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Abstract
Fix a prime p. We consider positive rational p-adic units with finite Schneider’s p-adic

continued fraction expansion and compare this expansion with the ordinary real continued
fraction expansion. We construct examples showing that the two lengths may behave in
essentially different ways: one of them may remain bounded while the other grows, and
there are also families in which both grow logarithmically with the height. We also study
common ordinary and Schneider’s convergents. For rational numbers of height at most H,
we prove a general upper bound for the maximal possible number of common convergents
and a lower bound of order log log H. For p = 2, we also obtain a sharper construction.

1 Introduction
Schneider introduced in [9] one of the classical continued fraction algorithms in the field
of p-adic numbers [8]. For rational inputs, the behaviour of the algorithm was studied by
Bundschuh [2] and, more recently, in [1, 4, 5, 6, 7]. In this paper, we consider positive rational
p-adic units, that is, elements of Q>0 ∩ Z×

p .
Unlike real continued fractions, Schneider’s p-adic continued fraction expansions of rational

numbers need not terminate. Infinite expansions occur frequently in this setting, see [2, 5, 6].
Here we restrict attention to rational numbers whose Schneider’s expansion is finite.

For such a rational number α, let r(α) denote the length of its real continued fraction
expansion, written in the usual normalized form with last partial quotient at least 2, and
let sp(α) denote the length of its finite Schneider’s p-adic continued fraction expansion. We
consider two comparison problems.

The first concerns the possible simultaneous behaviour of r(α) and sp(α) under a height
bound on α. We construct explicit families of rational numbers showing that the pair
(r(α), sp(α)) may behave in rather different ways: the Schneider’s length may be large while
the ordinary length stays bounded, both lengths may grow logarithmically, and the Schneider’s
length may stay bounded while the ordinary length tends to infinity.

The second problem concerns common convergents. Write Cp(α) for the number of
rational numbers which occur both as ordinary convergents and as Schneider’s convergents
of α. We prove a general upper bound for Cp(α) in terms of the height, and we also give
constructions showing that arbitrarily many common convergents can occur.

The next section collects several auxiliary facts on Schneider’s p-adic continued fractions
and ordinary real continued fractions that will be used throughout the paper. In Section 3,
we compare the lengths of these two expansions for rational numbers and exhibit explicit
examples showing several different types of behaviour. In Section 4, we study common
ordinary and Schneider’s convergents, proving a general upper bound and giving explicit
constructions with many such common convergents.

0Key words and phrases: continued fractions, p-adic continued fractions, common convergents.
Mathematics Subject Classification: 11J61, 11J70, 11A55.
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2 Preliminaries
We collect the notation and a few auxiliary facts used later. Most of them are standard, and
we include only some short proofs such as the elementary height bound for finite Schneider’s
expansions. Throughout the paper, p denotes a fixed prime.

For
α = a

b
∈ Q>0, gcd(a, b) = 1,

we write
H(α) = max{|a|, |b|}

for the naive height.
Every positive rational number α has a unique normalized finite ordinary continued

fraction expansion

α = [c0; c1, . . . , cn], c0 ∈ Z≥0, cj ∈ N (j ≥ 1), cn ≥ 2 if n ≥ 1.

We denote the length of such an expansion by

r(α) = n + 1.

We now recall Schneider’s algorithm on Q>0 ∩ Z×
p , for more details see e.g. [5].

Let α ∈ Q>0 ∩Z×
p . Starting from α0 = α, one defines inductively digits bj ∈ {1, . . . , p − 1}

and exponents aj+1 ≥ 1 by
αj ≡ bj (mod p),

and, if αj ̸= bj ,

aj+1 = vp(αj − bj), αj+1 = paj+1

αj − bj
,

where vp is the p-adic valuation normalized so that vp(p) = 1.
If the algorithm terminates after the digit bm−1, i.e. αm−1 = bm−1, we write

α = [b0, pa1 : b1, pa2 : . . . , pam−1 : bm−1]p := b0 + pa1

b1 + pa2

. . .+ p
am−1
bm−1

(1)

and call this the finite Schneider’s p-adic continued fraction expansion of α with length

sp(α) = m.

For rational inputs, the alternative [2] is that the expansion becomes eventually periodic
with tail

p − 1, p : p − 1, p : p − 1, . . . ,

which occurs if a complete quotient αj becomes negative, equivalently when −1 appears as a
complete quotient, see [2, 5, 6, 7, 10].

For finite Schneider’s expansion (1) we use the standard convergents Pn/Qn defined by

P−2 = 0, P−1 = 1, Q−2 = 1, Q−1 = 0,

and, with the convention a0 = 0,

Pn = bnPn−1 + panPn−2, Qn = bnQn−1 + panQn−2 (0 ≤ n ≤ m − 1).

Then
[b0, pa1 : b1, . . . , pan : bn]p = Pn

Qn
for 0 ≤ n ≤ m − 1,
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and all such Pn, Qn are positive. Since b0 ∈ {1, . . . , p − 1}, one has p ∤ P0, and the congruence

Pn ≡ bnPn−1 (mod p)

shows inductively that p ∤ Pn for all n ≥ 0. Similarly, p ∤ Qn for n ≥ 0. Also, as in [5], we
obtain

PnQn−1 − Pn−1Qn = (−1)n+1pa1+···+an (n ≥ 0), (2)

and therefore
gcd(Pn, Qn) = 1 (n ≥ 0).

Hence if
α = [b0, pa1 : b1, . . . , pam−1 : bm−1]p = Pm−1

Qm−1
,

then
H(α) = max{Pm−1, Qm−1} = Pm−1.

We use Vinogradov’s symbols ≪, ≫, and ≍ with implicit constants depending at most
on p, unless stated otherwise.

The following simple proposition gives the maximal possible finite Schneider’s length
under a height bound.

Proposition 2.1. Define a sequence (Um)m≥0 by

U0 = U1 = 1, Um = Um−1 + pUm−2 (m ≥ 2).

Let α ∈ Q>0 ∩ Z×
p have finite Schneider’s expansion, and suppose sp(α) = m. Then

H(α) ≥ Um.

Equality is attained only for

ρm := [1, p : 1, p : 1, . . . , p : 1]p = Um

Um−1

(m symbols 1). Consequently,

max{sp(α) : α ∈ Q>0 ∩ Z×
p , H(α) < H, sp(α) < ∞} = max{m ≥ 1 : Um < H}.

Proof. Write
α = [b0, pa1 : b1, . . . , pam−1 : bm−1]p = Pm−1

Qm−1
.

We prove by induction that

Pj ≥ Uj+1, Qj ≥ Uj (0 ≤ j ≤ m − 1).

For j = 0 and j = 1 this is immediate. If the claim holds for j − 1 and j − 2, then, since
bj ≥ 1 and aj ≥ 1,

Pj = bjPj−1 + paj Pj−2 ≥ Pj−1 + pPj−2 ≥ Uj + pUj−1 = Uj+1,

and similarly Qj ≥ Uj . Hence

H(α) = max{Pm−1, Qm−1} ≥ Pm−1 ≥ Um.

Equality Pm−1 = Um is attained only if bj = 1 and aj = 1 for all j, and then the same
recurrence gives

Pm−1 = Um, Qm−1 = Um−1.
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Remark 2.2. Let
λp = 1 +

√
4p + 1
2 , µp = 1 −

√
4p + 1
2 .

Then
Um =

λm+1
p − µm+1

p

λp − µp
,

and thus Um ≍p λm
p .

The next proposition is the standard Fibonacci lower bound for denominators of ordinary
convergents, and is essentially Lamé’s classical estimate for the Euclidean algorithm.

Proposition 2.3. There exists an absolute constant C > 0 such that for every rational
number α,

r(α) ≤ C log H(α) + C.

More precisely, if r(α) = n + 1, then

Fn+1 ≤ H(α),

where (Fk) denotes the Fibonacci sequence.

Proof. Denote by qk the denominators of the convergents in the ordinary continued fraction
expansion of α = [c0; c1, . . . , cn]. Write α = a/b in lowest terms. In its normalized ordinary
continued fraction expansion, the final denominator is qn = b ≤ H(α). Since the recurrence

qk = ckqk−1 + qk−2 (k ≥ 1)

and the inequalities ck ≥ 1 imply inductively that qk ≥ Fk+1, we obtain

Fr(α) = Fn+1 ≤ qn ≤ H(α),

which yields the stated logarithmic bound.

For the reader’s convenience, we record the following two standard facts from the theory
of ordinary continued fractions.

Lemma 2.4. Let ξ = [a0; a1, a2, . . . ] be an irrational real number whose partial quotients
satisfy

an ≤ B (n ≥ 1).
Let pn/qn be the convergents of ξ. Then there exists a constant c(B) > 0 such that, whenever
a real number x satisfies

|x − ξ| <
c(B)
q2

n

,

the numbers x and ξ have the same first n + 1 partial quotients. One may take

c(B) = 1
2(B + 1)(B + 2) .

Moreover,
qn ≤ (B + 1)n (n ≥ 0).

Consequently, if a sequence (xm) of rational numbers satisfies

|xm − ξ| ≤ Aηm,

for some A > 0 and 0 < η < 1, then there exist positive constants c1, c2 depending only on
ξ, A, η, such that

r(xm) ≥ c1m − c2.
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Proof. Fix n ≥ 0. Let ξn+1 = [an+1; an+2, . . . ] be the (n + 1)st complete quotient of ξ. Then

ξ = pnξn+1 + pn−1
qnξn+1 + qn−1

.

The map
y 7−→ pny + pn−1

qny + qn−1

is monotone on (0, ∞), and the set of real numbers whose continued fraction expansion begins
with (a0, . . . , an) is the interval between

pn

qn
and [a0; . . . , an, 1] = pn + pn−1

qn + qn−1
.

A direct computation gives ∣∣∣∣ξ − pn

qn

∣∣∣∣ = 1
qn(qnξn+1 + qn−1)

and ∣∣∣∣ξ − pn + pn−1
qn + qn−1

∣∣∣∣ = ξn+1 − 1
(qnξn+1 + qn−1)(qn + qn−1) .

Since every partial quotient of ξ is at most B, one has ξn+1 < B + 1 and

ξn+1 − 1 ≥ 1

an+2 + 1
an+3 + · · ·

>
1

B + 1 .

Also qn−1 ≤ qn, so
qnξn+1 + qn−1 ≤ (B + 2)qn

and
qn + qn−1 ≤ 2qn.

Therefore, ∣∣∣∣ξ − pn

qn

∣∣∣∣ ≥ 1
(B + 2)q2

n

and ∣∣∣∣ξ − pn + pn−1
qn + qn−1

∣∣∣∣ ≥ 1
2(B + 1)(B + 2)q2

n

.

Hence every real number x with

|x − ξ| <
1

2(B + 1)(B + 2)q2
n

remains in the same cylinder as ξ, so it has the same first n + 1 partial quotients.
The recurrence qn+1 = an+1qn + qn−1 and the bound an+1 ≤ B imply inductively that

qn ≤ (B + 1)n. If |xm − ξ| ≤ Aηm, then the first part applies as soon as

Aηm <
c(B)

(B + 1)2n
,

which holds for all
n <

m log(η−1) − log(A/c(B))
2 log(B + 1) .

Thus r(xm) ≥ n + 1, which yields the claimed linear lower bound.
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Lemma 2.5. Let a
b be a positive rational number in lowest terms. Then every real number x

satisfying
0 <

∣∣∣∣x − a

b

∣∣∣∣ <
1

2b2

has every ordinary convergent of a
b among its ordinary convergents.

Proof. By Legendre’s theorem on continued fractions, see e.g. [3, Theorem 8.26], we obtain
that a

b is an ordinary convergent of x. Every convergent in the finite real continued fraction
expansion of a

b is also an ordinary convergent of x.

3 Lengths of ordinary and Schneider’s expansions
In this section we compare the possible sizes of the ordinary and Schneider’s lengths. We
treat three regimes: long Schneider’s and short ordinary expansions, logarithmic growth in
both theories, and bounded Schneider’s length with unbounded ordinary length.

3.1 Long Schneider’s expansion and short ordinary expansion

We first exhibit a simple family of rational numbers for which the Schneider’s length tends to
infinity while the ordinary length stays uniformly bounded.

Define

W0 = 1, W1 = p − 1, Wm = (p − 1)Wm−1 + pWm−2 (m ≥ 2),

and
τm := [p − 1, p : p − 1, p : p − 1, . . . , p : p − 1]p

with m digits p − 1.

Theorem 3.1. For every m ≥ 1 one has

τm = Wm

Wm−1

and
sp(τm) = m, r(τm) ≤ 3, H(τm) = Wm ≍ pm.

More explicitly,

τm =



[p − 1], m = 1,

[3], (p, m) = (2, 2),

[p; Wm−1], m ≥ 2 even and (p, m) ̸= (2, 2),

[p − 1; 1, Wm−1 − 1], m ≥ 3 odd.

Proof. The identity τm = Wm/Wm−1 follows from the recurrence for Schneider’s convergents.
Set

Dm := Wm − pWm−1.

Using the recurrence for Wm, we obtain

Dm = (p − 1)Wm−1 + pWm−2 − pWm−1 = −(Wm−1 − pWm−2) = −Dm−1.

Since D1 = (p − 1) − p = −1, it follows that

Dm = (−1)m, i.e. Wm = pWm−1 + (−1)m.
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Therefore
τm = p + (−1)m

Wm−1
.

If m is even, this is the ordinary continued fraction [p; Wm−1], except in the special case
(p, m) = (2, 2), when τ2 = 3. If m ≥ 3 is odd, then

p − 1
Wm−1

= (p − 1) + Wm−1 − 1
Wm−1

= [p − 1; 1, Wm−1 − 1].

Hence in all cases r(τm) ≤ 3.
Finally, the characteristic polynomial of (Wm) is (x − p)(x + 1), so Wm ≍ pm.

Note that there are also infinite families for which both lengths remain bounded. For
instance,

[1, pn : 1]p = pn + 1 (n ≥ 1)

has Schneider’s length 2 and ordinary length 1.

3.2 Long Schneider’s expansion and long ordinary expansion

We next give families of rational numbers for which both the ordinary and the Schneider’s
lengths grow logarithmically with the height. The odd prime case and the case p = 2 are
treated separately.

Theorem 3.2. Assume p > 2, and let

ρm = [1, p : 1, . . . , p : 1]p = Um

Um−1

with m digits 1. There exist constants cp, Cp, c′
p, C ′

p > 0 such that for all m ≥ 1,

sp(ρm) = m, cpm − Cp ≤ r(ρm) ≤ c′
pm + C ′

p, H(ρm) ≍ λm
p ,

where λp = (1 +
√

4p + 1)/2. In particular,

sp(ρm) ≍ log H(ρm), r(ρm) ≍ log H(ρm).

Proof. The equalities sp(ρm) = m and ρm = Um/Um−1 follow from Proposition 2.1; the
height estimate follows from Remark 2.2. Put

λ = 1 +
√

4p + 1
2 , µ = 1 −

√
4p + 1
2 .

By the Binet formula,

ρm = λm+1 − µm+1

λm − µm
= λ

1 − (µ/λ)m+1

1 − (µ/λ)m
,

so
|ρm − λ| ≪

( |µ|
λ

)m

.

Since λ is a quadratic irrational, its ordinary continued fraction is eventually periodic and in
particular has bounded partial quotients. Lemma 2.4 yields

r(ρm) ≥ cpm − Cp.

The upper bound follows from Proposition 2.3 and the estimate H(ρm) ≍ λm.
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For p = 2, the sequence (ρm) from Theorem 3.2 coincides with the sequence (τm) from
Theorem 3.1. Consequently, this sequence has bounded ordinary length. To obtain logarithmic
growth in both settings, we instead use partial numerators equal to 4.

Define
V0 = V1 = 1, Vm = Vm−1 + 4Vm−2 (m ≥ 2),

and
σm := [1, 4 : 1, 4 : 1, . . . , 4 : 1]2 = Vm

Vm−1
.

Theorem 3.3. There exist constants c2, C2, c′
2, C ′

2 > 0 such that for all m ≥ 1,

s2(σm) = m, c2m − C2 ≤ r(σm) ≤ c′
2m + C ′

2, H(σm) ≍
(

1 +
√

17
2

)m

.

In particular,
s2(σm) ≍ log H(σm), r(σm) ≍ log H(σm).

Proof. The recurrence for Vm has characteristic polynomial x2 − x − 4, whose roots are
(1 ±

√
17)/2. Hence

Vm =

(
1+

√
17

2

)m+1
−
(

1−
√

17
2

)m+1

√
17

,

so

H(σm) = Vm ≍
(

1 +
√

17
2

)m

and ∣∣∣∣∣σm − 1 +
√

17
2

∣∣∣∣∣ ≪
(√

17 − 1√
17 + 1

)m

.

The number (1 +
√

17)/2 = [2; 1, 1, 3] has bounded partial quotients, and Lemma 2.4 gives
the linear lower bound for r(σm). The upper bound follows from Proposition 2.3.

3.3 Short Schneider’s expansion and long ordinary expansion

We now turn to the opposite phenomenon: the Schneider’s length stays bounded, while the
ordinary length tends to infinity. Again we first treat odd primes and then the case p = 2.

The first nontrivial Schneider’s length here is 3. If sp(α) = 1, then α = b0 is an integer,
whereas if sp(α) = 2, then

α = [b0, pa : b1]p = b0b1 + pa

b1
, 1 ≤ b0, b1 ≤ p − 1,

so the denominator of α is at most p − 1, and therefore r(α) is bounded in terms of p alone.
In particular, for p = 2 one gets α = [1, 2a : 1]2 = 2a + 1, so r(α) = 1.

Fix an odd prime p and put

βp = 2 logp 2, φ = 1 +
√

5
2 .

Since p is odd, the number βp is irrational. Let An/Bn be the convergents of the ordinary
continued fraction of βp. There are infinitely many indices n such that

δn := βpBn − An > 0.
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For such n, and after discarding finitely many initial indices, define

mn :=
⌊1 − logp φ

δn

⌋
≥ 1, tn := mnBn, Nn := mnAn + 1,

and then
xn := [1, p2tnNn : 2, pNn : 1]p = 1 + p2tnNn

pNn + 2 .

Theorem 3.4. For every odd prime p, the sequence (xn) is well defined for all sufficiently
large chosen indices n, and satisfies

sp(xn) = 3.

Moreover there exist constants cp, Cp > 0 such that

r(xn) ≥ cp log log H(xn) − Cp.

In particular, one obtains bounded Schneider’s length and unbounded ordinary length.

Proof. Since p is odd, the displayed Schneider’s expansion of xn is admissible. Hence
sp(xn) = 3.

From the definition of mn we have

0 ≤ Nn − βptn − logp φ = 1 − logp φ − mnδn < δn.

Also,
pNn = pβptn+logp φ p Nn−βptn−logp φ = 22tnφ p Nn−βptn−logp φ.

Set
αn := pNn + 2

22tn
.

Then
αn = φ p Nn−βptn−logp φ + 21−2tn .

For all sufficiently large chosen indices n we have δn < 1, and then

0 ≤ p Nn−βptn−logp φ − 1 ≤ p(log p) δn.

We also have 1 − logp φ > 0 since p ≥ 3. As δn → 0, the definition of mn gives

mn ≥
1 − logp φ

2δn

for all sufficiently large chosen indices n. Since tn = mnBn and Bn ≥ 1, it follows that

tn ≥
1 − logp φ

2δn
,

and hence

21−2tn = 2e−2tn log 2 ≤ 2e−(1−logp φ) log 2/δn ≤ 2
(1 − logp φ) log 2 δn.

Thus
|αn − φ| ≪p δn.

9



Let
β′

n+1 = [an+1; an+2, . . . ]

be the (n + 1)-st complete quotient of βp. Since

δn = 1
Bnβ′

n+1 + Bn−1
,

while
an+1 < β′

n+1 < an+1 + 1 and Bn+1 = an+1Bn + Bn−1,

we obtain
Bn+1 < Bnβ′

n+1 + Bn−1 < Bn+1 + Bn ≤ 2Bn+1,

and therefore
1

2Bn+1
< δn <

1
Bn+1

.

Consequently,
|αn − φ| ≪p B−1

n+1.

The denominator of the j-th ordinary convergent of φ = [1; 1] is Fj ≍ φj . Choose j
maximal such that

F 2
j ≤ Bn+1

12C
,

where C > 0 depending only on p is such that

|αn − φ| <
C

Bn+1

for all sufficiently large chosen indices n. Then

|αn − φ| <
1

12F 2
j

,

and Lemma 2.4 shows that the first j + 1 ordinary convergents of φ are also ordinary
convergents of αn. Hence

r(αn) ≥ j + 1 ≥ cp log Bn+1 − Cp

with suitable positive constants depending only on p.
Next,

Nn ≥ βptn + logp φ,

so
pNn ≥ 22tnφ > 22tn .

Thus
0 < 22tn < pNn + 2.

Moreover,
p2tnNn ≡ (pNn)2tn ≡ (−2)2tn ≡ 22tn (mod pNn + 2).

Hence
xn =

⌊
1 + p2tnNn

pNn + 2

⌋
+ 1

αn
.

Since αn → φ > 1, we have αn > 1 for all sufficiently large chosen indices n, and therefore

r(xn) = 1 + r(αn).
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It follows that
r(xn) ≥ cp log Bn+1 − Cp

with suitable positive constants depending only on p.
Finally,

xn = p2tnNn + pNn + 2
pNn + 2 ,

and this fraction is already in lowest terms, since any common divisor would divide both
p2tnNn and pNn + 2. Therefore,

log H(xn) ≍p tnNn.

Also, from
1

2Bn+1
< δn <

1
Bn+1

and the definition of mn, we obtain

mn ≍p Bn+1.

Thus
tn = mnBn ≍p BnBn+1 ≤ B2

n+1.

Since An/Bn → βp > 0, we also have An ≍p Bn, and therefore

Nn = mnAn + 1 ≍p mnBn = tn.

Consequently,
log H(xn) ≪p tnNn ≪p B4

n+1.

Hence
log Bn+1 ≥ 1

4 log log H(xn) − Cp

for some constant Cp > 0, and the stated lower bound for r(xn) follows.

Proposition 3.5. If α has Schneider’s expansion of length 3 for p = 2, then r(α) ≤ 4.
Thus the regime “bounded 2-adic length and unbounded ordinary length” cannot occur with
s2(α) = 3.

Proof. Every such number has the form

α = [1, 2a1 : 1, 2a2 : 1]2 = 1 + 2a1

2a2 + 1 .

Write
a1 = ka2 + r, 0 ≤ r < a2,

and set
q := 2a2 + 1.

Since
2a2 ≡ −1 (mod q),

we have
2a1 ≡ (−1)k2r (mod q).

Hence there exists an integer M ≥ 0 such that

α =


1 + M + 2r

q
, if k is even,

1 + M + q − 2r

q
, if k is odd.
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Assume first that k is even. Then

α = 1 + M + 1
q/2r

.

If r = 0, then q/2r = q is an integer, so r(α) = 2. If r > 0, then

q

2r
= 2a2 + 1

2r
= 2a2−r + 1

2r
= [2a2−r; 2r],

and thus r(α) = 3.
Assume now that k is odd. Then

α = 1 + M + q − 2r

q
= 1 + M + 1

q/(q − 2r) .

If r = 0, then
q

q − 1 = 1 + 1
2a2

= [1; 2a2 ],

so r(α) = 3. If r > 0, then

q − 2r

2r
= 2a2 + 1 − 2r

2r
= 2a2−r − 1 + 1

2r
= [2a2−r − 1; 2r],

and hence
q

q − 2r
= [1; 2a2−r − 1, 2r].

Therefore, r(α) = 4.

For p = 2 we therefore pass to Schneider’s length 4. Put

β2 = log2 9, φ = 1 +
√

5
2 .

The number β2 is irrational. Let An/Bn be the convergents of the ordinary continued fraction
of β2. Again there are infinitely many indices n such that

δn := β2Bn − An > 0.

For such n, and after discarding finitely many initial indices, define

mn :=
⌊3 − log2(3φ)

δn

⌋
≥ 1, tn := mnBn, Nn := mnAn + 3,

and then
yn := [1, 22tnNn : 1, 2Nn : 1, 2 : 1]2 = 1 + 3 · 22tnNn

2Nn + 3 .

Theorem 3.6. The sequence (yn) is well defined for all sufficiently large chosen indices n,
and satisfies

s2(yn) = 4.

Moreover there exist constants c2, C2 > 0 such that

r(yn) ≥ c2 log log H(yn) − C2.

Thus for p = 2 one also obtains bounded Schneider’s length and unbounded ordinary length.

We omit the proof of this theorem since it is completely analogous to the proof of Theorem
3.4.
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4 Common ordinary and Schneider’s convergents
We now study the size of the intersection between the ordinary convergents and the Schneider’s
convergents of a rational number with finite Schneider’s expansion. We first prove a general
upper bound in terms of the height and then construct explicit families of rational numbers
with many common convergents.

Let
α = [c0; c1, . . . , cn]

be the normalized ordinary continued fraction expansion of a positive rational number, and
let

uj

vj
= [c0; . . . , cj ] (0 ≤ j ≤ n)

be its ordinary convergents. Suppose also that

α = [b0, pa1 : b1, . . . , pam−1 : bm−1]p (3)

is the finite Schneider’s p-adic continued fraction expansion of α, and let

Pk

Qk
(0 ≤ k ≤ m − 1)

be its Schneider’s convergents. We write

Cp(α) := #
{

uj

vj
: 0 ≤ j ≤ n,

uj

vj
= Pk

Qk
for some 0 ≤ k ≤ m − 1

}
.

We also consider the extremal function

Mp(H) := max{Cp(α) : α ∈ Q>0 ∩ Z×
p , sp(α) < ∞, H(α) ≤ H}.

At the opposite extreme from the constructions below, the intersection may reduce to the
number α itself. Indeed, for even m, the family τm from Theorem 3.1 satisfies Cp(τm) = 1. If
(p, m) = (2, 2), then τ2 = 3 is an integer, so this is immediate. Otherwise

τm = [p; Wm−1],

so its only proper ordinary convergent is p. On the Schneider side, the convergents are
τ1, . . . , τm, with τ1 = p − 1 and τj /∈ Z for j ≥ 2. Thus none of the Schneider’s convergents
equals p, and therefore τm is the only common convergent.

4.1 A general upper bound

We begin with a simple divisibility property of Schneider’s convergents and derive from it a
general upper bound for the number of common convergents.

Lemma 4.1. Let
P0
Q0

,
P1
Q1

, . . . ,
Pm−1
Qm−1

be the Schneider’s convergents of a finite Schneider’s expansion (3). Then, for every 0 ≤ k ≤
ℓ ≤ m − 1, one has

pk+1 | (PℓQk − PkQℓ).
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Proof. We argue by induction on ℓ − k.
If ℓ = k, the claim is obvious. If ℓ = k + 1, then the formula (2) from Section 2 gives

Pk+1Qk − PkQk+1 = (−1)k+2pa1+···+ak+1 ,

and since each ar ≥ 1, this is divisible by pk+1.
Now assume ℓ ≥ k + 2. Using the recurrence relations for Schneider’s convergents, we

obtain

PℓQk − PkQℓ =
(
bℓPℓ−1 + paℓPℓ−2

)
Qk − Pk

(
bℓQℓ−1 + paℓQℓ−2

)
= bℓ(Pℓ−1Qk − PkQℓ−1) + paℓ(Pℓ−2Qk − PkQℓ−2).

By the induction hypothesis, both terms on the right-hand side are divisible by pk+1, and
hence so is PℓQk − PkQℓ.

Theorem 4.2. For every H ≥ 1 one has

Mp(H) ≤

1 +
√

1 + 8 logp H

2

 .

Proof. Let α = a/b > 0 be a rational number counted by Mp(H), and list the common
convergents in increasing ordinary order:

ui1

vi1
,
ui2

vi2
, . . . ,

uit

vit

= α.

Then t = Cp(α).
For each 1 ≤ s ≤ t, write

uis

vis

= Prs

Qrs

for the corresponding Schneider index. Since α > 0, the numerators of its ordinary convergents
form a strictly increasing sequence. Likewise, the numerators of the Schneider’s convergents
form a strictly increasing sequence by the recurrence relations. Therefore the common
convergents occur in the same order in both sequences, and hence

r1 < r2 < · · · < rt.

We first note that two consecutive ordinary convergents can never both be Schneider’s
convergents. Indeed, if ui/vi and ui+1/vi+1 were both Schneider’s convergents, then

ui+1vi − uivi+1 = (−1)i,

whereas Lemma 4.1 would imply that this determinant is divisible by p, a contradiction.
Now fix s ∈ {1, . . . , t − 1}. By the previous paragraph, we have

is+1 ≥ is + 2.

Write
[cis+1; . . . , cis+1 ] = As

Bs
, As, Bs ∈ N, gcd(As, Bs) = 1.

Then
uis+1

vis+1
= [c0; . . . , cis , As/Bs] = Asuis + Bsuis−1

Asvis + Bsvis−1
.

14



This fraction is reduced. Indeed, if

d := gcd(Asuis + Bsuis−1, Asvis + Bsvis−1),

then
d | vis(Asuis + Bsuis−1) − uis(Asvis + Bsvis−1) = Bs(uis−1vis − uisvis−1),

and

d | vis−1(Asuis + Bsuis−1) − uis−1(Asvis + Bsvis−1) = As(uisvis−1 − uis−1vis).

Since
uis−1vis − uisvis−1 = (−1)is ,

it follows that d | As and d | Bs. As gcd(As, Bs) = 1, we get d = 1. Therefore,

uis+1 = Asuis + Bsuis−1, vis+1 = Asvis + Bsvis−1.

Moreover,

uis+1vis − uisvis+1 = Bs(uis−1vis − uisvis−1) = (−1)isBs.

Since
uis

vis

= Prs

Qrs

and
uis+1

vis+1
=

Prs+1

Qrs+1
,

Lemma 4.1 yields

prs+1 | (Prs+1Qrs − PrsQrs+1) = (uis+1vis − uisvis+1),

so
prs+1 | Bs.

Hence
Bs ≥ prs+1.

Since As ≥ Bs, we have

vis+1 = Asvis + Bsvis−1 > Bsvis ≥ prs+1vis .

Because rs ≥ s − 1, it follows that
vis+1 ≥ psvis .

Iterating these inequalities for s = 1, . . . , t − 1, we obtain

vit ≥ p1+2+···+(t−1)vi1 ≥ pt(t−1)/2,

since vi1 ≥ 1. But vit = b ≤ H(α) ≤ H, hence

pt(t−1)/2 ≤ H,

t2 − t − 2 logp H ≤ 0.

Therefore,

t ≤

1 +
√

1 + 8 logp H

2

 .

Taking the maximum over all admissible α proves the theorem.
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4.2 Explicit constructions

We next construct families with arbitrarily many common convergents. For this we use a
stability result for ordinary convergents together with a simple bound for the linear fractional
map obtained by replacing the final digit 1 in a finite Schneider’s expansion.

For n ≥ 1 put

Tp,n := [1, p : 1, pn : 1]p = 1 + p

1 + pn
= pn + p + 1

pn + 1 .

Let θ be a positive rational number with finite Schneider’s expansion ending in the digit
1. If θ = 1, we set

Fθ(x) := x.

Otherwise we write
θ = [b0, pa1 : b1, . . . , pam : 1]p

and define
Fθ(x) := [b0, pa1 : b1, . . . , pam : x]p.

Writing
Fθ(x) = Ax + B

Cx + D
,

one has
A = Pm−1, B = pamPm−2, C = Qm−1, D = pamQm−2,

where Pk/Qk are the Schneider’s convergents of θ. Therefore, if θ = a/b in lowest terms, then

A + B = a, C + D = b. (4)

Lemma 4.3. Let θ = a/b > 0 be a positive rational number with finite Schneider’s expansion
ending in the digit 1, and let

Fθ(x) = Ax + B

Cx + D

be defined as above. Then
A + B, C + D ≤ H(θ),

and, for every x ≥ 1,
|Fθ(x) − θ| ≤ H(θ)2|x − 1|.

Proof. If θ = 1, then Fθ(x) = x, so the claim is trivial. Assume therefore that θ ̸= 1.
The inequalities A + B = a ≤ H(θ) and C + D = b ≤ H(θ) follow from (4). Next,

Fθ(x) − Fθ(1) = (AD − BC)(x − 1)
(Cx + D)(C + D) .

Since x ≥ 1 and integers C > 0, D ≥ 0, the denominator is at least 1. On the other hand,

|AD − BC| < (A + B)(C + D) = ab ≤ H(θ)2.

Therefore,
|Fθ(x) − θ| = |Fθ(x) − Fθ(1)| ≤ H(θ)2|x − 1|.

Theorem 4.4. Set θ1 = 1. Inductively, once θm is constructed, write

Hm := H(θm), nm := 2 +
⌈
4 logp Hm

⌉
,

and define
θm+1 := Fθm(Tp,nm).

Then, for every m ≥ 1, the following hold:

16



(i) θm has a finite Schneider’s p-adic continued fraction ending in the digit 1;

(ii) θ1, . . . , θm are common ordinary and Schneider’s convergents of θm;

(iii) Hm+1 ≤ 3p3H5
m.

Consequently,
Cp(θm) ≥ m, Hm ≤ (3p3)(5m−1−1)/4 (m ≥ 1),

and, in particular,
nm < 5m (m ≥ 1).

Proof. We argue by induction on m. For m = 1, assertions (i) and (ii) are clear, since θ1 = 1
has Schneider’s expansion [1]p and is trivially a common ordinary and Schneider’s convergent
of itself. Also H1 = 1.

Assume that θm has already been constructed and satisfies (i) and (ii). Since its Schneider’s
expansion ends in 1, the number

θm+1 = Fθm(Tp,nm)

is obtained by replacing the final digit 1 in the Schneider’s expansion of θm by the block

[1, p : 1, pnm : 1]p.

Thus θm+1 again has a finite Schneider’s expansion ending in 1. This proves (i) for m + 1.
Every Schneider’s convergent of θm remains a Schneider’s convergent of θm+1, because the

new expansion is obtained by replacing the final digit 1 by a longer block. On the ordinary
side, Lemma 4.3 gives

|θm+1 − θm| ≤ H2
m|Tp,nm − 1| = H2

m

p

1 + pnm
< H2

mp1−nm .

Since
nm = 2 + ⌈4 logp Hm⌉,

we have
p1−nm ≤ p−1H−4

m ≤ 1
2H4

m

,

because p ≥ 2. Hence
|θm+1 − θm| <

1
2H2

m

.

Now θm = a/b in lowest terms, with b ≤ Hm, so Lemma 2.5 implies that every ordinary
convergent of θm remains an ordinary convergent of θm+1. By the induction hypothesis,
θ1, . . . , θm are common convergents of θm, hence also of θm+1.

Finally, θm+1 itself is a common convergent of θm+1. Since the ordinary convergents of a
rational number are pairwise distinct, θm+1 is different from θ1, . . . , θm. Therefore,

θ1, . . . , θm+1

are common ordinary and Schneider’s convergents of θm+1. This proves (ii) for m + 1.
The bound

Cp(θm) ≥ m

follows immediately from (ii).
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It remains to prove (iii). Write

Tp,nm = um

vm
= pnm + p + 1

pnm + 1 .

Then
max{um, vm} ≤ 3pnm .

Since
θm+1 = Fθm(Tp,nm) = Aum + Bvm

Cum + Dvm
,

and Lemma 4.3 gives A + B, C + D ≤ Hm, we obtain

Hm+1 ≤ max{(A + B) max{um, vm}, (C + D) max{um, vm}} ≤ 3Hmpnm .

Using again the definition of nm, we get

pnm ≤ p2 p⌈4 logp Hm⌉ ≤ p3H4
m,

so
Hm+1 ≤ 3p3H5

m.

This proves (iii). From the previous inequality, we obtain by iteration that

Hm ≤ (3p3)1+5+···+5m−2 = (3p3)(5m−1−1)/4.

Hence

nm = 2 +
⌈
4 logp Hm

⌉
≤ 2 +

⌈
(5m−1 − 1) logp(3p3)

⌉
≤ 2 +

⌈
5(5m−1 − 1)

⌉
< 5m,

since logp(3p3) = 3 + logp 3 < 5.

Corollary 4.5. For every H ≥ 1 one has

Mp(H) ≥ 1 +
⌊
log5

(
1 + 4 log H

log(3p3)

)⌋
and as a consequence

Mp(H) ≫p log log H.

Proof. Let
m(H) := 1 +

⌊
log5

(
1 + 4 log H

log(3p3)

)⌋
.

Then
5m(H)−1 ≤ 1 + 4 log H

log(3p3) .

Hence
5m(H)−1 − 1

4 log(3p3) ≤ log H.

Therefore Theorem 4.4 yields

H(θm(H)) ≤ (3p3)(5m(H)−1−1)/4 ≤ H.

Since Cp(θm(H)) ≥ m(H), we conclude that

Mp(H) ≥ m(H).

The final estimate follows immediately.
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Proposition 4.6. The sequence (nm)m in Theorem 4.4 is not optimal. For p = 2, set

ξ1 = 1, n1 := 1,

and define inductively
ξm+1 := Fξm(T2,nm) (m ≥ 1),

where
nm := 5 · 2m−2 − 1 (m ≥ 2).

Then, for every m ≥ 1, the number ξm has a finite Schneider’s 2-adic continued fraction
ending in the digit 1, and

ξ1, . . . , ξm

are common ordinary and Schneider’s convergents of ξm. In particular,

C2(ξm) ≥ m.

Proof. The claim is clear for m = 1. Also,

ξ2 = T2,1 = [1, 2 : 1, 2 : 1]2 = 5
3 ,

so ξ2 has a finite Schneider’s 2-adic continued fraction ending in the digit 1, and ξ1, ξ2 are
common ordinary and Schneider’s convergents of ξ2.

Now let m ≥ 2, and write
Fξm(x) = Amx + Bm

Cmx + Dm
.

Let
∆m := AmDm − BmCm

denote the determinant of this linear fractional transformation. Since

[1, 2 : 1, 2n : x]2 = 3x + 2n

x + 2n
,

we have
Fξm+1(x) = Fξm

(3x + 2nm

x + 2nm

)
,

whence a direct computation gives

∆m+1 = 2nm+1∆m.

Because ∆2 = 4, an induction yields

∆m = 25·2m−2−3 (m ≥ 2),

and thus
2nm = 4∆m (m ≥ 2).

Write ξm = ãm/b̃m in lowest terms. Since b̃m = Cm + Dm and

Fξm(x) − Fξm(1) = ∆m(x − 1)
(Cmx + Dm)(Cm + Dm) ,

we obtain, by substituting
T2,nm = 2nm + 3

2nm + 1 ,
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that
|ξm+1 − ξm| = |Fξm(T2,nm) − Fξm(1)| = 2∆m

(2nm + 1)(CmT2,nm + Dm)b̃m

.

Since T2,nm > 1 and Cm, Dm > 0, we have

CmT2,nm + Dm > Cm + Dm = b̃m.

Therefore,
|ξm+1 − ξm| <

2∆m

(2nm + 1)b̃2
m

<
2∆m

2nm b̃2
m

= 1
2b̃2

m

.

By Lemma 2.5, every ordinary convergent of ξm remains an ordinary convergent of ξm+1.
Moreover, ξm+1 is obtained by replacing the final digit 1 in the Schneider’s expansion of ξm

by the block [1, 2 : 1, 2nm : 1]2, so ξm+1 again has a finite Schneider’s 2-adic continued fraction
ending in the digit 1, and every Schneider convergent of ξm remains a Schneider convergent
of ξm+1. Hence every common convergent of ξm remains a common convergent of ξm+1.

Since ξ1, ξ2 are common ordinary and Schneider’s convergents of ξ2, it now follows by
induction that ξ1, . . . , ξm are common ordinary and Schneider’s convergents of ξm for every
m ≥ 1.

For example,

ξ5 = [1, 2 : 1, 2 : 1, 2 : 1, 24 : 1, 2 : 1, 29 : 1, 2 : 1, 219 : 1]2 = 24486917971
14260136637 ,

and its common ordinary and Schneider’s convergents are

1,
5
3 ,

91
53 ,

46705
27199 , ξ5.

Combining Theorem 4.2 with Corollary 4.5, we obtain

log5

(
1 + 4 log H

log(3p3)

)
≤ Mp(H) ≤

1 +
√

1 + 8 logp H

2 .

Thus the maximal number of common ordinary and Schneider’s p-adic convergents of a
positive rational number of height at most H grows at least on the order of log log H and at
most on the order of

√
log H.
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