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Abstract

We determine all pairs (p,n), where p is a prime and n a positive
integer, such that there exists a reduced fraction u/v > 1 with u4v =
n and u/v has a nonterminating Schneider’s p-adic continued fraction
expansion. We also prove a bound on the length of the preperiod in
the p-adic continued fraction of u/v when max{|ul, |v|} < p.

1 Introduction

For a prime number p, Schneider’s p-adic continued fraction is an expression

of the form

p
by + ———— (1)
p 2
b+ ———
p*
by + —
written more succinctly as [by, p™ : by, p™ : by, p™ : ...], where all a; are

positive integers and b; € {1,2,...,p — 1}.

The numbers b; are called partial denominators and by splitting the ex-
pression (1) at any point, we obtain the convergents [by, p** : by, ..., p% : by]
and the complete quotients [bg, p™+1 : biq, .. ..

A finite Schneider’s p-adic continued fraction clearly represents a positive
rational number. The value attached to an infinite p-adic continued fraction
is the limit of the sequence of its convergents in the p-adic field. Conversely,
every p-adic unit can be expressed as the value of a unique Schneider’s p-adic
continued fraction. For more details on Schneider’s continued fractions see
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[6, 9, 10], while a more general overview of different p-adic continued fraction
algorithms can be found in the survey [8].

Unlike the usual simple continued fraction algorithm in the reals, an ex-
pansion of a rational number into Schneider’s p-adic continued fraction can
be infinite. Here and throughout, we can restrict ourselves to rationals which
are p-adic units simply by factoring out at the start any power of p from the
numerator or the denominator. As Bundschuh [2] showed, a rational number
has a nonterminating p-adic continued fraction if and only if a negative com-
plete quotient is encountered at some point in its p-adic continued fraction
expansion. This clearly happens if we start with a negative rational number,
but can also happen (more often than not, see [7]) in the expansion of a posi-
tive rational number. In that case, eventually —1 has to appear as a complete
quotient [2]. Since =1 =[p—1,p:p—1,p:p—1,...], this is equivalent to
saying that the continued fraction expansion of a rational number does not
terminate if and only if from some point onwards in the expansion, the block
p — 1, p repeats indefinitely.

Following [3] and [7], for a positive integer n, denote by S,(n) the set of all
positive rational numbers u/v, where u+v = n and ged(u, v) = ged(uv, p) =
1. Also, let T,(n) be the set of elements in S,(n) with terminating p-adic
continued fraction expansion.

In the first part of this paper, we completely determine all pairs (p,n)
such that there is a nontrivial fraction * € Sy(n) \ Tp(n). In other words,
we determine for which (p,n) there is a fraction ¥ € Sp(n) greater than 1
with nonterminating p-adic continued fraction expansion. A previous partial
result [7] only considered the case of p an odd prime and n an odd positive
integer such that n—1 is not divisible by p. Let us explain why we call 2 > 1
a nontrivial example. Since * € Sy(n) if and only if ¥ € Sy(n), when S,(n)
is nonempty, it certainly contains a number smaller than 1, whose p-adic
continued fraction expansion is obviously nonterminating (we immediately
obtain a negative complete quotient). However, such an example tells us only
that S,(n) is nonempty and has little to do with p-adic continued fractions
for particular p and n. Thus, we look for nontrivial examples of elements of
Sp(n) with infinite expansion, i.e. we require that such examples be greater
than 1.

In the second part of the paper, we prove two results on p-adic continued
fraction expansion of rational numbers with both numerator and denominator
less than p.



2 Sets containing rationals with nonterminat-
ing expansion

As is easily seen [3, Proposition 6], an integer n # 0 (mod p) has a finite
p-adic continued fraction if and only if n € {1,2,...,p — 1} or n = b+ p“,
where b € {1,2,...,p— 1} and a is a positive integer. We will also frequently
use the following simple lemma.

Lemma 1. Let * > 1 be a reduced fraction such that the prime p does not
divide uv.

If for every k € {1,..., | %]}, the integer u— kv is not divisible by p, then
the p-adic continued fraction expansion of  is nonterminating.

If p>u>wv>1, then & has nonterminating p-adic continued fraction
expansion.

If p>u>wv=1, then ¥ = u has terminating expansion.

Proof. The condition that u — kv is not divisible by p for k € {1,...,[*]}

v
u

implies that the first partial denominator (by in (1)) is greater than [¥].
Therefore, already the next complete quotient in the p-adic continued fraction
expanion of ¥ is negative, so the expansion does not terminate. The other
two statements are then obvious. O

Our main theorem is the following.

Theorem 2. For every prime p and every positive integer n & {1,2,3,4,6}
such that (p,n) € E, there is a rational number * > 1 such that ¥ € Sy(n)
and the p-adic continued fraction expansion of * is nonterminating. Here E
is the set containing all pairs (2,2k + 1), k > 2 and the following elements

(2,10),

(3,5), (3,7), (3,10), (3,11), (3,13), (3,16), (3,28),
(5,8), (5,9),

(7,10), (7,12), (7, 15).

For (p,n) € E, such a rational number does not exist.

We excluded some small positive integers as values of n since the results
are trivial in those cases. Namely,

(1) (Z)? Sp<2) N (17 +OO> = ®7

S,(1) =
Sp(n) N (1,+00) C {1} for n € {3,4,6}.

Proof. We prove the theorem by considering the following six cases:
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1. p=2,

2. p> 3, nodd,

3. p> 3, n even,

4. p>3,ne{2p—22p—1,2p+ 1},
5. p=3, nodd,

6. p=3, n even.

Case 1. Let p = 2.

For odd n, the set Se(n) is empty, so we take n > 6 to be an even integer.

Write n = 2 + 2'r, where t > 1 and r is an odd positive integer.

If r > 1, then
n—1 2!
T

where 1 € (0,1), so 271 € Sy(n) \ Ta(n).
If =1, we have n = 2 + 2! and

L2 4
2
=1 [E—
n T
For t > 4,
2t 1 =1+

1 )

2t-2_1

and 272 —1 > 22 — 1 > 1 implying (% +2)/(% —2) € Sa(n) \ T
3,

t <2, we get n < 6, so the only remaining possibility is ¢t =
which case
S5(10) N (1, +00) = {2, I} = T5(10).

Case 2. Let p > 3 and n > 3 odd.
If p does not divide (n — 1)(n + 1), then the fraction

2 _
w1 =t g

2

3

(n). For
= 10 in

is in S,(n) and lies in the interval (1,2), so Lemma 1 immediately implies it

is not in 7,,(n).

Suppose n = —1 (mod p), so n = 2kp — 1 for a positive integer k. The
fraction 2=t = p—2+(2k—1)p is in S,(n) and it is in T,,(n) only if 2k—1 = p'
for a nonnegative integer t. If t = 0, then £ = 1 and n = 2p — 1 which is



a case that we deal with later. Thus, take ¢ to be a positive integer and
n = p™t 4+ p — 1. Now, the fraction

‘:
ol ¥
[+

-1+

1
S

S
.

pt—1

M‘

is in Sy(n), but it is not in T,(n) since z% < 1.

Next, assume n = 1 (mod p), so n = 2kp + 1 for a positive integer k.
The fraction 252 = 21 4 2521y is in S,(n) and it belongs to Tp(n) only if
2k — 1 = p' for a nonnegative integer t. If t =0, then k =1 and n = 2p + 1,
which we consider later, so take ¢t > 1 and n = p*! 4+ p+1. Then the fraction

ntp
P
7 P+
pt—1
is again in S,(n) \ T,(n).
Case 3. Let p > 3 and n > 6 even.
Consider the fractions
24+ k 2k
=1+ (2)
5—k 5—k

for k € {1,2,3,4}.

If n > 24, we have 6k < n, so 2k < § — k and all of the fractions in
(2) belong to the interval (1,2). Since p is neither 2 nor 3, we also see that
p does not divide 2k. Thus, if any of these fractions is in S,(n), Lemma 1
immediately implies it is not in 7,(n) and we are finished.

We have that ged(5 — k, § + k) = ged(5 — k, 2k) divides 8 unless k = 3
and n is divisible by 3.

If 5 is odd, all the numbers in the set {§ —4,5 —2, 5 +2, 5 44} are odd
and at most one of them is divisible by p, so (2) is an element of S,(n) for
at least one k € {2,4}.

If 5 is even, all the numbers in the set {§ — 3,5 —1,5 +1, 5 +3} are odd
and at most one of them is divisible by p, so a fraction (2) is in S,(n) for at
least one k € {1,3} unless p divides § — 1 or § + 1 and n is divisible by 3.

If & — 1 is divisible by p, then n = 2rp’ + 2 for some positive integers r

and ¢ such that p does not divide r. Then

t
=1+ 2 = 1+ 5 € 5,(n) \ Ty (n).

2r

n—1
1

Assume now that 7 is even, § + 1 is divisible by p and n is divisible
by 3, so that n = 2kp — 2 for some odd positive integer k. The fraction

b}



2l = p—3+ (2k—1)pis in Sp(n) \ T,(n) unless 2k — 1 = p’ for some
nonnegative integer t. If t = 0, then £ = 1 and n = 2p — 2 which we consider
later, so take t > 1 and n = p!*! 4+ p — 2. For the fraction

_r
no__ no_ pttl—p—2
2 2 — P 1

(3)

we have ged(§ +p, 5 —p) = ged(5 + p,2p) = 1, so this fraction is in Sy(n).
Since ’% is not divisible by p and it is strictly greater than 1 for p* > 7, we
conclude that in this case (3) is not in 7,(n). Checking p' = 5, we get that
n = 25+5—2 = 28 is not divisible by 3, while for p! =7, n =49+7—2 =54
and we take 12 = [2,7:6,7:4,7: —1] € S7(54) \ T(54).

With the help of Lemma 1, we inspect even numbers n, 8 < n < 24,
and, excluding the possibility n = 2p — 2, which we will soon study, the only
exception we obtain is S7(10) N (1, 400) = {2} = T%(10).

Case 4. Let p>3andne€ {2p—2,2p—1,2p+ 1}.

A result by Nagura [4] states that for any real number x > 25, there is a
prime ¢ in the interval (z,6x/5). Taking z = ”T“, we see that for n > 48,
we have z > 25 and

2p =242 n+2
92 =g =1
n-+ 2

2

ot O
ot w

< <-2p+1+42)<2p—-2<n.
Thus, ged(q, n—q) = ged(g,n) = 1, and ged(q, p) = 1, but also ged(n—gq, p) =

1 since
n—|—2_n—2<2p+1—2

2 2 = 2
is in Sp(n). Also, from

1<n—qg<n-— < p.
Therefore, n%q

n n+ 2

< < <3( +2)<2
2 =g ~1%3" 3"

we get ni_q € (1,2). However,

and 2 < 2¢ —n < p, so p does not divide 2¢ —n and we conclude that ni_q is
not in 7,,(n).



We inspect n of the given form for 7 < n < 47 and obtain the following
exceptions

S5(8) N (1, +00) = {]} = T5(8),
S5(9) N (1, 400) = {£, 7} = T5(9)
S7(12) N (1, 400) = {1} = T5(12),
S7(15) N (1, +00) = {2, 1} = T5(15).

274
Case 5. Let p =3 and n > 3 odd.
If n=0 (mod 3), then

n+l
- 1
R T

3
—
3
—

is in (1,2) and we immediately see that it lies in (S3(n) \ 73(n)) N (1, +00).
Assume now that n # 0 (mod 3) and n > 13. Then

n+3 3
2 _

n—3 1+ n—3
2 2

is an element of S3(n) N (1,2) which has a finite 3-adic continued fraction
expansion if and only if %52 = 143" or 252 =24+ 3" ie. n=5+2-3" or
n = 7+ 2- 3" for some positive integer t. The condition n > 13 implies t > 2.

If n=>5+2-3" then 22t =1+ 3(1+2-3"") is in S3(n) \ T3(n) since
1+ 2-3"1 is strictly greater than 1 and not divisible by 3.

Ifn="7+2-3" then

n—2 14231
—143. 4"
2 * 2

is a fraction in S3(n) \ T3(n) since 1 4 2 - 3'~! is strictly greater than 2 and
not divisible by 3.

The remaining cases to be checked are 3 < n < 13 and n not divisible by
3. We get S3(n) N (1,+00) = T3(n) for n € {5,7,11,13}.
Case 6. Let p =3 and n > 6 even.

Suppose first that n # 1 (mod 3). Then 2= € S3(n) and, since n > 6 is
even, this fraction is in T3(n) only if n = 3 + 3 for an integer ¢ > 2.

If ¢ is even, then 3" —2 =41 -2 %0 (mod 5), so

n—5 3 -2 31— 4
— —243.
5 5 *




is in S3(n), but

3t —4 3t —4
E <0f0rt:2andT>1fort24,

so 2=2 is not in Ty(n).

If t is odd, then 3' +3 =2 (mod 4), so § is odd. The fraction

242 8 93t
2

— =9
—2 31 31

3

is in S3(n), but because of 9 — 3" < 9 — 27 < 0, it is not in T3(n).
Finally, we assume that n =1 (mod 3). We have
13k ok 2k

-~ =143 and -
5—31{: 5—3]{: 5—3]{:

> 1

as soon as 1"—0 <k< %. From

ged (2 + 3k, 3) = ged (2 —3k,3) =1 and
ged (2 + 3k, 2 — 3k) = ged (2 + 3k, 6k)
= ged (2 + 3k, 2k) = ged (2 + k, 2k),

we see it is sufficient to demand that 7 and £ be coprime numbers of different
parities for the fraction (% + 3k)/(% — 3k) to be in S3(n). If, moreover,
15 < k < § and k is not divisible by 3, then this fraction is not in T3(n).

Let ¢; € (276, 1”2) and ¢o € (176, 6) be prime numbers, different from 3,
that do not divide n. If § is odd, we take k = 2¢;, and if 7 is even, we set
k = g. We only need to confirm that such primes ¢; and ¢, exist.

For n > 500, we have 55 > 25, so by the already mentioned result of
Nagura [4], there are prime numbers

n 6 n) _ (n 3n n o n
¢ € (555 3) = (5 %) € (55 1) and
3n 6 3n\ _ (3n 9n n o n
¢"€ (5.8 %) = (& 1) € (55 1)
If both of these prime numbers divided n, we would have n = r'¢’ = "¢",
where 7/, " € {13,14,15,16,17,18,19}, which would imply that some prime
from the set {2,3,5,7,13,17,19} divides the prime ¢” > 25 which is im-
possible. Therefore, we take ¢; to be one of the numbers ¢’, ¢ which does

not divide n. Completely analogously, we show the existence of the required
prime gs.



For 6 < n < 500, n = 4 (mod 6), we easily check by computer that
(S3(n) \ T3(n)) N (1,+00) is nonempty except in the cases n € {10, 16,28}
where the following holds

S5(10) =0, S5(16) N (L, +oc) = {1} = Ty(16),

S5(28) N (1,+00) = {2, 11} = T3(28).

This completes the proof of the theorem. O

3 On rationals with numerator and denomi-
nator bounded by p
Theorem 3. Let * ¢ {—1,1,2,...,p — 1} be a rational number such that
ged(u,v) = ged(uv,p) =1 and |u| <p, |v] <p.

Then the p-adic continued fraction expansion of = is infinite

u
; = [b07p : b17p : b27"‘7p : bk7p : _1]7

where we noted the first appearance of —1 as a complete quotient.
Moreover, for 0 < i <k, we have k < i+ b; and thus k <p—1.

Proof. Let (o, 1) = (u,v). Expanding x¢/z; into a continued fraction (1),
denote one complete quotient z;/x;11 = [b;, p%* : b1, ...], where z;, x; 1
are coprime integers. Then the next complete quotient is

w
prtt Ty T ()

@ wi—biwign T 0

mn b T Tie

where ;49 = (x; — bjz;11)/p%+! is an integer and ged(x;i1, T42) = 1. This
is how we obtain the sequence (x;);>¢ of integers which terminates with
zifrivr € {1,2,...,p — 1} for some i if and only if the continued fraction
expansion of xy/x; is finite. Otherwise, we reach x;/x;;1 = —1 for the first
time for some positive integer ¢, which marks the start of the periodic part
of the nonterminating continued fraction expansion of xq/x;.

From |zo|, |z1| < p, we obtain

[zo —boza| < (p—1)+ (p—1)> =p(p — 1) < p*,

which implies that a; = 1. Also, (4) gives

|£E2‘ _ ’1:0 —b0561| < p(p_ 1)

p p

=p—1.



Analogously, we conclude that a; = 1 and |x;| < p — 1 for all 1.

If 129 > 0, then |zo| = |boz1 + pxa| = bo|x1| + plae] > p, so we deduce
that 129 < 0 and, analogously, x;z;11 < 0 for « > 1. We see that the p-adic
continued fraction of ﬁ—(l) is infinite. Without loss of generality, we can take
x1 > 0,50 (—1)'z; <0 for all 4 > 1.

The equality |z1| = |z2|, together with ged(xy,z2) = 1 and zy29 < 0,
would imply x; = 1, 25 = —1, indicating that we have reached the periodic
part of the expansion.

For |z5| > |x1], we would have x5 < —z7 — 1 < 0 and

xo = bpxy + pro < boxy —pr1 —p = (b —p)r1 — P < —p

which is impossible. Thus, we conclude that for z;/zy # —1, the inequality
|za] < |z1], i.e. 0 < —x9 < x; has to hold. In the same way, we see that if
x;/xip1 £ —1, then |x; 4| < |2

Let k& > 0 be the largest integer such that zy/zr1 # —1, i.e. k+ 1 is the
length of the preperiodic part of expansion (e.g. we can count the partial
denominators in this part, including the zeroth by). Then |zg. 1| > 1, || > 2
and, in general, |z;| > k+2—iforall 1 <i<k+1.

From z;.5 = (x; — bjr;11)/p, we obtain

|25 + bi| w41 < P= 1+ bi(p—1)
p - p
1
P70 41
p

[ Tiqa| <
=b, +

and it follows that |z;,o| < b;. For 0 < ¢ < k, we have

which is what we wanted to prove.

Let us also note here that the partial denominator p — 1 can appear in
the preperiod only at the beginning. If b, = p — 1 for ¢ > 1, then z; .5 being
integer implies

0=z, — (p— Drip1 =2 + 241 (mod p),

so x;wir1 < 0 and |z, |zi1| < p imply z; + 2,01 = 0, i.e. x;/z;4 = —1 from
which 7 > k + 1. O

Recall that a variant of Sylvester’s sequence [5] is defined by sy = 1,
s$1 = 2, and
Sp = 3721—1 — Sp—1 + 1 for n > 1.
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Thus, the first few elements in the sequence are
so=1, 51 =2, s9=3, s3="7,84 =43.
It is easily shown that s, = 1+ HZ;& sy holds for n > 1.

Theorem 4. [If, for some n > 1, we have p = s,.1, then

[p_]-a (p:ps;il7p:p_512)i:1 n—1’

goeny

p:Etpip—s,+1,p:—1]

n

15 the p-adic continued fraction expansion Ofp+1' Here, for continued fraction
as in (1),
a; = 1 for 1<i<2n+1,
p—1 .
or 1<i1<n
for 1zism, (5)

bgi:p—sf for 0<i<n-—1,
b2n:p_8n+1'

bZi—l =

Proof. Starting with the fraction ug/u; = 1/(p—1), we show that the succes-
sive complete quotients in its p-adic continued fraction expansion are u/us 1
for ¢ € {1,2,...,2n — 1} where

p—1 D — S

and ug; = —
Si—l Si_]-

U2i—1 =

for i € {1,2,...,n}. We see immediately that

n

Ugi—1 = H s, and ug; = —ugi—1 + 1,
k=i

so ged(ug, upyq) = ged(upupyr,p) = 1 for all £ € {0,1,...,2n — 1}.
We only need to check that

ue prt _ —bouprr + uy
—— =bt g, e wge = ——
Up+1 ey b

holds for a1, by defined in (5) when ¢ € {0,1,...,2n —2}. For ¢ = 0 this is
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easy, while

—boiugi1 + ug
pa2i+1

Y

P Si1—1  si—1
_ (=D —s) +silp—si)
p<5i+1 - 1)
p—sit+s—1
B Sip1 — 1
P — Sit1
——— = Uiy
Sit1— 1

and

—bgi—1Ug; + Ugi—1

pa%

1 -1 — 5 -1
:_<_p .(_p )+p >
P S; s; — 1 s; — 1

p—1 p—1
= = = U2i+1

(Si_ 1)81 n Si+1 —1
forie{1,2,...,n—1}.

Thus, we have shown that ug,_1/us, is indeed a complete quotient of p%

Now, using p = s,41 = 52 — s, + 1, we obtain

Uon—1 51,1%11 . Sn
Uy, = s, 41
_ s p—1 p
© sp(—s, + 1) S —sp+1
p—1 p

so the tail of the continued fraction expansion of ﬁ is also as claimed
this theorem.

The largest currently known prime in the Sylvester sequence [1] is sg
3263443 for which we obtain
1

o [p—1p: 5 p:p—4,p: 5 pip—9,

p:p%l,p:p—49,p:z—31,p:p—1849,
p: L p:p—1806,p: —1].

12
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It is conjectured that there are no larger primes in this sequence, but already
the status of s33 is currently unknown [1].
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