemma 2.4 yields

r(pm) > cpm — .

The upper bound follows from Proposition 2.3 and the estimate H (p,,) < \™. O



For p = 2, the sequence (p,,) from Theorem 3.2 coincides with the sequence (7,) from
Theorem 3.1. Consequently, this sequence has bounded ordinary length. To obtain logarithmic
growth in both settings, we instead use partial numerators equal to 4.

Define

‘/0 = Vl = 17 Vm =Vm-1+ 4Vm—2 (m > 2)7

and
om:=[1,4:1,4:1,...,4:1]s =

mel .
Theorem 3.3. There exist constants co, Co,ch, Ch > 0 such that for allm > 1,

1+v17\"
so(om) = m, com — Cy < (o) < dhm + C, H(op,) < <+2> .
In particular,
so(om) < log H(om,), r(om) < log H(op,).

Proof. The recurrence for V,, has characteristic polynomial 2> — 2 — 4, whose roots are
(1+£+/17)/2. Hence
(1+\/ﬁ)m+l B (l_ﬁ)m-i-l

2 2

Vm == 5
V17
SO m
1 17
H(om) = Vi = <+2\ﬁ>
and m
14+ V17 V17T -1
oy ——— | L | — = .
2 V1T +1

The number (14 +/17)/2 = [2;1, 1, 3] has bounded partial quotients, and Lemma 2.4 gives
the linear lower bound for r(oy,). The upper bound follows from Proposition 2.3. O

3.3 Short Schneider’s expansion and long ordinary expansion

We now turn to the opposite phenomenon: the Schneider’s length stays bounded, while the
ordinary length tends to infinity. Again we first treat odd primes and then the case p = 2.

The first nontrivial Schneider’s length here is 3. If s,(a) = 1, then a = by is an integer,
whereas if sp(a) = 2, then

bob1 + p*

) 1§b07b1§p_17
by

o = [bo,pa : b1]p =
so the denominator of « is at most p — 1, and therefore r(a) is bounded in terms of p alone.
In particular, for p = 2 one gets aw = [1,2% : 1] = 2% + 1, so r(a) = 1.

Fix an odd prime p and put

1++5
Bp = 2log, 2, p= 7

Since p is odd, the number S, is irrational. Let A, /B, be the convergents of the ordinary
continued fraction of 3,. There are infinitely many indices n such that

Op = BpBy — Ay > 0.



For such n, and after discarding finitely many initial indices, define

1-1lo
My = \‘5gpS0J > 1, t, = man, Nn = mnAn + 17
n

and then b N
p n n

Ty = [1, PN 2 phn 1, =1+ P L

Theorem 3.4. For every odd prime p, the sequence (x,,) is well defined for all sufficiently
large chosen indices n, and satisfies

sp(zn) = 3.
Moreover there exist constants c,, C, > 0 such that
r(xn) > cploglog H(xy) — C).
In particular, one obtains bounded Schneider’s length and unbounded ordinary length.

Proof. Since p is odd, the displayed Schneider’s expansion of x, is admissible. Hence
sp(zp) = 3.
From the definition of m,, we have

0 < Ny, — Bptn — log, o =1 —log, o — mpdp, < oy.

Also,
pNn — pﬁptn—l-logp [ pNn—Bptn—logp P _ 22tn¢pNn—Bptn—logp %
Set
pMt2
Then

Qy, = SOpan,Bptnflogzggo + 2172tn.
For all sufficiently large chosen indices n we have §, < 1, and then
0< pNn—Bptn—logpcp —1 < p(logp) b,,.
We also have 1 —log, ¢ > 0 since p > 3. As 6, — 0, the definition of m,, gives

- 1—log, ¢

Mn = =95

for all sufficiently large chosen indices n. Since t, = m, B, and B, > 1, it follows that

1-1
f, > P
20,
and hence
21—27&" _ 26_2t" log 2 < 26—(1—logp ©)log2/6n < 2 5n
(1 —log, ¢)log2
Thus



Let
Bhi1 = lan+1; anto, - . -]

be the (n + 1)-st complete quotient of f,. Since

1

G = :
" Bn ;L+1 +Bn—1

while
ant1 < Bryq < app1 +1 and Byy1 = apny1B, + By_q,

we obtain
Bpni1 < Bpfl41 + Bno1 < Bpy1 + Bp < 2By,

and therefore

<oy < )
2Bn+1 " Bn+1

Consequently,
o — ol <p By
The denominator of the j-th ordinary convergent of ¢ = [1;1] is F; < ¢’. Choose j

maximal such that
2 o B

= 1207
where C' > 0 depending only on p is such that

Oy — <
| " (P’ Bn+1

for all sufficiently large chosen indices n. Then

1
— < — s,

and Lemma 2.4 shows that the first j + 1 ordinary convergents of ¢ are also ordinary
convergents of a,,. Hence

r(an) > j+12>cplogBui1 — Cp

with suitable positive constants depending only on p.

Next,

Nn Z /Bptn + logp 907
SO

pNn 2 22tng0 > 22tn'
Thus

0 < 2% < pNn 2.
Moreover,

p215nNn = (pNn)Qtn = (_2)2tn = 221}” (Il’lOd pNn + 2)
Hence
) N pZtHNn N 1
Ty = —_ —_

Since a,, — ¢ > 1, we have «;, > 1 for all sufficiently large chosen indices n, and therefore

r(zn) =14+ r(ay).

10



It follows that
r(zn) > cplog Bpy1 — C)p
with suitable positive constants depending only on p.
Finally,
p2tnNn 4 pNn 4 9
phn +2
and this fraction is already in lowest terms, since any common divisor would divide both
p?nNe and p™Nn + 2. Therefore,

Tn = )

log H(xy,) =p tnNp.
Also, from

< Op <
QBn—H " n+1

and the definition of m,,, we obtain
Mp =p Bn+1-

Thus
tn = myuBy =p ByBny1 < B2..

Since A,,/B,, — B, > 0, we also have A,, <,, B, and therefore

Ny, = mpAp +1 <, m, B, =t,.

Consequently,
log H(xn) <p tnNp <p Biﬂ'
Hence ]
log By y+1 > i loglog H(xy,) — Cp
for some constant C), > 0, and the stated lower bound for r(x,,) follows. O

Proposition 3.5. If a has Schneider’s expansion of length 3 for p = 2, then r(a) < 4.
Thus the regime “bounded 2-adic length and unbounded ordinary length” cannot occur with
s2(a) = 3.

Proof. Every such number has the form

al

a=[1,2%:1,22: 1], =1+

202 4 1°
Write
a1 = kag + , 0<r<asy,
and set
q:=2"+1.
Since
22 =—-1 (mod q),

we have

29 = (=1)¥2"  (mod q).
Hence there exists an integer M > 0 such that

27’
1+ M+ —, if k is even,
o= q
q—2" .
1+ M+ , if k is odd.
q

11



Assume first that & is even. Then

1
=14+M+ —.
o + +q/2’"

If r = 0, then ¢/2" = ¢ is an integer, so r(«a) = 2. If r > 0, then

292 +1 1
qu = Qj_ =2%7" + or [2%277;27],

and thus r(«) = 3.
Assume now that k is odd. Then

q—2" 1
a=1+M+ =1+M+ .
q q/(q—=2")
If r =0, then
q _ L.
1 Tom -2
so r(a) = 3. If r > 0, then
—2r 2% 412 1
q — + :2a2—7‘_1+7 — [2(12—7‘_1;27”]7
2" 27 27
and hence
T = L2 - 1,2,
q_
Therefore, r(a) = 4. O

For p = 2 we therefore pass to Schneider’s length 4. Put

1++5
P2 = logy 9, p=—"Z

The number f3; is irrational. Let A, /B, be the convergents of the ordinary continued fraction
of B5. Again there are infinitely many indices n such that

On = BBy — A, > 0.

For such n, and after discarding finitely many initial indices, define
3—1 3
My, = L(;gQ(SO)J >1, ty := my By, N, == m,A, + 3,
n

and then
3. 22tﬂ,Nn

2Nn 37

Theorem 3.6. The sequence (yy,) is well defined for all sufficiently large chosen indices n,
and satisfies

Yy = 1,220 N0 1 9N 1 20 1]y = 1+

s2(yn) = 4.
Moreover there exist constants co, Cy > 0 such that
r(yn) > cologlog H(y,) — Cs.
Thus for p =2 one also obtains bounded Schneider’s length and unbounded ordinary length.
We omit the proof of this theorem since it is completely analogous to the proof of Theorem

3.4.

12



4 Common ordinary and Schneider’s convergents

We now study the size of the intersection between the ordinary convergents and the Schneider’s
convergents of a rational number with finite Schneider’s expansion. We first prove a general
upper bound in terms of the height and then construct explicit families of rational numbers

with many common convergents.
Let
a=[co;c1y. ..y Cn)

be the normalized ordinary continued fraction expansion of a positive rational number, and

let
U4 .
L =leo;--h]  (0<j<n)
vj

be its ordinary convergents. Suppose also that
a = [bog,p™ :by,...,p" " b1l (3)

is the finite Schneider’s p-adic continued fraction expansion of «, and let

P
ko 0<k<m—1)
k

be its Schneider’s convergents. We write

: . P
Cp(a)::#{?:()gjgn, ?:Jforsomeogkgm—l}.
J J k

We also consider the extremal function
My(H) := max{Cy(a) : « € Qs NZ,, sp(a) < oo, H(e) < H}.

At the opposite extreme from the constructions below, the intersection may reduce to the
number « itself. Indeed, for even m, the family 7, from Theorem 3.1 satisfies Cp(7,,) = 1. If
(p,m) = (2,2), then 75 = 3 is an integer, so this is immediate. Otherwise

Tm = [p; Wmfl]a

so its only proper ordinary convergent is p. On the Schneider side, the convergents are
Tly-+sTm, with 7 = p — 1 and 7; ¢ Z for j > 2. Thus none of the Schneider’s convergents
equals p, and therefore 7, is the only common convergent.

4.1 A general upper bound

We begin with a simple divisibility property of Schneider’s convergents and derive from it a
general upper bound for the number of common convergents.

Lemma 4.1. Let
Py P Py

Q0 Q1" Qi
be the Schneider’s convergents of a finite Schneider’s expansion (3). Then, for every 0 < k <

£ <m—1, one has
PP (PiQy — PrQy).

13



Proof. We argue by induction on ¢ — k.
If ¢ = k, the claim is obvious. If £ = k 4 1, then the formula (2) from Section 2 gives

Pk+1Qk; - Pka+1 — (_1)k+2pa1+...+ak+1’

and since each a, > 1, this is divisible by pk“.
Now assume ¢ > k 4 2. Using the recurrence relations for Schneider’s convergents, we
obtain

PiQr, — PrQr = (bePr—1 + p™Pr_2)Qr — Pr(beQe—1 + p*Qe—2)
= by(P—1Qr — PrQe—1) + p* (Pr—2Qr — PrQr—2).

By the induction hypothesis, both terms on the right-hand side are divisible by p**1, and
hence so is P,Qr — PrQy. O

Theorem 4.2. For every H > 1 one has

M, (H) < .

1+,/1+8long‘

Proof. Let a = a/b > 0 be a rational number counted by M,(H), and list the common
convergents in increasing ordinary order:

M ) ) - a'
Uiy Uiy Vi,
Then t = Cp(a).
For each 1 < s <'t, write
Uis . PTS
Uis QTS

for the corresponding Schneider index. Since o > 0, the numerators of its ordinary convergents
form a strictly increasing sequence. Likewise, the numerators of the Schneider’s convergents
form a strictly increasing sequence by the recurrence relations. Therefore the common
convergents occur in the same order in both sequences, and hence

ry<<ro < .- < Ty

We first note that two consecutive ordinary convergents can never both be Schneider’s
convergents. Indeed, if u;/v; and w;+1/vi41 were both Schneider’s convergents, then

Ui 1v; — uivitr = (—1)7,

whereas Lemma 4.1 would imply that this determinant is divisible by p, a contradiction.
Now fix s € {1,...,t — 1}. By the previous paragraph, we have

is+1 2 is + 2.
Write 4
[Cis+1; c 7Ci5+1] = ES, AS,BS €N, ng(AS,Bs) =1.
s
Then
Uis+1 _ [C . c: A /B ] _ Asuis +Bsuis—l
Uis+1 05+ -y Cigy s s AS'UZ'S n stis_l .

14



This fraction is reduced. Indeed, if

d:= gcd(AsuiS + Bsuisfl, Asvis =+ sti571)7

then
d | vi,(Asui, + Bsui,—1) — u;i, (Asvi, + Bsvi,—1) = Bg(ui,—10i, — Ui vi—1),
and
d | vi,—1(Asui, + Bsui,—1) — ui,—1(Asvi, + Bsvi,—1) = As(ui vi,—1 — ui,—10i, ).
Since

i
Ui 105, — Ui Vj—1 = (—1)*,

it follows that d | As and d | Bs. As ged(As, Bs) = 1, we get d = 1. Therefore,

Uiy = Asui, + Bsug, 1, Viyy = Asvi, + Bsvi, 1.
Moreover,
— . a4 Ay — (1)
uis+lvis - uisvis+l - Bs(ulsflvls ulsvlsfl) - ( ]‘) SBS'
Since
uis _ P”'s uis+1 _ P”’s—‘—l
= —= and — =
v’is Qrs vis"'l Q’I”S-i,-l
Lemma 4.1 yields
rs+1 — . gy oAy
P (PTSHQTS - PTSQTSH) = (uzs+1vzs uzsvzs+1)a
S0
rs+1
p" " | Bs.
Hence
Bs > pTSH-

Since Ags > Bs, we have
; = A,v; B.v; B, > pstly,
Vig41 = AsUi, + Dsvj,—1 > DsvVj, 2 P Vi, -

Because rg > s — 1, it follows that
Vigyy = D04,
Iterating these inequalities for s = 1,...,¢f — 1, we obtain

1424t (t—1 t—1)/2
v > pHHEEEey 7,

(P pt(
since v;; > 1. But v;, = b < H(a) < H, hence

pt(t—l)/2 < H,
t* —t—2log, H < 0.

1+,/1+81ong‘

Therefore,

t <

2

Taking the maximum over all admissible a proves the theorem.
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4.2 Explicit constructions

We next construct families with arbitrarily many common convergents. For this we use a
stability result for ordinary convergents together with a simple bound for the linear fractional
map obtained by replacing the final digit 1 in a finite Schneider’s expansion.

For n > 1 put

p _p'+p+1
1+ p» pr+1
Let 6 be a positive rational number with finite Schneider’s expansion ending in the digit
1. If 6 = 1, we set

Tpn:=[Lp:1,p": 1], =1+

Fy(x) := .

Otherwise we write
6 = [bo,p™ : by,...,p" : 1],

and define
Fy(x) := [bo, p™ : b1,...,p"™ : ).
Writing
Ax + B
F, = ——
o(@) Cx+ D’
one has

A=P,_1, B =p"™Pp_a, C=Qm-1, D = p"™Qm—2,

where Py /Qy are the Schneider’s convergents of §. Therefore, if = a/b in lowest terms, then
A+ B =a, C+D=hb. (4)

Lemma 4.3. Let = a/b > 0 be a positive rational number with finite Schneider’s expansion

ending in the digit 1, and let
Az +B

 Cz+D

Fg(ﬂ?)

be defined as above. Then
A+B,C+D<H(@®),

and, for every x > 1,
|Fo(z) — 0] < H(6)?|z —1].

Proof. If § = 1, then Fy(x) = z, so the claim is trivial. Assume therefore that 6 # 1.
The inequalities A+ B =a < H(f) and C + D = b < H(#) follow from (4). Next,

(AD — BC)(x — 1)
(Cx+ D)(C+ D)’
Since x > 1 and integers C' > 0, D > 0, the denominator is at least 1. On the other hand,

|AD — BC| < (A+ B)(C' 4+ D) = ab < H(6)%

Fy(z) — Fy(1) =

Therefore,
|Fo(z) — 0] = |Fy(a) — Fy(1)| < H(6)?|z —11. O

Theorem 4.4. Set 61 = 1. Inductively, once 0,, is constructed, write
H,, .= H(0n), Ny, 1= 2 + [4 log,, Hm—‘ ,

and define
Omt1 = Fo,, (Tpn,,)-
Then, for every m > 1, the following hold:
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(i) O, has a finite Schneider’s p-adic continued fraction ending in the digit 1;
(ii) 61,...,0n are common ordinary and Schneider’s convergents of O, ;
(iii) Hpyy < 3p>HD,.

Consequently, )
Cp(Om) =m,  Hp < (3p°)0" 7D (m>1),

and, in particular,

N, < 5™ (m>1).

Proof. We argue by induction on m. For m = 1, assertions (i) and (ii) are clear, since 6; =1
has Schneider’s expansion [1], and is trivially a common ordinary and Schneider’s convergent
of itself. Also Hy = 1.

Assume that 6,,, has already been constructed and satisfies (i) and (ii). Since its Schneider’s
expansion ends in 1, the number

0m+1 = Fem (Tp,nm)
is obtained by replacing the final digit 1 in the Schneider’s expansion of 6,, by the block
1,p:1,p"™ :1],.

Thus 6,41 again has a finite Schneider’s expansion ending in 1. This proves (i) for m + 1.

Every Schneider’s convergent of 6,, remains a Schneider’s convergent of ,, 1, because the
new expansion is obtained by replacing the final digit 1 by a longer block. On the ordinary
side, Lemma 4.3 gives

P .
(041 = Om| < Hy [Ty, — 1] = Hy == < Hyp' "

14 pnm
Since
Nm =2+ (410gp Hm-|7
we have ]
p =p 72H;1n’
because p > 2. Hence
1

Now 6,, = a/b in lowest terms, with b < H,,, so Lemma 2.5 implies that every ordinary
convergent of 6, remains an ordinary convergent of 6,,+1. By the induction hypothesis,

01,...,0, are common convergents of 6,,, hence also of 0,,41.
Finally, 0,1 itself is a common convergent of 6,, 1. Since the ordinary convergents of a
rational number are pairwise distinct, 0,,+1 is different from 64, ..., 60,,. Therefore,
017 ey em-‘rl

are common ordinary and Schneider’s convergents of 0,,,1. This proves (ii) for m + 1.
The bound
Cp(0m) >m

follows immediately from (ii).

17



It remains to prove (iii). Write

Um_pnm‘f‘P‘f‘l

T, ==
P phm +1
Then
max{ U, vm } < 3p"™.
Since
Au,, + Boy,
Om+1 = Fo,,(Tpn,,) = Cur + Du.’
m m

and Lemma 4.3 gives A+ B,C + D < H,,, we obtain
Hp+1 < max{(A + B) max{tm, vm}, (C + D) max{tum, vm}} < 3H,,p"™.
Using again the definition of n,,, we get
pm < p? pltlosn ml < 3t

SO
Hy1 < 3p°H),.

This proves (iii). From the previous inequality, we obtain by iteration that
H,, < (3p3)1+5+~--+5m*2 _ (3p3)(5m*1—1)/4‘
Hence
n = 2+ [4log, Hy | <24 (5™ = 1)log,(3p%)| <2+ 55~ = 1)| < 5™,
since log,(3p?) = 3 4 log, 3 < 5.

Corollary 4.5. For every H > 1 one has

My(H) > 1+ {10g5 (1 + égzig))J

and as a consequence
M,(H) > loglog H.

Proof. Let
4log H
H) =1 1 1+——F .
i) = 1+ o (14 2 0855)|
Then tlog H
smH)-1 <14 2987
=T log(3p%)
Hence (H)—1
mi) =L 1
% log(3p®) < log H.

Therefore Theorem 4.4 yields
H (O (amy) < (320 < 1,
Since Cp (0, (my) = m(H ), we conclude that
M,(H) > m(H).

The final estimate follows immediately.

18



Proposition 4.6. The sequence (ny,)m in Theorem /.4 is not optimal. For p =2, set
51 = ]-7 ny == 1)

and define inductively
Emt1 = Fe, (Tom,,) (M 21),

where
Ny :=5-2""2 -1 (m>2).

Then, for every m > 1, the number &, has a finite Schneider’s 2-adic continued fraction
ending in the digit 1, and
517 s 7§m

are common ordinary and Schneider’s convergents of &,,. In particular,

Cz(fm) >m.

Proof. The claim is clear for m = 1. Also,

5
fg :T271 = []_,2 . 1,2 . ]_]2 = g,
so &, has a finite Schneider’s 2-adic continued fraction ending in the digit 1, and &, & are
common ordinary and Schneider’s convergents of &s.
Now let m > 2, and write
A B
Fe, (z) = AmT + B
Cmnx + Dy,
Let
Ay, = Ay Dy — B Ch

denote the determinant of this linear fractional transformation. Since

3x + 2™
1,2:1,2™: =
[7 ) .T]Q 564—2"’

we have 9z 4 9
x m
Fepn (@) = Fe, (a:—|—2m> !

whence a direct computation gives
Apyr =2"HALL
Because Ay = 4, an induction yields
Ay =22"73 0 (> 2),

and thus
2 = 4N, (m > 2).
Write &, = am/ b, in lowest terms. Since b,, = Cp, + Dy, and
Ap(z—1)

Fe, (2) = Fg, (1) = (

we obtain, by substituting



that
20,

m — &l = F. Tnm —Fm 1) = =.
[Em+1 = &ml| = [Fe,,(Tom,,) — Fe,, (1) (27 + 1)(CTam,, + Din)bm

Since 15 5, > 1 and C,,, Dy, > 0, we have
CmTQ,nm + Dm > Cm + Dm = Bm

Therefore,
2A,, 2A,, 1
— < — = ——.
(2nm +1)b2,  2nmb2, 2b2,

By Lemma 2.5, every ordinary convergent of &,, remains an ordinary convergent of &,,+1.
Moreover, &,,+1 is obtained by replacing the final digit 1 in the Schneider’s expansion of &,
by the block [1,2: 1,2 : 1], s0 &,,+1 again has a finite Schneider’s 2-adic continued fraction
ending in the digit 1, and every Schneider convergent of &,, remains a Schneider convergent
of &,,+1. Hence every common convergent of £, remains a common convergent of &,,41.

Since &1, &> are common ordinary and Schneider’s convergents of &9, it now follows by
induction that &1, ...,&, are common ordinary and Schneider’s convergents of &,, for every
m > 1. U

‘§m+1 - gm’ <

For example,

24486917971
=01,2:1,2:1,2:1,2*:1,2:1,29:1,2: 1,219 : 1], =2 — "~
65 [ ) ) ) ) 3 ) ) ) ]2 142601366377

and its common ordinary and Schneider’s convergents are

5 91 46705
'3’ 537 271997
Combining Theorem 4.2 with Corollary 4.5, we obtain
Aloe H 14 ,/1+8log, H
Og) < Mp(H) < i .
log(3p?) 2

Thus the maximal number of common ordinary and Schneider’s p-adic convergents of a
positive rational number of height at most H grows at least on the order of loglog H and at
most on the order of v/log H.

logs (1 +
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