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Tomislav Pejkovié

Abstract

We study a balanced version of Schneider’s p-adic continued fractions for odd primes p.
We establish a folding lemma, prove bounds for the length of rational number expansions,
and determine the possible lengths of expansions of rational integers. The folding
construction is then applied to signed lacunary series, yielding their p-adic irrationality
exponents. Finally, we explicitly construct a non-periodic balanced Schneider’s 3-adic
continued fraction whose full sequence of convergents also converges in the reals and
whose real and 3-adic limits are transcendental.

1 Introduction

Schneider’s p-adic continued fraction algorithm is one of the classical continued fraction
algorithms in the field of p-adic numbers [12, 13]. In its usual form, the partial denominators
are chosen from the least positive residue system {1,...,p — 1}. For rational inputs the
algorithm need not terminate; this phenomenon was already observed by Bundschuh [3] and
has been studied further in several later works [5, 8, 9, 10].

Inspired by the use of symmetric representatives in Browkin’s modification of Ruban’s
algorithm [1], we consider a balanced variant of Schneider’s algorithm. Throughout, p is an
odd prime and R, = {—(p—1)/2,...,—1,1,...,(p — 1)/2}. Thus the representative of a
p-adic unit modulo p is chosen symmetrically around zero.

There are two main advantages compared with the usual form of Schneider’s algorithm.
First, every rational p-adic unit has a finite balanced expansion; in Section 3 this will follow
from a height estimate. Second, the symmetric set of representatives gives a simple folding
lemma, proved in Section 2. There are also some disadvantages. We must exclude p = 2, and
the signs of the partial denominators obstruct the kind of lower bounds for the real sizes of
the numerators and denominators of the convergents that are available in the positive setting,
compare our Theorem 4.1.

For a reduced rational number x = u/v, we write H(z) = max{|u|,|v|}. Since the
balanced expansion of z is finite, we denote its length by ¢,(x). In Section 3 we prove that
ly(x) <1+ log, H(x), where 7 > 1 is the positive root of 72 + (p — 1)7/2 = p. We also give
explicit examples with long expansion.

A natural question is to compare two notions of length for rational numbers: the length
of the usual real continued fraction expansion and the length of the balanced Schneider’s
p-adic continued fraction expansion. The analogous comparison for the usual Schneider’s
p-adic continued fractions was studied in [11]. Several constructions from that setting transfer
directly to the balanced algorithm, whenever all partial denominators used in the usual
Schneider expansion already belong to R,. The case where the real continued fraction
expansion has bounded length, whereas the p-adic continued fraction length is long, does not
transfer in this way. In the usual setting it is obtained from finite expansions with all partial
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denominators equal to p — 1, which are not allowed in R,,. In Section 4 we prove a stronger
balanced substitute. If p > 3, then for every L > 1 there exists a positive integer z such
that £,(z) = L. Thus the ordinary real continued fraction expansion has length 1, while the
balanced Schneider’s length can be arbitrary. The proof uses two explicit infinite balanced
expansions, producing integer convergents of all odd and all even lengths. For p = 3, the
possible lengths are precisely the positive integers not divisible by 3.

Section 5 applies the balanced folding lemma to lacunary p-adic series. Bugeaud and
Pejkovi¢ [2] proved that, if (¢,) is a sequence of positive integers such that c¢,+1 > 2¢,
for all sufficiently large n, then the p-adic irrationality exponent satisfies u(>",~qp) =
lim sup,,_, . ¢n+1/¢n. Using the balanced folding lemma, we give a direct p-adic continued
fraction proof of the extension with coefficients +1.

The purely periodic expansion [1,p: 1,p: 1,...] already gives a simple case in which the
convergents also converge in the reals, with real limit (1 + /T + 4p)/2. In Section 6 we give a
non-periodic example by constructing a folded balanced Schneider’s 3-adic continued fraction
expansion whose partial numerators are all equal to 3. Its full sequence of convergents also
converges in the reals. The real and 3-adic limits are explicitly described, and both are
transcendental.

2 Balanced continued fractions and a folding lemma

Recall that R, ={—-(p—1)/2,...,—-1,1,...,(p — 1)/2}. Let | - |, denote the p-adic absolute
value, normalized by |p|, = p~ L. Let a be a p-adic unit, that is a € Z;, and put ag = a.
Once ay, € Z,; is defined, let b, be the unique element of R, congruent to o, modulo p. If
Q= by, the algorithm terminates. Otherwise let a,4+1 > 1 be the unique integer such that

lap, —bplp = p~*+1, and put oy4q = p*+1/(ay, — by). This gives a finite or infinite expansion
o = [b07pal : blapa2 : b2a .. ']7

which we call the balanced Schneider’s p-adic continued fraction expansion of a. A finite
expansion is evaluated by

@ = [bo’pal :blw"?pan bn] = by + Wy
by + ———-

and its length is denoted by £,(a) = n + 1. For such an expansion we define convergents
Pj/Q; by
Py=1, Py=by, QR-1=0, Qo=1, (1)
and, for j > 1,
Pj = b;Pj_1 + p“ Pj_a, Qj =b;Qj—1 +pYQj-2. (2)
Then
_ b
Qj
Every finite expression [bg, p® : b1,...,p" : by], with b; € R, and a; > 1, is the balanced
expansion of its value. Indeed, each tail beginning with b; is of the form b; 4+ p®+! /u, where
u € Z,, except for the last tail, which is equal to b,. Hence the algorithm recovers the
displayed partial denominators (b;)o<j<n, and exponents (a;)i<j<n.
As in the case of usual Schneider’s p-adic continued fractions, the recurrence relations give

PiQj-1 — Pj1Qj = (-1 Tlpm Tt (j > 1), (3)

[bo,pal : bl, e ,paj : bj]



see [8]. Also, p{ P;Q; for every j > 0. This follows by induction from
Pj=b;Pj1 (modp),  @;=0b;Q;j-1 (modp),

since b; € R,.
For an infinite balanced expansion, the convergents converge in Q,. More precisely, if
a = [by,p™ : by,...] and P;/Q; is its j-th convergent, then, using (3) as in [8], we obtain

P
a_ij

Qj

= p(attajp) (4)
P

Lemma 2.1 (Balanced folding lemma). Let m > 1, and let

Qm’

where b; € Ry. Then, for every positive integer t and every ¢ € Ry,

[bOapal : bl) s 7pam : bm}

[bo, p™ @ b1,...,p b, P! e, pt (=bm), P : (=bm—1),..., 0" : (=b1)]

Pm pal+"'+am+t
= —+(-1)"— )
o TV, )
Proof. A direct induction using the denominator recurrence gives
[_bmapam : <_bm—1)7 s 7pa2 : (_bl)] = - Qm .
Qm—l
Hence the complete quotient beginning with c is
[e,p" : (b)), p™™ : (=bm_1),..., 02 : (=b))] =c—p' Qm*l.
Qm
The recurrence formulas give the linear fractional identity
P, + pth—l
boys - o PO b, Pl ] = .
oo
Substituting z = ¢ — p'Qum-1/Qm, by (3), we obtain
CPm +pt(Pm—1Qm - PQO—l)/Qm . Pm mpa1+---+am+t
= 2y
CQTI‘L Qm ch
This gives precisely the claimed identity. O

3 Length and height

The finiteness of the balanced Schneider’s continued fraction expansion for rational numbers
can be proved by a direct descent argument, analogous to the one in Miller’s dissertation [7,
Theorem 19]. We shall instead deduce it from the stronger height estimate below.

Theorem 3.1. Let 7 > 1 be the positive root of

—1
7'2+p2 T =Dp. (6)




Equivalently,

__ VP A lptl-pl
= 1 :

Every x € QN Z) has a finite balanced Schneider’s continued fraction expansion. If £y(x)
denotes its length, then

H(z) > %@~
Thus

log p

< =
lp(z) <1+log, H(x) =1+ log 7

log, H(z).

Proof. Let u/v € QN Z,; be written in lowest terms, and put W (u/v) = max{|ul, 7|v[}.
Suppose that the algorithm does not terminate at u/v, and let b € R), and a > 1 be the next
partial denominator and exponent. Now u — bv = p®w, where w is an integer not divisible by
p and ged(v,w) =1, so

a

p
v/w

E:b+
v

and the next complete quotient is v/w, written in lowest terms.
We claim that
W(u/v) > 1W(v/w). (7)

If |v| > 7|w|, then W (v/w) = |v|, and so W (u/v) > 7|v| = W (v/w). If |v| < 7|w], then,
using |b| < (p—1)/2 and a > 1,

p—1 p—1
ul = oo+ 5wl = phuf = 25 ol 2 (p= P50 ul = ol

Since W (v/w) = 7|w| in this case, this again gives W (u/v) > 7W (v/w).
Now let x € QN Z). If the algorithm did not terminate, then starting with ap = z all
complete quotients a; would satisfy W(a;) < 777W(ap) by (7). Since W(a;) > 7, this is
impossible for large j, so the expansion of x is finite.
Let its length be m. The last complete quotient is by,—1 € Rp, so W(am—1)
max{|bpm_1],7} > 7. Iterating (7) backwards and using W (z) < 7H(x), we obtain 7H (x)
W(x) > 7™ YW (ay,—1) > 7™, hence H(x) > 7™~ L. This proves the theorem.

v

The next result gives a family of rational numbers for which the length of the balanced
Schneider’s p-adic continued fraction expansion grows at least linearly in log, H.

Proposition 3.2. For k> 1, let

&=[-Lp:1L,p:—1Lp:1,...;p:—1,p:1],

where all partial numerators are equal to p, and the partial denominators —1 and 1 each occur
k times. Then £,(&) = 2k and
4p k

H(&) < wp .

Consequently,

p(&k) = 2log, H(&k) — 2log,, (%) :

Proof. Write &, = Ay /By in lowest terms. The recurrence

Epp1 = —1+
1+ 2
k



gives
Apr1 = (p— 1A —pBr,  Bri1 = Ap +pBy,
with A1 =p — 1 and By = 1. Hence
Biy2 = (2p — 1)Bey1 — p°Bg.

The characteristic roots are

N 2p— 1+ 4/4dp—1
:t:

2 7
so |[Ax| =pand Ay — A_ =iy/4p — 1. A direct check gives
Ak _ )\k
B = ¥’
Ap — Ao
whence )
2p
Bl < ——.
=T
Since Ay = By11 — pBy, we obtain
4pk+1
|Ag| < —.
Vap — 1
The stated height estimate follows. O

The following elementary estimate is included to make the constants in the bounds on
length in Theorem 3.1 and Proposition 3.2 easier to compare.

Proposition 3.3. Ifp > 7, then
6
2—--<T<2
p
Consequently,

logp logp logp
< .
log2 " logT log(2—6/p)

For the two remaining small primes one has

Vi3 -1 1
Fo Y371 083 | 4154
2 log T

when p =3, and

log 5
=61, 982 ~ 4.336
log T

when p = 5.

Proof. The upper bound 7 < 2 follows from

VPR 4+ ldp+1<p+T7.

24\2  48(Tp — 12
p2—|—14p+1—(p—|—7—p) _ 8 =12)

p2
24
\/p2+14p+1>p+7—?,

and the explicit formula for 7 gives 7 > 2 — 6/p. The displayed estimates for p =3 and p =5
follow by substitution in the same formula. O

For p > 7 we have

Therefore

ot



4 Lengths of balanced expansions for integers

After the general height estimates, we turn to examples comparing two lengths attached to
a rational number, namely the length of its balanced Schneider’s p-adic continued fraction
expansion and the length of its ordinary real continued fraction expansion. The analogous
comparison for usual Schneider’s p-adic continued fractions was studied in [11]. Some of
the constructions from that paper transfer directly to the balanced setting, namely those
in which all partial denominators already belong to R,. The case which is not covered by
this transfer is the construction of rational numbers with long p-adic expansions and real
continued fraction expansions of length at most 3. In the usual Schneider setting this is
obtained by using partial denominators equal to p — 1, which are not allowed in the balanced
algorithm. We prove instead the stronger statement that, for p > 3, every prescribed positive
length occurs as the balanced Schneider’s p-adic expansion length of a positive integer.

Theorem 4.1. Let p > 3 be a prime. For every L > 1 there exists a positive integer z, not
divisible by p, such that {,(z) = L.

Proof. Put ¢ = (p — 1)/2. Since p > 3, the elements 1,2, -2, ¢, —c all lie in R,,.
First consider the infinite balanced expansion

a=[Lp:ep:—2p:e,p’:—2p:e,p:—2,..],

where after by = 1 the block p : ¢, p" ! : —2 is inserted for n = 0,1,2,.... Let P;/Q; be its
convergents. We claim that, for every n > 0, one has Q2, = 1 and Qo241 = (p"*! —1)/2.

The case n = 0 is clear. If Q2, =1 and Q2,1 = (p" — 1)/2, then
n+1 _ 1
Q2n+1 = cQ2n + pQan—1 = 5

and
Qania = —2Qont1 + " Qo = 1.

Thus every convergent P, /@2, is an integer, and it has length 2n + 1. This realizes all odd
lengths, at least up to a possible change of sign.
For even lengths, consider the infinite expansion

B=[Lp:1L,p:—c,p:=2,p:c,p*:2,p: —c,p>: =2,p:c,pt:2,.. ]

Equivalently, a; = 1, by = 1, and for n > 1 we take ag, = 1, ba, = (—1)"¢, agn4+1 = n, and
bant1 = 2(—1)". Again, let P;/Q; be the convergents of 3. We claim that, for every n > 1,
pr+1

Qo= (=" Qu="F—

For n =1 this gives @1 =1 and Q2 = —c+p = (p+ 1)/2. Suppose that the assertion holds
for some n > 1. Then

Qon+1 =2(—1)"Q2n + p"Qon—1 = (—1)",

and 11
Pttt
Qaniz = (—1)"eQani1 +pQon = .
This proves the claim by induction. Hence every convergent Pa,_1/Q2,—1 is an integer, and
it has length 2n. This realizes all even lengths, again up to sign.



It remains only to obtain positive integers. If z = [by, p®* : by, ..., p"™ : by], then

—2z = [=bo, p™ : (=b1),...,p" : (=bm)]

is a balanced expansion of the same length. Thus, whenever one of the integers constructed
above is negative, replacing all partial denominators by their negatives gives a positive integer
of the same balanced length. Since all convergents of a balanced expansion are p-adic units,
the resulting integer is not divisible by p. O

The proof gives a little more than the mere realization of lengths.

Proposition 4.2. Let p > 3. There is an infinite balanced Schneider’s p-adic continued
fraction for which every second convergent is an integer. This is best possible, in the sense
that, apart from the initial pair, two consecutive convergents of a balanced expansion cannot
both be integers.

Proof. The expansion « in the proof of Theorem 4.1 satisfies Q2, = 1 for every n > 0, so
each even-indexed convergent is an integer.

Conversely, suppose that two consecutive convergents P;/Q; and Pji1/Qj+1, with j > 1,
are integers. By (3) and the fact that @; is a p-adic unit, we have ged(P;, Q;) = 1 for every
i. Since Pj/Q; and Pj11/Qj4+1 are integers, this forces Q; = £1 and Q;4+1 = £1. From the
recurrence

Qjt+1 =bj+1Q; +pY Q-1
we get

PN Q1 = Qjt1 — bj11Q;.
The right-hand side is an integer of absolute value at most 1 + (p — 1)/2 < p. Since it is
divisible by p, it is zero. Hence @;_1 = 0, impossible for j > 1. Thus no two consecutive
convergents from index 1 onward can both be integers. Hence the construction above is best
possible. ]

For p = 3, the statement of Theorem 4.1 no longer holds, but the set of possible lengths
can still be described exactly.

Proposition 4.3. Let p = 3.

(i) If a positive integer has a balanced Schneider’s 3-adic continued fraction of length L,
then 31 L.

(ii) Conwversely, for every positive integer L with 31 L, there exists a positive integer z such
that ¢3(z) = L.

Consequently, the set of lengths of balanced Schneider’s 3-adic continued fractions of positive
integers is exactly N\ 3N.

Proof. For p = 3 one has Rg = {—1,1}.
Proof of (i). Let
z = [bg, 3% : by,...,39 1 by

be a positive integer. The case n = 0, i.e. L = 1, is immediate, so we may assume n > 1.
The denominators satisfy Q; = b;Qj—1 +3%Qj—2 = Qj—1 + Qj—2 (mod 2), because b; and
3% are odd. Thus Qo, Q1,Q2,Qs,...=1,1,0,1,1,0,... (mod 2).

Since z = P, /Q, is an integer, we have @, | P,. By identity (3), every common divisor
of P, and @Q,, divides a power of 3. Since @, is not divisible by 3, it follows that @Q,, = +1.
Hence @, is odd, so n # 2 (mod 3). The length is L = n + 1, and therefore 3 { L.



Proof of (ii). The length 1 is realized by the integer 1. We shall construct integers whose
balanced Schneider’s 3-adic continued fraction expansions have lengths 2 + 3m and 4 + 3m
for every m > 0.

We first record the denominator step used in both constructions. Suppose that a finite
balanced Schneider’s 3-adic continued fraction expansion has last two denominators Q1 = v
and @, = 1. If we continue this expansion by the three pairs 3 : (—=1), 3" : 1, 3: (—1), then
the next denominators are

Quii=30—1, Qnia=30—1+3",  Qnuz=6v—2-3".

Thus, if 3" = 6v — 3, then Q12 = 9v — 4 and Q43 = 1.
For lengths congruent to 2 modulo 3, start with

[—1,3:1].

It has length 2 and last two denominators Qo = 1, Q1 = 1. Suppose that, for some m > 0,

we have constructed an expansion of length 2 4+ 3m whose last two denominators are

32m 41
2 9

Continue it by 3 : (=1), 3™ . 1, 3 : (=1). Since 3?1 = 6(32™ + 1)/2 — 3, the step

explained above gives an expansion of length 2 4+ 3(m + 1) whose last two denominators are

Q3m = Q3m+1 = 1.

32m+2 +1

Q3m+3 = 9 s Q3m+4 =1.

Hence every length 2 + 3m is obtained.
For lengths congruent to 1 modulo 3, apart from length 1, start with

[1,3:1,3:(-1),3:(-1)].

It has length 4 and last two denominators Q2 = 2, Q3 = 1. Suppose that, for some m > 0,
we have constructed an expansion of length 4 4+ 3m whose last two denominators are

32m+1 4 1

2 b
Continue it by 3 : (1), 327+2 : 1, 3: (—1). Since 3?™*+2 = 6(32™+1 4 1)/2 — 3, the same step
as before gives an expansion of length 4 + 3(m + 1) whose last two denominators are

Q3m+2 = Q3m+3 = 1.

32m+3 +1

Q3m+5 = 5 , Q3m+6 = 1.

Hence every length 4 4+ 3m is obtained.

In all these cases the last denominator is 1, so the value is an integer. Finally, changing
all partial denominators to their negatives changes the value to its negative and preserves the
length. Thus, if one of the constructed integers is negative, replacing all partial denominators
by their negatives gives a positive integer of the same length. This completes the proof. [

5 p-adic numbers with prescribed irrationality exponent

We now apply the folding lemma to a signed lacunary series

ge,c = Z 5npcna En € {_L 1}~

n>0



For a p-adic irrational number &, its irrationality exponent is

(&) = sup {u : ‘{ - % < H(a/b)™* for infinitely many a/b € Q} .

p

Adding a rational number to ¢ does not change p(§).
We shall use the following elementary approximation lemma.

Lemma 5.1. If z and y are distinct rational numbers, then

1
b 2 G

Proof. Write x = a/b and y = m/n in lowest terms. Then

| | an —bm > | bl > | b ! > 1
r—ylp=|————| >l|an—bm|, > |an —bm|" > ——F—,

P bn |, P 2H (x)H (y)
since |bn|, <1 and an — bm is a nonzero integer satisfying |an — bm| < 2H (z)H (y). O

The next criterion gives an upper bound for the p-adic irrationality exponent from
controlled rational approximants.

Lemma 5.2. Let £ € Q, let (z1) be a sequence of distinct rational numbers, and let (My)
be a sequence of positive real numbers tending to +o0o. Assume that, for some 0 <n < 1, one

has
M} < H(zy) < M

for all sufficiently large k, and that
€ —aply = M

for a sequence (0y) satisfying iminfy_, o 0 > 1+ n. Then

.. . log M1
w(é §max{ limsup 0y, 1 + (1 + n) lim sup }
© 1= koo ( ) k—oo (O —1—n)log M,
Proof. We use a standard gap argument. If the maximum on the right is infinite, there is
nothing to prove. Otherwise, let 7 be larger than this maximum. Then (1 — n)7 > lim sup 0,
and hence, for all sufficiently large k,

€ — aply = M % > MU > H ()T

Thus only finitely many of the approximants zj, satisfy | — x|, < H(zg)™".

It remains to exclude the rational approximants which do not occur in the sequence
(zx). Suppose, to the contrary, that there are infinitely many such rational numbers y with
|€ —ylp, < H(y)”". We may take y with arbitrarily large height. Let k be the largest index
such that

@MY < H(y).

Then k — oo as H(y) — oo, and the maximality of k gives
H(y) < @MY,

The defining inequality for k also gives

1 1

€ —ylp <H(y) " < oMITTH (y) = 2H (z)H (y

) S ’xk - y|Pa

9



where the last inequality is by Lemma 5.1. By the ultrametric inequality,

1 -
s Sk — ylp < max{|§ — alp, [§ —ylpt = [§ — zplp = M "

Using H (zx) < M,iJr” and the upper bound for H(y), we get

1

O —1— —
SM T < H(y) < (M )Y,

Taking logarithms gives

log 2 + (1 + ) log My

(0x — 1 —mn)log My —log2 < 1
P

Equivalently,
(14 n)log My+1 + 7log2
(Qk —1- T]) IOng

Taking the limsup along these indices k, using liminf 8, > 1 + n and M} — +oo, gives

T<1+

log My41

7 <1+ (1+mn)limsup ,
1+ k—oo (O —1—n)log M,

contrary to the choice of 7. Therefore only finitely many rational numbers y satisfy |£ —y|, <
H(y)~7. Since this holds for every 7 larger than the displayed maximum, the asserted upper
bound follows. O

Theorem 5.3. Let p be an odd prime, let (ey,)n>0 be a sequence of elements in {—1,1}, and
let (cn)n>0 be a sequence of positive integers such that

Cnt1 = 20,

for all sufficiently large n. Then

7 (Z €npcn) = limsup "

n>0 n— 00 Cp

Proof. Let
Cn+1

L = limsup
n—00 Cn

and fix 0 < n < 1. Deleting finitely many initial terms and adding a rational number do not
change the irrationality exponent, nor the limsup L. We may therefore assume that cq is
sufficiently large for the estimates below and that c,+1 > 2¢, for all n > 0. It suffices to
prove the result for

§=1+ Zgnpcn‘

n>0

For n > 0, we construct a finite balanced Schneider’s p-adic continued fraction expansion
Z, such that

n
Zn=1+ ngpck-
k=0

Start with
Zy = [l,pco : 60] =1+ €0pco.

10



Suppose that

n
Zn = [bo, ™ b1y ., p%™ by =14 Zekpc’“,
k=0

that a1 + - - 4+ am = 2¢, — ¢p, and that m is odd. Put t = c,,41 — 2¢, + g, so that £ > ¢g > 1,
and fold Z,, with central partial denominator —&,1. Since Z, is an integer, the denominator
of its last convergent is +1, so the factor 2, appearing in Lemma 2.1 equals 1. As m is odd,
the lemma shows that the extended expansion, which we denote by Z,, 1, satisfies

Zn+1 = [bo, p™* by, ..., p*™: bm,pt : —€n+1,pt s =bm, P —bp—1, ..., D" 0 —by]
n+1

n
=1+ Z exp™ + e pn Ot =1 4 Z eLp°*.
k=0 k=0

The exponents of p in the partial numerators of Z,y; sum to 2(2¢,—co)—co+2t = 2¢p41—cp,
because the first exponent remains c¢g. Their number is 2m + 1, again odd. Thus the
construction gives the required finite expansions Z,, for every n.

Since, at each step, the continued fraction for Z, ;1 extends that for Z,, these finite
continued fractions are initial segments of an infinite balanced Schneider’s p-adic continued
fraction expansion. The convergents obtained at the ends of these segments are the rational
numbers Z,, = 1 4 > 1'_qe,p°, which tend to £ in Q. Hence the infinite continued fraction
expansion represents &.

Let P;/Q; be its convergents, and define

Ao =0, A2r41 = a1+ a3 + -+ + aget1, Agr = az +aqg + -+ agy.

With A_{ = 0, we have a; = )\j — )\jfg and a1 + -+ Aj+1 = /\j + )\j+1.

We next consider the initial part of (A;) up to and including the convergent equal to Z,.
Denote this finite list by A,,. For n =0, we have Ag = (0, ). Suppose that, for some n, the
corresponding list is

An:()\o,)\l,...,)\m), O=X< M << Ay =0y

After applying the folding step from Z, to Z,11, the new exponents are t,t, ¢, Gm—1, - - ., a2.
Since the sum of the exponents of p in the partial numerators of Z,, is 2¢,, — cg and A\, = ¢y,
the other parity sum is A;,—1 = ¢, — ¢g. Hence the first two new entries of ()\j) are

)\m—i-l =Ap—1+t= Cn+1 — Ams )\m+2 = A+t = Cn+1 — Am—1-

For the remaining reflected exponents a,, @y—1, ..., a2, the relation a; = A\; — A\j_o gives
the same pattern successively. Thus the entries added to this list, up to and including the
convergent equal to Z,1, are

Cntl — Amy Cntl — Am—15- -+, Cntl — A1, Cpl

Thus
An+1 == ()\07)\17 e 7)\mvcn+1 - )\macn—&—l - )\m—h vy Cpt1 — >\17C7’l+1)-

The added entries are nondecreasing in this order, and the first of them satisfies c¢,11 — Ay =
Cn+1 — Cp > Cp = A Hence the enlarged list is again nondecreasing and ends in ¢,41. This
proves by induction that ();) is nondecreasing and tends to infinity.

It remains to determine the limsup of the ratios Ajy1/A;, with j > 1. We use the gaps
between consecutive entries of the lists A,,. If v and u + d are consecutive entries in some A,
we call d the corresponding gap. For u > 0, the associated ratio is (u + d)/u = 1+ d/u.
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From the displayed form of A,,4+1 in terms of A,,, the gaps in A, 11 are the old gaps from
A,,, then the new junction gap ¢,4+1 — 2¢,, and then the old gaps again, in reverse order.
Hence every gap which occurs in the construction is either the initial gap cg, or one of the
gaps di := cx11 — 2¢, k > 0.

The gap d,, = cpt+1 — 2¢y, first occurs with left endpoint ¢,. It therefore gives the junction

ratio

1+di: Cn+1 — Cn _ Cn+1 1
Cn Cn Cn

These ratios occur in the sequence (\j11/A;). Hence
)\ .
limsupLl >L—1.
Jj—o0 J

We prove the reverse inequality. If L = 400, there is nothing to prove. Assume L < 400,
and fix 0 > 0. Choose K such that
Ck+1
Ck

- 1<L-1+49¢

for all £ > K.

First consider a ratio arising from a gap di = cp4+1 — 2¢ with £ > K. Every occurrence
of this gap has left endpoint at least c¢;. Indeed, the first occurrence has left endpoint ¢y,
and later occurrences are obtained either by retaining an occurrence already present or by
reflection; in the reflected case the left endpoint is at least ¢,41 — ¢, > ¢ > cg, if the
occurrence is introduced in the passage from A, to A,y1. Therefore every ratio arising from
this gap is at most

d
1+ =% 14
Ck Ck
It remains to consider the finitely many gaps cg, dy, d1,...,dx_1. The ratios arising from

occurrences of these gaps already present in the fixed finite list Ax contribute only finitely
many terms. Any occurrence of one of these gaps which is introduced after Agx appears in a
reflected part. If it is introduced in the passage from A, to A,41, then its left endpoint is at
least ¢y 11 — ¢ > . Since the gap belongs to a fixed finite set and ¢, — 400, all such later
ratios tend uniformly to 1. Since L > 2, we have L — 1 > 1, and therefore all sufficiently late
ratios of this kind are at most L — 1 + 0.

Thus, apart from finitely many ratios, every ratio Aj;1/\; is at most L — 14 6. Hence

s
limsup]——f1 <L-1+0.

Jj—roo J

Letting § — 0, and combining this with the lower bound from the junction ratios, gives

s
lim sup ;H = limsup (an - 1) =L-1 (8)

Jj—00 i n—oo Cn,

We next estimate the heights of the convergents. Put R; = max{|P;|,|Q;|}. By (3),
and because neither P; nor @); is divisible by p, the integers P; and (Q; are coprime, so
H(P;/Q;) = Rj. We claim that

Rj < Fjap™, (9)
where Fy = 0, F1 = 1, and Fjy9 = Fj11 + F;. This is clear for j = 0,1. For j > 2, the
recurrences, |bj| =1, a; = Aj — \j_2, and the monotonicity of (\;) give

Rj < Rj1+p“Rj o < Fjaph—t + Fyp"i-2 < Fjoph,

12



All exponents of p in the partial numerators of the constructed continued fraction expansion
of £ are at least cg, and hence \; > jco/2 for j > 1. Taking cg sufficiently large, (9) gives

" <Pj> = R; < pl!t1/2% (10)
J

for all j > 1.
Conversely, identity (3) gives
P = |PQj1 — PioaQyl < 2R;R;-1.

Using (10) for R;_1, and then Aj_; < A;, we obtain

R > sph=m/2x > Lo
2 2
Hence, for all sufficiently large 7,
I <PJ> < p+mA; (11)
J
By (4),
£— i) = p~ it = (p/\j)_(l‘f‘)\jJrl/)‘j)'
Qjl,

Apply Lemma 5.2 with z; = P;/Q;, M; = pY, and 0; = 14 X\j11/)j, after discarding the
initial index with A\; = 0. From (8) we get limsup 6; = L. Moreover, since A\j11/A; > 1,

. log M1 1+n
1+ (1+n)limsu J <14 -—-.
(L+m) joe (05— 1= 1) log M 1—n

Lemma 5.2 therefore gives

L 1+m7 }
< — 14+ —.
(€) < max { T 1+ 1
If L < 400, then letting 7 tend to 0 gives u(§) < L, since L > 2. If L = +o0, the desired
upper bound is void.
For the reverse inequality, use the rational integers 1+ 7, exp®. Since c,q1 > 2¢,, the
last real term dominates the preceding ones, so for every n > 0 and all sufficiently large n,

n
p(l—ﬁ)cn <H (1 + Z 6kpck> < p(1+77)0n.

k=0
Also
n
|5 - (1 2 Ekp0k> = p o,
It follows that 1
. Cn+1
> lim su .
,U'(g) -1 +n n%oop Cn
Letting n tend to 0 gives u(§) > L. This proves the theorem. O

The case e, = 1 for all n is the theorem of Bugeaud and Pejkovi¢ [2]. Thus Theorem 5.3
gives its signed extension, and the preceding proof obtains this extension directly from the
balanced folding construction, without passing through continued fractions in the field of
formal Laurent series.
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6 An explicit 3-adic construction with real convergence

The purely periodic expansion [1,p: 1,p: 1,...] has real limit (1 + /1 + 4p)/2. The following
example is different: it is non-periodic, arises from repeated folding, and has all partial
numerators equal to 3 and all partial denominators equal to +1. We prove that its full
sequence of convergents converges in the reals and then record an explicit formula for the
real and 3-adic limits, both of which are transcendental.

Proposition 6.1. Let Co = 17, where 17 denotes the word (1,1,1,1,1,1,1), and define finite
words recursively by Cpmi1 = Cny, —1, —C<’—m for m >0, where Fm denotes the reversal of Cy,
and the minus sign changes all signs in the word. Since each Cy, is a prefix of Cp+1, let
Cw be the unique infinite word having C,, as a prefix for every m. Consider the balanced
Schneider’s 3-adic continued fraction whose initial partial denominator is 1, whose subsequent
partial denominators are the letters of Cso, and whose partial numerators are all equal to 3.
Then all its convergents converge in R.

Proof. We first record a continuant estimate for finite blocks of partial denominators, all
partial numerators being equal to 3. For a finite word B = (by,...,by) with b; € {—1,1},
define the 3-continuant by K (@) = 1, K(b1) = by, and, for £ > 2, by

K(bl,...,bg):blK(bQ,...,bg)+3K(b3,...,bg).

Thus, if (); denotes the denominator of the j-th convergent whose partial denominator sequence
is 1,b1,...,b; and whose partial numerators are all equal to 3, then Q; = K(bj,...,b1). We
shall also use the elementary symmetry K (by,...,b) = K(by,...,b1), which follows from
the same recurrence. For ¢ > 1 put R(by,...,by) = K(ba,...,b)/K(b1,...,bs), with the
convention K () = 1. Thus R(1) =1 and R(—1) = —1.

Let I, = [1/4,4/7) and I_ = [-4/7,—1/4]. For ¢ € {—1,1} set ¢-(x) = 1/(e + 3x).
Then R(bi,...,be) = ¢y, (R(bs,...,bs)). Since ¢y (1/4) = 4/7 and ¢4 (4/7) = 7/19, we
have ¢4 (I;) C I.. The identity ¢_(x) = —¢4(—x) gives ¢_(I-) C I_. Additionally,
¢p+(1)=1/4€lyand ¢p_(—1)=—-1/4€I_.

We shall also use a whole block of seven equal signs. A direct calculation gives (;53_ (z) =
(1202 497)/(291x +217). On I_ the denominator is positive, since 291x + 217 > 291(—4/7) +
217 = 355/7 > 0. Hence

SL(-1) = 2 e,

T

S = {268 199] N

577’ 355

Thus ¢* (I_ U{-1}) C I;+. By symmetry, ¢” (I; U{1}) C I_. Since I, and I_ are invariant
under further applications of ¢ and ¢_, respectively, it follows that, for every r > 7,

PL(Il-u{-1}) Cly, oIy U{l})Cl.

Consequently, if a word B has length at least 2, is written as alternating blocks of 1’s and —1’s,
and all complete blocks except possibly the last one have length at least 7, then R(B) € I
if the first block of B is positive, and R(B) € I_ if the first block of B is negative. Indeed,
one reads the word from right to left. The last, possibly incomplete, block either has length
1, giving the initial value 1 or —1, or has length at least 2, in which case the corresponding
value already lies in I} or I_. Each preceding complete block has length at least 7, and the
inclusions above apply.

We now return to the words C,,. Their lengths are n,, := |Cp,| = 2™*3 — 1. For m > 1,
the word C),, begins with a positive block, ends with a negative block, and all its blocks have
length at least 7. This follows by induction from Cy,4+1 = C,, —1, —C)y: the assertion is clear
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for C; = 17(—1)%, and in the induction step the inserted —1 extends the final negative block
(—
of Cy,, while —C,,, begins with a positive block.

Let T,,, = P,,,/Qn,, be the convergent whose partial denominator sequence is 1 followed
by the word C),, all partial numerators being equal to 3. Lemma 2.1 gives T+1 = Ty +
3t /Q2 . Put 8y, = Trny1 — T Then 6, = 3™ 1 /Q2 . Moreover, Q%mH =Qp and
i1 +1=2(ny, +1), 50 801 = 62,. For the initial word Cp = 17 one has Qn, = Q7 = 217,
and hence dy = 3%/2172 = 6561/47089 < 1. It follows that the subsequence (7},,) converges in
R, and we denote its limit by z..

It remains to control the convergents obtained while passing from T, to Ty,41. Fix m > 1.
The new part added after C, is wy,wa,. .., wy,,, +1, where w; = —1 and (wa, ..., wy,, +1) =
—al. Let D, be the convergent obtained after appending the prefix wy,...,w; to Cy,.

We claim that

K(wy,...,w)P,, +3K(ws,...,w)P,

-1
Dyt = .
T K (W, w)@Qn,, + 3K (w2, w) Q1
Put n = n,,. After appending wy, ..., w;, the convergent recurrences are

Pn+s = wsPn+sfl + 3Pn+sf27 Qn+s = stn+sfl + 3Qn+sf2

for 1 < s <t. The corresponding identities for P,4; and @, are checked directly for ¢t =1
and t = 2. If these identities hold for ¢ — 1 and ¢ — 2, then the recurrence for P, 1, together
with the symmetry of the continuants, gives

Pyt = K(w,...,w)Pp + 3K (wa,...,w)P,_1.

The proof for @+ is identical, and the claim follows.
Now put
up = K(wy, ..., wy), vy = 3K (wa, ..., w),

where for ¢ = 1 the second formula means v; = 3K(0)) = 3. Then the preceding formula

becomes
utpnm + 'Utanfl

thnm + 'Uthmfl )
We shall use that vy # 0. Indeed, v1 = 3, and vo = 3 since wy = 1. For t > 3, the word
(wa, ..., wy) is a prefix of —C), of length at least 2; it begins with a positive block, and all its
complete blocks except possibly the last one have length at least 7. The continuant estimate
above gives R(wa, ..., w) € I, so K(wa,...,w;) # 0. Thus vy # 0.

Using identity (3) in the form |P,, Qn,,—1 — Pn,,—1@n,,| = 3™, we obtain

Dm,t =

v [ 37

|Qn | [ Qn,, + 0: Q1]

Set pm = Qn,,—1/Qn,,. Comparing with the formula for ¢,,, we get

‘Dm,t - Tm| -

’Dm,t - Tm‘ _ 1
dm 3|ug /v 4 pml

(12)

We now estimate the two quantities in the denominator. For ¢ = 1 one has —u; /vy = 1/3.
For t = 2, since w; = —1 and wy = 1, one has —ug /vy = —2/3. For ¢t > 3, using wy = —1, we
have K (w1, ...,w;) = —K(wa,...,wy) + 3K (ws,...,w;), and therefore

u 1 K(ws,...,wy)

'Ut_3 K(wg,...,wt)'
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The word (ws, ..., w;) is a prefix of —C),. Since m > 1, this word begins with a positive
block, and all its complete blocks have length at least 7. By the continuant estimate proved
above, K(ws,...,w)/K(ws,...,w;) € [1/4,4/7]. Thus, for t > 3, —uy/v; € [—5/21,1/12].

Altogether,
U {1 2} U [ 3 1}
U 37 3 21712

Write Cy, = (b1, ..., bn,,). From the denominator recurrence, we have Q; = K(b;,...,b1)
for 1 < j < nyy, and hence p,, = Qn,,—1/@n,, = R(Fm) For m > 1, the word C,,, ends with
a negative block; hence C, begins with a negative block. All its complete blocks have length
at least 7. Therefore the continuant estimate gives p,, € I_ = [-4/7,—1/4].

The interval [—4/7,—1/4] is separated from {1/3,—-2/3} U [-5/21,1/12]. The minimal
distance is (—5/21) — (—1/4) = 1/84. Hence |ut/vs + pm| > 1/84. By (12), every convergent
D,,, + obtained by appending a nonempty prefix of the new block satisfies | Dy, ¢ — Tpn| < 280,,.

Let Dy be an arbitrary convergent of our infinite continued fraction with N sufficiently
large. Then, for some m = m(N) tending to infinity with NV, either Dn = T}y, or Dy = Dy ¢
for some 1 <t < n,,. In the first case |Dy — T;,,| = 0, while in the second case the preceding
estimate gives |Dy — T)p,| < 280,,,. Hence, in all cases,

DN — Tin| < 2861m.

We have
|IDN — Zoo| < |DN — Tin| + |Tin — Too| < 280m + |Tin — ool

Since m = m(N) — oo as N — o0, and since d,,, — 0 and T},, — Z in the usual real absolute
value, the right-hand side tends to 0 as N — oo. Therefore the full sequence of convergents
converges to T in R. ]

In the example above the increments &,, = Tj,41 — T satisfy 6,41 = 62,. Since
To = 508/217 and 6y = 6561/47089, the real limit is

508 6561 \ %"
ST (47089) ‘
m>0
The same expression converges in Q3, since |6561/47089|3 = 378, and gives the corresponding
3-adic limit of the folded expansion. Both limits are transcendental. This follows from the
lacunary series criterion of Corvaja and Zannier [4, Corollary 5], which is valid for arbitrary
valuations and contains the corresponding Mahler-type transcendence results as special cases.
The usual real transcendence also follows from Mahler’s theorem for the Fredholm series
Sms022, as stated for example in [6, Theorem 11.3].
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