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Abstract. For every prime p ≥ 7, we consider two classes of p-adic continued frac-
tion algorithms. We prove that every algorithm in these classes admits infinitely many
quadratic irrationals in Qp whose expansions are not eventually periodic. The first
class includes Ruban’s algorithm and Browkin’s first algorithm, and the second includes
Schneider’s algorithm and its balanced version. In all cases the representatives in Z[1/p]
modulo pZp may be chosen arbitrarily. The proof uses finite sets of quadratic irrationals
that are independent of the choice of representatives. The required quadratic irrationals
are constructed using Dirichlet’s theorem for Gaussian integers.

1. Introduction

The analogue of Lagrange’s theorem for p-adic continued fractions depends on the al-
gorithm chosen (see [15] for a survey). De Weger [9] and Ooto [12] gave nonperiodicity
criteria for Schneider’s algorithm [17] and Ruban’s algorithm [16], respectively. For every
prime p, these criteria yield quadratic irrationals whose expansions are not eventually
periodic. Capuano, Veneziano and Zannier [8] also gave an effective criterion for even-
tual periodicity of quadratic Ruban continued fractions. Browkin’s first algorithm [4]
is obtained from Ruban’s algorithm by choosing balanced residue representatives. The
analogous modification of Schneider’s algorithm gives the balanced version, mentioned in
[5, p. 1285] and studied in [13]. For Browkin’s first algorithm, explicit nonperiodic qua-
dratic irrationals were obtained in [14], and periodicity criteria and constructions with
prescribed periods are given in [2, 7]. In this paper, we consider two classes that include
all four algorithms and allow arbitrary choices of residue representatives. We prove that,
for every prime p ≥ 7 and every algorithm in either class, there are infinitely many qua-
dratic irrationals x ∈ Qp whose expansions are not eventually periodic. These numbers
can be chosen so that the fields Q(x) are pairwise distinct and each admits an embedding
into R.

Let p be an odd prime and put R = Z[1/p]. We consider any map a : Qp → R satisfying
(1) x− a(x) ∈ pZp, and a(x) = a(y) whenever x− y ∈ pZp.
Thus a chooses an arbitrary representative in R of each coset modulo pZp. In particular,
we do not require the normalization a(0) = 0 used in [4, §1] and [6, Definition 3.1].

The first algorithm defines the complete quotients xn by

(2) xn+1 = T0(xn), T0(x) = 1
x− a(x) .

Choosing the representatives in [0, p) gives Ruban’s algorithm, and choosing them in
[−p/2, p/2) gives Browkin’s first algorithm.
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The second algorithm is defined by

(3) xn+1 = T1(xn), T1(x) = ph(x)

x− a(x) , h(x) = vp(x− a(x)),

where vp is the p-adic valuation normalized by vp(p) = 1. After the first step of this
algorithm all complete quotients are p-adic units. Choosing 1, . . . , p − 1 as representa-
tives of the nonzero residue classes modulo p gives Schneider’s algorithm, while choosing
±1, . . . ,±(p− 1)/2 gives its balanced version.

An expansion is (eventually) periodic if the partial quotients a(xn) in (2), or the pairs
(a(xn), h(xn)) in (3), form an (eventually) periodic sequence. For a quadratic irrational,
both algorithms are defined at every step, and h(xn) ≥ 1 for the second algorithm. Algo-
rithms that alternate different residue conditions, including Browkin’s second algorithm
[5] and those in [11], are not covered.

Two numbers are GL2(R)-equivalent if one is obtained from the other by a fractional
linear transformation with matrix in GL2(R). For either algorithm, if the expansions of
two numbers reach a common complete quotient, they have a common tail and the two
numbers are GL2(R)-equivalent.

Theorem 1. For every prime p ≥ 7 and every map a satisfying (1), each of the algorithms
(2) and (3) admits infinitely many quadratic irrationals x ∈ Qp whose expansions are not
eventually periodic. These numbers can be chosen so that the fields Q(x) are pairwise
distinct and each admits an embedding into R. In particular, these numbers are pairwise
GL2(Q)-inequivalent, and hence pairwise GL2(R)-inequivalent.

For each algorithm, we consider a finite set of quadratic irrationals of negative norm
in a fixed GL2(R)-orbit. These sets are independent of a. We prove that if every matrix
in GL2(R) fixing the initial quadratic irrational has positive determinant, then eventual
periodicity for all elements of either set would force its cardinality to be divisible by 4.
We then choose the initial quadratic irrational so that every matrix in GL2(R) fixing it
has positive determinant. Using two involutions, we partition all but two elements of each
finite set into subsets of size four. Each finite set therefore has cardinality congruent to 2
modulo 4, so at least one of its elements has an expansion that is not eventually periodic.
The required arithmetic conditions are obtained using Dirichlet’s theorem for Gaussian
integers. The quadratic irrationals in the theorem are selected from these finite sets and
may depend on a and on the algorithm.

2. A nonperiodicity criterion

Let K be a quadratic extension of Q with fixed embeddings into Qp and R. We use the
same notation for elements of K and their images under these embeddings. For x ∈ K,
write x′ for its conjugate and N(x) = xx′ for its norm.

Fix z ∈ K \Q. For a matrix

G =
(
α β
γ δ

)
∈ GL2(R),

write
Gz = αz + β

γz + δ
.

Let O be the GL2(R)-orbit of z, i.e.

O = {Gz : G ∈ GL2(R)}.
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For the two algorithms, we consider the sets
Y0 = {x ∈ O : |x|p > 1 > |x′|p},
Y1 = {x ∈ O : |x|p = 1 > |x′|p}.

These conditions play a role analogous to reducedness for regular real continued frac-
tions. As shown in the proof of Proposition 3, an eventually periodic expansion for the
corresponding algorithm is purely periodic under these conditions. For Browkin’s first
algorithm, this implication was proved by Bedocchi [3, Proposition 3.2].

For ε ∈ {0, 1}, put
Y−ε = {x ∈ Yε : N(x) < 0}.

For fixed z, these sets are independent of the choice of a.
The discriminant of a quadratic irrational is that of its primitive quadratic polynomial

in Z[X].

Lemma 2. The discriminants of any two elements of O differ by a factor p2n, where
n ∈ Z. If x ∈ Y0 ∪Y1, then the discriminant of x is not divisible by p. Consequently, any
two elements of Y0 ∪ Y1 have the same discriminant.

Proof. Let f ∈ Z[X] be the primitive quadratic polynomial of z, and write x = Gz.
Multiplying G by a sufficiently large power of p does not change Gz, so we may assume
that its entries are integers. Since the units of R are precisely the numbers ±pj, j ∈ Z, the
determinant of this integer matrix is ±pk for some k ≥ 0. Solving x = (αz + β)/(γz + δ)
for z and substituting into f(z) = 0 shows that x is a root of

g(X) = (α− γX)2f

(
δX − β
α− γX

)
∈ Z[X].

Expanding the coefficients gives
disc(g) = (detG)2 disc(f) = p2k disc(f).

Reversing the substitution gives the polynomial identity

(γX + δ)2g

(
αX + β

γX + δ

)
= p2kf(X).

The coefficients on the left are integer linear combinations of the coefficients of g. Hence
the greatest common divisor of the coefficients of g divides every coefficient of p2kf . Since
f is primitive, this greatest common divisor divides p2k, so it equals pj for some j ≥ 0.
Dividing g by pj gives a primitive polynomial of x, whose discriminant is

p−2j disc(g) = p2(k−j) disc(f).
Thus discriminants in a GL2(R)-orbit differ by factors p2n, where n ∈ Z.

Now let AX2 + BX + C be the primitive polynomial of x ∈ Y0 ∪ Y1. Since x′ ∈ pZp,
the equation A(x′)2 +Bx′ + C = 0 gives p | C. If p | B, the equation satisfied by x gives

A = −B
x
− C

x2 ∈ pZp,

because 1/x ∈ Zp. Then p would divide all three coefficients, contrary to primitivity.
Hence p - B, and the discriminant B2 − 4AC is prime to p. Any two such discriminants
have ratio p2n, so they must be equal. �

Proposition 3. The sets Y−0 and Y−1 are finite. Suppose that every matrix in GL2(R)
fixing z has positive determinant. Let ε ∈ {0, 1} and assume that #Y−ε ≡ 2 (mod 4).
Then for every map a satisfying (1), some element of Y−ε has a Tε-expansion that is not
eventually periodic.
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Proof. For x ∈ Y−0 ∪Y−1 , let AX2+BX+C be the primitive polynomial of x. By Lemma 2,
its discriminant ∆ is independent of x. Since N(x) = C/A < 0, we have AC < 0 and
B2 < ∆, leaving only finitely many possible integers B. For each such B, the product
AC = (B2 − ∆)/4 is a fixed nonzero integer, so it has only finitely many integer factor
pairs. There are therefore finitely many possible primitive polynomials, each with two
roots. Hence Y−0 and Y−1 are finite. A similar finiteness argument for complete quotients
of negative norm appears in [7, Proposition 4.1 and Corollary 4.2].

For the remaining assertion, fix a map a satisfying (1) and an index ε ∈ {0, 1} with
#Y−ε ≡ 2 (mod 4). We first show that Tε preserves Yε. For x ∈ Yε, we have vp(x) ≤ 0,
whereas vp(x − a(x)) ≥ 1 and vp(x′) ≥ 1. The equality a(x) = x − (x − a(x)) therefore
gives vp(a(x)) = vp(x), and then vp(x′ − a(x)) = vp(x).

Since a(x) is rational, and the numerator ph(x) in the second algorithm is rational as
well, conjugating the defining formulas gives

(T0x)′ = 1
x′ − a(x) , (T1x)′ = ph(x)

x′ − a(x) .

For x ∈ Y0, we therefore obtain
vp(T0x) = −vp(x− a(x)) ≤ −1, vp((T0x)′) = −vp(x) > 0.

For x ∈ Y1, we have vp(x) = 0 and h(x) = vp(x− a(x)) ≥ 1, so
vp(T1x) = 0, vp((T1x)′) = h(x) ≥ 1.

For each x, the matrices (
0 1
1 −a(x)

)
and

(
0 ph(x)

1 −a(x)

)
represent fractional linear transformations sending x to T0x and T1x, respectively. Their
determinants are −1 and −ph(x), so both matrices belong to GL2(R). Thus both algo-
rithms preserve O, and the valuation conditions just proved show that each preserves the
corresponding set Yε.

We next prove injectivity. Suppose Tεx = Tεy, where x, y ∈ Yε. If ε = 1, their conjugate
images are equal as well. Since vp((T1x)′) = h(x), we have h(x) = h(y). Thus, for either
value of ε, equality of the images implies

x− a(x) = y − a(y).
In particular, x− y = a(x)− a(y) is rational, so conjugation fixes this difference. Hence

x− y = x′ − y′ ∈ pZp.
Condition (1) gives a(x) = a(y), and consequently x = y.

We use the usual contraction argument to show that an infinite expansion uniquely
determines its initial value for the algorithms considered here. Suppose that x0, y0 ∈
Yε have the same Tε-expansion, and let (xn) and (yn) be their respective sequences of
complete quotients. Thus a(xn) = a(yn) for every n ≥ 0, and for T1 we also have
h(xn) = h(yn).

For T0, subtracting the equalities xn = a(xn) + 1/xn+1 and yn = a(yn) + 1/yn+1, and
using a(xn) = a(yn), gives

|xn − yn|p = |xn+1 − yn+1|p
|xn+1|p |yn+1|p

≤ p−2|xn+1 − yn+1|p,

since both factors in the denominator are at least p. For T1, we have xn = a(xn) +
ph(xn)/xn+1 and yn = a(yn) + ph(yn)/yn+1. Using a(xn) = a(yn), h(xn) = h(yn) and
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|xn+1|p = |yn+1|p = 1, we obtain

|xn − yn|p = p−h(xn)|xn+1 − yn+1|p ≤ p−1|xn+1 − yn+1|p.

At any depth N , the equality a(xN) = a(yN) and condition (1) give |xN − yN |p ≤ p−1.
Iterating the corresponding inequality N times, with contraction factor at most p−1 in
either case, therefore yields

|x0 − y0|p ≤ p−N−1.

Since this holds for every N , we obtain x0 = y0.
We next show that any eventually periodic expansion arising from an orbit in Yε is

purely periodic. Suppose that the expansion is periodic with period r from index N
onwards. The expansions starting at xN and xN+r coincide, so the uniqueness just proved
gives xN = xN+r. Applying injectivity N times yields x0 = xr, and the expansion is
therefore purely periodic.

For x = Gz ∈ O, define
σ(x) = sgn(detG) sgn(x− x′),

where signs are taken in the fixed real embedding. If G1z = G2z, then G−1
2 G1 fixes z

and therefore has positive determinant by assumption. Hence detG1 and detG2 have the
same sign, so σ(x) is well defined. The matrix(

−1 0
0 1

)
∈ GL2(R)

represents the map x 7→ −x, which preserves Y−ε . Its determinant is negative, and
(−x)− (−x′) = −(x− x′), so σ(−x) = σ(x).

Subtracting the expressions for T0x and (T0x)′, and likewise for T1, gives

T0x− (T0x)′ = − x− x′

N(x− a(x)) , T1x− (T1x)′ = −p
h(x)(x− x′)

N(x− a(x)) .

Since both matrices representing the algorithms have negative determinants, these iden-
tities give
(4) σ(Tεx) = σ(x) sgn N(x− a(x)) = σ(x) sgn N(Tεx).
The last equality follows by taking norms in the defining formulas for T0 and T1, whose
numerators have positive norm.

Suppose, for a contradiction, that every element of Y−ε has an eventually periodic ex-
pansion. Each such element then lies on a cycle of Tε in Yε. By (4), the sign changes
precisely when the next complete quotient has negative norm. Hence the signs at suc-
cessive visits to Y−ε alternate, including the passage from the last such visit in a cycle
to the first. Each cycle therefore contains equally many elements of Y−ε with sign 1 and
with sign −1. Distinct cycles are disjoint, and their intersections with Y−ε partition this
finite set. Thus Y−ε itself contains equally many elements of each sign. Since negation
preserves the sign and has no fixed points, the number of elements of each sign is even.
Consequently, #Y−ε is divisible by 4, contrary to the assumption. �

3. Counting modulo 4

We now give arithmetic conditions that ensure the hypotheses of Proposition 3 for both
algorithms.

The following proposition is closely related to [14, Proposition 4].

Proposition 4. Let D > 1 be a squarefree integer not divisible by p. Suppose that



6 TOMISLAV PEJKOVIĆ

(i) there is exactly one pair of positive integers (u,A) such that
D = u2 + A2, p | A, gcd(A, 2u) = 1,

(ii) the equation X2 −DY 2 = −1 has no solution X, Y ∈ R,
(iii) D has a prime divisor ` such that ` ≡ 1 (mod 4) and the Legendre symbol

(
p
`

)
equals −1.

Choose s ∈ Qp with s2 = D and s ≡ u (mod p), and choose the real embedding of
K = Q(s) with s > 0. Put

z = u+ s

A
.

Then every matrix in GL2(R) fixing z has positive determinant. For the orbit O defined
by z, we have #Y−0 ≡ #Y−1 ≡ 2 (mod 4).

Proof. Since p divides A but does not divide D = u2 + A2, it cannot divide u. Hensel’s
lemma therefore gives the specified root s. The polynomial AX2 − 2uX − A is primitive
and has z as a root, so z has discriminant 4D and N(z) = −1. Put k = vp(A) ≥ 1. The
congruence s ≡ u (mod p) gives vp(u+ s) = 0, and (u+ s)(u− s) = −A2 then gives

vp(z) = −k, vp(z′) = k.

Thus z ∈ Y−0 and pkz ∈ Y−1 . By Lemma 2, every element of Y0∪Y1 has discriminant 4D.
We first show that every matrix in GL2(R) fixing z has positive determinant. Suppose

that H =
(
α β
γ δ

)
∈ GL2(R) fixes z. Then γz2 + (δ − α)z − β = 0. Comparison with the

primitive polynomial of z gives γ = Aθ, β = Aθ and δ−α = −2uθ for some θ ∈ Q. Since
gcd(A, 2u) = 1, an integer linear combination of Aθ and 2uθ equals θ, so θ ∈ R. Thus

H =
(
δ + 2uθ Aθ
Aθ δ

)
, detH = (δ + uθ)2 −Dθ2.

A negative determinant would have the form −pj with j ∈ Z. If j is even, multiplying
δ + uθ and θ by p−j/2 gives a solution of X2 − DY 2 = −1 in R, contrary to (ii). If j is
odd, reduction modulo ` gives (δ+ uθ)2 ≡ −pj (mod `), which is impossible because −pj
is a quadratic nonresidue modulo ` by (iii). Reduction is valid for elements of R since
` 6= p. Thus every matrix fixing z has positive determinant.

It remains to count Y−0 and Y−1 modulo 4. We use the map

ρ(x) = − 1
x′
.

To see that it preserves O, put J = ( 0 −1
1 0 ) and note that z′ = J−1z because N(z) = −1.

If x = Gz, rationality of the entries of G gives x′ = Gz′, so
(5) ρ(x) = JGJ−1z.

The matrix on the right belongs to GL2(R). Also N(ρ(x)) = 1/N(x), so negative norm is
preserved.
The set Y−0 . The map ρ preserves Y−0 because |ρ(x)|p = |x′|−1

p > 1 and |ρ(x)′|p = |x|−1
p < 1.

It is an involution and commutes with the map x 7→ −x. These two maps partition Y−0
into sets

{x,−x, ρ(x),−ρ(x)}.
Here x 6= −x, while ρ(x) = −x would give N(x) = 1, contrary to N(x) < 0. Thus a set
has four elements unless ρ(x) = x, which is equivalent to N(x) = −1.

For such a fixed point, the primitive polynomial with positive leading coefficient has the
form BX2− 2vX −B, with B > 0 and v ∈ Z. The middle coefficient is even because the
discriminant is 4D. Comparing discriminants gives D = v2 + B2, and v 6= 0 because D
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is not a square. Substitution of x′ ∈ pZp into the polynomial gives p | B, and primitivity
gives gcd(B, 2v) = 1. Condition (i) therefore yields |v| = u and B = A. The possible
roots are z, z′,−z,−z′, of which only z,−z satisfy the valuation inequalities defining Y−0 .
Hence there is one two-element set {z,−z} and all remaining sets have four elements.
This proves #Y−0 ≡ 2 (mod 4).
The set Y−1 . For x ∈ Y−1 , put t = vp(N(x)) = vp(x′) > 0 and define

ψ(x) = −p
t

x′
.

Equation (5) and multiplication by pt show that ψ(x) ∈ O. For y = ψ(x), we have

vp(y) = 0, vp(y′) = t, N(y) = p2t

N(x) < 0.

Thus y ∈ Y−1 , and vp(N(y)) = t. Since y′ = −pt/x, we have ψ(y) = x. The maps ψ and
x 7→ −x commute. As above, the sets {x,−x, ψ(x),−ψ(x)} have four elements unless
ψ(x) = x, because ψ(x) = −x would give N(x) = pt > 0.

A fixed point x of ψ has norm −pt and primitive polynomial BX2− 2vX −Bpt, where
B > 0 and v ∈ Z. Its discriminant gives D = v2 +ptB2. If t is odd, then −pt is a quadratic
nonresidue modulo `. Reducing this equality modulo ` forces ` | B and ` | v, contrary to
primitivity. Hence t = 2j for some j ≥ 1. Put ξ = p−jx, so vp(ξ) = −j, vp(ξ′) = j and
N(ξ) = −1. Multiplication by p−j preserves O, hence ξ ∈ Y−0 . The preceding calculation
of the fixed points of ρ gives ξ = ±z. Comparing valuations yields j = k, so x = ±pkz.
Both numbers belong to Y−1 and are fixed by ψ, so they form the only two-element set in
its partition. Hence #Y−1 ≡ 2 (mod 4). �

4. Construction using Gaussian primes

We use Dirichlet’s theorem for Gaussian integers [10], which is stated in modern no-
tation in [1, Theorem 5.15]. If m, τ ∈ Z[i] are relatively prime and m 6= 0, then there
are infinitely many Gaussian primes π with π ≡ τ (mod mZ[i]). A bar denotes Gaussian
conjugation, also on residue classes, and the norm of a Gaussian integer π is ππ.

4.1. A negative Pell equation.

Lemma 5. Let πj = αj + βji ∈ Z[i] for j = 0, 1, 2, where αj is odd and βj is even.
Suppose that qj = πjπj are distinct rational primes, all different from p, and that(

p

q0

)
= 1, q0 | β1, q0 | β2,

(
α0α1α2

q0

)
= −1.

Then X2 − q0q1q2Y
2 = −1 has no solution X, Y ∈ R.

Proof. A solution in R would, after clearing a minimal common power of p from the
denominators, give integers X, Y and k ≥ 0 satisfying
(6) X2 + p2k = q0q1q2Y

2.

If k > 0 and p | X, reduction modulo p gives p | Y , contrary to the minimality of k. Thus
X and pk are relatively prime for all k ≥ 0. Since each qj = α2

j + β2
j is congruent to 1

modulo 4, reduction of (6) modulo 4 shows that X is even and Y is odd. The Gaussian
integers X + ipk and X − ipk are relatively prime. Indeed, a common Gaussian prime
divisor would divide both 2X and 2ipk, and hence would divide 2 because X and pk are
relatively prime. The factor 1 + i is excluded by the opposite parities of X and pk.

Unique factorization in Z[i] applied to (6) therefore gives
X + ipk = ζ(α0 + η0β0i)(α1 + η1β1i)(α2 + η2β2i)(v + wi)2,
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where ηj ∈ {1,−1}, v, w ∈ Z, and ζ ∈ {1,−1, i,−i}. A rational prime that remains
prime in Z[i] cannot divide X + ipk, since it would also divide its conjugate X − ipk. For
each qj, exactly one of its two conjugate Gaussian prime factors occurs on the left. Its
exponent is odd, and all remaining prime exponents are even, which explains the displayed
factorization. Taking norms gives v2+w2 = |Y |, so v, w have opposite parity. The product
on the right without ζ has odd real part and even imaginary part. Comparison with the
left side yields ζ ∈ {i,−i}.

Since ζ = ±i, taking imaginary parts expresses pk, up to sign, as the real part of the
product on the right without ζ. Using q0 | β1, β2, we therefore obtain

(7)
pk ≡ ±α1α2

(
α0(v2 − w2)− 2η0β0vw

)
≡ ±α0α1α2

(
v − η0β0α

−1
0 w

)2
(mod q0).

Here α−1
0 denotes its inverse modulo q0, and the second congruence follows from β2

0 ≡ −α2
0

(mod q0). The factor in parentheses is nonzero modulo q0 because p 6= q0. Since
(
−1
q0

)
= 1,

the hypothesis on α0α1α2 shows that the right side of (7) is a quadratic nonresidue modulo
q0. The left side is a nonzero square by

(
p
q0

)
= 1, a contradiction. �

4.2. The construction. We now choose three Gaussian primes so that their product
gives the unique representation in Proposition 4(i). The congruence conditions imposed
on these primes will also ensure (ii) and (iii).

Proposition 6. For every prime p ≥ 7, there are infinitely many positive odd squarefree
integers D not divisible by p that satisfy all three conditions of Proposition 4.

Proof. Let n be the least positive quadratic nonresidue modulo p. Then n−1 is a nonzero
square modulo p, so we can choose an integer t such that t2 ≡ n − 1 (mod p). The
Gaussian integers

3 + 4i, 1 + ti, (4 + 3i)(1− ti)
have norms congruent modulo p to 25, n, 25n, respectively, so all three are invertible
modulo p. Both coordinates of 3 + 4i are nonzero modulo p because p ≥ 7. The same is
true for each of the other two Gaussian integers. A coordinate divisible by p would make
the norm a square modulo p, whereas their norms are quadratic nonresidues. A Gaussian
prime congruent modulo p to any of these three numbers therefore has nonzero real and
imaginary parts, and its norm is a rational prime.

Since 3 + 4i is relatively prime to 2p, Dirichlet’s theorem gives a Gaussian prime π0 =
α0 + β0i satisfying

π0 ≡ 3 + 4i (mod 2p).
Put q0 = π0π0 and choose a quadratic nonresidue g modulo q0. Next consider the two
systems of congruences

π1 ≡ 1 + ti (mod p), π1 ≡ α0g (mod q0), π1 ≡ 1 (mod 2),
π2 ≡ (4 + 3i)(1− ti) (mod p), π2 ≡ 1 (mod q0), π2 ≡ 1 (mod 2).

All congruences here are in Z[i]. The prescribed values modulo p are invertible by the
norm calculations above. The values α0g and 1 prescribed modulo q0 are invertible because
q0 - α0g, and both systems prescribe 1 modulo 2. Here q0 - α0 because q0 = α2

0+β2
0 is prime.

Since the integers 2, p, q0 are pairwise relatively prime, the Chinese remainder theorem
applies separately to the real and imaginary parts. Each system therefore determines
a single invertible residue class modulo 2pq0. Dirichlet’s theorem gives infinitely many
Gaussian primes in each class, so we can choose π1 and π2 satisfying the respective systems.
We may require the rational prime norms qj = πjπj to be distinct, since only finitely
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many Gaussian primes have any one prescribed norm. They are all different from p and
congruent to 1 modulo 4. Taking norms modulo p gives q0 ≡ 25, q1 ≡ n and q2 ≡ 25n
(mod p). Hence

(8)
(
q0

p

)
= 1,

(
q1

p

)
=
(
q2

p

)
= −1.

Put D = q0q1q2 and Π = π0π1π2, and set A = |Re Π| and u = | Im Π|. We have

Π ≡ (3 + 4i)(1 + ti)(4 + 3i)(1− ti) ≡ 25ni (mod p).

Also Π ≡ 1 (mod 2). Thus p | A, p - u, A is odd and u is even. Taking norms gives
D = u2 + A2. Since D is squarefree and greater than 1, neither A nor u is zero, and
gcd(A, 2u) = 1.

We verify uniqueness in condition (i). In any representation D = v2 + B2 with
gcd(B, 2v) = 1, the integer B is odd and v is even. Unique factorization in Z[i] shows
that B+vi is a unit multiple of a product obtained by choosing either πj or πj for each j.
The unit is 1 or −1, since i and −i would interchange the parities of the two coordinates.
Up to conjugating the whole product, it is enough to consider Π and the three products
obtained by conjugating just one factor. Indeed, conjugating two of the three factors is
equivalent to conjugating the remaining factor and then the whole product.

Suppose that replacing πj by πj also gave a product with real part divisible by p. Both
products would then be nonzero scalar multiples of i modulo p. All factors are invertible
modulo p, so dividing the two products and cancelling the unchanged factors would give

πj ≡ λπj (mod p)

for some integer λ not divisible by p. Both coordinates of πj are nonzero modulo p,
so comparison of the real coordinates gives λ ≡ 1 (mod p), while comparison of the
imaginary coordinates gives λ ≡ −1 (mod p). This is impossible because p is odd. Thus
only Π and its conjugate, up to sign, have real part divisible by p, proving that (u,A) is
the unique positive pair in (i).

Write πj = αj + βji for j = 1, 2. The congruences modulo 2 give the parities required
in Lemma 5, while those modulo q0 give q0 | β1, β2 and

α0α1α2 ≡ α2
0g (mod q0).

Since q0 - α0 and g is a quadratic nonresidue, this gives
(
α0α1α2
q0

)
= −1. Quadratic

reciprocity and (8) give (
p

q0

)
=
(
q0

p

)
= 1.

Lemma 5 proves condition (ii). Finally, we may take ` = q1 in (iii), because q1 ≡ 1
(mod 4) and

(
p
q1

)
=
(
q1
p

)
= −1. Keeping π0, π1 fixed and varying π2 gives infinitely many

distinct prime norms q2, and hence infinitely many such D. �

Proof of Theorem 1. Fix p ≥ 7 and a map a satisfying (1). For each D supplied by
Proposition 6, choose s, z as in Proposition 4. The hypotheses of Proposition 3 hold for
both algorithms, so it provides, for each algorithm, a quadratic irrational in Q(s) whose
expansion is not eventually periodic. By Lemma 2, all elements of Y−0 ∪ Y−1 have the
same discriminant 4D as z. A primitive polynomial of discriminant 4D has even middle
coefficient and can be written as cX2 − 2bX + (b2 − D)/c, with b, c ∈ Z. Since the
constant coefficient is an integer, we have c | D − b2, and primitivity means that the
three coefficients have greatest common divisor 1. The roots are (b± s)/c. Changing the
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signs of both b and c if necessary, we can express either root as (b + s)/c. Their norm is
(b2 −D)/c2, so it is negative precisely when b2 < D. Thus both sets are contained in

b+ s

c
:
b, c ∈ Z, b2 < D, c | D − b2,

gcd
(
c, 2b, D − b

2

c

)
= 1

 .
The set is finite because there are finitely many possible b and, for each of them, finitely
many signed divisors c of D−b2. It is independent of a, although the selected nonperiodic
number may depend on a and on the algorithm.

For every selected number x = (b + s)/c, the identity s = cx − b gives Q(x) = Q(s).
Since D > 0, this field admits an embedding into R. Distinct squarefree values of D
give distinct quadratic fields. A rational fractional linear transformation with nonzero
determinant preserves the field generated by an irrational number, since its inverse is
again a rational fractional linear transformation. Thus the quadratic irrationals obtained
from different values of D are pairwise GL2(Q)-inequivalent, and hence pairwise GL2(R)-
inequivalent. �

The construction requires a residue class for π0 whose coordinates are nonzero modulo
p and whose norm is a nonzero square modulo p. The class of 3 + 4i has these prop-
erties for every prime p ≥ 7. No such class exists for p = 3 or p = 5. We leave open
whether the conclusion of Theorem 1 extends to p = 2, 3, 5 for arbitrary choices of residue
representatives.
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