REAL LIMITS AND PERIOD LENGTHS OF
SCHNEIDER’S p-ADIC CONTINUED FRACTIONS

TOMISLAV PEJKOVIC

ABSTRACT. For every quadratic p-adic number «, we prove that the rational convergents
of its Schneider p-adic continued fraction expansion converge in R. The limit is a real
image of « if and only if the expansion is eventually periodic. Starting from a periodic
Schneider expansion, we construct a non-periodic continued fraction with partial quo-
tients in a finite set of positive rational numbers. Its real and p-adic limits are roots of
the same irreducible quadratic polynomial over Q, disproving a conjecture of Romeo. For
purely periodic quadratic Schneider expansions, we compare the Schneider period length
with the ordinary continued fraction period length of the real limit. Explicit families
show that either period length can remain fixed while the other tends to infinity. In a
further family, both period lengths are bounded below by explicit linear functions of the
parameter.

1. INTRODUCTION

Schneider’s algorithm [18] associates to each p-adic unit a continued fraction with partial
denominators in {1,...,p—1} and partial numerators of the form p*, where k is a positive
integer. We prove that its rational convergents converge in R for every quadratic input
«. The limit is a real image of « if and only if the expansion is eventually periodic. For
periodic expansions, we compare the Schneider period length with the ordinary continued
fraction period length of the real limit.

Periodicity of Schneider expansions of quadratic irrationals was studied by Bundschuh,
de Weger, Becker, Tilborghs, and van der Poorten [7, 11, 4, 19, 20]. See also [16] for a
survey of results. Conditions for real convergence were studied in [5, 14]. For quadratic
inputs, we combine the convergence criterion of [14, Section 6] with integral recurrences
for the quadratic polynomials satisfied by the complete quotients. The assertion of real
convergence is a Schneider analogue of a result of Capuano, Veneziano and Zannier for
Ruban continued fractions [9, Proposition 4.5].

The relation between real convergence and periodicity for several Browkin-type p-adic
algorithms was studied in [17]. Other periodic continued-fraction representations giving
simultaneous real and p-adic approximations were constructed in [1, 2].

For these Browkin-type algorithms and quadratic inputs whose fields admit a real em-
bedding, Romeo proves that eventual periodicity implies convergence in R to a real image
of the input [17, Proposition 1]. He also conjectured that a continued fraction with ra-
tional partial quotients which converges simultaneously in R and @Q, to a real quadratic
irrational and a p-adic image of the same algebraic number must be periodic [17, Conjec-
ture 16]. Example 2.6 disproves this conjecture, while Corollary 2.5 proves its analogue
for Schneider continued fractions. To our knowledge, the corresponding conjecture for the
specified Browkin-type algorithms [17, Conjecture 17] remains open.

Section 3 compares the ordinary continued fraction period length of a real quadratic
irrational with the Schneider period length of its p-adic image, when the latter expansion is
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periodic. We obtain quadratic analogues of the three cases studied for finite expansions of
rational numbers in [15]. We exhibit explicit purely periodic families that have arbitrarily
large Schneider period lengths and ordinary period length two for odd p and three for
p = 2. In the opposite direction, for every prime p and every n > 2, we give an expansion
with Schneider period length two and ordinary period length exactly 3(n—1). Theorem 3.5
gives a further family with Schneider period length 2n + 1 and ordinary period length
greater than c,n — 5, with an explicit constant ¢, > 0 depending only on p.

Related constructions of prescribed period lengths for Browkin-type algorithms appear
in [8, 13]. For Browkin’s algorithm with odd p, Barbero, Murru and Urani [3] give infinite
families of square roots of integers realizing each prescribed even period length.

Throughout, periodicity means eventual periodicity unless pure periodicity is explicitly
stated.

2. QUADRATIC SCHNEIDER EXPANSIONS

2.1. Convergents. Let p be a prime. An infinite Schneider continued fraction has the

form
al

a a p
[bo, p™ : by, p™ : ba, .. ]y = by +

by +

as ?

p

bg + .
where the b, (n > 0) and a,, (n > 1) are integers satisfying 1 < b, <p—1 and a, > 1.
Its rational convergents are

];—: = [bg, p™ : by, p™ 1 by, ..., D" by,
with Ry/Sy = by. The numerators and denominators satisfy
2.1) R_1=1, Ry=b, S1=0, Sp=1,
R, = b, Ry1 + p™ Ry s, Spn =0pSp-1+p"Sp2 (n>1).
Put T,, = p™* 9 The recurrences (2.1) give (see [14, (1.4)])
(2.2) R.Sn_1 — Ry 1S, = (—=1)""'T,.

The recurrence modulo p shows that p divides neither R, nor S,. Consequently R, /S,
is reduced, since every common divisor of R, and S,, divides T},,. For n > 1, put

Rn Rnf 1 Tn

S, B SnSnfl ‘

A, =
Sn Snfl

Lemma 2.1 ([14, Section 6]). The sequence R, /S, converges in R if and only if A, — 0.
Moreover,

An pa"San 1
bp Sy
An,1 Sn 1 + 1
pan n—2
forn > 2.

Proof. Equation (2.3) follows from the recurrence for S,. Thus the absolute values of
the consecutive differences decrease, while their signs alternate by (2.2). The sequence of
convergents therefore converges if and only if its consecutive differences tend to zero, by
the alternating-series criterion. 0
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We now recall how Schneider’s algorithm expands a p-adic unit and, conversely, how
an infinite continued fraction of the above form converges to a p-adic unit with that
expansion.

Starting from a p-adic unit g, choose at each step the unique b, € {1,...,p — 1} such
that

ap, =b, (mod p).
If a,, = b,,, the expansion terminates. Otherwise put

an+1

Ap+1 = Up<04n - bn)a Apy1 = a —b 5
n n

where v, denotes the p-adic valuation normalized by v,(p) = 1. The resulting finite or
infinite Schneider expansion is unique. For every n for which the complete quotient a1
is defined, we have [14, (1.10)]

- Rnan—i-l +pa”+1 Rn—l

2.4 = .
( ) (o7)) Snan—f—l + pan+1 Sn—l

Since S,, and oy, 41 are p-adic units, (2.2) gives

Ry
oy — ——

p

Conversely, every infinite sequence of digits with 1 < b, < p—1 and a, > 1 is the
Schneider expansion of a p-adic unit. Indeed, its convergents form a Cauchy sequence in
Qp, since
By R
Sn Snfl
The same holds for every tail. Let «,, be the p-adic value of the tail beginning with b,,.
[ts convergents are congruent to b, modulo p, so a,, € Z;. Passing to the limit in Q,, we
obtain

=T, — 0.
p

pan+1

(2.5) a, = b, +

an—i—l

Thus a,, = b, (mod p) and v,(, — b,) = any1, which recover exactly the prescribed
Schneider digits and exponents.

2.2. Periodicity. We use the following sign criterion for eventual periodicity of Schneider
expansions. For related results, see [8, Introduction] and, for Ruban expansions, [9,
Theorem 1.3].

For a quadratic number a € Q,, the two embeddings of Q(«) into C send « to the two
roots of its minimal polynomial over Q. We refer to Q(«) as real quadratic when these
roots are real and as imaginary quadratic otherwise.

Lemma 2.2. Let o € Q, be a p-adic unit quadratic over Q, and let v, be its complete
quotients. The Schneider expansion of « is eventually periodic if and only if there is an
embedding o : Q(a) — R such that o(a,,) > 0 for every n > 0. In this case, exactly one
of the two real embeddings has this property.

Proof. Assume first that the expansion is eventually periodic, and let a be a complete
quotient at the beginning of a period. Composing (2.5) over one period gives

B ray + s
N_taN+w
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for some nonnegative integers r,s,t,w with r,s,t > 0, as follows by induction on the
number of substitutions. Hence ap satisfies

tX? + (w—1)X —s=0.

The product of the two roots is —s/t < 0, so they are real and have opposite signs. Since
ay is quadratic, this polynomial is a nonzero scalar multiple of its minimal polynomial.
Relation (2.5) gives Q(ant1) = Q(an), so Q(an) = Q(a). The two roots therefore
correspond to the two embeddings of this field into R. Choose the embedding ¢ for which
o(ay) > 0. The other real embedding is negative on ay, so no other embedding can be
positive on all complete quotients. The same relations propagate positivity backwards
from o(ay) > 0 through one period and then through the preperiod. Hence o(«,) > 0
for every n > 0.

Conversely, suppose that o(a,) > 0 for every n, and let 7 be the other real embedding,.
Choose an irreducible polynomial Fy(X) = AgX? + ByX + Cy € Z[X] with root « and
Ag > 0. Define

X2 p“n+1 )
(2.6) Fra(X) = 2P ba+ S5 ) = Ana X2 B X o+ G
Then E
Ap1 = nbn) Bni1 = By +20,A,,  Cppy = p™ A,

pintt

Since oy, — b, € p*+'Z, and F,(a,,) = 0, induction gives F,, € Z[X]. Each F,, has the
quadratic irrational o, as a root, so A4, C,, # 0, and direct calculation gives B2 —4A, C, =
D, where D = Bg - 414000 > 0.

Suppose that 7(a,) > 0 for every n. Applying both embeddings to (2.5) shows that
the two real roots o(«,) and 7(«,) of F, exceed b,. Thus

F,(b,)
A

The recurrence for A, 1, together with Ay > 0, now gives A, > 0 by induction. Vieta’s
formulas then give B,, < 0 for all n, whereas

Bn+1 = Bn + 2bnAn > Bn + 27
which gives a contradiction for sufficiently large n. Hence 7(c,) < 0 for some m, and
(2.5) gives T(a,) < 0 for every n > m. For n > m, the roots have opposite signs, so
|B,| < VD,  0<|A,C,| < D/4.

Since A, and C, are nonzero integers, these bounds allow only finitely many triples
(A, By, C,). Each corresponding polynomial has at most two roots in Q,, so only finitely
many complete quotients can occur. A complete quotient must therefore repeat, and the
uniqueness of Schneider’s algorithm gives eventual periodicity. O

= (bn = (@) (bp — 7(an)) > 0.

2.3. Real convergence.

Theorem 2.3. Let o € Q, be a p-adic unit quadratic over Q. Then the rational conver-
gents of its Schneider expansion converge in R to a limit L. Moreover,

R,
)

Sn
Proof. Choose an irreducible quadratic polynomial Fyy € Z[X] with Fy(a) = 0, and define
F,(X) = A,X?*+ B,X +C,, by the recurrence (2.6) in the proof of Lemma 2.2. As shown
there, the coefficients are integers, A, # 0, and B? — 4A,C,, = D for every n > 0, where
D = B2 — 4A,Cy. These facts do not require a real embedding of Q(«).

= Oap(n™).
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The recurrence (2.6) gives, for n > 1,
(Sn—lX +pan n—2)2F (Rn_lX +paan_2>
Tn ’ Sn—lX +pa" n—2 '
For n = 1 this is the definition of F;. The induction step follows by substituting b,, +

p+1 /X for X and using the recurrences for R, and S,,.
Dividing (2.7) by X? and letting X — oo, we obtain

(2.7) Fo(X) =

S2 R, 1
2.8 A, = =222,
( ) Tn 0 ( Snfl )
All partial numerators and denominators are positive, so
R, a1
(2.9) bog—gbﬁi— (n>0).
n 1

Thus |Fy(R,/Sy)| < M for some M > 0. Using A, = T,,/(5,5.-1), T, = p*T,_1, and
the recurrence for .S,,, we obtain, for n > 2,

1 1 S a(Sy—p™Sus)  baS2,
A, AN T, T,
_ by | Ap| 51
| Fo(Buet/Sna1)l T M

Formula (2.8) shows that A, and Fy(R,,_1/S,-1) have the same sign, which justifies the
absolute values. The last inequality uses b, > 1 and |A4,| > 1. Hence A, — 0, and
Lemma 2.1 gives a real limit L. Since the consecutive differences alternate in sign and
decrease in absolute value, we also have |L — R,,/S,| < A, for n > 1.

If Fo(L) = 0, the mean value theorem on the interval given by (2.9) gives

|Fo(Rp—1/Sn-1)| < K|L — Ry,—1/Sn—1| < KA,y
for some K > 0. Identity (2.10) therefore gives
AV > (1+1/K)AL.

Thus the error decreases geometrically.

Suppose now that Fy(L) # 0. Replacing all F,, by their negatives if necessary, we may
assume that F(L) > 0. Formula (2.8) then gives A, > 0 for all sufficiently large n. Since
these coefficients are integers, B, 1 — B,, = 2b,A,, > 2 for all sufficiently large n, and
hence B,, — oo. We will show that B,, >, , n®.

For sufficiently large n, with B,, > 1 and B2 > 2|D|, put

= panu U = pan+1’ W, = maX(Anfh An; An+1>~

(2.10)

Using C,, = p* A,,_1 in the discriminant identities gives
B? - D =4tAA,_1, B2, — D =4uA, A1

Since the three coefficients in W,, are positive and at most W,,, and B, ,; > B,, these
equalities imply ¢,u > B2/(8W?2). Subtracting the two discriminant identities, dividing
by 4A,,, and using B, .1 = B,, + 2b, A,,, we obtain

A, —tA, 1 = b, B, + 02 A, > 0.

Both t and u are powers of p, so min(¢,u) divides both terms on the left and therefore
divides the positive integer on the right. If A, < B,, it follows that

2

SWZE < min(t,u) < b,B, + b2 A, < p(p —1)B,.
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Hence W,, >, vB,. If A, > B,, the same conclusion follows from W,, > A, > B, >
v B,,. Consequently,

n+2
Buys— By =2) bjA; >2W,p1 3>, /B
Jj=n

Thus B3 > B, + ¢/ B, for some ¢ > 0 and all sufficiently large n. Since B,, > 1,

\/Bn+3_\/Bn2\/Bn—i_c\/Bn_\/Bn
C C
= > .
V1+e¢/V/B,+1 Vl4c+1

Summing separately along each residue class modulo 3 gives v/B,, >>,, n, and hence
B, >, 0t

Finally, choose N > 2 so that A; > 0 for every j > N. Summing (2.10) for j = N,...,n
and using |Fy(Rj_1/Sj-1)] < M, we obtain

1 1 & Bny1 — By )
A 2 2 b =T Pea

j=

N
Therefore |L — R,/S,| < A, = O,,(n72). O

Corollary 2.4. Let o € Q, be a quadratic p-adic unit such that Q(«) is an imaginary
quadratic field. Then the Schneider expansion of « is not eventually periodic, but its
rational convergents converge in R.

Proof. The first assertion follows from Lemma 2.2, and the second from Theorem 2.3. [

For square roots of negative integers, the non-periodicity assertion was proved by de
Weger [11, p. 114].

Corollary 2.5. Let a be a quadratic p-adic unit, and let L be the real limit of its Schneider
convergents. The expansion is eventually periodic if and only if L = o(«) for some real
embedding o : Q(a) — R. In this case, o is the unique real embedding that is positive on
every complete quotient.

Proof. If the expansion is eventually periodic, let o be the embedding supplied by
Lemma 2.2. Since o(ay,41) > 0, equation (2.4) places o(a) between R,_1/S,-1 and
R, /S, for every n > 1. Both endpoints tend to L, so L = o(«).

Conversely, suppose that L = o(a) for a real embedding o. Every complete quotient
o, is a quadratic p-adic unit. By Theorem 2.3, its Schneider convergents have a real limit
L, > b, > 1. Passing to the limit in R, we obtain

par+1

L, =b + .
Lr+1

Since Lo = L = o(ay), this relation and (2.5) give by induction that L, = o(«,) > 0 for
every r > 0. Lemma 2.2 proves eventual periodicity. 0

When the Schneider expansion of « is not eventually periodic, we do not even know
whether the real limit L of the convergents can be rational.

For Ruban continued fractions, Capuano, Veneziano and Zannier proved that eventual
periodicity implies convergence in R to a real image of the quadratic input [9, Theo-
rem 6.5].
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Example 2.6. Romeo conjectured that, for an odd prime p, a continued fraction with
rational partial quotients which converges in R and Q, to two images of the same quadratic
irrational must be eventually periodic [17, Conjecture 16]. We retain powers of p as partial
numerators but allow both p — 1 and 2p — 1, two representatives of the same residue class
modulo p, as partial denominators. This relaxation of Schneider’s rule, followed by an
equivalence transformation, yields a counterexample.

Put f(X) = X% — (2p — 1)X — p. Its discriminant 4p? + 1 lies strictly between (2p)?
and (2p+1)2, so f is irreducible over Q. Let 6 be a root of f, and denote its positive real
image by 0. Since f(p — 1) = —p? and f'(p — 1) = —1, Hensel’s lemma gives a p-adic
image 0 ¢ Z, with 6®) =p—1 (mod p).

The identities

p p?

h=2p-1+2=p_14
P g~ P p—1+p/0

hold for both images. The second identity gives the two steps of the purely periodic
Schneider expansion

0¥ =[p—1,p* :p— 1,pl,

since §®) — (p — 1) = p?/(p — 1+ p/6™) has valuation 2, and the next complete quotient
p—1+4p/0® differs from p — 1 by a number of valuation 1. If 2p — 1 is also allowed, the
first identity gives a return to # in one step.

To keep the final tail unchanged in the equivalence transformation below, we prepend
the step 0 = 2p — 1 4+ p/6 to each expression and use

(2.11) O=_2p—1,p:2p—1,p:0), O=[2p—1,p:p—1,p°:p—1,p: 0]

Here the final entry 6 is the remaining tail. Starting with 6, repeatedly replace its final
occurrence using one of the expressions in (2.11). Use the second expression at stages
1,4,9, ... of this replacement process and the first at all other stages. This determines an
infinite generalized continued fraction with partial denominators p —1,2p — 1 and partial
numerators p, p>. At every position the remaining tail is either 6 or p—1+p/6, so its real
image is positive and its p-adic image is a unit.

Let R, /S, be its convergents, and define A,, and T,, as before. All partial denominators
are positive integers, so the recurrence for S, gives S,,_1 > S, _». Since all exponents are
at most 2, (2.3) gives

1
n < Tp*?An_l
for n > 2. Thus A,, — 0. For n > 1, identity (2.4) remains valid and, since the real tails
are positive, gives

< A,.

Every partial denominator is congruent to —1 modulo p, so every S, is a p-adic unit.
Since the p-adic tails are units, the same identity gives
R,

‘ Sn p

Hence the convergents tend to 6 in R and to ® in Q,.
To put the continued fraction in the form required by [17, Conjecture 16], replace the
partial numerators by 1 using the usual equivalence transformation. For the two blocks



8 TOMISLAV PEJKOVIC

in (2.11), this gives

2 —1,p:2p—1,p:t]=2p—1+ —y
2p—Lp:2p—1p:t]=2p o1 1

p

2p—1L,p:p—1,p°:p—1,p:t]=2p—1+ :
p—1 1

_l’_
p p—1 1

D t

where t denotes the remaining tail. The tail is unchanged in both cases, so these transfor-
mations can be applied successively throughout the construction, preserving every conver-
gent. The resulting partial quotients belong to the finite set {2p—1, (2p—1)/p, (p—1)/p}
of positive rational numbers. The entry (p — 1)/p occurs twice at each use of the second
expression and nowhere else, at the same positions as p — 1 before the transformation.
Between the k-th and (k + 1)-st such pairs there are 2k uses of the first expression. The
partial denominator p — 1 in the original expansion and the partial quotient (p — 1)/p
in the transformed expansion each occur infinitely often with unbounded gaps between
successive occurrences. Thus neither expansion is eventually periodic. The transformed
continued fraction disproves the conjecture.

3. SCHNEIDER AND ORDINARY PERIOD LENGTHS

Let o be a quadratic p-adic unit with an eventually periodic Schneider expansion. By
Corollary 2.5, its Schneider convergents tend in R to the positive real image = of o obtained
from the embedding that is positive on every complete quotient. The ordinary continued
fraction of x is therefore eventually periodic. We use period for a repeating block. Period
lengths are always minimal, counting pairs (b, a,+1) for Schneider expansions and partial
quotients for ordinary continued fractions. We denote by s,(a) the Schneider period
length and by r(«) the period length of the ordinary continued fraction of .

Ordinary real continued fractions are written in the standard form

[ao,ahaz, .- ~],

with an overline indicating the periodic part. We continue to write Schneider p-adic
continued fractions as

[bo, p™ = by, p™ .. .

For a purely periodic expansion a = [bg, p™ : by, p® : ... : byy_1,p"],, induction using

(2.1) gives
bO pal . bm—l pam _ Rm—l pam Rm—2
1 0 1 0 N Sm—l pam m—2 .

We call this product the period matrix of a. Since o, = @, (2.4) shows that « satisfies
Sm71X2 =+ (pam m—2 — Rmfl)X - pamRmf2 =0.

Since S,,_1 > 0 and R,,_» > 0, this polynomial has two real roots of opposite signs. By
Theorem 2.3 and Corollary 2.5, the Schneider convergents tend in R to = o(«), where
o is positive on every complete quotient. Thus x is the positive root, its conjugate 2’ is
negative, and (2.5) gives © > by > 1.
Since 2’ < 0 and |x| > 1, the next complete quotient in the ordinary expansion satisfies
x1:#>1, —1<x’1:;<0.

z— |z o' — |z
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Thus z; is reduced. Galois’s theorem [12, pp. 298-299] shows that its ordinary continued
fraction is purely periodic. Hence the ordinary continued fraction of x has a preperiod of
length at most one. By uniqueness of Schneider’s expansion, if the displayed Schneider
block is not a repetition of a shorter block, then its Schneider period length is m.

3.1. Bounded Schneider and ordinary period lengths. Ordinary period length one
occurs with different Schneider period lengths. For an odd prime p and n > 1, the purely
periodic expansion

Qp = [27p2n]p

L4+ /p +1=[p" +1,2p"],

and hence (s,(an), (o)) = (1,1). There are also examples with a larger Schneider period
length. The purely periodic Schneider expansion

has positive real value

p—2,p:p—1p:p—2p7,
has a period matrix whose fixed points satisfy
X2 42X —p? =0.

—1++p2+1=[p—1,2p],
so in this case (sp,7) = (3,1).
For a fixed odd prime p, it remains to be determined whether purely periodic quadratic

Schneider expansions with ordinary period length one can have arbitrarily large Schneider
period lengths.

Its positive real value is

3.2. Unbounded Schneider and bounded ordinary period lengths. The next re-
sult shows that ordinary period length two permits arbitrarily large Schneider period
lengths for every odd prime.

Theorem 3.1. Let p be odd and let m > 3 be odd. The purely periodic Schneider expan-
ston

am=p—2p:p—Lp:...:p—1p,
where p — 1 occurs m — 1 times among the partial denominators, has s,(cm,) = m. Its
positive real value 1s

Y

:[ P A1)

p+1 7

so r(am,) = 2.

Proof. The displayed Schneider period is not a repetition of a shorter block, since p — 2
occurs exactly once among its partial denominators.
For any prime p, induction gives

(3.1) (pzl €>n=]ﬁ<;+l_+<( ;2 . +p((—1;)") (n>1).

By (3.1), the fixed-point equation for ( 1 6’) (pzl g)mf simplifies to

(:Um —(p— 1))(:cm +1)=

Put

Cm =



10 TOMISLAV PEJKOVIC

This is an integer because m is odd. The positive number [p — 1,¢,,;p| satisfies

D p+1
—(p—1 1) =+ =
(= -D)e+1 =2 = LI,
and is therefore x,,. Since ¢, > p, the displayed period has minimal length two. O

For p = 2, ordinary period lengths one and two cannot occur in the purely periodic
Schneider case.

Proposition 3.2. Let a be a quadratic irrational with a purely periodic Schneider expan-

sion in Qqo. Then r(a) > 3.
A B
C E)°
2(1

Every factor (] %) is congruent modulo 2 to

(1)

which is idempotent. Hence A and C' are odd, while B and E are even. The fixed points
satisfy

Proof. Write the period matrix as

CX*+(E—-A)X-B=0.
Dividing by ged(C, E — A, B), which is odd since C' is odd, gives a primitive polynomial
aX? +bX +c. Since E — A is odd and B is even, its discriminant satisfies
(E— A)*+4BC
=1 d8).
ged(C,E — A, B)? (mod &)
The positive fixed point x has a negative conjugate, so after at most one step of the ordi-
nary continued fraction algorithm we obtain a reduced quadratic irrational, as explained

at the beginning of this section. This step preserves the discriminant of the primitive
polynomial. Indeed, putting k = |z, we find that 1/(z — k) satisfies

(ak? + bk 4+ c)Y? + (2ak + b)Y 4+ a = 0.

b2 — dac =

The coefficients are coprime, since any common divisor divides a, then b, and then ¢. The
discriminant is (2ak + b)? — 4a(ak?® + bk + ¢) = b* — 4ac.

A reduced real quadratic irrational of period length one has the form [d] and discrimi-
nant d? 4 4, which is never 1 modulo 8. For period length two, write the reduced number
as [, v]. A polynomial satisfied by it is

vX? —uwwX —u.

If g = ged(u,v), u = gug, and v = gug, then the discriminant of the primitive polynomial
is

UgVg (g2u0v0 + 4).
This is either even or congruent to 5 modulo 8. Thus neither period length one nor period
length two is possible. O

The lower bound in Proposition 3.2 is attained with arbitrarily large Schneider period
lengths.

Theorem 3.3. Let m > 3 be odd. The purely periodic Schneider expansion
Q= 1[1,4:1,2:...:1,2]y,
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where the initial partial numerator is 4 and the remaining m — 1 partial numerators are
2, has ss(ay,) = m. Its positive real value is

gm+1 _ 1
Tm = 2717773 )

so r(ay,) = 3.

Proof. The displayed Schneider period is not a repetition of a shorter block because the
partial numerator 4 occurs exactly once. Put

2m+1 -1
Cm = ——F5—,
3

which is an integer because m is odd. Using (3.1) with p = 2, we find that the fixed points
of (18)(13)™ " satisty

(cm +1)X? —2¢,, X — 3¢, —5=0.

The positive number [2, 1, ¢,,, 3] satisfies this equation and is therefore x,,. The ordinary
block (1, ¢, 3) is not a repetition of a shorter block, so r(a,,) = 3. O

Thus s,(a)/r(«) is unbounded even among purely periodic Schneider expansions. For
odd p this already holds with r(«) = 2, while for p = 2 the least possible ordinary period
length is 3.

3.3. Bounded Schneider and unbounded ordinary period lengths. For every
prime p, the ordinary period length is unbounded even when the Schneider period length
is one. Indeed, the positive real value of

a, = [1,p?+1], n>1,

18
1+ /14 4p*+l

2

The number «,, is irrational by Bundschuh’s criterion [7], since all partial numerators in
its Schneider expansion are larger than p. Its minimal polynomial over Q is therefore
X? — X — p?*t g0 the positive real root z, of this polynomial is irrational as well.
Apply Bugeaud and Luca’s result [6, Corollary 2.2] to the power sum f(n) = 4p(p?)"™ + 1.
The required condition holds because neither 4p nor 4p® is a square. Hence the ordinary
period length of \/f(n) tends to infinity. Cohen’s bound for multiplication by 2 [10,
Corollary 4.4(b)] shows that the ordinary period length of 2z, is at most 5r(c,). Since
2z, = 1+ 1/ f(n) has the same period length as y/ f(n), it follows that r(«,) — co. The
following elementary construction gives Schneider period length two and ordinary period
length exactly 3(n — 1), for every prime p and every n > 2.

Ty —

Theorem 3.4. Let p be any prime and n > 2. The purely periodic Schneider expansion
Qpn = [Lp : 17pn]p

has sp(opn) = 2 and r(ay,,) = 3(n — 1). More precisely, if x,,, is its positive real value,
then

Tpn = [17pn—1 - ]-7 (p] - ]-7 17pn—1—j - 1)?:_127 pn—l - 17 pn _p+ 1]7

where the triples are written in increasing order of 7 and are absent when n = 2.
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Proof. The displayed Schneider block is not a repetition of a shorter block. Its period
matrix is (175) (%pg) = (pJ{l zn), S0 T = x,, satisfies 22 + (p" —p — 1)z — p” = 0. The
polynomial on the left is negative at 1 and positive at 2, with respective values —p and

p*—2p+2>0. Hence 1 <z < 2. Put y =1/(z — 1). Substituting z = 1 + 1/y gives

(3.2) py’— (" —p+1y—1=0.

The polynomial on the left equals —1 at p"~! — 1+ 1/p and equals (p — 1)p"* —1 > 0
at p" Lsoptl—1+1/p<y<pth.
Equation (3.2) gives

(py =Dy +1)=p"y, (y-y+1-p"")=p""
The second identity yields
1 _py—1
R T
Since y + 1 > p" !, the first identity gives, for 1 < j <n — 1,

py—1 . P
n—j :p]_ )
p y+1

and hence
. —1 .
p]—1<py — < p’.
Pt

J

The bounds for y also give, for 1 < j <n — 2,

e I P el pr .

p I
For 1 < j <n—2, we also have y + 1 > p"~! > 2p7, and hence
<142 oo
y+1—p
Using the two product identities above, we obtain, for 1 < j <n — 2,
1 / 1 -1
py —1 = +]i]— J’ +1—pf ==
g (p7 = 1) Y b yroopy (p1-7 —1) b
pr P’

For each 1 < j < m — 2, these formulas give three successive partial quotients p/ — 1, 1
and p"~!77 — 1. The next complete quotient has the same form with j replaced by j + 1.
Finally, dividing (3.2) by y gives

, 1
Py =p —p+1+§-

Since y > 1, the integer part of py is p” — p + 1. The last two steps are therefore

1 1
= Py,
py—l_(pn_l_l) py— (" —p+1

p

If n = 2, the successive complete quotients follow the cycle

)

py —1
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If n > 3, they follow the cycle

_1 1_
yr—)py_l r—>1—|——p r—)—y+ p
P y+1l—p P
—1 -1
pinQ r—>---r—>py — pY —> Y.

In both cases, the preceding inequalities identify the integer parts and give the displayed
ordinary continued fraction expansion. The displayed block has length 1+3(n —2)+2 =
3(n —1). The last entry p™ — p + 1 is larger than every preceding entry and occurs only
once, so the displayed block cannot be a repetition of a shorter block. O]

The ordinary period length 3(n — 1) in the preceding theorem also follows from
Williams’s formula [21, Section 3, Case C(7)].

Theorem 3.4 shows that r(«)/s,(«) is unbounded even among purely periodic Schneider
expansions.

3.4. Families in which both period lengths grow. The following family is a qua-
dratic analogue of the rational families with simultaneous growth of both lengths in [15,
Theorems 3.2 and 3.3].

Theorem 3.5. Let p be any prime and n > 1. The purely periodic Schneider expansion

a, =[1,p?: 1,p2: ... 1,p%: 1,03,

where the partial numerator p* occurs 2n times and the final partial numerator is p°,
represents a quadratic irrational and satisfies

sp(am) =2n + 1, r(o) > ¢pn — 5,

where

LolEVIE s/ (=)
P 2 ) - .

P log(2p)

Proof. By Bundschuh’s criterion [7], a nonterminating Schneider expansion of a rational
number eventually has the tail p —1,p: p—1,p: p—1,...],. Thus «, is irrational,
and periodicity shows that it is quadratic. Since p® occurs exactly once in the displayed
period, this period is not a repetition of a shorter block. Hence s,(cv,) = 2n + 1.

Let x,, be the real limit of the Schneider convergents of a,,. We first estimate its distance
from )\,, the positive fixed point of the map ¢ — 1 + p?/t used at each of the first 2n
steps of the period. The number ), satisfies )\z — X =p*and p < )\, < p+ 1. Direct
calculation gives

A =1[p,1,1,2p—1].

We will use this expansion to obtain a lower bound for the ordinary period length of z,,.
By Lemma 2.2 and Corollary 2.5, there is a real embedding sending «,, to z,, and all its
Schneider complete quotients to positive numbers. Let yo = x,,,y1, ..., y2, be the images
of the successive complete quotients in one period under this embedding. Applying (2.5)
gives
p? P’
Yj+1 Yo

In particular, every y; exceeds 1. For ¢ > 1, substituting p? = \,(\, — 1) gives

L+p2t—X, N—1 t—X
PPt+A, At -1
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Applying this identity with ¢ = yq, ..., y2,, We obtain

o — A __(Ap—1)2” Yo = Ap <:(Ap—1)2"
l‘n+)\p—1 N )\p y2n+)\p—1 )\p ’
where the last inequality follows from ys,, > 1 and A, > 1. Also, z,, = 14+p*/y; < 1+p?, so

Tp+Ap—1 < /\12,. If x,, = Ap, the first 2n relations for the y; would give y; = - -+ = Yo, = A,
whereas the last would give A, = 1 4 p®/\,, contradicting A\> — A, = p*. Therefore

/\_1 2n
0<un—%p<§(lr—) .
P

We now relate this distance to r = r(w,). As shown at the beginning of Section 3,
the ordinary continued fraction of x,, is periodic after its initial partial quotient, with
period length r. Its first r +4 partial quotients cannot all agree with those of \,, counting
the initial partial quotient. Otherwise, the entries in positions 3 and r + 3 after the
initial partial quotient would be equal by periodicity. In the expansion of \,, the value
2p — 1 occurs exactly in positions divisible by 3, so this equality would imply 3 | . Both
expansions would then repeat their common first r entries after the initial partial quotient,
giving x,, = A, a contradiction.

Write P;/(); for the ordinary convergents of \,, indexed from F/Q = p. The irrational
numbers sharing its first » + 4 partial quotients lie between

Py3 Priz+ Py
and ———————,
Qri3 Qris + Qrio

and every irrational number between these endpoints has those partial quotients. Thus
Ap lies inside this interval and z,, outside it. We estimate the distance from A, to each
endpoint.

All partial quotients of A\, are at most 2p — 1. The recurrence for @); therefore gives
Q; < 2pQ;-1 and hence Q; < (2p)?. Each endpoint a/b above belongs to [p,p + 1] and
has b < 2(2p)"+?. Using A2 — A, = p*, we have

cﬁ—ab—p%%:¥<%-n%>(%+Ap—1>.

Since ), is irrational, the left-hand side is a nonzero integer, so its absolute value is at
least 1. Together with a/b+ A\, —1 < 2p + 1, this gives

1 1
> > .
T (2p+1)b? T 4(2p+ 1)(2p)3rt3)

a

b

Ap —

Since z,, lies outside the interval, its distance from A, is at least the smaller of the distances
to the two endpoints. Combining this with the upper bound already proved gives

1 A — 1\
ghm—A|<V(JL—) .
4(2p 4 1)(2p)2r+3) ? AN

Taking logarithms and using the definition of ¢,, we conclude that

log (4(2p + 1)A2)
-3- . —5.
T > Ccpn 21og(2p) > cpn

The last inequality follows from 4(2p + 1))\2 <4@2p+1)(p+1)* < (2p)* for p > 2. O
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