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Abstract. For a 1-parametric family Fk of elliptic curves over Q and a prime p, consider
the second moment sum M2,p(Fk) =

∑
k∈Fp

a2
k,p, where ak,p = p + 1 −#Fk(Fp). Inspired by

Rosen and Silverman’s proof of Nagao conjecture which relates the first moment of a rational
elliptic surface to the rank of Mordell-Weil group of the corresponding elliptic curve, S. J. Miller
initiated the study of the asymptotic expansion of M2,p(Fk) = p2 +O(p3/2) (which by the work
of Deligne and Michel has a cohomological interpretation). He conjectured, in parallel to the
first moment case, that the largest lower order term that does not average to 0 is on average
negative (i.e. has a negative bias). In this paper, we provide an explicit formula for the second
moment M2,p(Fk) of

Fk : y2 = P (x)k + Q(x),
where deg P (x), deg Q(x) ≤ 3. For a generic choice of polynomials P (x) and Q(x) this formula
is expressed in terms of the point count of a certain genus two curve. Assuming the Sato-Tate
conjecture for genus two curves, we prove that the Bias Conjecture holds for the pencil of the
cubics Fk.
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1. Introduction

Let Fk be a 1-parametric family of elliptic curves over Q, i.e. a generic fiber of an elliptic
surface F → P1 defined over Q with a section. For every k ∈ P1(Q) let F̃k,p be a minimal model
at a rational prime p of Fk, and denote by ak,p the number p+ 1−#F̃k,p(Fp). For an element
k ∈ Fp such that F = F̃k,p is an elliptic curve over Fp the number ak,p is the usual trace of the
Frobenius endomorphism which acts on the `-adic cohomology group H1

et(FFp ,Q`) for ` 6= p.
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We consider the r-th moment sum associated with the Fk and prime p
Mr,p(Fk) =

∑
k∈Fp

ark,p.

These sums are well understood, by the work of Deligne [Del71], if the family Fk is the
universal elliptic curve [Sch90], for example, associated to the modular group Γ1(N) - then
they can be described as traces of Hecke operators acting on the space of weight k ≤ r+ 2 cusp
forms Sk(Γ1(N)).

Even moment sums for a two-parametric family of elliptic curves y2 = x3 + ax + b, a, b ∈
Fp were considered in the work of Birch [Bir68]. In this paper Birch managed to give an
estimate for the highest order term and proved using Selberg trace formula that these sums
are polynomial expressions in p, computed from the traces of Hecke operators acting on the
full level modular group. These ideas were discussed in the context of vertical and horizontal
Sato-Tate distributions by Katz in [Kat90b].

Dujella and Kazalicki in [DK21] related some higher moment sums to Diophantine m-tuples.
Another case was considered in [KN]. If the family Fk is not associated to the modular group
as above or multiparametric like in the case of Birch, then although often there is no simple
closed formula for the r-th moments Mr,p(Fk), one can study their averages.

It is natural to extend a definition of the second moment to include the fiber at infinity F∞.
We define

M̃r,p(Fk) = Mr,p(Fk) + ar∞,p,

where a∞,p = p+ 1−#F∞(Fp).
We can further generalize and define ak,q = q + 1 − #Fk(Fq) where q is any prime power.

At primes of bad reduction the symbol ak,q lacks a natural cohomological interpretation but is
natural to include it in this form into the computations. In analogy, we define M̃k,q to be the
sum of ak,q contributions for all k ∈ P1(Fq).

The sums Mr,q(Fk) are motivic in the following sense. One can attach to each sequence
Mr(Fk)p = (Mr,pi)i = (Mr,pi(Fk))i for a given prime p and positive integer i its zeta function

Z(Mr(Fk)p, T ) = exp
( ∞∑
i=1

Mr,pi

i
T i
)

which is rational, i.e. Z(Mr(Fk)p, T ) ∈ Q(T ). A consequence of this fact is that there exists a
set of algebraic integers α(p)

i,j ∈ Q such that for every prime p and exponent m

(1.1) Mr,pm =
2m∑
i=0

∑
j

(α(p)
i,j )m

where
(1.2) |α(p)

i,j | = pi/2.

In a general context, one would also assume something about the meromorphy of the L-
function obtained from the product of all zeta functions as a function on the complex plane,
but we do not need these properties in what follows.

The rationality of Z(Mr(Fk)p, T ) follows from a general result [Mic95] about the trace of
Frobenius endomorphism acting on the cohomology group

Wr,` = H1
et(P1

j ⊗ Q, i∗SymrF`)
where i∗SymrF` is an `-adic sheaf associated with the family F → P1. In general, it is difficult
to study the Frobenius trace on such a cohomology group, cf. [Sch90], [Del80]. Since Wr,` in
general is not pure [Mic95] it follows that it does not correspond to a pure motive. Instead, we
expect a “mixed motivic” decomposition which we are going to make precise in the follow-up.
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1.1. A pencil of cubics and its second moment. The main goal of this paper is to describe
explicitly the motivic decomposition of the second moment for a general family of cubic pencils.
In a parallel paper [KN] we have studied a detailed decomposition of the second moment sum
with the help of point counts on a certain threefold fibred in K3 surfaces.

Encouraged by special examples from [MMRW16] we discovered that one can obtain a uni-
form second moment description for every cubic pencil with the help of a special conic fibration
on the naturally defined threefold. We use this formula in Theorem 1.4 to compute explicitly
the bias of the second moment of the family.

In particular, for the pencil of cubics

(1.3) Fk : y2 = P (x)k +Q(x),

where degP (x), degQ(x) ≤ 3 there is a formula (1.7) for the second moment M̃2,q(Fk) of the
family (1.3) for typical choice of polynomials P (x) and Q(x) which is (surprisingly) given in
terms of number of Fq-rational points on a certain genus two curve D associated to P (x) and
Q(x). To make this formulation more precise, we need to introduce a point count on a naturally
attached threefold.

Let Maff be a threefold associated to the Kummer surface Kum(Fk ×Fk) over Q(k)

Maff : (P (x1)k +Q(x1)) · (P (x2)k +Q(x2)) = y2 ⊂ A1 × A1 × A1 × A1

and let
M∞ : P (x1)P (x2) = y2 ⊂ A1 × A1 × A1

be a fiber of the threefold Maff at k = ∞. Denote by ιaff : Maff → A1 × A1 × P1 × A1 a
map ιaff (x1, x2, k, y) 7→ (x1, x2, (k : 1), y) and let ι∞ : M∞ → A1 × A1 × P1 × A1 be a map
ι∞(x1, x2, y) 7→ (x1, x2, (1 : 0), y). Define

(1.4) M = ιaff (Maff ) ∪ ι∞(M∞).

Our starting point is the observation (see Theorem 2.2) that the number of Fq-rational points
on a threefold M is equal to q3 + q2 + M̃2,q(Fk) for any prime power q.

Furthermore, we consider a morphism π : M → A2,

(1.5) π(x1, x2, (k : s), y) = (x1, x2)

and denote byMx1,x2 = π−1(x1, x2) the fiber over (x1, x2). We show that M̃2,q(Fk) is determined
by degenerate fibers of fibration π. More precisely, if we denote by ∆(x1, x2) := P (x1)Q(x2)−
P (x2)Q(x1) the square root of the discriminant of the conic Mx1,x2 , and by C = M∞ ∩ π−1(∆)
the 2:1 lift of the curve ∆ : ∆(x1, x2) = 0 to the surfaceM∞ : P (x1)P (x2) = y2 then in Theorem
2.3 we showed that for an odd prime power q we have

(1.6) M̃2,q(Fk) = q

−#∆(Fq) + #C(Fq) +
 ∑
P (x)≡0

φq(Q(x))
2


for the unique degree 2 character φq : F×q → {−1, 1}.
The formula (1.6)has a reinterpretation in terms of yet another curve. This curve is going

to be applied to compute the average of M̃2,p(Fk) over primes p in some generality. The
computation of averages of moments of elliptic curves has a long and rich history. In particular,
the first moment average was intensively studied by Rosen and Silverman [RS98]. For the second
moment we discuss in detail the application of averages in context of the Bias conjecture (1.2).
For a generic choice of polynomials P (x) and Q(x) (in the sense of Section 3) we simplify the
formula above by introducing a certain genus two curve which is related to C and ∆. Our choice
of the ”generic” polynomials in Section 3 was inspired by the following observations:
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• The curve ∆(x1, x2) = 0 is the union of the line ` : x1 = x2, and another curve
∆̃ : ∆̃(x1, x2) = 0, where ∆̃(x1, x2) = ∆(x1, x2)/(x1 − x2). The curve ∆̃ can be both
irreducible and reducible but in the geometrically irreducible and reduced case its genus
is at most 1.
• The curve C̃ = M∞∩π−1(∆̃) if geometrically irreducible and geometrically reduced has
geometric genus at most 3.

Let K be a field of characteristic not equal to 2. A pair of curves (∆̃, C̃) is K-typical if and
only if both curves are geometrically reduced and irreducible and the geometric genus is 1 and
3, respectively. We say that the polynomials P and Q are K-typical if the condition holds for
the corresponding curves.

In Section 3.1 we reformulate what it means for the pair of polynomials (∆̃, C̃) to be K-
typical. In Lemmas 3.7, 3.9 and Corollary 3.13, we study singular points of ∆̃ and C̃ as well
as the fields of definition of their resolutions in the smooth models C and ∆ of C̃ and ∆̃
respectively. As a consequence of that, from Corollary 3.14 and Corollary 3.19 we obtain that
for prime powers q coprime with 2 the formula (1.6) takes the following form

M̃2,q(Fk) = q
(
#C(Fq)−#∆(Fq) + q −#S(Fq)

)
,

= q
(
#D(Fq) + q −#S(Fq)

)
(1.7)

where S ⊂ ∆ is an intersection of the line ` and the curve ∆̃, and D is a genus two quotient of
C by involution whose restriction to C̃ is given by τ2 : (x1, x2, y) 7→ (x2, x1,−y).

The family π : M → A2 of conics can be analysed from a point of view of Chow groups as
in [Bea77]. For a fixed k the fiber Mk is typically a rational elliptic surface. For each k the
existence of a birational map ξk : P2 99K Mk and hence of a dominant map ξ : P2 × P1 99K M
implies that M is uniruled and unirational. A complete non-singular model M̃ of M has an
interesting motive h3(M̃) which can be related in the case of conic bundles to the Prym variety
of the pair of curves C̃ → ∆̃. The curve ∆̃ has a natural interpretation as the discriminant curve
of the conic bundle π and C̃ corresponds to the Fano variety of lines on C̃, cf. [NS09]. In fact,
as proved in [Mum74] the Prym variety Prym(C/∆) has dimension 2 and has a polarization
of type (1, 2) and is linked to a genus 2 curve constructed from C. In the context of typical
pairs (∆̃, C̃) the sought after curve is D.

1.2. Application to Bias conjecture. Rosen and Silverman [RS98] have proved a conjecture
of Nagao which implies that the first moment M1,p(F) of a rational elliptic surface is related
to the Mordell-Weil rank of the group Fk(Q(k)). In precise terms the limit of

1
X

∑
p≤X

M1,p(Fk)
log p
p

for X → ∞ exists and is equal to −rank Fk(Q(k)). It follows that the numbers M1,p(Fk)/p
(i.e. the coefficients ak,p) have negative bias (and the larger the rank of the family, the greater
the bias).

Inspired by this result, Miller in his thesis [Mil02] and subsequently with his co-authors
in [ACF+18] initiated a study of bias for the second moments M2,p(Fk). For families of hyper-
elliptic curves the bias conjecture was studied in [HKL+20].

A formula of the form (1.1) allows one to produce a canonical stratification of the second
moment M2,p(Fk) = ∑4

i=0 fi(p) with the property that |fi(p)| ≤ Cpi/2 where the constant C
depends only on the choice of the family Fk. Namely, we define fi(p) = ∑

j α
(p)
i,j .
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For the sequence of integers {fi(p)}p parametrized by prime numbers p, we define the average
µ({fi(p)}) to be the limit

µ({fi(p)}) := lim
x→∞

1
π(x)

∑
p≤x

fi(p)
pi/2

,

if such a limit exists.
It follows from the result of Michel [Mic95] that the leading term f4(p) of M2,p has a positive

average.

Theorem 1.1 (Michel). For a family of elliptic curves Fk with non-constant j-invariant the
average µ({f4(p)}) exists and is positive.

Our choice of stratification M2,p = ∑
fi(p) was implicit in [Mic95], where Michel (using

the fundamental work of Deligne [Del80] and Katz [Kat90a] about `-adic cohomology and
monodromy groups) studied second moments by studying the action of Frobenius on certain
cohomology groups.

The terms fi(p) where i < 4 are called the lower order terms and i is the degree of that term.
In [ACF+18] and [MMRW16] the authors studied the second moments M2,p(Fk) of the fam-

ilies of elliptic curves Fk. Most of their examples are pencils of cubics
(1.8) Fk : y2 = P (x)k +Q(x),
where degP (x), degQ(x) ≤ 3 for which they expressed the second momentM2,p(Fk) in terms of
Legendre symbol sums. For some choices of (in the context of our work degenerate) polynomials
P (x) and Q(x) they computed this sum and proposed the following conjecture.

Conjecture (Bias Conjecture). Let Fk be a one-parameter family of elliptic curves over Q(T ).
The averages of the lower order terms in the second moment expansion of M2,p(Fk) exist, and
the largest lower order term that does not average to 0 is on the average negative.

Remark 1.2. The formulation of the Bias conjecture proposed in the previous work (cf. [ACF+18],
[HKL+20], [MMRW16]) was not precise enough since it did not uniquely define the stratification
of M2,p used in a definition of bias.

The Sato-Tate conjecture for a smooth projective curve C of genus g > 0 defined over Q
implies an equidistribution result for the sequence θp√

p
where θp = p + 1 −#C(Fp), cf. [Ser12,

Chap. 8]. In particular, if g = 1 or 2 then it follows that the first moment

lim
x→∞

∑
p≤x

θp√
p

π(x)
is equal to zero, cf. [Ser12, §8.1.3.4]. The Sato-Tate conjecture holds for elliptic curves over
totally real fields, cf. [HSBT10]. For genus two curves it was proved in certain cases when the
endomorphism ring of the associated Jacobian variety is large, cf. [Joh17].

For a generic choice of polynomials P (x) and Q(x), as a consequence of Corollary 3.14, we
prove the Bias conjecture for the pencil of cubics (1.3) by assuming the Sato-Tate conjecture
for one explicit curve of genus 2 (depending on P (x) and Q(x)), cf. Remark 3.20.

For this explicit family, as a corollary of Theorem 2.3, we prove directly that the sumM2,p(Fk)
is motivic.

Theorem 1.3. Let P , Q be polynomials in Z[x] and let Fk : P (x)k+Q(x) = y2 be a family of
curves. For any prime number p the sum M2,p(Fk) is motivic.

In Section 4 we study the average of #S(Fp) over the primes. Using some elementary rep-
resentation theory of finite group, in Proposition 4.1 we show that this average is equal to the
number of irreducible factors into which S decomposes over Q.
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Denote by D the quotient of C by involution whose restriction to C̃ is given by τ2 :
(x1, x2, y) 7→ (x2, x1,−y). In the K-typical case the curve D has geometric genus two by
Corollary 3.19.

All this together implies our main result.

Theorem 1.4. Let P and Q be two polynomials of degree at most 3 over Q and let Fk :
P (x)k + Q(x) = y2 be the associated pencil of cubics. Let (∆̃, C̃) be a Q-typical pair of curves
associated with P,Q. Let D be the genus 2 curve obtained as the quotient of C by the involution
τ2.

Assume the Sato-Tate conjecture for the curve D. The Bias Conjecture holds for the pencil
Fk and the bias equals −m− δ where m is the number of irreducible factors of the polynomial
S and δ ∈ {0, 1}, vanishing only when the fiber F∞ is singular. Every number in the set
{−1,−2,−3,−4,−5} is realized by an infinite family of non-isomorphic pencils Fk.

We do not offer a complete description of the bias for the families where (∆̃, C̃) are not
typical but we have some partial results (see Section 5) which strongly suggests that the bias
conjecture is true as well in that case.
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2. The second moment and the point count on the Kummer threefold

In this section, we express the second moment M2,q(Fk) of family (1.3) in terms of #M(Fq)
the number of Fq-rational points on threefold M defined in (1.4).

It will be convenient (e.g. the statement of Theorem 2.3 will be more natural) to extend the
second moment sum to include the fiber F∞, so we define M̃2,p(Fk) = M2,p(Fk) + a2

∞,p, where
a∞,p = p −#{(x, y) ∈ F2

p : P (x) = y2}. Also, we generalize to arbitrary prime powers q = pk,
k ≥ 1. We need the following proposition.

Proposition 2.1 ( [BEW98, Thm. 2.1.2]). Let q be a prime power pk where p > 2. Let
φq : F×q → C× be the unique multiplicative character of order 2. Let α, β, γ ∈ Fq be given
elements. Let ∆ = 4αγ − β2, then

∑
t∈Fq

φq(αt2 + βt+ γ) =


−φq(α), α 6= 0,∆ 6= 0

(q − 1)φq(α), α 6= 0,∆ = 0
−φq(α) α = 0,∆ 6= 0
qφq(γ) α = 0,∆ = 0

Proof. Let S denote the sum ∑
t∈Fq φq(αt2 + βt+ γ). Let us consider the only non-trivial case:

∆ 6= 0 and α 6= 0. Under these assumptions it follows that S = φq(α)∑t∈Fq φq(t2 + (4αγ −
β2)/(4α2)). Let A denote (4αγ−β2)/(4α2). Notice that A 6= 0. We have that ∑t∈Fq φq(t2 +A)
equals N(x2 = z2 + A)− q, where N denote the number of Fq-points on the affine curve x2 =
z2 + A. It follows from [IR90, Chap.8, §7, Thm.5] that N(x2 = z2 + A) = q + φq(−1)J(φq, φq)
where J(φq, φq) denotes the Jacobi sum. By [IR90, Chap.8, §3, Thm.1 (c)]; [BEW98, Thm.
2.1.1(c)] we have that J(φq, φq) = −φq(−1) from which the proposition follows.
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�

In [MMRW16] the authors derive the following formula for the second moment M2,p(Fk)

(2.1) M2,p(Fk) = p

 ∑
P (x)≡0

φp(Q(x))
2

−

∑
x∈Fp

φp(P (x))
2

+ p
∑

∆(x,y)≡0
φp(P (x)Q(x)),

where ∆(x, y) = P (x)Q(y)− P (y)Q(x).
Essentially, the proof of (2.1) in [MMRW16] translates to the proof of a total point count on

the threefold M .

Theorem 2.2. Let P,Q ∈ Z[x] be two polynomials of degree at most 3. Let Fk : y2 = P (x)k+
Q(x). For a prime power q we have

#M(Fq) = q3 + q2 + M̃2,q(Fk).

Proof. For 2|q observe that M̃2,q(Fk) = 0 and #M(Fq) = q3 + q2 because t 7→ t2 is an automor-
phism of Fq. Assume from now on that 2 - q. It is easy to see that #M∞(Fq) = a2

∞,q + q2. To
compute

#M(Fq) = a2
∞,q + q2 +

∑
x1,x2∈Fq

∑
k∈Fq

(1 + φq ((P (x1)k +Q(x1))(P (x2)k +Q(x2)))

we apply Proposition 2.1 to the polynomial (P (x1)k +Q(x1)) · (P (x2)k +Q(x2)) ∈ Q(x1, x2)[k]
(note that discriminant condition becomes ∆(x1, x2) ∈ F×q ). We obtain

#M(Fq) =
∑

x1,x2∈Fq
∆(x1,x2)6≡0

(q − φq(P (x1)P (x2))) +
∑

x1,x2∈Fq
∆(x1,x2)≡0
P (x1)6≡0

(q + (q − 1)φq(P (x1)P (x2)))

+
∑

x1,x2∈Fq
∆(x1,x2)≡0
P (x1)≡0

(q + qφq(Q(x1)Q(x2))) + a2
∞,q + q2

=
(
q2 −#∆(Fq)

)
q −

∑
x1,x2∈Fq

∆(x1,x2)6≡0

φq(P (x1)P (x2)) + #∆(Fq)q

+ q
∑

x1,x2∈Fq
∆(x1,x2)≡0

φq(P (x1)P (x2))−
∑

x1,x2∈Fq
∆(x1,x2)≡0

φq(P (x1)P (x2))

+ q
∑

x1,x2∈Fq
∆(x1,x2)≡0
P (x1)≡0

φq(Q(x1)Q(x2)) + a2
∞,q + q2

= q3 −

∑
x∈Fq

φq(P (x))
2

+ q
∑

x1,x2∈Fq
∆(x1,x2)≡0

φq(P (x1)P (x2))

+ q
∑

x1,x2∈Fq
∆(x1,x2)≡0

P (x1)≡0,P (x2)≡0

φq(Q(x1)Q(x2)) + a2
∞,q + q2

hence the claim follows. �

The proof of the previous theorem is essentially an example of the double counting method.
The points of the set M(Fq) were counted in two ways - by using fibration of M by elliptic
K3 surfaces defined by function k one can express #M(Fq) in terms of second moment sum
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k∈Fq a

2
k,q, while using fibration by rational elliptic surfaces defined by x1 one gets Miller’s

formula (2.1). Our main idea is to use for counting the third fibration π : M → A2 defined in
(1.5).

Theorem 2.3. Let q be a prime power such that 2 - q. We have

#M(Fq) = q3 + q2 − q#∆(Fq) + q#C(Fq) + q

 ∑
P (x)≡0

φq(Q(x))
2

.

In particular

M̃2,q(Fk) = q

−#∆(Fq) + #C(Fq) +
 ∑
P (x)≡0

φq(Q(x))
2
 .

Proof. In the proof of Theorem 2.2 we expressed #M(Fq) as the sum∑
(x1,x2)∈A2(Fq)

#π−1(x1, x2),

where π is the morphism (1.5). Let Mx1,x2 denote the fiber π−1(x1, x2) over (x1, x2) ∈ A2(Fq).
Note that ∆(x1, x2) is the square-root of the discriminant of (P (x1)k +Q(x1))·(P (x2)k +Q(x2))
with respect to k.

a) Assume ∆(x1, x2) 6= 0. In this caseMx1,x2 is a geometrically irreducible conic. It follows
from formula (2.1) that an affine part ofMx1,x2 has q−φq(P (x1)P (x2)) Fq-rational points,
hence #Mx1,x2(Fq) = q + 1.

b) Assume ∆(x1, x2) = 0 and P (x1) 6= 0. From a definition of ∆(x1, x2) it follows that for
every k ∈ Fq

(P (x1)k +Q(x1)) · (P (x2)k +Q(x2)) = P (x2)
P (x1) (P (x1)k +Q(x1))2 .

Therefore, #Mx1,x2(Fq) = 1 if φq(P (x1)P (x2)) = −1, #Mx1,x2(Fq) = 2(q − 1) + 1 + 2 =
2q + 1 if φq(P (x1)P (x2)) = 1 and #Mx1,x2(Fq) = q + 1 if P (x2) = 0.

This result can be interpreted in the following way. Denote by C a curve π−1(∆)∩M∞.
In particular C(Fq) = {(x1, x2, y) ∈ F3

q : P (x1)P (x2) = y2 and ∆(x1, x2) = 0}. If
we denote by n(x1, x2) the number of Fq-rational points on C above (x1, x2), then
#Mx1,x2(Fq) = n(x1, x2)q + 1.

c) Assume ∆(x1, x2) = 0, P (x1) = 0 and P (x2) 6= 0. Same as in b), we have that
#Mx1,x2(Fq) = n(x1, x2)q + 1.

d) Assume ∆(x1, x2) = 0, P (x1) = 0 and P (x2) = 0. Then #Mx1,x2(Fq) is equal to

#{(x1, x2, k, y) ∈ F4
q : Q(x1)Q(x2) = y2}+ 1 = (1 + φq(Q(x1)Q(x2))) q + 1.

The total contribution of elements (x1, x2) from the case a) is∑
∆(x1,x2)6=0

#Mx1,x2(Fq) = (q2 −#∆(Fq))(q + 1),

while the total contribution of elements (x1, x2) in b), c) and d) is equal to

#C(Fq)q + #∆(Fq) +
∑

(x1,x2)∈∆(x1,x2)(Fq)
P (x1)=P (x2)=0

(−(q + 1) + (1 + φq(Q(x1)Q(x2))) q + 1) .

Putting everything together we obtain the claim. �

As a consequence of this result, we can prove Theorem 1.3.
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Proof of Theorem 1.3. For prime p = 2 the statement is trivial. For p > 2 the claim follows
from Theorem 2.3 and Dwork’s theorem on the rationality of the zeta function of a variety
defined over Fp. The zeta function Z(X,T ) associated with the variety X over Fp belongs
to Q(T ). Let φp be the unique order 2 character on F×p . To conclude we need to argue that
A =

[∑
P (x)≡0 φp(Q(x))

]2
, originates from the point count on a variety. One can write down

a variety VA : {(x, y) : P (x) = 0, Q(x) = y2} for which (#VA(Fp) − #{P = 0}(Fp))2 = A
holds. The same argument works for any prime power q = pk. Hence, the zeta function of the
second-moment sum M2,p(Fk) is the product

Z(C, pT ) · Z(VA × VA, pT ) · Z(P × P, pT )
Z(∆, pT ) · Z(VA × P, pT )2 .

�

Let P,Q ∈ Fq[x] be two non-zero polynomials. Curve ∆ = 0 is the union of the line ` : x1 = x2
and the curve ∆̃ = 0, where ∆̃(x1, x2) = ∆(x1, x2)/(x1 − x2). Denote by S their intersection

S(Fq) = {(x, x) ∈ F2
q : ∆̃(x, x) = 0},

by P = {x : P (x) = 0} the set of zeros of polynomial P (x), and by

P ∩ S = {x : P (x) = ∆̃(x, x) = 0}

the intersection of P with S. Let C̃ = M∞ ∩ π−1(∆̃) ⊂ C.

Proposition 2.4. Let q be an odd prime power and let P,Q ∈ Fq[x] be non-zero polynomials.
We have

#C(Fq)−#∆(Fq) = #C̃(Fq)−#∆̃(Fq) + q −#S(Fq)
−#P (Fq) + #(P ∩ S)(Fq).

Proof. We have that

#C(Fq) = #C̃(Fq) + #(π−1(`) ∩M∞)(Fq)−#(π−1(S))(Fq).

Note that #∆(Fq) = q + #∆̃(Fq)−#S(Fq) and

#(π−1(`) ∩M∞)(Fq) = 2q −#{P = 0},

hence

#C(Fq)−#∆(Fq) = #C̃(Fq)−#∆̃(Fq) + (2q − q)−#P (Fq)
−#S(Fq) + #(P ∩ S)(Fq),

since #(π−1(S))(Fq) = 2#S(Fq)−#(P ∩ S)(Fq). The claim follows. �

3. Typical case

We formulated in the introduction sufficient conditions under which the bias conjecture holds.
The pair of curves (∆̃, C̃) is K-typical if the respective curves have geometric genus equal to 3
and 1.

In this section we introduce a more technical notion of genericity of the pair of curves (∆̃, C̃).
We prove towards the end of this section that both notions are actually the same. The latter
is used for the computations in further sections.
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3.1. Genericity. We work over a base field K of characteristic not equal to 2. Let a0, a1, a2, a3,
b0, b1, b2, b3 and x1, x2 be variables in the polynomial ring

R = K[a0, a1, a2, a3, b0, b1, b2, b3, x1, x2].
Let ∆̃(x1, x2) denote the polynomial P (x1)Q(x2)−P (x2)Q(x1)

x1−x2
, δ1 = ∂x1∆̃(x1, x2) be the partial de-

rivative of ∆̃(x1, x2) with respect to x1 and let δ2 = ∂x2∆̃(x1, x2) be the partial derivative with
respect to x2. Let I denote the ideal spanned by ∆̃, δ1 and δ2 in the polynomial ring R.

Proposition 3.1. The closed subscheme Cfin = V (I) of the affine space Spec(R) is geometri-
cally reduced and decomposes into the union of the following 7 dimensional varieties:

• D = Spec(R/(µi,j : 0 ≤ i < j ≤ 3)) where µi,j is the 2 × 2 minor aibj − ajbi of the

matrix
(
a0 a1 a2 a3
b0 b1 b2 b3

)
,

• V = Spec(R/(P (x2), Q(x2), x1 − x2)),
• N1 = Spec(R/(P (x2), Q(x2), x1(µ1,3 + 2µ2,3x2) + (µ1,2 + 2µ1,3x2 + µ2,3x

2
2))),

• N2 = Spec(R/(P (x1), Q(x1), x2(µ1,3 + 2µ2,3x1) + (µ1,2 + 2µ1,3x1 + µ2,3x
2
1))),

• S = Spec(R/(µ0,1−3µ0,3x
2
2−µ1,3x

3
2, µ0,2+3µ0,3x2−µ2,3x

3
2, µ1,2+3µ1,3x2+3µ2,3x

2
2, x1−x2)),

Cfin = D ∪ V ∪N1 ∪N2 ∪ S.

Proof. Using Gröbner bases we obtain a decomposition of the scheme Cfin into the union of
schemes defined above. The details of that step and the claim that Cfin is geometrically reduced
were checked by an algorithm performed in MAGMA [KN20]. �

Remark 3.2. Note that Cfin parametrizes polynomials P and Q for which ∆̃ is singular over
K (together with a singular point). It follows from the proposition that ∆̃ is singular if and
only if P and Q have a common root or if the resultant (with respect to x2) of the polynomials
defining S is equal to zero.

Curve ∆̃(x1, x2) = 0 for µ2,3 6= 0 is of degree 4. In the projective closure it has two singular
points ∞1 = [x1 : x2 : z] = [1 : 0 : 0] and ∞2 = [x1 : x2 : z] = [0 : 1 : 0] in P2. When µ2,3 = 0,
the degree of ∆̃(x1, x2) = 0 is smaller or equal to 3 and the points ∞1,∞2 are not necessarily
singular.

For a polynomial φ in several variables the initial form of φ is the homogeneous polynomial
φs of least degree and such that φ = φs + φs+1 + . . . where each φi is homogeneous of degree i.

Definition 3.3. Let X be an affine variety defined in the polynomial ring R by the ideal I and
let x be a closed point on X. Suppose that the coordinates of the point x all vanish. We define
the tangent cone of X at x to be a variety defined by the ideal of initial forms of generators
of I.

Points ∞i have the tangent cone (under µ2,3 6= 0) isomorphic to a union of two lines
(3.1) X2 − (µ2

1,3 − 4µ0,3µ2,3)Y 2 = 0.
The slopes of lines are generically distinct except when the characteristic of K equals 2. We
define two further closed subschemes of Spec(R): P1 = Spec(R)/(µ2

1,3 − 4µ0,3µ2,3) and P2 =
Spec(R)/(µ2,3) which contains the scheme D. Let Cinf denote the union P1 ∪ P2.

Let % : Spec(R)→ Spec(K[a0, . . . , b3]) be the natural projection map.

Definition 3.4. A curve ∆̃, C̃ or a pair (∆̃, C̃) is K-generic if the corresponding tuple
(a0, a1, a2, a3, b0, b1, b2, b3)

does not belong to the set
%(Cfin ∪ Cinf )(K).
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Remark 3.5. In other words, a pair (∆̃, C̃) is K-generic if and only if ∆̃ is a nonsingular curve of
degree 4 for which the tangent cones of two additional singular points in the projective closure
are unions of two distinct lines.

A smooth model C of the curve C̃ has two (typically) singular models with which we work:

C̃ : ∆̃(x1, x2) = 0, P (x1)P (x2) = y2 ⊂ A3,

C̃ ′ : ∆̃(x1, x2) = 0, Q(x1)Q(x2) = y2 ⊂ A3.

The first model is convenient to work with when a3 6= 0 and the latter when b3 6= 0. The naive
projective closure of each model may contain additional lines contained in the hyperplane at
infinity. When the curve X is geometrically reduced and geometrically irreducible, we denote
by Xcl the unique irreducible component of the projective closure Xcl of X which in the natural
affine chart equals X.

3.2. Generic is equivalent to typical. In what follows we will focus on the case when a3 6= 0
since the other case b3 6= 0 provides completely symmetric results (with P being replaced by Q
accordingly).

We start by proving properties of the curve ∆̃ that we announced in Remark 3.5.

Proposition 3.6. Let ∆̃ be K-generic. A curve ∆̃ is geometrically irreducible and geometri-
cally reduced.

Proof. The curve ∆̃ is geometrically reduced by the genericity assumption. The equation of ∆̃
is

3∑
i=1

µi,0x
i−1
2 + (µ2,0 + (µ3,0 + µ2,1)x2 + µ3,1x

2
2)x1 + (

2∑
i=0

µ3,ix
i
2)x2

1 = 0.

In particular, since µ2,3 6= 0, curve ∆̃ has degree 4 and its projective closure ∆̃cl has exactly
two closed points at infinity [x1 : x2 : z] = [1 : 0 : 0] and [0 : 1 : 0] which are nodes, cf. (3.1).

If ∆̃ were not irreducible, then the polynomial ∆̃(x1, x2) would factor over K[x1, x2]. Each
factor represents a curve and is of degree at most 3, hence by the Plücker formula its genus is
at most 1. Nodes contribute to the geometric genus with −1 in the Plücker formula, so none
of the factors can contain both branches along the singular points at infinity.

Suppose ∆̃(x1, x2) factors over K[x1, x2] into an irreducible degree 3 factor δ1 and a linear
factor δ2. Assume that the cubic δ1 = 0 is a singular curve. Then it must contain both branches
around one of the singularities and the curve δ2 = 0 intersects δ1 = 0 at the second point at
infinity transversally. It follows from the Bezout theorem that the intersection of δ1 = 0 with
δ2 = 0 has degree 3 and there is yet another transversal point of intersection at the affine patch
z = 1. Hence, this point would be singular on ∆̃(x1, x2) = 0 which is not possible under the
genericity assumptions.

Assume that the cubic δ1 = 0 is smooth. Then both points at infinity belong to the intersec-
tion of δ1 = 0 with δ2 = 0 and that intersection is transversal. It follows again from the Bezout
theorem that there is another singular point on ∆̃(x1, x2) = 0 which is a contradiction with the
genericity assumptions.

If ∆̃(x1, x2) factors over K[x1, x2] into two irreducible quadratic factors q1 and q2, then
both curves q1 = 0 and q2 = 0 are smooth, so they meet transversally at both points at
infinity. Bezout theorem implies that there should exist at least one more point of intersection,
a contradiction with the genericity assumptions.

We argue similarly in the cases where ∆̃(x1, x2) factors over K[x1, x2] into irreducible factors
of degrees (2, 1, 1) and (1, 1, 1, 1). �
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Lemma 3.7. Let ∆̃ be K-generic. The subscheme ∆̃cl is a singular projective curve in P2. Its
set of K-singular points consists of [0 : 1 : 0] and [1 : 0 : 0]. For both points the tangent cone
over K is K-isomorphic to x2 − dy2 in A2

x,y where

d = µ2
1,3 − 4µ0,3µ2,3.

The genus of the smooth projective curve ∆ equals 1.

Proof. Since ∆̃ is K-generic, it follows that ∆̃ has no K-singular points. We check from the
definition of the tangent cone that for the points [0 : 1 : 0] and [1 : 0 : 0] it is a union of two
lines x2 − dy2 in the affine plane A2

x,y. Since d 6= 0 for the choice of P and Q it follows that
the singular points are ordinary double points (nodal singularity or type A1 singularity). The
degree of the curve ∆̃cl equals 4 and it follows from the Plücker formula for an irreducible curve
in P2 that the geometric genus of ∆̃cl equals (4− 1)(4− 2)/2− 2 = 1. �

Next, we study the properties of C̃.

Proposition 3.8. Let (∆̃, C̃) be K-generic. A curve C̃ is geometrically irreducible and geo-
metrically reduced.

Proof. The curve C̃ is geometrically reduced by the genericity assumption. Assume that C̃ is
not geometrically irreducible. Hence C̃ = ∑

iCi is a union of irreducible schemes Ci defined
over K and such that Ci * Cj for any i 6= j.

We consider two projections: π1, π2 : A3 → A2, the first π1(x1, x2, y) = (x1, x2) and the second
π2(x1, x2, y) = (x1, y). The image of C̃ under the first projection equals ∆̃ and the image under
the second projection is a curve B which has the following equation

B : AP (x1)4 + S̃(x1)P (x1)2y2 + T (x1)3y4 = 0
where A, S̃(x1) and T (x1) are explicitly determined:

A = Resx(P (x), Q(x)) = −µ3
0,3 + µ1,2µ

2
0,3 − µ0,1µ

2
1,3 +

(
µ0,1 (3µ0,3 + µ1,2)− µ2

0,2

)
µ2,3,

S̃(x) = s0 + s1x+ s2x
2 + s3x

3,

s0 = (2µ0,3 − µ1,2)µ2
0,3 +

(
µ2

0,2 − 3µ0,1µ0,3
)
µ2,3,

s1 = 3µ1,3µ
2
0,3 − µ0,1µ1,3µ2,3 − 2µ0,2

(
µ2

1,3 − µ1,2µ2,3
)
,

s2 = −µ1,2µ
2
1,3 − 4µ0,1µ

2
2,3 +

(
3µ2

0,3 + µ2
1,2 + µ0,2µ1,3

)
µ2,3,

s3 = −µ3
1,3 + µ2,3 (µ1,2 − 3µ3,0)µ1,3 − 2µ0,2µ

2
2,3,

T (x) = −µ0,3 − µ1,3x− µ2,3x
2,

(3.2) Resx(S̃(x), T (x)) = −µ3
2,3 ·Resx(P (x), Q(x))2.

In fact, the map π2 |C̃ has degree 1 and B is birational to C̃. The inverse map π−1
2 |B is given

by
π−1

2 |B (x1, y) = (x1, g(x1, y), y)
where

g(x1, y) = 1
γx1 + δ

(T (x1)y
P (x1)

)2

+ αx1 + β
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where α = −µ0,3µ1,3 + µ0,2µ2,3, β = −µ2
0,3 + µ0,1µ2,3, γ = µ2

1,3 − µ2,3(µ0,3 + µ1,2) and δ =
µ0,3µ1,3 − µ0,2µ2,3. This map is well-defined. In fact, if δ = 0 = γ, it follows that A =
−2µ0,3(µ2

0,3 − µ0,1µ2,3), since µ2,3 6= 0. It follows from γ = 0 that b0 = 1
a3µ2,3

(∗) where (∗) is a
certain polynomial expression in the variables ai and bj.. Hence

A |b0= 1
a3µ2,3

(∗)=
µ0,3µ1,3

µ2,3
δ |b0= 1

a3µ2,3
(∗)= 0.

Since A = Resx(P (x), Q(x)), this would imply that P,Q have a common root, a contradiction
with K-genericity of (∆̃, C̃).

Since ∆̃ is geometrically irreducible, then for every i we have π1(Ci) = ∆̃. Hence, the
components Ci differ only on the y-coordinate. Assuming that the curve B is geometrically
irreducible, we would show that π2(Ci) = B and so prove that all Ci are equal.

To show that B is geometrically irreducible we study the factorization of the polynomial
B(x, y) = A + S̃(x)y2 + T (x)3y4 which corresponds to a curve birational to B via change of
variables y 7→ y · P (x).

Suppose that B(x, y) has a factor qy + p where p, q ∈ K[x], q 6= 0 and p, q are coprime.
If p would vanish, then A = 0, but the polynomials P,Q have no common root under the
genericity assumptions. Suppose that p 6= 0. It follows that H = Aq4 + S̃p2q2 + T 3p4 = 0,
hence deg p = 0 and q2 | T 3. A polynomial T is of degree 2 and separable under our assumptions,
hence q = c(x− r1)e(x− r2)f where r1, r2 are roots of T and e, f ≤ 1. Since degAq4 = 4 deg q,
deg S̃p2q2 ≤ 3 + 2 deg q and deg T 3p4 = 6, then H cannot vanish when 0 ≤ deg q ≤ 2, a
contradiction.

Suppose that B(x, y) has two factors of degree 2 in y, B(x, y) = (α+βy+γy2)(δ+ εy+φy2),
where α, β, γ, δ, ε, φ ∈ K[x]. Since A 6= 0 we can assume without loss of generality that α = A
and δ = 1. It follows that β + Aε = 0 and we have two separate cases:

•ε 6= 0: In that case γ = Aφ, so Aφ2 = T 3 and −A(ε2 − 2φ) = S̃. Since A 6= 0 and T
is of degree 2, it follows that T must be a square, hence disc(T ) = µ2

1,3 − 4µ0,3µ2,3 = 0, a
contradiction with the genericity assumption.

•ε = 0: It follows that γ + Aφ = S̃ and γφ = T 3. Hence, deg γ + deg φ = 6 and from the
former equation we deduce that in fact deg γ = deg φ = 3. Notice that S̃ and T cannot have a
common root by (3.2). Hence, we found that B is a union of two curves of geometric genus 0
of the form A+ c(x− r1)e(x− r2)fy2 = 0 where c ∈ K and (e, f) ∈ {(0, 3), (3, 0)}. That would
imply, that under the mapping π1 : C̃ → ∆̃ these components would map onto ∆̃ which is not
possible due to Riemann-Hurwitz formula, Proposition 3.6 and Lemma 3.7. �

The following lemma describes singular points on C̃cl as well as the fields of the definition of
their resolutions.

Lemma 3.9. Let (∆̃, C̃) be K-generic and let ψ : C → C̃cl be the normalization of C̃cl.
a) If a3 6= 0 and P is separable, then the curve C̃ has six K-rational nodes at the points

(x1, x2, 0) such that P (x1) = P (x2) = 0 and x1 6= x2. If a3 = 0, b3 6= 0 and Q
is separable, then the curve C̃ ′ has six K-rational nodes at the points (x1, x2, 0) with
Q(x1) = Q(x2) = 0 and x1 6= x2. The field of definition of every preimage through ψ of
a singular point (x1, x2) with P (x1) = 0 = P (x2) is K(x1, x2,

√
Q(x1)Q(x2)).

b) If a3 6= 0 and P is not separable, then P (x) = c(x − a)2(x − b), a 6= b, a, b, c ∈ K
and the curve C̃ has three K-rational non-nodal singular points at (a, b), (b, a) and at
(a, a). Similarly, we have 3 singular points when b3 6= 0 and Q has a double root.
The non-singular points above (a, b) and (b, a) are defined over K(

√
Q(a)Q(b)) and the

non-singular points above (a, b) are defined over K.
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c) When either a3 6= 0 or b3 6= 0, then the projective curves C̃cl and C̃ ′cl have an additional
K-rational singular point [0 : 0 : 1 : 0].

d) The normalisation C has genus 3 and the rational degree 2 map η̃ : C̃ → ∆̃ extends
to a degree 2 morphism η : C → ∆ which is ramified only at the four points ∞1,±,
∞2,± which in the normalisation ∆→ ∆̃cl map to ∞1, ∞2, respectively. The preimage
η−1({∞1,±,∞2,±}) maps through ψ to the point [0 : 0 : 1 : 0]. The field of definition of
the points ∞i,± and of their preimages is the field K(

√
d) where d = µ2

1,3 − 4µ0,3µ2,3.
Proof. A rational map η̃ is clearly dominant, hence it induces an injection of the function fields
K(∆̃) ⊂ K(C̃) and hence we obtain a dominant map η : C → ∆ which agrees on some open
subset with η̃, cf. [Har77, Cor. I.6.12].

By [Har77, Prop. II.6.8] it follows that η is surjective, i.e. η(C) = ∆. The restriction of η̃
to the non-singular open subset U ⊂ C̃ is unramified at each closed point. This follows from a
direct computation.

Assume without loss of generality that a3 6= 0.
Suppose that P is separable. That implies we work with the singular model C̃ and its

projective closure C̃cl. The affine patch C̃ has exactly six singular nodal points and the tangent
cone at the point (x1, x2, 0) is K-isomorphic to x2 − dy2 for d = Q(x1)Q(x2). Point (x1, x2, 0)
maps to (x1, x2) which by Lemma 3.7 is non-singular. Hence the map η is unramified above
these points since the degree of η is 2.

Suppose that P is not separable. If P had a triple root, then curve ∆̃ would have an additional
singular point, hence its geometric genus would not be 1. Suppose that P has a double root.
The extended Euclidean algorithm implies that the greatest common divisor of P and P ′ is
polynomial of degree 1 defined over K. It follows that P (x) = c(x−a)2(x−b) where a, b, c ∈ K.
Then C̃ has a model where the second equation is given by c2(x1− a)2(x2− a)2(x1− b)(x2− b).
A birational map (x1, x2, y) 7→ (x1, x2, y/((x1 − a)(x2 − a))) changes the model C̃ to a new
model which has only two nodal singularities at the points (a, b, 0) and (b, a, 0) with a tangent
cone K-isomorphic to x2 − dy2 for d = Q(x1)Q(x2). Above the point (a, a) on ∆̃ we have two
smooth points (a, a,±(a− b)).

Now, without additional assumption on separability of P , we consider the ramification above
the points ∞1,± and ∞2,± which map to ∞1 = [1 : 0 : 0] and ∞2 = [0 : 1 : 0] in the
normalization map φ.

Finally, we will prove that the non-singular model C has four points ∞C,1,±, ∞C,2,± which
are obtained in the resolution of the singular point [0 : 0 : 1 : 0] of C̃. We are using notation
from the proof of Proposition 3.8. The morphism η maps ∞C,i,± onto ∞i,± and all of these
points are defined over K(

√
d). Since the singularity [0 : 0 : 1 : 0] is rather complicated we

resolve the singularities in the birationally equivalent planar model Cpl of C̃. Let φ : Cpl → C̃
be such that

φ(x1, y) =
(
x1, g

(
x1,

yP (x1)
T (x1)

)
,
yP (x1)
T (x1)

)
where

Cpl : AT (x1)2 + S̃(x1)y2 + T (x1)y4 = 0
and in projective model

AT̃ (x1, z)2z2 + S̃(x1, z)y2z + T̃ (x1, z)y4 = 0
the mapping is
(3.3)

φ(x1 : y : z) =
(
x1(γx1 + δz)z :

(
y2 + αx1z + βz2

)
z : yP̃ (x1, z)

T̃ (x1, z)
(γx1 + δz) : z2(γx1 + δz)

)
.
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It follows that only the following points of Cpl: [1 : 0 : 0], [0 : 1 : 0] or [α : 0 : 1] for T (α) = 0
or the points in the blowup of these could possibly map to [0 : 0 : 1 : 0] of C̃. We will compute
the image of these points under φ and their composition with η.
Claim 1: The point [0 : 1 : 0] on Cpl is a node with tangents defined over K(

√
d). The

tangent cone at [0 : 1 : 0] is T̃ (x1, z) = 0. The discriminant of T equals d, so the slopes split
over K(

√
d).

Since y = 1 it is clear that the tangent cone has equation T̃ (x1, z) = 0. Due to our assump-
tions on C̃ the discriminant of T is non-zero, hence the singularity is an ordinary double point
(a node).
Claim 2: For the blowup map Bl[0:1:0] : C [0:1:0]

pl → Cpl the preimage of [0 : 1 : 0] contains
two points defined over K(

√
d). Each of these two points maps via composition with φ to

[0 : 0 : 1 : 0]. Moreover, the composition with η maps these points to the preimages of the
blowup at [0 : 1 : 0] of ∆̃.

In local coordinates we have x1 = tz, hence

φ(tz : 1 : z) =
(
tz2(γtz + δz) :

(
1 + αtz2 + βz2

)
z : P̃ (tz, z)

T̃ (tz, z)
(γtz + δz) : z2(γtz + δz)

)

But T̃ (tz, z) = T (t)z2 and the equation of C [0:1:0]
pl in the coordinates (t, z) is T (t)+z2F (t, z) =

0, hence T̃ (tz, z) = −z4F (t, z). The points above [0 : 1 : 0] in the blow-up are (t, z) such that
z = 0 and t is a root of T (t) = 0. But observe that Rest(P (t), T (t)) = a2

3Rest(P (t), Q(t)), hence
P (t) does not vanish over T (t) = 0. Moreover, Rest(T (t), γt + δ) = µ2

2,3Rest(P (t), Q(t)), so
γt+δ does not vanish when T (t) = 0. This proves that the blow-up points map to [0 : 0 : 1 : 0].

A composition of φ(tz : 1 : z) with η gives

η(φ(tz : 1 : z)) =
(
tz(γtz + δz)zT̃ (tz, z) :

(
1 + αtz2 + βz2

)
zT̃ (tz, z) : z2(γtz + δz)T̃ (tz, z)

)
which simplifies to

η(φ(tz : 1 : z)) =
(
tz(γtz + δz) :

(
1 + αtz2 + βz2

)
: z(γtz + δz)

)
.

So the image of the blown-up points under composition with η is [0 : 1 : 0]. Finally, blowing
up the point [0 : 1 : 0] on ∆̃ we see that the blown-up points (t, 0) with T (t) = 0 map to points
(t, 0) of the blowup of ∆̃.
Claim 3: Let γ 6= 0. There is only one point in blowup of [1 : 0 : 0] on Cpl. The image of

this point under φ is [0 : 0 : 1 : 0]. The blowup point is a node. The points obtained after the
second blowup map under composition with η to the points in the blowup of [1 : 0 : 0] of ∆̃.

We have that

φ(1 : y : yt) =
(

(γ + δyt)t :
(
y2 + αyt+ β(yt)2

)
t : P̃ (1, yt)

T̃ (1, yt)
(γ + δyt) : t2(γ + δyt)

)
with the equation of Cpl in (y, t) of the form

AT̃ (1, yt)2t2 + S̃(1, yt)yt+ T̃ (1, yt)y2 = 0.

So for y = 0 we have t = 0 since A 6= 0 and T̃ (1, 0) 6= 0. Hence, the point in the blowup maps
to [0 : 0 : a3γ

−µ2,3
: 0] which equals [0 : 0 : 1 : 0] under our assumptions.

The blowup point is a node with tangent cone Aµ2
2,3t

2 + s3yt− µ2,3y
2 = 0 and discriminant

of the quadric equal to γ2d, hence the slopes are defined over K(
√
d).

Composition with η maps the point (y, t) to



16 MATIJA KAZALICKI AND BARTOSZ NASKRĘCKI

η(φ(1 : y : yt)) =
(
(γ + δyt) :

(
y2 + αyt+ β(yt)2

)
: t(γ + δyt)

)
,

so in particular the point (y, t) = (0, 0) maps to [1 : 0 : 0].
Blowup of (y, t) = (0, 0) gives the new equation in y = y1, t = y1t1 which is

AT̃ (1, y2
1t1)2t21 + S̃(1, y2

1t1)t1 + T̃ (1, y2
1t1) = 0.

For y1 = 0 we have a quadratic equation for t1
Aµ2

2,3t
2
1 + s3t1 − µ2,3 = 0.

Hence, the points above [1 : 0 : 0] in the blowup of ∆̃ are in correspondence with the points
(0, t1).
Claim 4: Let γ = 0. There is only one point Q1 in the blowup of [1 : 0 : 0] on Cpl. The

point Q1 is singular non-ordinary and it maps under φ to [0 : 0 : 1 : 0]. The blowup at Q1
has one preimage Q2 which is again singular non-ordinary. The composition of φ with η maps
Q2 to [1 : 0 : 0] on ∆̃. The next blowup at Q2 produces a single singular ordinary point Q3
which has tangent cone which splits over K(

√
d). The points in the blowup of Q3 map under

the composition with φ and η to the blowup points above [1 : 0 : 0] on ∆̃.
We argue like in the proof of Proposition 3.8 to show that if γ = 0, then δ 6= 0. Let z = yt,

then

φ(1 : y : yt) =
(
δt :

(
y + αt+ βyt2

)
: P̃ (1, yt)
T̃ (1, yt)

δ : δt2
)

so the image of the blowup point is [0 : 0 : a3δ
−µ2,3

: 0] which equals [0 : 0 : 1 : 0] under our
assumptions.

For y = y1 and t = y1t1 we obtain

φ(1 : y1 : y2
1t1) =

(
δy1t1 :

(
y1 + αy1t1 + βy1(y1t1)2

)
: P̃ (1, y2

1t1)
T̃ (1, y2

1t1)
δ : δ(y1t1)2

)
thus

η(φ(1 : y1 : y2
1t1)) =

(
δt1 : 1 + αt1 + β(y1t1)2 : δy1t

2
1

)
The composition with η is well-defined and maps y1 = 0, t1 = −s3/(2Aµ2

2,3) = −1/α to
the point (1 : 0 : 0). The point (y1, t1) = (0,−1/α) is a cusp, so we blow it up again with
t1 − (−1/α) = y2t2, y1 = y2 obtaining

η(φ(1 : y2 : y2
2(−1/α+y2t2))) =

(
δ(−1/α + y2t2) : αy2t2 + β(y2(−1/α + y2t2))2 : δy2(−1/α + y2t2)2

)
Finally, we compute that the tangent cone at (y2, t2) = (0, 0) has separate slopes which split

over K(
√
d) and the blowup points correspond to the blowup points above [1 : 0 : 0] of ∆̃,

similarly to the proof of Claim 3.
Claim 5: The points above [α : 0 : 1] for T (α) = 0 in the respective blowups map to

[α : ∗ : ∗ : 1] in C̃.
We check that each point [α : 0 : 1] is a node and in the local coordinates we have y = x′1t,

x1 = x′1 + α. The points above [α : 0 : 1] in the blowup map to [α : ∗ : ∗ : 1] due to (3.3).
Hence, we conclude that each point ∞i,± is ramified of degree 2 under η : C → ∆. Since

these are the only ramified points for this map it follows from the Riemann-Hurwitz formula
that the genus of C equals 3.

�

Now we are ready to prove that K-typical is equivalent to K-generic.
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Proposition 3.10. Suppose that (∆̃, C̃) is K-typical. Then µ2,3 6= 0 and µ2
1,3 − 4µ0,3µ2,3 6= 0.

In particular, the pair (∆̃, C̃) is K-generic.

Proof. If µ2,3 = 0, then the curve ∆̃ is cubic. It must be smooth, since otherwise it would not be
of genus 1 by the Plücker formula. Hence µ1,3 6= 0 and µ = µ2

1,3− 4µ0,3µ2,3 6= 0. The projective
closure ∆̃cl has three points at infinity ∞1 = [1 : 0 : 0], ∞2 = [0 : 1; 0] and ∞3 = [1 : −1 : 0]. It
follows from the assumptions above that each of these points is non-singular, hence ∆̃cl = ∆.
An argument similar to that in Lemma 3.9 (d) shows that the points ∞1 and ∞2 are ramified
and the point ∞3 is unramified. In fact, the first blow-up of the point [0 : 0 : 1 : 0] on C̃cl
produces three points in the preimage,∞′1,∞′2 which are non-singular and the point∞′3 which
is a non-ordinary double point. The next blow-up of this point produces two preimages ∞′3,±
which in the cover C → ∆ map to ∞3. Hence, the Riemann-Hurwitz formula implies that the
geometric genus of C̃ is 2, which is a contradiction.

If µ2,3 6= 0, then the curve ∆̃ has degree 4 and has two double points at infinity [0 : 1 : 0]
and [1 : 0 : 0].

Suppose µ = 0. Without loss of generality, we can replace P (x) with x(x− 1)(x− a). This
is possible since our claim is valid for any K-isomorphic model of C̃. If b3 = 0, then we would
have b2 6= 0. Since µ = 0, it would follow that b0 = b2

1
4b2

and Q(x) = (b1+2b2x)2

4b2
. The model C̃ ′ of

C is reducible, hence C̃ is not K-typical.
We assume from now on that b3 = 1. It follows from the proof of Proposition 3.8 that the

planar model of C̃ is reducible only if ε 6= 0.
If a = 0 and µ = 0, we have two possibilities. First, when b1 = −2b0, which leads to the

reducible equation of ∆̃. Second, when b1 6= −2b0, we define

A = b0

4 (2b0 + b1)2,

φ = (2b0 + b1x)3

4b2
0(2b0 + b1)

and
ε = −b0(4b0 + b1) + b1(3b0 + b1)x

b0(2b0 + b1)
which provide the factorization of the polynomial B(x, y) from Proposition 3.8.

Since µ = 0 it follows that when b0 (−a+ 2b0 + b1) (a (b1 − a) + 2b0) = 0, ∆̃ is not irreducible.
Hence, the remaining cases are covered by the following substitution

b2 = (a− b1) 2

4b0
− a− 1.

The coefficients A = (−a+2b0+b1)2(a(b1−a)+2b0)2

16b0
,

φ = − (x (a− b1)− 2b0) 3

2b0 (−a+ 2b0 + b1) (a (b1 − a) + 2b0)
and

ε = x (b1 − a)
2b0

+ 2b0

(
x− 1

a− 2b0 − b1
+ x− a
a (a (a− b1)− 2b0)

)
+
(1
a

+ 1
)
x

provide the factorization of the polynomial B(x, y). Hence µ2
1,3 − 4µ0,3µ2,3 6= 0. The last claim

follows from the assumption about ∆̃ which has geometric genus 1 and degree 4 so there are
two nodal singularities at infinity and by Plücker formula there are no singularities at the affine
part, proving the K-genericity of ∆̃. �

Corollary 3.11. A pair of curves (∆̃, C̃) is K-generic if and only if it is K-typical.
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Remark 3.12. However, a curve ∆̃ can be of genus 1 while not being K-generic. This happens
when µ2,3 = 0 or µ2

1,3 − 4µ0,3µ2,3 = 0. In such a case, the curve C̃ is typically a union of two
genus 1 curves and the restriction of the projection π1 to each component is a degree 1 map or
has geometric genus 2 and the restriction of π1 is a degree 2 map, cf. Table 1.
3.3. Applications. In order to see what is the contribution of #C̃(Fq)−#∆̃(Fq) to the bias, we
need to compare #C̃(Fq) and #∆̃(Fq) to #C(Fq) and #∆(Fq), where C and ∆ are non-singular
and projective models of C̃ and ∆̃ respectively.

Let S∆,∞ and SC,∞ denote the closed subscheme defined over K which is a union of closed
points {∞1,±,∞2,±} and η−1({∞1,±,∞2,±}), respectively.

Let G denote the union of the closed points in C which map via ψ to the singular points of
either C̃ or C̃ ′. The scheme G is defined over K.
Corollary 3.13. Let q be an odd prime power. Let K = Fq and assume that (∆̃, C̃) is K-typical.
We have |S∆,∞(Fq)| = |SC,∞(Fq)|.

Moreover, when a3 6= 0 and x ∈ G(Fq) is such that there exists two elements x1, x2 ∈ Fq with
ψ(x) = (x1, x2, 0), the set η−1({x})(Fq) has exactly two elements if Q(x1)Q(x2) is a non-zero
square in Fq. Otherwise, if Q(x1)Q(x2) is not a square, the set η−1({x})(Fq) is empty.
Proof. This follows directly from the Lemmas 3.7 and 3.9. �

Corollary 3.14. Let q be an odd prime power. Let K = Fq and assume that (∆̃, C̃) is K-typical
and a3 6= 0. We have that

M̃2,q(F)/q = #C(Fq)−#∆(Fq) + q −#S(Fq)
Proof. It follows from Proposition 2.4 and Theorem 2.3 that

M̃2,q(F)
q

= #C̃(Fq)−#∆̃(Fq) + q −#S(Fq)−#P (Fq)

+ #(P ∩ S)(Fq) +
 ∑
P (x)≡0

φq(Q(x))
2

.

If P is separable it follows from Lemma 3.9 and Corollary 3.13 that
#C̃(Fq)−#∆̃(Fq) = #C(Fq)−#∆(Fq) + #P (Fq) (#P (Fq)− 1)

−
∑

x1,x2∈Fq
P (x1)=P (x2)=0

x1 6=x2

(φq(Q(x1)Q(x2)) + 1) .

Hence,
M̃2,q(F)

q
= #C(Fq)−#∆(Fq) + q −#S(Fq)−#P (Fq)

+ #(P ∩ S)(Fq) +
∑
x∈Fq
P (x)=0

φq(Q(x))2.

The claim follows since ∑
x∈Fq
P (x)=0

φq(Q(x))2 = #P (Fq)−#(P ∩Q)(Fq)

and the polynomials P and Q have no common roots since the curves are K-typical, hence
K-generic, hence #(P ∩Q)(Fq) = 0 and #(P ∩ S)(Fq) = 0.

When P is non-separable it follows from Lemma 3.9 that #(P ∩ Q)(Fq) = 0 and #(P ∩
S)(Fq) = 1. The remaining modifications are easy to replicate from the previous case. �
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Suppose that C̃ is geometrically irreducible and geometrically reduced. We denote by C
nonsingular projective curve birationally equivalent to the projective closure of C̃. Let τ1, τ2
and τ3 be three involutions of C whose restriction to C̃ are equal to (x1, x2, y) 7→ (x1, x2,−y),
(x1, x2, y) 7→ (x2, x1,−y) and (x1, x2, y) 7→ (x2, x1, y) respectively. Denote by φi : C → Ci :
non-singular projective quotients of C by τi (note that C1 =: ∆ is nonsingular projective closure
of ∆̃). Moreover, denote by φ4 : C → C4 the nonsingular projective quotient of C by the group
G generated by involutions τi or equivalently the quotient of ∆ by an automorphism of ∆
induced by (x1, x2) 7→ (x2, x1).

We have the following general result.

Proposition 3.15. For a prime power q and C̃ geometrically irreducible and geometrically
reduced over Fq we have

#C(Fq) + 2#C4(Fq) = #C1(Fq) + #C2(Fq) + #C3(Fq).

Proof. Denote by σ the generator of Gal(Fq2/Fq). Since C(Fq) is a disjoint union of orbits of
G acting on C(Fq), it is enough to prove that for each orbit O we have
(3.4) #O(Fq) + 2#φ4(O)(Fq) = #φ1(O)(Fq) + #φ2(O)(Fq) + #φ3(O)(Fq).
We consider several cases.

a) Case #O = 1. Here (3.4) follows immediately.
b) Case #O = 2. There is a τ = τi such that every element of #O is fixed by τ . If

#O(Fq) = 2, then the left-hand side of (3.4) is equal to 2 + 2, while the right-hand side
is equal to 2 + 1 + 1 (since #φi(O) = 2). If #O(Fq) = 0, then we have two possibilities.
First, if #φ4(O)(Fq) = 0, then the right-hand side of (3.4) is zero since there are natural
Fq-rational quotient maps from Cj → C4. If #φ4(O)(Fq) = 1, then for every P ∈ O
and any involution τ ′ different than τ we have P σ = τ ′P where σ is a generator of
Gal(Fq2/Fq). In particular, #φ1(O)(Fq) + #φ2(O)(Fq) + #φ3(O)(Fq) = 2 as required.

c) Case #O = 4. If #O(Fq) = 4, then #φ4(O)(Fq) = 1 and #φi(O)(Fq) = 2 for
i = 1, 2, 3 (since G acts faithfully on O) hence the claim follows. If #O(Fq) = 0 (since
involutions are Fq-rational this is the only other option), we have two possibilities. First,
if #φ4(O)(Fq) = 0, then the claim follows as above. If #φ4(O)(Fq) = 1, then for every
P ∈ O there is an involution τ such that P σ = τP (note that in this case P can not be
defined over quartic extension of Fq). The claim now follows as in b).

�

Remark 3.16. Proposition 3.15 is a finite field analogue of the theorem [Acc94, Thm. 5.9]
applied to the automorphism group Z/2⊕ Z/2 acting on C. It follows from [Acc94, 5.10] that
(3.5) g(C) + 2g(C4) = g(C1) + g(C2) + g(C3)
when the field characteristic of the curves C, Ci is odd or zero.

Proposition 3.17. Let K denote a field such that charK 6= 2 and let (∆̃, C̃) be a K-typical
pair. The quotient C4 of C by the group 〈τ1, τ2〉 is isomorphic to a smooth conic, hence
g(C4) = 0.

Proof. Let s1 = x1 + x2, s2 = x1 · x2 and η = y2. These polynomials are a complete set of
primary invariants of the group 〈τ1, τ2〉 acting on the polynomial ring K[x1, x2, y]. The curve
C4 has a model

µ1,0 + s2
1µ3,0 + s1µ2,0 + s2s1µ3,1 + s2 (2µ0,3 + µ2,1 + µ3,0) + s2

2µ3,2 = 0, R(s1, s2) = η

where R(s1, s2) = P (x1)P (x2). We eliminate the second equation. The discriminant of the first
equation is −16µ2,3Resx(P (x), Q(x)) 6= 0 which is non-vanishing due to Corollary 3.11. Hence,
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the conic C4 in the s1, s2-plane is not a union of two lines, hence geometrically irreducible and
reduced. �

Remark 3.18. A given point (x0, x0), x0 ∈ K is singular on ∆̃ if and only if it is a common root of
the polynomials ∆̃(x, x) and δ(x) = δ1(x, x) = δ2(x, x) from Section 3.1. In fact, the resultant
Resx(∆̃(x, x), δ(x)) equals −1/16 · µ2,3 · disc∆̃(x, x) and µ2,3 6= 0 in the K-generic context.
Hence, a point of the form (x0, x0) ∈ ∆̃(K) is singular if and only if x0 is a multiple root of
∆̃(x, x). Thus the polynomial ∆̃(x, x) is separable when the curves ∆̃ and C̃ are K-generic.

Corollary 3.19. Let q be an odd prime power. Let K denote a field such that charK 6= 2.
For a K-typical pair (∆̃, C̃) we have that the genera of C,C1 = ∆, C2, C3 and C4 are equal to
3, 1, 2, 0 and 0, respectively. Hence, the curve C is bielliptic and hyperelliptic.
When the pair (∆̃, C̃) is Fq-typical we have

(3.6) #C(Fq)−#∆(Fq) = #C2(Fq)− (q + 1).

Proof. Each map φi : C → Ci is a finite separable map onto a smooth projective curve Ci. Since
the curve C has genus 3 by Lemma 3.9, it follows from the Riemann-Hurwitz formula [Har77, IV
Cor. 2.4] that

2 = g(Ci) + r

4
where we denote by r the degree of the ramification divisor. Thus, r belongs to the set {0, 4, 8}.

Maps φ1, φ2, φ3 are covers of degree 2 and their ramification locus corresponds to the number
of fixed points of the involutions τ1, τ2, τ3, respectively.

In Lemma 3.9, we already discussed the case of η = φ1, which is ramified at four points,
proving that r = 4 and g(C1) = 1. The fixed points of τ1 are the four points {∞i,±} on C̃.

Proposition 3.17 proves that g(C4) = 0. Thus, it follows from (3.5) that 2 = g(C2) + g(C3).
Moreover, we have that the four points {∞i,±} on C are not fixed by τ2, since they are fixed
by τ1. Indeed, if they were fixed by τ1 and τ2 the contribution to the ramification divisor of the
map C → C4 would be too large.

We claim that the involution τ2 : (x1, x2, y) 7→ (x2, x1,−y) has at most one fixed point on C̃
and at most two fixed points on C. An inclusion (x, x, 0) ∈ C̃(K) for a certain x ∈ K would
imply that

(3.7) P (x) = ∆̃(x, x) = 0.

When P is separable this is not possible due to K-genericity. Then, τ2 has no fixed points,
hence r = 0 and g(C2) = 2 and g(C3) = 0.

Otherwise, when P is not separable it follows from Lemma 3.9 that P has a double root
a ∈ K such that ∆̃(x, x) = (x− a)h(x) and h(a) 6= 0 which follows by K-genericity. Hence on
C we have exactly two smooth points over the point (a, a, 0) on C̃. Since the points {∞i,±} are
not fixed by τ2, then r ≤ 2, hence r = 0 which concludes the genera computation.

Since the curve C has a degree 2 map onto a genus 1 curve it is bielliptic and since it has
also a degree 2 cover onto a genus 0 curve, it is hyperelliptic.

The formula (3.6) follows from Proposition 3.15 and the fact that both C3 and C4 are smooth
projective of genus 0, hence #C3(Fq) = #C4(Fq) = q + 1 from the Hasse-Weil bound. �

Remark 3.20. The Weierstrass points of C2 are ramification points of the quotient map C2 → C4
induced by the push-forward of the involution τ3 to C2, i.e. the fixed points of that involution on
C2. These are the two points at infinity, and four affine points given by the roots of ∆̃(x, x) = 0.
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4. Proof of the bias conjecture for typical curves

In order to compute the bias and prove our main result in Theorem 1.4, the remaining term
from Corollary 3.14 whose average over primes we need to understand is #S(Fp). For that we
consider the following general situation.

Let f(x) ∈ Z[x] be an irreducible polynomial. For a prime p, we denote by Nf (p) = #{α ∈
Fp : f(α) = 0} the number of distinct zeros of the mod p reduction of f(x).
Proposition 4.1. Let f(x) ∈ Z[x] be an irreducible polynomial. We have that

lim
x→∞

1
π(x)

∑
p<x

Nf (p) = 1,

where π(x) denotes the number of primes less than x.
Proof. Denote by ρ a Galois representation ρ : Gal(Q/Q) → GL(V ) which is a permutation
representation of the absolute Galois group acting on the roots α1, . . . , αd ∈ Q of f(x). Its is a
d-dimensional representation that factors through G = Gal(Q(α1, . . . , αd)/Q), and since f(x) is
irreducible over Q it contains exactly one copy of one dimensional trivial representation (which
is a restriction of ρ to the subspace of V generated by formal sum α1 + · · · + αd). Moreover,
for all but finitely many primes p, we have that Nf (p) = Trace(ρ(Frobp)), where Frobp ∈ G is
a Frobenius element at p. By Chebotarev density theorem, Frobp are equidistributed among
conjugacy classes of G, hence is we denote by χρ the character of ρ (i.e. χρ(g) = Trace(ρ(g))
for all g ∈ G), we have that

lim
x→∞

1
π(x)

∑
p<x

Nf (p) = 1
#G

∑
g∈G

χρ(g) = 〈χρ, χtriv〉 ,

where χtriv is the character of trivial representation. The claim now follows from orthogonality
relations for characters of irreducible representations and the fact that ρ contains only one copy
of the trivial representation. �

Now we are ready to prove our main result.
Proof of Theorem 1.4. The summation in M̃2,q allows only finitely many primes p | q and
parameters k0 ∈ P1(Fq) such that the fiber Fk0 is not irreducible. Suppose not, then there exists
a parameter k0 ∈ Q such that Fk0 is a union of two lines (or a double line). This is only possible
when P (x)k0 +Q(x) is a polynomial of degree 2 with a double root or P (x)k0 +Q(x) = λ ∈ Q
or P (x) is a zero polynomial. Each such case is excluded by the genericity assumption.

For a prime p let dp = p+ 1−#D(Fp). It follows from Proposition 3.15 and Corollary 3.19
that #C(Fp) −#∆(Fp) = −dp. The Weil conjectures imply that f4(p) = p2, f3(p) = −p · dp,
f2(p) = −p ·#S(Fp) and fj(p) = 0 for all j < 2 and all but finitely many p.

If we assume the Sato-Tate conjecture for the curve D, it follows that the average of dp√
p
over

the primes is equal to zero, hence the f3(p) term in the p power expansion of M̃2,p(Fk) averages
to zero. The average of f2(p) term equals −m by Proposition 4.1 applied to the polynomial

S(x) = ∆̃(x, x) = µ3,2x
4 + 2µ3,1x

3 + (µ2,1 + 3µ3,0)x2 + 2µ2,0x+ µ1,0

where µi,j = aibj−ajbi. The expressions M̃2,p andM2,p differ by a number a2
∞,p. When the fiber

F∞ is an elliptic curve, then by the Sato-Tate theorem for that curve the sequence {a2
∞,p}p has

average equal to 1 and the term contributes to the average of f2(p). When the fiber is singular
(but geometrically irreducible), then the contribution a2

∞,p ∈ {0, 1} and the average is again
0, 1, respectively and contributes to the the average of f0(p). Hence the average of f2(p) for
M2,p is −m− δ where δ ∈ {0, 1} and so the bias conjecture holds.
Family with m = −1 or m = −2: In the affine space A8 of 8-tuples (ai, bi) the subset of

parameters for which (∆̃, C̃) are Q-typical contains a Zariski open subset of positive dimension
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and the polynomial S(x) is irreducible over Q(ai, bi). Hence by the Hilbert irreducibility theorem
we have infinitely many cases for which S is irreducible over Q. Two families Fk and F ′k are
isomorphic only when the j-invariants are equal which is another closed condition. Finally, the
vanishing of the discriminant ∆(F∞) of F∞ is a closed condition which is satisfied for example
when a3 = 0. Hence, the bias is equal to −1 or −2 for infinitely many choices of parameters.

Let A denote the tuple (a0, a1, a2, a3) and B denote the tuple (b0, b1, b2, b3).
Family with m = −3: Consider A = (0, s,−1− s, 1) and

B =
(

s+ 1
s2 + 3s+ 4 , b1,−

b1s
3 + 4b1s

2 + 7b1s+ 4b1 − s2 − 4s− 1
s (s2 + 3s+ 4) ,

b1s
2 + 3b1s+ 4b1 + s2 + s− 1

s (s2 + 3s+ 4)

)
where s ∈ Q \ {0,−1,−2}. For s /∈ {−1, 0} the coefficients µi,j do not vanish. The polynomials
P , Q have no common roots if s /∈ {0,−1,−2}. Next, the expression µ2

1,3 − 4µ0,3µ2,3 =
(s2−5s−5)(s2+3s+3)

(s2+3s+4)2 6= 0 and

S(x) = (x2 + x+ 1) (s2x2 − 3s2x+ s2 + 3sx2 − 5sx+ s+ 4x2 − 2x)
s2 + 3s+ 4 .

Polynomial S(x) has exactly two irreducible factors over Q when s 6= −1,−2. It follows from
Definition 3.4 and Corollary 3.11 that the tuple (∆̃, C̃) is Q-typical. For a pair (b1, s) and (b′1, s′)
the j-invariants of the corresponding j-invariants j, j′ of the families are equal if and only if
s′ ∈ { 1

1−s , 1− s,
1
s
, s−1

s
, s, s

s−1}. The discriminant ∆(F∞) = (s− 1)2s2 is non-vanishing.
Family with m = −4: Let A = (0, 1,−2, 1) and

B =
(

2(s+ 4)2

25s , b1,−
20b1s+ s2 + 28s+ 16

10s ,
20b1s+ s2 + 38s+ 16

20s

)
.

For s ∈ Q \ {0,−4, 6, 8/3, 8, 2} the pair (∆̃, C̃) is Q-typical and the polynomial

S(x) = −(x− 2)(x− 1)(s− 10x+ 4)(5sx− 2s− 8)
50s

has four linear factors over Q. Two pairs (b1, s) and (b′1, s′) generate the same j-invariant only
if they are equal or b1 = b′1 and s′ = 16

s
. Finally, the discriminant ∆(F∞) vanishes.

Family with m = −5: Let A = (0, 37/16,−(53/16), 1) and

B =
(
−576

65 , b1,
5744− 3445b1

2405 ,
16 (65b1 − 63)

2405

)
.

For any b1 ∈ Q the pair (∆̃, C̃) is Q-typical, S(x) = 1
65(x − 3)(x − 2)(5x + 37)(13x − 6), the

j-invariants are distinct for distinct b1’s and ∆(F∞) = 603729/65536. �

5. Non-typical cases

The non-typical choices of (∆̃, C̃) can be characterised using the violation of the K-genericity
condition. Assume in what follows that the field K has characteristic charK 6= 2, 3.

If the pair P,Q of polynomials has at least one common root, we have the following types.
Assume that the common factor of P and Q is denoted by R. If

• degR = 1, then ∆̃ is a union of two lines and a conic and C̃ is a union of two doubles
lines and a curve which (if geometrically irreducible) is of geometric genus at most 1.
• degR = 2 case is not considered because then the family Fk is a family of singular
cubics.
• degR = 3, then we have a family of twists of a single curve.
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Suppose now that degR = 0. We use the notation from Section 3.1. We characterize
the remaining non-typical setups of T = (a0, a1, a2, a3, b0, b1, b2, b3) ∈ K8 by the following
conditions:

C1 : T ∈ %(P1),
C2 : T ∈ %(P2),
C3 : T ∈ %(S).

Notice that C1 is equivalent to µ2,3 = 0, C2 is equivalent to µ = µ2
1,3 − 4µ0,3µ2,3 = 0 and the

condition C3 implies that the following polynomial
µ3

1,2 + 27µ0,1µ
2
1,3 + 27

(
µ2

0,2 − µ0,1µ1,2
)
µ2,3 − 9µ0,3

(
µ2

1,2 + 9µ0,1µ2,3
)

vanishes.
In Table 1 we discuss a geometric situation in each of the 8 vanishing setups for the triple

(C1, C2, C3) of conditions. The entries should be read in the following way. In line i the conditions
(C1, C2, C3) being true or false determine a locus M of coefficients T ∈ K

8 such that the
corresponding curves ∆̃ and C̃ satisfy the properties described in the ”geometric setup” column.
The statement g(X) for an X means that away from some T in the appropriate Zariski closed
subsets ofK8 of positive codimension the given curveX is geometrically irreducible and reduced
and its genus g(X) is given as in the entry. We explain in more detail below what happens in
each case.

We notice that the verification of the bias conjecture in cases 2-8 from Table 1 does not
depend on the unproven cases of the Sato-Tate conjecture for curves. In cases 2, 3, 4 we apply
the Sato-Tate distribution result for genus 1 curves. In cases 4, 6, 7 and 8 we only deal with
genus 0 curves and in the case 5 the quotient curve C2 has genus 1 as well due to (3.5).

C1 C2 C3 geometric setup
1 NO NO NO K-typical pair (∆̃, C̃)
2 NO NO YES g(∆̃) = 0 and g(C̃) = 1
3 NO YES NO g(∆̃) = 1 and C̃ = B1 ∪B2, τ(B1) = B2 and g(Bi) = 1
4 NO YES YES g(∆̃) = 0 and C̃ = B1 ∪B2, τ(B1) = B2 and g(Bi) = 0
5 YES NO NO g(∆̃) = 1 and g(C̃) = 2
6 YES NO YES g(∆̃) = 0 and g(C̃) = 0
7 YES YES NO g(∆̃) = 0 and C̃ = B1 ∪B2, τ(B1) = B2 and g(Bi) = 0
8 YES YES YES ∆̃ = L1 ∪ L2 and C̃ = L′1 ∪ L′2 ∪ L′3 ∪ L′4, g(Li) = g(L′j) = 0
Table 1. A description of a typical geometric setup under each set of conditions.

In line 3, the curve C̃ decomposes into two irreducible components Bi, which (if geometrically
irreducible) are curves of genus 1 themselves. They are permuted by the appropriate involution
τ acting on C̃. A similar phenomenon happens for the case no. 4 and no. 7. In line 8 we denote
by Li a line and by L′i a genus 0 curve. We explain below where does the geometric setup in
each case of Table 1 come from.
Case 1. µ2,3 6= 0, µ 6= 0 and (a0, . . . , b3) 6∈ ρ(S). This is the K-generic situation dealt with

in the main theorem of this paper.
Cases 2, 3, 4 and 6. In each of these setups, it is enough to assume that P is a polynomial

of degree 3 and has the form x(x−a)(x−b) for some a, b ∈ K. We form a function field F in the
remaining coefficients over K and argue over that field that the conditions of the ”geometric
setup” hold true. The decomposition of C̃ into irreducible components can be written explicitly
and the genera computations were performed using MAGMA. We point the interested reader
to our ancillary files attached to this manuscript, cf. [KN20].
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Case 5. µ2,3 = 0, µ 6= 0 and (a0, . . . , b3) 6∈ ρ(S). The setup of no. 5 follows from the proof
of Proposition 3.10.
Case 7. µ2,3 = 0, µ = 0 and (a0, . . . , b3) 6∈ ρ(S). Without loss of generality we assume that

P has degree 3 and working over K we assume that P (x) = x(x − a)(x − b). It follows from
the conditions C1 and C2 that

∆̃ : a(b− x1 − x2)− b(x1 + x2) + x2
1 + x1x2 + x2

2

and the curve is a non-singular conic because the condition C3 is equivalent to (a2−ab+b2) = 0,
which does not hold. Hence ∆̃ is geometrically irreducible of genus 0. The curve C̃ decomposes
into two curves B1 and B2 with the following equations

B1 : ∆̃(x1, x2) = 0, (a− x2)(b− x2)x2 = y,

B2 : ∆̃(x1, x2) = 0, (a− x2)(b− x2)x2 = −y
which for τ = τ1 satisfy τ(B1) = B2 and both are geometrically irreducible of genus 0.

Example 5.1. Consider the polynomials

P (x) = 1
5
(
18x3 + 15x2 + 10x+ 5

)
,

Q(x) = 1
3
(
18x3 + 15x2 + 10x+ 12

)
.

The generalized second moment of the family Fk : P (x)k +Q(x) = y2 is

M̃2,p(F) = 2p2 + p(−
(
−3
p

)
−
(
−35
p

)
− 1− µ1(p)− µ2(p) + µ3(p))

where
µ1(p) = #{x ∈ Fp : 5 + 10x+ 15x2 + 18x3 = 0},

µ2(p) = #{x ∈ Fp : 10300 + 11025x2 + 22680x4 + 11664x6 = 0}
and

µ3(p) = (#{x ∈ Fp : 18/5x3 + 3x2 + 2x+ 1 = 0})2+

((1 +
(

21
p

)
)2(#{x ∈ Fp : 18/5x3 + 3x2 + 2x+ 1 = 0}))2

−2((1 +
(

21
p

)
)(#{x ∈ Fp : 18/5x3 + 3x2 + 2x+ 1 = 0}))2

for all primes except p ∈ {2, 3, 5, 7, 97, 103}.
Notice, that in this example the leading term is 2p2 which is not in agreement with the

theorem of Michel. This is due to the fact that the family Ek has non-minimal singular fibers.

Case 8. µ2,3 = 0, µ = 0 and (a0, . . . , b3) ∈ ρ(S). Suppose that P is not proportional to Q.
Assume that K is such that charK 6= 2, 3. In this case ∆̃ is K-isomorphic to the reducible
conic X2 +XY + Y 2 = 0 and C̃ is K-isomorphic to the union of 4 schemes X2 +XY + Y 2 =
0, y2 = (a0 +a3X

3)2 for certain a0, a3 ∈ K. Let K = Q and a0, a3 ∈ Z. Let p be a prime such
that µ0,3 6≡ 0(mod p), a3 6≡ 0(mod p). Note that these conditions are true for every sufficiently
large prime. Then

M̃2,p = p2
(

2 +
(
−3
p

))
− 1−

(
−3
p

)
.

The family Ek has j-invariant 0 and no non-minimal fiber, hence the bias conjecture holds with
bias equal to −1.

For a particular choice of polynomials P,Q the j-invariant of the corresponding family Ek
can be constant in K. The next proposition proves that the possibilities are very limited.
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Proposition 5.2. Suppose that the j-invariant of the elliptic curve EP,Q : P (x)k +Q(x) = y2

is constant, i.e. j ∈ K for the polynomials P,Q ∈ K[x]. Then j ∈ {0, 123} or otherwise
P (x) = λQ(x) for some non-zero λ. In each case, either P,Q have at least one common root
or we are in one of the cases 4–8 of Table 1.
Proof. Since a j-invariant does not depend on the choice of a model of the elliptic curve EP,Q we
can assume without loss of generality that P (x) = x(x−1)(x−a), Q(x) = b0 +b1x+b2x

2 +b3x
3.

We match the j-invariant of such a family with a variable c and solve the Gröbner basis problem
in the variables b0, b1, b2, b3, a, c determined by the vanishing of the expression j − c. The
geometrically reduced subscheme corresponding to this setup has either c = 0 or c = 123 or
P (x) = Q(x). The final claim follows from a straightforward case analysis of the irreducible
components of the parametrizing schemes. �
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