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Abstract. For a fixed integer n, we say that {a, c} ⊂ Z\{0} is a D(n)-pair if ac+n is a perfect
square. In this short note we prove that D(n)-pairs are asymptotically equidistributed (via their
associated quadratic forms) among proper SL2(Z)-equivalence classes of binary quadratic forms
of discriminant 4n with fixed content. As a consequence, we obtain a more streamlined and
simpler proof of Badesa’s asymptotic formula for the number of D(n)-pairs.

1. Introduction

Let R be a ring and n ∈ R. A D(n)-m-tuple in R is a set of m distinct nonzero elements
such that the product of any two of them plus n is a perfect square. When R = Z (or Q) and
n = 1, such sets are called (rational) Diophantine m-tuples, and they have been studied since
antiquity.

The first known rational Diophantine quadruple was found by Diophantus:{ 1
16 ,

33
16 ,

17
4 ,

105
16

}
.

In the integer setting, Fermat discovered the quadruple {1, 3, 8, 120}, which Euler extended to
the rational quintuple {

1, 3, 8, 120,
777480
8288641

}
.

Stoll [Sto19] later proved that this is the only such extension.
In 1969 Baker and Davenport [BD69] showed that d = 120 is the only integer that completes

{1, 3, 8} to a Diophantine quadruple. This led to the conjecture—recently confirmed by He,
Togbé, and Ziegler [HTZ19] (see also [Duj04])—that there are no Diophantine quintuple in
integers.

For rational tuples, the situation is more complicated. In 1999, Gibbs [Gib06] found the first
rational sextuple. Later, Dujella, Kazalicki, Mikić, and Szikszai [Duj+17] proved that there
are infinitely many such sextuples. Dujella and Kazalicki [DK17] introduced new parametric
constructions, while Dujella, Kazalicki, and Petričević [DKP19; DKP20] found sextuples with
square denominators and regular substructures. No rational septuple is currently known, and
Lang’s conjecture suggests that there should be a uniform bound on the size of such sets.

Beyond integers and rationals, Diophantine m-tuples have also been studied in other rings.
Dujella and Kazalicki [DK21] computed their number over finite fields.

Dražić and Kazalicki [DK22] studied rational D(n)-quadruples with fixed product via elliptic
curves. It remains open whether rational D(n)-quintuples exist for all n. However, assuming
the Parity Conjecture for certain families of elliptic curves, Dražić [Dra22] proved that for at
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least 99.5% of squarefree integers n, there exist infinitely many rational D(n)-quintuples. When
n is not a square, no rational D(n)-sextuple is known.

For further details, see the survey article [Duj16] and the book [Duj24].
In this note, we study the asymptotic behaviour, as T → ∞, of the number of D(n)-pairs

{a, b} with a, b ∈ {−T, . . . , T}. Dujella [Duj08] showed that the number of D(1)-pairs grows
like 12

π2 T log T . Adžaga, Dražić, Dujella, and Pethő [Adž+25] proved that for n = −1 or for |n|
prime, the number of D(n)-pairs grows is asymptotic to kT , where k is an explicit constant
involving special values of Dirichlet L-functions. More recently, Badesa [Bad25] determined the
asymptotics for arbitrary integers n.

The common approach in these works is to estimate the number of solutions to the congruence
x2 ≡ n (mod b), with b ranging from 1 to T . Dirichlet L-functions then arise naturally, and
this makes the constant rather involved to compute—especially for general n.

We revisit the problem from a new perspective. Our starting point is an observation by
Badesa: to each D(n)-pair {a, c}, one can associate the integral binary quadratic form

Eac := [a, 2
√

ac + n, c] with a > c.

The form Eac lies in a proper equivalence class (that is, equivalent under the SL2(Z)-action)
of forms with discriminant 4n. This naturally leads to the question of how D(n)-pairs are
distributed among these equivalence classes.

2. Statement of the main result

To state our main result, fix an integral binary quadratic form Q of discriminant 4n, and
define

DQ
T := #

{
{a, c}

∣∣∣ a, c ∈ {−T, . . . , T}, {a, c} is a D(n)-pair, Eac ∼ Q
}
.

Thus DQ
T counts those D(n)-pairs {a, c} whose associated quadratic form Eac is properly equiv-

alent to Q. Our main theorem shows that, for fixed content, D(n)-pairs become asymptotically
equidistributed among proper equivalence classes of binary quadratic forms.

Theorem 2.1. Let n be a nonzero integer, and let Q = [a, b, c] be a binary quadratic form of
discriminant 4n and content k; equivalently, Q/k is primitive of discriminant d′ = 4n/k2.

(a) If n < 0, then1

DQ
T = 6T

ω(d′)π|n|1/2 + o(T ),

where

ω(d′) =


4 if d′ = −4,

6 if d′ = −3,

2 otherwise.

(b) If n > 0 is not a square, then

DQ
T = 12T log ϵd′

κ(d′)π2n1/2 + o(T ),

1 As usual, f(T ) = o(g(T )) means that f(T )/g(T ) → 0 as T → ∞.



EQUIDISTRIBUTION OF DIOPHANTINE PAIRS 3

where ϵd′ > 1 is the fundamental unit of the order Od′ = Z[d′+
√

d′

2 ] in the quadratic
field Q(

√
4n). Here κ(d′) = h+(d′)

h(d′) is the ratio of the narrow class number and the class
number of Od′.

(c) If n > 0 is a square, then

DQ
T = 6T log T

π2n1/2 + o(T log T ).

The first, trivial, step in the proof of Theorem 2.1 is to rephrase everything in the language
of quadratic forms. Indeed, a simple bijection shows that DQ

T agrees with

F Q
T := #

{
[a, b, c]

∣∣∣ a, c ∈ {−T, . . . , T}, a > c, b ⩾ 0, [a, b, c] ∼ Q
}
.

With this easy observation in hand, Theorem 2.1 follows from the corresponding orbit-counting
statement for quadratic forms:

Theorem 2.2. Under the same assumptions and notation as in Theorem 2.1, all asymptotic
formulas in Theorem 2.1 remain valid with DQ

T replaced by F Q
T . In other words, in each of

the cases (a)–(c) of Theorem 2.1, the quantity F Q
T satisfies the corresponding asymptotic stated

there for DQ
T .

We prove Theorem 2.2 in Sections 4–7. For now, we explain how summing over all proper
equivalence classes recovers Badesa’s asymptotic formula [Bad25] (with an alternative expres-
sion for its leading coefficient).

3. A simpler proof of Badesa’s count of Diophantine pairs

In this section we explain how our homogeneous-dynamics approach to Theorem 2.1 also
yields a substantially simpler (in our view, both conceptually and technically) proof of Badesa’s
asymptotic for the number of D(n)-pairs.

In fact, once one is comfortable with the homogeneous-dynamics viewpoint, the argument
becomes almost immediate, yet this perspective has not been used before for counting D(n)-
pairs.

Recall that Badesa’s proof begins by reducing the count of D(n)-pairs {a, c} with |a|, |c| ⩽ T

to a congruence-counting problem2

Dn
T ∼ 2

∑
t⩽T

S(n, t),

where S(n, t) denotes the number of solutions to x2 ≡ n (mod t) (with a minor adjustment for
the trivial solutions when n is a square). He then obtains an asymptotic for ∑

t⩽T S(n, t) by
analyzing an associated Dirichlet series with Euler product, relating it to L(s, χn), and finally
applying a Tauberian theorem to extract the main term.

Obviously, to recover Badesa’s result from Theorem 2.1, it suffices to sum the asymptotic for
DQ

T over all proper equivalence classes of binary quadratic forms of discriminant 4n. We denote

2 As usual, aT ∼ bT means that aT /bT → 1 as T → ∞.
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the set of these classes by C(4n). Recall that, for fixed signature and content k, these classes
are in bijection with the narrow class group Cl+(4n/k2), whose order we denote by h+(4n/k2).

In general, for any discriminant d which is not a perfect square, we have

h+(d) =

h(d), if NK/Q(ϵd) = −1,

2h(d), if NK/Q(ϵd) = +1,

where ϵd is a fundamental unit of the order Od = Z
[

d+
√

d
2

]
in the quadratic field Q(

√
d), and

h(d) is the (proper) class number of quadratic forms of discriminant d. Write h+(d) = κ(d)h(d),
where κ(d) ∈ {1, 2}. If d < 0 then h(d) = h+(d). We will also use the following relation between
the class numbers of non-maximal orders, the ring class number formula:

h(d0f
2) = h(d0)f

[O×
d0 : O×

d0f2 ]
∏
p|f

(
1 − χd0(p)1

p

)
, (3.1)

where d0 is a fundamental discriminant and O×
d denotes the unit group of the order Od.

We are now ready to recover the results of [Duj08; Adž+25; Bad25].

Theorem 3.1. Let n be a nonzero integer.

(a) Assume n < 0. If 4n = f 2d0 with d0 < 0 a fundamental discriminant, then

Dn
T = 12T

ω(d0)π|n|1/2 h(d0)
[ ∏

pe||f

(
σ1(pe) − χd0(p)σ1(pe−1)

)]
+ o(T ).

(b) Assume n > 0 is not a square. If 4n = f 2d0 with d0 > 0 a fundamental discriminant,
then

Dn
T = 12T log ϵd0h(d0)

π2n1/2

[ ∏
pe||f

(
σ1(pe) − χd0(p)σ1(pe−1)

)]
+ o(T ),

where log ϵd0 is the regulator of the real quadratic field Q(
√

d0).
(c) If n > 0 is a perfect square, then

Dn
T = 12T log T

π2 + o(T log T ).

In the proof we will use the following simple arithmetic lemma. Let σ1(m) denote the sum
of positive divisors of m, and write χd0(p) =

(
d0
p

)
for the Kronecker symbol attached to the

fundamental discriminant d0.

Lemma 3.2. Let
g(n) =

∑
l|n

l
∏
p|l

(
1 −

(
d0

p

)1
p

)
.

Then g is multiplicative and

g(pe) = σ1(pe) − σ1(pe−1)
(

d0

p

)
.

Proof. The function g1(l) = ∏
p|l(1 − (d0

p
)1

p
) is multiplicative, and therefore so is g2(l) = l · g1(l),

being a product of multiplicative functions. Since g = g2 ∗ 1 is a Dirichlet convolution of
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multiplicative functions, it is multiplicative as well. For n = pe we compute

g(pe) = 1 +
e∑

k=1
pk

(
1 −

(
d0

p

)1
p

)
=

e∑
k=0

pk −
e−1∑
k=0

pk
(

d0

p

)
= σ1(pe) − σ1(pe−1)

(
d0

p

)
,

as claimed. □

Proof of Theorem 3.1. We begin with the definite case n < 0. There are two possible signatures
(positive and negative definite). Equivalently, for every D(n)-pair {a, c} the associated form
Eac is properly equivalent to either Q or −Q, for a positive definite form Q representing the
class in Cl+(4n) determined by {a, c} (throughout the proof we write Q both for a form and
for its proper equivalence class).

By Theorem 2.1 (a),

Dn
T =

∑
Q∈C(4n)

DQ
T = 2

∑
l|f

6T

ω(d0l2)π|n|1/2 h(d0l
2) + o(T ).

Using the ring class number formula (3.1), together with the identity ω(d0l
2)[O×

d0 : O×
d0l2 ] =

ω(d0), this becomes

Dn
T = 12T

ω(d0)π|n|1/2 h(d0) ·
∑
l|f

l
∏
p|l

(
1 −

(
d0

p

)1
p

)
+ o(T ).

Claim (a) now follows from Lemma 3.2.
Next assume that n > 0 is not a square. The computation is essentially the same. By

Theorem 2.1 (b),

Dn
T =

∑
Q∈C(4n)

DQ
T =

∑
l|f

12T log ϵd0l2

κ(d0l2)π2n1/2 h+(d0l
2) + o(T ).

Using ϵd0l2 = ϵ
[O×

d0
:O×

d0l2
]

d0 and h+ = κh, we obtain

Dn
T = 12T

π2n1/2

∑
l|f

[O×
d0 : O×

d0l2 ] log ϵd0 h(d0l
2) + o(T ).

Applying the ring class number formula (3.1) gives

Dn
T = 12T log ϵd0h(d0)

π2n1/2

∑
l|f

l
∏
p|l

(
1 − χd0(p)1

p

)
+ o(T ),

and claim (b) again follows from Lemma 3.2.
Finally, assume that n = k2 is a square. Reduction theory for binary quadratic forms of

square discriminant is much simpler than in the nonsquare case. Concretely, there are exactly
2k proper equivalence classes of integral binary quadratic forms of discriminant 4k2 (see, for
example, [Zag81, Exercise 1]).3 The claim follows by summing the asymptotic from Theorem 2.1
(c) over these classes. □

3 Representatives for these classes are [0, 2k, c] for c = 0, 1, . . . , 2k − 1.
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4. SL2(R)-action on binary quadratic forms and homogeneous dynamics

We now turn to the proof of Theorem 2.2. The argument follows a standard template and
uses familiar tools from homogeneous dynamics. Since we expect the paper to be of particular
interest to researchers coming from the Diophantine-tuples side, we include a bit more setup
than would typically be required.

To set the stage, let V be the 3-dimensional space of real binary quadratic forms. As usual,
we identify V with the space of symmetric 2 × 2 real matrices via

(
Q(x, y) = ax2 + bxy + cy2

)
7→

 a b/2
b/2 c

 .

Depending on the context, we use [a, b, c] and Q to denote either the quadratic form or its
associated symmetric matrix. In particular, for v ∈ R2 we Q(v) = vT Qv.

Let G = SL2(R) and Γ = SL2(Z). We have already discussed the Γ-action on integral
quadratic forms; from now on we consider its extension to a G-action on V . In the matrix
model, G acts by congruence:

g · Q := gQgT .

We will study the G-orbits of this action. By Sylvester’s law of inertia (see, for example,
[HJ13, Section 4.5]), the signature and the discriminant form a complete set of invariants:
two nondegenerate quadratic forms lie in the same G-orbit if and only if they have the same
signature and discriminant.

Fix a nondegenerate binary form Q, and let H be its stabilizer in G. Then the orbit G · Q is
isomorphic (as a homogeneous space4) to G/H (with left multiplication by G), and there is a
unique (up to scaling) G-invariant measure mG/H on G/H. Via the orbit map, mG/H induces
a G-invariant measure on G · Q.

Given a left-invariant Haar measure mH on H, there exists a left-invariant Haar measure mG

on G such that locally mG = mG/H ⊗ mH , in the sense that for every f ∈ Cc(G),∫
G

f(g) dmG(g) =
∫

G/H

∫
H

f(gh) dmH(h) dmG/H(gH). (4.1)

From now on, fix a nonzero integer n and let Q be an integral binary quadratic form of
discriminant 4n. Let

H = {g ∈ G : gQgT = Q}

be the stabilizer of Q for the G-action above. Note that H is also the fixed-point set of
the involution g 7→ Qg−T Q−1, a hypothesis needed later when we apply the Eskin–McMullen
counting theorem.

Define
FT =

{
[a, b, c] ∈ V

∣∣∣ |a|, |c| ⩽ T, a > c, b ⩾ 0
}
. (4.2)

4 A G-set is called homogeneous if the G-action is transitive.
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To prove Theorem 2.2 we need an asymptotic, as T → ∞, for the number of forms in the
Γ-orbit of Q that lie in FT , namely ∣∣∣(Γ · Q) ∩ FT

∣∣∣. (4.3)

To place this into the framework of [EM93], we transfer the problem G · Q to G/H. Set

BT := {gH ∈ G/H | g · Q ∈ FT }.

Then the counting problem becomes ∣∣∣Γ · H ∩ BT

∣∣∣,
where we view H as the base point in G/H.

A natural heuristic is that ∣∣∣Γ · H ∩ BT

∣∣∣ ≈
mG/H(BT )

mG/H(Γ\G/H) , (4.4)

where mG/H(Γ\G/H) denotes the volume of a fundamental domain for the Γ-action on G/H.
Indeed, G/H is partitioned into Γ-translates of such a fundamental domain, all of equal volume
by G-invariance of mG/H . Each translate contains exactly one point of the orbit Γ · H, so one
expects |Γ · H ∩ BT | to be comparable to the number of translates that fit inside BT , which is
exactly the right-hand side of (4.4).

The main subtlety is boundary behaviour. The boundary of BT cuts through many translates
of the fundamental domain, and in principle it could be biased toward avoiding (or capturing)
orbit points. This matters if a neighbourhood of the boundary occupies a non-negligible pro-
portion of BT . To rule this out one assumes a regularity condition on the boundary, usually
formulated as a well-roundedness hypothesis. In our setting this condition will always hold,
since BT is a sector of a norm ball (see, for example, [GOS10; BO12]). The famous count-
ing theorem of Eskin and McMullen [EM93] shows that under such a hypothesis, mixing of
the G-action makes the boundary contributions sufficiently “random”, and the heuristic (4.4)
becomes an asymptotic formula.

The following statement is the specialization of [EM93, Theorem 1.4] to our setting.

Theorem 4.1. As T → ∞,

|Γ · H ∩ BT | ∼
mH

(
(Γ ∩ H)\H

)
mG(Γ\G) mG/H(BT ). (4.5)

Thus, in each of the three regimes appearing in Theorems 2.1 and 2.2 (definite, indefinite
nonsplit, and split), the remaining work is to compute the three terms on the right-hand side
of (4.5).

5. Definite case

Throughout this section, Q denotes an integral definite binary quadratic form of discriminant
4n < 0, and H denotes its stabilizer in G = SL2(R). Since Q is definite, its stabilizer is
conjugate to SO(2). To simplify notation—and to avoid repeatedly writing conjugations—we
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will work with the standard rotation matrices model

H =
{cos θ − sin θ

sin θ cos θ

 ∣∣∣∣ θ ∈ [0, 2π)
}

, (5.1)

keeping in mind that, for a general definite form Q, the actual stabilizer is a conjugate of this
group.

Measures. We first fix the three invariant measures that appear in (4.5). View G as the real
algebraic group

G = {(a, b, c, d) ∈ R4 | ad − bc = 1}. (5.2)

Let ωG be the gauge form on G which, on the chart {a ̸= 0}, is given by

ωG = 1
a

da ∧ db ∧ dc. (5.3)

This form is left-invariant (see, e.g., [PR94, Section 3.5]), and hence determines a Haar measure
mG on G. With this normalization one has (see, e.g., [PR94, Sections 3.5 and 4.5])

mG(Γ\G) = π2

6 . (5.4)

It remains to choose Haar measures mH on H and mG/H on G/H so that the disintegration
identity (4.1) holds.

To ease the calculations (especially for mG/H), we use Iwasawa coordinates. Every g ∈ G

can be written uniquely as

g = n(x) a(y) k(θ), x ∈ R, y > 0, θ ∈ [0, 2π),

where

n(x) =
1 x

0 1

 , a(y) =
y1/2 0

0 y−1/2

 , k(θ) =
cos θ − sin θ

sin θ cos θ

 .

A straightforward Jacobian computation gives

ωG = − 1
2y2 dx ∧ dy ∧ dθ.

Accordingly, we take

mG/H

(
n(dx) a(dy) H

)
= dx dy

y2 , mH

(
k(dθ)

)
= dθ

2 .

With this normalization,
mH(H) = 2π/2 = π. (5.5)

The volume of BT .

Lemma 5.1. As T → ∞,
mG/H(BT ) = T

|n|1/2 + o(T ).

Proof. We may assume Q is positive definite (otherwise replace it by −Q). Since only the
G-orbit of Q matters for this lemma, and since Q is G-equivalent to [|n|1/2, 0, |n|1/2], we may
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take
Q = [|n|1/2, 0, |n|1/2].

For this choice, the stabilizer is exactly the rotation matrices group (5.1) (so no conjugation is
needed).

By definition,

BT = {n(x)a(y)H ∈ G/H | n(x)a(y) · [|n|1/2, 0, |n|1/2] ∈ FT }.

In matrix notation,

n(x)a(y) · [|n|1/2, 0, |n|1/2] = |n|1/2y−1

x2 + y2 x

x 1

 ,

Set M = T/|n|1/2. Translating the conditions defining FT into inequalities in (x, y) yields

BT =
{
n(x)a(y)H ∈ G/H

∣∣∣ √
max(1 − y2, 0) ⩽ x ⩽

√
y(M − y), 1/M ⩽ y ⩽ M

}
.

Therefore

mG/H(BT ) =
∫∫

n(x)a(y)H∈BT

dx dy

y2 =
∫ M

y=1/M

√
y(M − y) −

√
max(1 − y2, 0)

y2 dy

= M
∫ M

u=1

√
u − u2/M2 −

√
1 − u2/M2

u2 du + M
∫ M2

u=M

√
u − u2/M2

u2 du.

For u ∈ [1, M ] the integrand admits the estimate
√

u − 1
u2 + O(M−2),

so the first integral equals 1 + O(M−1/2). For u ∈ [M, M2] the integrand is O(u−3/2), hence the
second integral is O(M−1/2). The claim follows easily. □

The covolume of Γ ∩ H in H.

Lemma 5.2. Write Q = kQ′, where Q′ is primitive, and let d′ be the discriminant of Q′ (so
d′ = 4n/k2). Then

mH(Γ ∩ H\H) = π

ω(d′) ,

where ω is as in Theorem 2.1.

Proof. Since Q and Q′ have the same stabilizer, the normalization (5.5) applies equally to
both. The claim then follows from the classical fact (see [BV07, Section 2.5.3]) that |Γ ∩ H| =
ω(d′). □

Combining Theorem 4.1, Lemmas 5.1 and 5.2, and (5.4), we obtain the desired asymptotic
in the definite case.

6. Indefinite nonsplit case

Let Q be an indefinite integral binary quadratic form of nonsquare discriminant 4n > 0, and
let H again denote its stabilizer in G. We follow a similar strategy as in the definite case.
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In this setting, H is conjugate to SO(1, 1). As before, to keep notation light we fix a concrete
model and work with it throughout, keeping in mind that one may have to conjugate to obtain
the actual stabilizer of Q. Concretely, we take H to be the subgroup of hyperbolic rotation
matrices5

H =
{

±

cosh(s/2) sinh(s/2)
sinh(s/2) cosh(s/2)

 ∣∣∣∣ s ∈ R
}

. (6.1)

Every g ∈ SL2(R) admits a unique generalized Cartan decomposition (see [OS14, Section 5])

g = ±k(θ) a(t) h(s) (6.2)

for a choice of sign ±, with θ ∈ [0, 2π) and s, t ∈ R, where

k(θ) =
cos(θ/2) − sin(θ/2)

sin(θ/2) cos(θ/2)

 , a(t) =
et/2 0

0 e−t/2

 , h(s) =
cosh(s/2) sinh(s/2)

sinh(s/2) cosh(s/2)

 .

A straightforward Jacobian computation shows that the gauge form ωG from (5.3), when written
in these coordinates, becomes

ωG = cosh(t)
4 dθ ∧ dt ∧ ds.

Accordingly, we define invariant measures on G/H and H by

mG/H

(
k(θ)a(t)H

)
= cosh(t) dθ dt

4 , mH

(
±h(ds)

)
= ds. (6.3)

The volume of BT .

Lemma 6.1. As T → ∞,
mG/H(BT ) = T

2n1/2 + o(T ).

Proof. The argument parallels Lemma 5.1, so we spell out only the needed steps.
Since only the G-orbit matters here, we may assume

Q = [n1/2, 0, −n1/2]

in which case the stabilizer is exactly the group of hyperbolic rotation matrices (6.1). Thus

BT = {k(θ)a(t)H ∈ G/H | k(θ) a(t) · [n1/2, 0, −n1/2] ∈ FT }.

A direct computation gives

k(θ)a(t) · [n1/2, 0, −n1/2] = n1/2

sinh t + cosh t cos θ cosh t sin θ

cosh t sin θ sinh t − cosh t cos θ

 .

Writing M = T/n1/2, the conditions defining FT translate into

BT =
{
k(θ)a(t)H ∈ G/H

∣∣∣ | sinh t + cosh t cos θ| ⩽ M, | sinh t − cosh t cos θ| ⩽ M, θ ∈ [0, π/2)
}
.

(The restriction θ ∈ [0, π/2) comes from a > c and b ⩾ 0.)

5 We use the s/2 parametrization (instead of the more common s) to match the conventions in [OS14], which
we will use in the next section.
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For θ ∈ [0, π/2) the two inequalities in t are equivalent to

| sinh t| + cosh t cos θ ⩽ M.

Let u = sinh t. Since du = cosh t dt, we obtain, by symmetry in u,

mG/H(BT ) =
∫∫

k(θ)a(t)H∈BT

cosh t dθ dt

4 = 1
2

∫ π/2

θ=0

∫
u⩾0

u+cos θ
√

1+u2⩽M

du dθ.

Only u ∈ [0, M ] contribute. We split this interval depending on whether the inequality u +
cos θ

√
1 + u2 ⩽ M forces a nontrivial lower bound on θ. The transition point is u0 = (M2 −

1)/(2M), and using arcsin = π/2 − arccos we get

mG/H(BT ) = 1
2

(∫ u0

u=0

π

2 du +
∫ M

u0
arcsin M − u√

1 + u2
du

)
.

With the substitution u = Mv, dominated convergence gives, as M → ∞,
mG/H(BT )

M/2 ∼
∫ 1/2

v=0

π

2 dv +
∫ 1

1/2
arcsin 1 − v

v
dv.

A routine integration by parts followed by a trigonometric substitution shows that the right-
hand side equals 1, which implies the claimed asymptotic. □

The covolume of Γ ∩ H in H. It remains to compute the factor mH

(
(Γ ∩ H)\H

)
. Recall

that our Haar measure on H is induced by the form

ωH(h) = ds at h(s) = ±

cosh(s/2) sinh(s/2)
sinh(s/2) cosh(s/2)

 , s ∈ R. (6.4)

We will also express ωH in diagonal coordinates:

ωH(h̃(t)) = 2dt

t
at h̃(t) = P

t 0
0 t−1

 P −1, t ̸= 0 (6.5)

where P = 1√
2( 1 1

1 −1 ). In these coordinates, mH(h̃(dt)) = 2 dt/|t|.
To compute mH

(
(Γ ∩ H)\H

)
we use the following classical description of stabilizers (see

[BV07, Section 6.12]).

Lemma 6.2. Let [a, b, c] be a primitive indefinite quadratic form of nonsquare discriminant
d > 0. Its SL2(Z)-stabilizer is isomorphic to Z/2Z × Z, generated by −I and the infinite-order
matrix

T0 =
 t−bs

2 −cs

as t+bs
2

 ,

where (t, s) is the minimal positive solution of the Pell-type equation

t2 − ds2 = 4.

Remark 6.3. Let Od = Z
[
d +

√
d

2

]
be the quadratic order of discriminant d in Q(

√
d). It is

classical that
t + s

√
d

2 ,
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with t, s as in Lemma 6.2, is either a fundamental unit (if κ(d) = 2) or the square of a
fundamental unit (if κ(d) = 1) of Od. Consequently, the eigenvalues of T0 are

λ = ε
2/κ(d)
d and λ−1.

Lemma 6.4. We have
mH

(
(Γ ∩ H)\H

)
= 2 log ε

2/κ(d)
d .

Proof. Let H0 be the identity component of H. Then H = ±H0, and since −I ∈ Γ ∩ H,

mH

(
(Γ ∩ H)\H

)
= mH

(
(Γ ∩ H0)\H0

)
.

By Lemma 6.2, the group Γ ∩ H0 is generated by the hyperbolic element T0.
Using the diagonal coordinate from (6.5), we have6

H0 =
{

P

t 0
0 t−1

 P −1
∣∣∣∣ t > 0

}
,

and we may identify T0 with

P

λ 0
0 λ−1

 P −1, λ = ε
2/κ(d)
d > 1.

A fundamental domain for (Γ ∩ H0)\H0 is therefore given by t ∈ [1, λ], and hence

mH

(
(Γ ∩ H0)\H0

)
=

∫ λ

1

2dt

t
= 2 log λ,

as claimed. □

Combining Theorem 4.1, Lemmas 6.1 and 6.4, and (5.4), we obtain the desired asymptotic
for an indefinite nonsplit form Q.

7. Split case

Finally, we treat the remaining case in Theorem 2.1, namely indefinite split forms. Through-
out this section let n be a positive square, and let Q be an integral binary quadratic form of
discriminant 4n.

As before, our goal is to estimate |(Γ ·Q)∩FT | for FT as in (4.2). The stabilizer H of Q in G

is again conjugate to SO(1, 1). However, in the split case one has Γ∩H = {±I}, so Γ∩H is not
a lattice in the noncompact group H. Consequently, the Eskin–McMullen counting theorem
does not apply directly.

Fortunately, our situation fits into the framework developed in a very nice paper by Oh and
Shah [OS14]. Before using their result, we recall the generalized Cartan decomposition (6.2)
and the associated measures (6.3).

6 Here we conjugate by P to match our fixed model (6.1). This avoids introducing an additional conjugation
coming from the stabilizer of the general Q.
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After adapting to our setting and normalizations,7 [OS14, Theorem 6.1] yields∣∣∣(Γ · Q) ∩ FT

∣∣∣ ∼ T log T
∫

Θ ∥k(θ) · Q1∥−1 dθ

2mG(Γ\G) , (7.1)

where Q1 is the highest-weight component of Q for the a(t)-action (defined below), and

Θ = {θ ∈ [0, 2π) | k(θ) · Q1 ∈ R⩾0 F1}.

Our first step is to relate the integral appearing in (7.1) to the volume mG/H(BT ), a fact clear
from the proofs of Oh and Shah but not explicitly stated in [OS14, Section 6].

As in the proof of Lemma 6.1, we may assume (since only the G-orbit matters) that

Q = [n1/2, 0, −n1/2].

Consider the norm on V given by

∥[a, b, c]∥ = max
{
|a|, 1

3 |b|, |c|
}
.

For forms of discriminant 4n and large enough T , the condition |a|, |c| ⩽ T is equivalent to
∥[a, b, c]∥ ⩽ T .

The space V decomposes into a(t)-weight spaces: for each λ ∈ Λ := {−1, 0, 1} there is a
subspace Vλ such that

V =
⊕
λ∈Λ

Vλ and Vλ is eλt-eigenspace of a(t) for all t.

Concretely,
V1 = R[1, 0, 0], V0 = R[0, 1, 0], V−1 = R[0, 0, 1].

Let Q1 be the V1-component (i.e., highest weight) of Q. Then, as t → ∞,

a(t) · Q = (1 + o(1)) et Q1,

and hence
k(θ)a(t) · Q = (1 + o(1)) et k(θ) · Q1,

where the error term is uniform in θ by compactness of {k(θ) | θ ∈ [0, 2π]}. In particular, for
each fixed θ,

∥k(θ)a(t) · Q∥ ∼ et ∥k(θ) · Q1∥. (7.2)

Proposition 7.1. As T → ∞,

mG/H(BT ) ∼ T

4

∫
Θ

∥k(θ) · Q1∥−1 dθ.

Sketch proof. Variants of this statement appear in the literature (for instance in much greater
generality in [GOS09]), so we only indicate the main idea. We focus on the contribution from
the region t ⩾ 0; the region t < 0 is analogous.

7 In particular, our normalization of the measure on G has density cosh(t)/4 in generalized Cartan coordinates,
whereas Oh and Shah use cosh(t). In fact, they write sinh(t) which is presumably a typo – in any case, this is
inconsequential for their work since both functions are ∼ et/2 as t → ∞.
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For large t, the direction of k(θ)a(t) · Q is governed by k(θ) · Q1, in the sense that

k(θ)a(t) · Q

∥k(θ)a(t) · Q∥
→ k(θ) · Q1

∥k(θ) · Q1∥
.

Therefore only θ ∈ Θ contribute to the main term, and for each such θ we need to integrate
over those t ⩾ 0 for which ∥k(θ)a(t) · Q∥ ⩽ T . Writing

tT (θ) := sup{t ⩾ 0 | ∥k(θ)a(t) · Q∥ ⩽ T},

the asymptotic (7.2) implies
etT (θ) ∼ T

∥k(θ) · Q1∥
.

Using the density cosh(t)/4 from (6.3), we obtain

mG/H(BT ) ∼ 1
4

∫
θ∈Θ

∫ tT (θ)

t=0
cosh(t) dt dθ ∼ T

8

∫
θ∈Θ

∥k(θ) · Q1∥−1 dθ.

The contribution from t < 0 is the same, giving the stated factor T/4. □

Combining Proposition 7.1 with (7.1) yields∣∣∣(Γ · Q) ∩ FT

∣∣∣ ∼
2 log T · mG/H(BT )

mG(Γ\G) .

Invoking Lemma 6.1 and (5.4) now gives the asymptotic in the split case, completing the proof
of Theorem 2.2.
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