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ABSTRACT. Let K be a field of characteristic different from 2, and let M,, (K) be the algebra of

all n x n matrices over K. We consider the corresponding special Jordan algebra A := M, (K)™*

with symmetrized product Ao B := (AB+ BA)/2, and write A, := M, (K) for the underlying

K-vector space of A. For A € A, let La(X) := Ao X be the multiplication operator. We

consider the Jordan multiplication semigroup generated by all multiplication operators,
JMS(A) :=(La: A€ A) C Endx(Av).

We prove that JMS(A) = Endk(Ay). Equivalently, every K-linear endomorphism of A, is a
composition of multiplication operators. The proof is primarily linear-algebraic. The main
step is to show that SL(A,) C JMS(.A) by constructing elementary transvections inside the
semigroup. We then prove determinant surjectivity on the unit group of JMS(.A) and combine
it with the existence of a singular element of rank n? — 1 to obtain the full endomorphism
semigroup. In the finite-field case, the determinant-surjectivity step is established via Jacobi-
sum estimates.

1. INTRODUCTION

Let K be a field of characteristic different from 2, and let M,,(K) be the algebra of all n x n
matrices over K. We consider the associated special Jordan algebra, denoted by M, (K)*,
obtained from M,,(K) by replacing the associative product with its symmetrization

Ao B := %(AB + BA).

For general background on Jordan algebras, see [11, 20, 29].
Throughout the paper, unless explicitly stated otherwise, we write

A= M,(K)", Ay := M, (K), n>2.

We regard A, as the underlying K-vector space of the Jordan algebra .4, and write Endk (Ay)
for the algebra of all K-linear endomorphisms of A,. For each A € A, we write

LA:AV_>AV7 LA(X) ::Aon

for the corresponding multiplication operator. We then define the Jordan multiplication
semigroup of A to be the subsemigroup of Endg(.Ay) generated by all multiplication operators
L 4, namely
JMS(A) :=(Lg: A€ Ay C Endg(A,).
Since Ly, = id 4., the semigroup JMS(A) is in fact a monoid.
A natural background for the present paper is the theory of automatic additivity and, more
broadly, the rigidity theory of multiplicative maps. In this circle of problems one typically
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studies multiplicative maps under additional assumptions such as injectivity, surjectivity, or
bijectivity, and asks whether multiplicativity already forces additivity, semilinearity, or some
standard algebraic form. In the associative setting, this theme appears in work of Rickart,
Johnson, Martindale, Jodeit-Lam, Semrl, and others [24, 16, 19, 15, 25, 27]. Analogous rigidity
phenomena also occur in nonassociative settings. For Lie multiplicative maps, one often
obtains additivity, or almost additivity in the sense of additivity up to central-valued terms,
under suitable hypotheses [26, 4, 3, 23, 30]. For Jordan homomorphisms, the classical theory
goes back to the foundational work of Jacobson—Rickart, Herstein, and Smiley [13, 9, 28]. In
the modern preserver-theoretic setting, Jordan maps and Jordan multiplicative maps exhibit
analogous automatic additivity and rigidity phenomena [21, 18, 2, 14, 5, 6].

The present paper is motivated by this rigidity perspective, but approaches it from a different
angle. Rather than studying Jordan multiplicative maps directly, we investigate the linear
semigroup generated by the Jordan multiplication operators themselves. The connection with
Jordan multiplicative maps is that every such map intertwines the corresponding multiplication-
operator calculus: a map ¢: A — A satisfies

¢(Ao B) = ¢(A)od(B), forall A,B € A,

if and only if

poLa=TLyn)o o, for all A € A,
as self-maps of the underlying set of A. Thus every finite composition of multiplication
operators intertwines through ¢ with the corresponding composition formed from the operators
Lg(a)- In this sense, JMS(A) records a linear part of the multiplicative structure that is
naturally visible to every Jordan multiplicative map. The problem studied here is to determine
how large this linear structure is for A = M, (K)*.

A starting point for the present paper is a recent result of the first and third authors.
They showed that every Jordan multiplicative self-map of M, (K)™ is either constant or a
Jordan ring monomorphism; in particular, every nonconstant Jordan multiplicative self-map is
automatically injective and additive [5]. The key input in their argument is a strong nonlinear
rigidity property of Jordan multiplication: for every nonzero matrix X € M, (K), the iterated
Jordan-multiplication closure generated by X, equivalently the orbit JMS(.A)- X, coincides with
the whole algebra M, (K) [5, Proposition 2.2]. In an algebraically closed field of characteristic
different from 2, the corresponding zero-or-all statement was later proved in the setting of
mixed Jordan-power closure [7, Proposition 2.9].

The problem addressed here is whether, for the full matrix Jordan algebra, this orbit-
maximality is the shadow of a stronger linear fact: that the semigroup JMS(A) is already
maximal inside Endg (Ay).

Our main result shows that this is indeed the case.

Theorem 1.1. Let K be a field of characteristic different from 2, and let n > 1. Then
JMS(Mn(K)+) = EndK(Mn(K))
This phenomenon has no associative analogue. If B is a unital associative K-algebra and
Ay: B — B denotes left multiplication by A € B, that is,
Ap(X) = AX (X € B),
then
AaAp = Ayp, forall A, B € B,
so the semigroup generated by the left multiplication operators is simply

A(B) :={As: A€ B}.
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Moreover, if IIg: B — B denotes right multiplication by B € B, that is,
IIp(X):=XB (X € B),

then every A4 commutes with every IIp. Hence this semigroup can coincide with Endg (By)
only in the trivial one-dimensional case. Thus the maximality statement of Theorem 1.1 is
genuinely Jordan-theoretic.

It is also worth noting that Theorem 1.1 is stronger than the statement that JMS(.A) linearly
spans Endg (Ay). Indeed, for A, B € M, (K), one has

(1.1) 2L4 = Aa + 114, 4[LA>LB]:A[A,B]_H[A,B]7

where [A, B] := AB — BA denotes the associative commutator. Since every traceless matrix is
an associative commutator [1], while I,, supplies the scalar part, it follows from (1.1) that the
associative subalgebra of Endg(Ay) generated by the operators L4 contains both A¢ and Il¢
for every C' € M, (K). In particular, for standard matrix units E;;, Exs € My (K) one has

AEinEké (X) = EUXEM = XjkE’w’

so these operators form a complete system of matrix units for Endg(Ay). Therefore the
associative subalgebra generated by the operators Ly is already all of Endg(Ay). Since
JMS(A) consists exactly of finite products of the operators L4 and contains id 4, = Ly, , it
follows that spang JMS(A) = Endg(Ay). The content of Theorem 1.1 is that one does not
need to pass even to linear combinations: finite compositions of the operators L 4 already yield
every endomorphism of As.

For n = 1 the statement of Theorem 1.1 is immediate, since M7 (K)™ = K and L4(X) = AX.
Accordingly, the substance of the paper begins with the case n > 2. The proof then passes
through the following intermediate statement.

Theorem 1.2. Let K be a field of characteristic different from 2, and let n > 2. Then
SL(Ay) € JMS(A).

Equivalently, after choosing any K-basis of Ay, the semigroup JMS(A) contains every elemen-
tary transvection of SL,2(K) and therefore the whole group SL,2(K).

This theorem is the conceptual core of the paper. Recall that a transvection on a finite-
dimensional vector space W is a nontrivial unipotent linear operator that fixes pointwise a
hyperplane and acts nontrivially along a one-dimensional direction; see, e.g., [8, 10]. After
choosing a basis (b1, ...,bq) of W, the most basic examples are the elementary transvections

xij(t) = idW —Hf&?ij (Z 75 j, t e K),

where ¢;; is the rank-one operator sending b; to b; and all other basis vectors to 0. These
elementary transvections are the standard root subgroups of SL(W), and a classical Gaussian-
elimination argument shows that they generate the whole special linear group. Thus the proof
of Theorem 1.2 reduces to showing that JMS(.A) contains all elementary transvections relative
to a suitable basis of Ay; this reduction is carried out in Lemma 3.4.

Sections 2 and 3 implement this strategy. Section 2 constructs the basic transvections
intrinsically from Jordan multiplication. For each rank-one square-zero matrix N, the associated
quadratic operator

UN:.AV—>.AV, UN(X) =NXN

is a rank-one nilpotent endomorphism in JMS(.A) (Lemma 2.1), so that

un(t) :=ida, +tUn
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is a transvection whenever ¢ # 0. The main result of the section, Proposition 2.6, proves that
un(t) € JMS(A) (t € K).

When K has characteristic 0, the key input is a concrete operator identity over Q expressing
id4, +Ug,, as a finite product of Jordan multiplication operators; this identity is recorded in
Appendix A. Once this special case is available, the argument extends it to arbitrary rank-one
square-zero matrices by conjugation and then to arbitrary parameters by a simple reduction.

Section 3 then shows that these Jordan-theoretic transvections uy(t) suffice to recover the
standard elementary transvections on Ay. The proof first treats the 4-dimensional space M (K)
in a suitable basis, where explicit operator identities produce all elementary transvections;
these computations are collected in Appendix B and are used in Proposition 3.2. One then
transports this local 2 x 2 construction to arbitrary corners of M, (K) and propagates it to the
full standard basis by a commutator argument. Once all elementary transvections are known
to lie in JMS(A), Lemma 3.4 yields Theorem 1.2.

Section 4 completes the passage from Theorem 1.2 to Theorem 1.1. Once SL(.A,) C JMS(A)
is known, two further ingredients suffice. First, one studies the determinant map on the
group of invertible elements of JMS(A) and shows that every element of K* occurs as the
determinant of an invertible element of the semigroup. This implies that every invertible
operator on A, belongs to JMS(A). Second, one exhibits a singular element of rank n? — 1
inside JMS(.A). Since all invertible operators are now available, this corank-one operator
can be moved to arbitrary position by left and right composition, yielding all rank-(n? — 1)
endomorphisms; composing such operators then gives every singular endomorphism. Thus
JMS(A) = Endg(Ay). The only genuinely field-dependent point in this final step is the
determinant-surjectivity argument; in the finite-field case it is established using standard
character-sum estimates.

Only two parts of the proof require explicit computation. Appendix A gives the operator
identity used in the characteristic-zero case of Proposition 2.6, and Appendix B records the
exact My identities used in Proposition 3.2. These identities were first found with the assistance
of OpenAl’s ChatGPT and subsequently verified by exact symbolic computation over the
relevant coefficient rings. A short computer-algebra verification file accompanies the paper as
supplementary material.

Finally, the characteristic assumption is essential. In characteristic 2, the normalized Jordan
product is unavailable, and even for the unnormalized symmetrized product A¢B := AB+ BA
one has L4(X) = AX + XA = [A, X]. Hence every nonempty composition annihilates K1,
and has image contained in sl,(K). In particular, the full endomorphism semigroup cannot be
generated in that setting.

2. QUADRATIC OPERATORS AND RANK-ONE TRANSVECTIONS

This section provides the first structural step in the proof of Theorem 1.2. We show that
rank-one square-zero matrices give rise to transvections in JMS(A) via the Jordan quadratic
operators. These unipotent elements will be used in the next section to generate the elementary
transvections of SL(Ay).

For the remainder of the paper, we assume that K is a field of characteristic different from
2 and that n > 2. We also use the symmetric nondegenerate trace pairing

(X,Y) :=Tr(XY) (X,Y € Ay).
For A € A, recall that the Jordan quadratic operator is
Ug: Ay — A, Uy =214 — L e;
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see, for example, [12, Chapter 1]. In the special Jordan algebra M, (K)" this is given by
Ux(X)=AXA (X € Ay).

In particular, if N? = 0, then Uy = 2L3%;. Thus Uy € JMS(A) for every square-zero matrix
N. The next lemma identifies the rank-one case relevant for transvections.

Lemma 2.1. Let N € M, (K) satisfy N?> =0, and define
Unv(X):=NXN (X €A,
Then:
(a) One has

In particular, Uy € JMS(A).
(b) If moreover rank(N) = 1, then

Un(X)=(N,X)N (X € Ay).
In particular, rank(Uy) = 1 and U% = 0.
Proof. (a) For X € A,

L3(X) = %(N(NX + XN)+ (NX + XN)N) =

1
=_-NXN.
2

(N?X +2NXN + XN?)

B~ =

Thus L% = 2Uy. Since Loy, = 2id4,, it follows that
Uy = Loy, L3 € IMS(A).
(b) Assume in addition that rank(N) = 1. Write
N = w!
for some nonzero vectors u,v € K", where, as usual, vectors are treated as columns and v*
denotes the transpose of v. Then
N? = (v'u)N,
so N? =0 is equivalent to v'u = 0. For X € A,,
Un(X) = wo' Xuv' = (v Xu)N.
Also,
Tr(NX) = Tr(uww'X) = Tr(v' Xu) = v' Xu.
Hence
Un(X)=(N,X)N.
It follows that im(Upx) = KN, so rank(Uy) = 1. Finally,
UX(X) = (N, X)Un(N) = (N, X) N> = 0.
O

Lemma 2.1 shows that rank-one square-zero matrices give rise to rank-one nilpotent endo-
morphisms of A,. The associated unipotent operators are therefore transvections.
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Remark 2.2. As already mentioned in the introduction, a transvection on a finite-dimensional
vector space W is a nontrivial unipotent operator fixing pointwise a hyperplane and acting
nontrivially along a one-dimensional direction. Equivalently, it is a nontrivial unipotent linear
map

W —W, =z + p(x),

where v € W, ¢ € W* is a linear functional, and v € ker .
If N € M, (K) has rank 1 and N2 = 0, then for every ¢ € K the operator

un(t) :=1idy, +tUy
satisfies
UN(t)_l = ’LLN(—t).
For t # 0, Lemma 2.1 gives
un(t)(X) = X + (N, X) N,
so un(t) is a transvection on A, with direction KN and fixed hyperplane
ker(X — (N, X)) = ker(Un).
For ¢t = 0, one has un(0) = id 4, .

To pass from the special matrix E15 to an arbitrary rank-one square-zero matrix, we will
use conjugation. The following lemma shows that both L4 and U4 behave naturally under
this operation.

Lemma 2.3. For S € GL,(K), let
Ps(X):=85XS1 (X cA).
Then for every A € M, (K) one has
PsLsPg" = Lggg-1 and  PgUsPgt = Ugyg1.
Proof. For fixed X € A, we have

ASTIX + XSAS
DsLadg'(X) =S (A0 ($71X9)) g1 945 ‘; 545

= Lgag-1(X).

Similarly,
DU (X) = S(A(STIXS)A)S™ = (SAS 1) X(SAS™T)
= Ugsas-1(X).
g

The next lemma shows that it is enough to construct the two special operators id 4, £Uj;.
Once these are available for every rank-one square-zero matrix M, the full family id 4, +tUxn
follows formally.

Lemma 2.4. Assume that for every rank-one square-zero matriz M € M, (K) one has
ida, £Upr € IMS(A).
Then for every rank-one square-zero matrix N € M, (K) and every t € K,

id, +tUy € JMS(A).
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Proof. Fix N and t. Since char K # 2, we may write
t+1 t—1
=5 yi=—
Let z € K. If 2 = 0, then id 4, £22Uy = id 4, € JMS(A). If z # 0, then 2N is again rank one
and square-zero, so id4, £U,ny € JMS(A). Since U,n = 22Uy, we have in all cases

id4, £2°Un € IMS(A), for all z € K.

t=a%— 2, where x:

Applying this with z = z and z = y, and using U?V =0, we get
(ida, +2%Un)(ida, —y*Uy) = id4, +(2? — ?) Uy = idg, +tUx € JMS(A).
O

It remains to construct the two operators id 4, Uy for rank-one square-zero matrices M.
We begin with the basic rank-one square-zero matrix M = Ejo over Q.

Lemma 2.5. For everyn > 2, we have
idy, +Ug,, € JMS(M,(Q)™1).

Proof. Appendix A gives an explicit factorization of id 4, +Ug,, on M2(Q), and then extends
it to arbitrary n > 2 by padding. The minus sign is obtained from the elementary identity

. 2
ldAv _UE12 = (LI+E12LI—E12) .

We can now assemble the preceding ingredients into the main result of the section.

Proposition 2.6. Let K be a field of characteristic different from 2, and let N € M, (K)
satisfy rank(N) = 1 and N? = 0. Then for allt € K,

un(t) :=idy, +tUyx € JMS(A).

Proof. By Lemma 2.4, it is enough to prove that id4, £Uy € JMS(A) for every rank-one

square-zero matrix M. We treat separately the cases char K > 0 and char K = 0. In positive

characteristic, the operators id 4, Uy, are obtained directly from a simple explicit element of

JMS(A). In characteristic 0, one first establishes the corresponding identities for the matrix

FE19 over Q and then transfers them to an arbitrary rank-one square-zero matrix by conjugation.
Assume first that char K = p > 2. By Lemma 2.1,

1
Ly aLy o =idg, —L3, = idy, —5Unm € JMS(A).
Since U?M = 0, repeated multiplication gives
(ida, —3Un)" = idg, —%UM (r > 0).

Since —1/2 # 0 in [F,,, it generates the additive group of the prime field IF,,. Hence id 4, +sUjs €
JMS(A) for every s € F, in particular for s = +1.

Now assume that char K = 0. Since every characteristic-zero field contains a canonical copy
of Q, and since the factorization from Lemma 2.5 is an exact operator identity defined over
Q, the same word in Jordan multiplication operators is defined over K and yields the same
identity after scalar extension. Hence

ida, £Upg,, € JMS(A).
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It remains to pass from the matrix F1o to an arbitrary rank-one square-zero matrix. The
following argument uses Lemma 2.3 to transport the identities already established for Fio
to the general case. Indeed, let M be any rank-one square-zero matrix. There exists a basis
(b1,...,by) of K™ such that

im(M) = Kby, ker(M) = span{by, b3, ..., by}, Mby = b;.
Relative to this basis, the matrix of M is Fj5. Thus there exists S € GL,(K) with M =
SE12S~!. By Lemma 2.3,
PsUp,, 05" = Up.
By Lemma 2.5, for each choice of sign there exist Ay,..., A, € M,(Q)" such that

T =1Ly, ---La, =idg, +Ug,,.

Then
OgT®g" = Lga,s-1--Lga, s-1 € IMS(A),
while
PsTP" = Pg(ida, £Up,,)P5" =ida, £Un.
Therefore id 4, £Up € JMS(A), so Lemma 2.4 completes the proof. O

Remark 2.7. If K is algebraically closed, the proof of Proposition 2.6 becomes much simpler.
Indeed, if N? = 0, then for every s € K one has L, +sny = id4, +sLy, and hence

2
S
Ly, +snLi,—sn = (id.Av —|—SLN)(idAV —SLN) =id4, —52]_3\[ =id4, _?UN-

Given t € K, choose s € K with s> = —2t. Then
UN(t) = idAv +tUpn = Lln—i-sNLIn—sN S JMS(A)

3. FROM ROOT TRANSVECTIONS TO SL(Ay)

In this section we prove Theorem 1.2. We first work on the 4-dimensional space M (K),
equipped with a suitable basis, and show that the transvections constructed in Section 2
already yield all elementary transvections there. We then transfer this construction to arbitrary
2 x 2 corners of M, (K) and use a simple propagation argument to reach the full standard basis
of Ay. Tt follows that JMS(A) contains all elementary transvections of SL(A), and hence
SL(Ay) itself.

For every rank-one square-zero matrix R we set

9r = L1, +R.

The operators gr and their inverses will be used to conjugate the transvections constructed in
the previous section. We begin by recording that these inverses still lie in the semigroup.
For invertible operators P, () we write

[P> Q]grp = PQP_IQ_l
for their group commutator.

Lemma 3.1. Let R € M,(K) satisfy rank(R) = 1 and R*> = 0. Then

1
g§1 —idy, ~Lr+1% = (idAv +§UR)LIn—R € JMS(A).
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Proof. By Lemma 2.1, L% = %UR. Also,
gr = L1,+r = id4, +Lg.
Moreover,
LH(X) = JLa(Ur(X)) = { (R(RXR) + (RXR)R) =0
for every X € A,, because R? = 0. Therefore
(ida, +Lg)(ida, —Lg + L%) = ida, +L = ida,,

SO ggl =ida, —Lrp+ L%%. Since Ly, _r =id 4, —Lpg, it remains to check that

| =

1 1
(44, +5Ur) Li,—r = ida, L + 3Ur.
But
RX +XR

UgLr(X) = R < .

1
) R= 5(R2XR + RXR% =0,
so indeed ) )
(ida, +§UR)LIn—R =1ida, ~Lr + 5Ur.

Since up(1/2) = ida, +3Ug belongs to JMS(A) by Proposition 2.6, the inverse lies in
JMS(A). O

We first work on the 4-dimensional space M>(K) in a suitable basis. The next proposition

shows that the transvections constructed in Section 2 already suffice there to produce all
elementary transvections.

Proposition 3.2. Define an ordered basis € = (By, B2, Bs, By) of M2(K) by
1
By = E1 + 512, By := Ej2, B3 := I3 + E2, By := E11 — E9s.
For1<r#s<4andt ek, let z,5(t) be the elementary transvection relative to E:

Zrs(t)(Bs) = Bs + tBy,  @ps(t)(Bg) = B, (k # s).
Then
Tps(t) € IMS(Ma(K)™) (1<r+#s<4, tek).

Remark 3.3. Let W be a finite-dimensional vector space with ordered basis £ = (b1, ..., bq).
For basis vectors u,v € &, let

Euw € EndK(W)
denote the rank-one operator sending v to u and every other basis vector of £ to 0. In
particular, for 1 <4, 5 < d we write

Eij = Ebi,bj-

When W = Ms(K) with the ordered basis £ = (Bj, B2, B3, B4) from Proposition 3.2, the
symbols e,¢ refer to these matrix units and are distinguished from the standard matrix units
El'j € Mo (K)

Proof of Proposition 3.2. Using the notation of Remark 3.3, for 1 < r # s < 4 we have
l’rs(t) = ldMQ(]K) +iteys.

The basis £ is chosen so that Ug,, acts as a single matrix unit and so that a family of
conjugates gpug(t) g}l, with P, Q € My(K) rank-one square-zero matrices, considered below
has sparse matrices in this basis. The exact formulas used below are recorded in Lemma B.1
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of Appendix B. The change-of-basis matrix from the standard basis (F11, E12, Fo1, F22) to €
has determinant 2, so £ is indeed a basis of Ms(K) because char K # 2.
The matrices

1 1 -1 1 —2 -1 -1 -1
R+':{—1 —1]’ R—':[—l 1}’ R':[4 2}’ S‘:[l 1}

all have rank 1 and square 0, and so does 2FE9;. Hence every operator of the form uy(¢) and
gqu(t)gIS1 appearing below lies in JMS(M>(K)™) by Proposition 2.6 and Lemma 3.1.
The formulas from Lemma B.1 give
UE, (t) = isz(K) +teor =z (t), JE15UEy, (t)gilg = isz(K) +te1 = xlz(t).

Hence x12(t), 291 (t) € JMS(M2(K)T). Replacing t by —t gives their inverses, since x,s(t)~! =
xps(—t) for every elementary transvection.
Next set

re(t) == gryuEy, ()9p, -
Lemma B.1 gives
. 1 1 . 1 1
T (t) = idpg k) +t J€12 — jetew ), r—(t) = i) +t J€12 — 5E13 —Eu )

Since the matrix units €19, €13, €14 pairwise multiply to zero,

t t
Ty <2> T_ <—2> = idM2(K) +terq = x14(t),
and
T+(—t>7’_(—t)1‘12(t) = idMQ(K) +ite13 = xlg(t).

Thus z13(t), z14(t) € JMS(M2(K)™). For all distinct indices i, j,k and all a, 3 € K, the
standard Steinberg relation

[ij (@), 2k (B)|grp = ik ()

holds; see, for example, [22, Lecture 1] or [8, Chapter I]. Since both a transvection and its
inverse belong to the semigroup, each displayed commutator below is a finite product of already
known semigroup elements and therefore belongs to the semigroup:

223(t) = [w21(1), 213(V)]gep,  @24(t) = [w21(1), @14(t)]grp-
Hence z23(t), z24(t) € IMS(Ma(K)™).
Lemma B.1 also gives
92E2, UE; (S)QEEIQI = idM2(]K) +2s €32,

SO

t —
$32(t) = 92E2 UE: (2) g2E121 € JMS(M2(K)+)-

The displayed group commutator

z31(t) = [32(t), w21 (1) ] grp
is again a finite product of already known semigroup elements, so x31(t) € JMS(Mz(K)™).
Finally let
v(t) := grus(t)gp'-
Lemma B.1 gives
u(t) = idpz, k) +t(—e12 + €32 + £42).
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Again the relevant matrix units pairwise multiply to zero, so

U(t) = wlg(—t)$32(t)$42(t).
Therefore
l‘42(t) = $12(t)3332(—t)’0(t) S JMS(M2(K)+)
Finally, each of the displayed group commutators

241(t) = [2a2(t), 221(Vgep,  @a3(t) = [242(1), 223(Dlgrp,  34(t) = [232(1), 224(F) e

is a finite product of already known semigroup elements. Hence these three operators also lie
in the semigroup. At this point every ordered pair (r,s) with r # s has been realized. O

Once all elementary transvections are available in a given basis, the passage to the whole
special linear group is standard. We record this in the next lemma for later use.

Lemma 3.4. Let W be a finite-dimensional vector space over K with ordered basis € =
(b1,...,bq), where d > 2, and let S C Endg (W) be a semigroup containing every elementary
transvection

:L'ij(t):idw—l—t&j (lfl#jgd, tGK)
relative to €. Then SL(W) C S.

Proof. This is standard; compare [22, Lecture 1], [8, Chapter I], and [10]. Since the lemma
will be used repeatedly, we record a short self-contained proof.

Identify Endg (W) with My(K) via the basis £. The row and column operations below are
carried out in the ambient group GL4(K). We use them only to derive a factorization

PGQ = A

with P and @ products of elementary transvections and A diagonal; membership in S will
then follow because the relevant elementary transvections and their inverses lie in S.

Let G = (grs) € GL4(K); after each row or column operation, we again denote the resulting
matrix by G = (g,s). By composing on the left with at most one elementary transvection, we
may suppose that the (1, 1)-entry of G is nonzero: if g;; = 0, choose r > 1 with g1 # 0 and
then choose ¢t € K such that g11 + tg,1 # 0; replacing G by z1,(t)G achieves this.

For each r > 1, composing on the left with

( grl)
Lrl| ——
gi1

clears the entry in position (r,1); for each s > 1, composing on the right with

< gls>
Tis| ——
g1

clears the entry in position (1,s). Iterating this argument reduces any invertible matrix to
diagonal form by left and right multiplication with elementary transvections. Formally, one
argues by induction on d: after clearing the first row and first column outside the (1, 1)-entry,
the resulting matrix is block diagonal with nonzero (1, 1)-entry, and hence its lower-right
(d—1) x (d — 1) block is invertible. The same procedure therefore applies to that block.
Now let G € SL4(K). Then there exist products P, Q of elementary transvections such that

A = PGQ = diag(aq,...,aq)

with a1 ---ag =1. For 1 <i < d and a € K*, let H;(a) be the diagonal matrix with entries a
and a~! in positions i and i + 1, and 1 elsewhere. Then

A = Hi(ay)Hs(araz) - Hg—1(ay -+ ag—1).
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It therefore suffices to write each H;(a) as a product of elementary transvections. This reduces
to the standard 2 x 2 identity

a 0] 1 a—=1][1 0]l at=1]]1 O
0 a'] [0 1 J[1 1]]0 1 —a 1]’
embedded into the (7,7 4+ 1) block. Hence A € S.
Since x;;(t)~! = z;;(—t) € S, the products P~! and Q! also belong to S. Therefore
G=P'AQtes.
U

We now embed the Ms(K) calculation into arbitrary 2 x 2 corners of M, (K). Fix 1 <i <
7 <n, and put
Cij = span{Ejy;, Eyj, Ej;, Ej;} C Ay,

and
Zij i ={X €Ay : Xy = X4j = Xj; = X;; = 0}
Thus
Ay = Cij & Zij.
Let

Lij: MQ(K) — CZ
denote the natural corner embedding.

The key observation is that the operators used in the proof of Proposition 3.2 can be placed
in any chosen 2 x 2 corner. Indeed, if N € M3(K) is rank one and square-zero, then

Up () (X) = 45(N) Xi5(N)

is obtained by applying Uy to the 2 x 2 principal block of X with rows and columns i, j, and
then embedding the result back into C;;. Hence u,, () (t) restricts to un(t) on Cj; and fixes
Z;; pointwise.

Similarly, the operators 9u,;(r) and gb_ijl( ) Preserve both C;; and Z;;, and their restrictions
to Cj; are the corresponding operators gr and g;%l on M>(K). Therefore g, (r)u,,,s)(t) g;l( R)

ij

restricts to gRuS(t)g;%l on Cjj. Moreover, since g;jl( R) breserves Zij and u,,(s) (t) fixes Z;;
pointwise, this conjugate also fixes Z;; pointwise.

For two distinct vectors u, v in the standard matrix-unit basis

EZ{EUISZ,]STL}

of Ay, and for t € K, let 7, ,(¢) denote the elementary transvection relative to £, sending v to
v + tu and fixing all other basis vectors.

Proposition 3.5. For every 1 <i < j <n, the semigroup JMS(A) contains every operator
g € GL(Ay) such that

g(Cij> = Cija g|Zij = idzi]” det(g|Cij) =L
In particular, if u and v are distinct elements of
{Ei, Eij, Eji, Ejj},
then
Tuw(t) € JMS(A) (t € K).
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Proof. Let £ = (B1, Be, Bs, By) be the ordered basis of M3(K) from Proposition 3.2, and let
Eij = (1ij(B1), 1ij(Ba), 1ij(B3), tij(Ba))
be the transported ordered basis of Cj;.
The proof of Proposition 3.2 shows that every elementary transvection of M (K) relative to
£ is a product of operators of the form

un(t)  and  grus(t)gg',

where N, R, S € M3(K) are rank-one square-zero matrices. Replacing each matrix N, R, S
in such a factorization by its corner embedding ¢;;(IN), ¢;(R), ti;(S), the preceding corner-
embedding discussion shows that the resulting operator belongs to JMS(.A), restricts to the
corresponding elementary transvection on Cj; relative to the basis g'ij, and fixes Z;; pointwise.

Hence JMS(.A) contains all elementary transvections of Cj; relative to gl-j, extended by
the identity on Z;;. By Lemma 3.4, these transvections generate SL(C};). Therefore JMS(.A)
contains every determinant-one operator supported on C;; and equal to the identity on Z;;.

In particular, this includes the elementary transvections between the four standard matrix
units Ej;, Eij, Eji, Ejj spanning CZJ O

Graph-theoretic arguments for groups generated by transvections are standard; see, for
instance, Humphries’ work on generation of special linear groups by transvections [10]. We
shall need only the following elementary path-propagation form of this idea.

At this point we know how to realize transvections between basis vectors lying in a common
2 x 2 corner. The next lemma shows how such local transvections can be propagated through
a connected graph of basis vectors.

Lemma 3.6. Let W be a finite-dimensional vector space with basis £, and let S C Endg (W)
be a semigroup. Suppose there is a connected graph I' on the vertex set £ such that for every
edge {u,v} of I' and every t € K, both transvections Ty,,(t) and 7, ,(t) belong to S. Then S
contains every transvection T,,(t) with distinct u,v € £.

Proof. Fix distinct u,v € £, and choose a simple path
U =Y,V1y...,Up =V

in I'. We prove by induction on r that 7, ,,(t) € S for all 1 <r <m and all ¢t € K. The case
7 = 1is part of the hypothesis. Assume the statement holds for r —1. Since 7,4(t) ™! = 74 4(—1),
the relevant inverses also belong to S. Therefore the group commutator

[TUOﬂJrfl (1), Tor_1,0r (t)]grp
belongs to S. Using the notation of Remark 3.3, the corresponding rank-one operators satisfy

6”07UT—1€UT—17vT = E:UO:'U'I"
Since the path is simple, v, # vg, and therefore

Evp_1,0rEv0,0r1 = 0.

Hence

[Too,00—1 (1) Top 1,0, ()] grp = idw + Eug0, = Tug v, (1)
This proves the induction step. O
We now apply the preceding lemma to the graph whose vertices are the standard matrix

units and whose edges come from common 2 X 2 corners. Since this graph is connected, the
local corner transvections propagate to all pairs of basis vectors.
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Proposition 3.7. Let £ = {E;; : 1 <i,j < n} be the standard basis of A, = My (K). Then
for every distinct u,v € £ and every t € K,

Tun(t) € IMS(A).

Proof. Let T be the graph on £ in which two distinct vertices are joined exactly when they lie
in a common set

{Eii, Eij, Eji, Ejj} (1<i<yj<n).
By Proposition 3.5, both oriented transvections along every edge belong to JMS(.A).

The graph I' is connected. Indeed, if 7 # j, then the off-diagonal vertex E;; is adjacent
to both Ej; and Ejj, since these four basis vectors lie in the same set {Eii,Eij,Eji,Ejj}.
Moreover, for each ¢ # 1, the diagonal vertices E1; and FE;; are adjacent, since they lie in
{E11, Evi, Ei1, Ei; }. Thus every vertex of I' is connected to E1, so I' is connected. Lemma 3.6
now gives the claim. O

This gives all elementary transvections in the standard basis of A,. Theorem 1.2 now follows
immediately from Lemma 3.4.

Proof of Theorem 1.2. Order the standard basis £ as (ey, ..., eq) with d = n?. Proposition 3.7
shows that JMS(.A) contains every elementary transvection relative to this basis, so Lemma 3.4
gives SL(Ay) C JMS(A). O

4. DETERMINANTS AND ABSTRACT SEMIGROUP REDUCTIONS

In this section we complete the proof of the main theorem. By Theorem 1.2, the semigroup
JMS(A) already contains SL(Ay). To reach all of Endg(.Ay), it therefore remains to do two
things: first, pass from SL(Ay) to GL(Ay) by proving that all determinant values occur on
invertible elements of the semigroup; second, use one singular operator of rank n? — 1 together
with the invertible part to recover every singular endomorphism.

We begin by recording the determinant of a single Jordan multiplication operator. This
formula will be used repeatedly in what follows.

Proposition 4.1. Let K be a field of characteristic different from 2, let A € M,(K), and
let A1,..., A\, be the eigenvalues of A in an algebraic closure of K, counted with algebraic
multiplicity. Then
(4.1) det(La) =27 [T (N +2y).

ij=1
Equivalently,

det(Ly) = 27" Vdet(A) ] i+ M)~
1<i<j<n

In particular, L4 is invertible if and only if \i + X; # 0 for all 4, j.
Proof. Passing to an algebraic closure does not change the determinant of the underlying
K-linear operator, so it is enough to prove the formula after extending scalars and assuming

that K is algebraically closed. Choose S € GL,(K) such that B := S~'AS is upper-triangular
with diagonal entries Aq, ..., A,. Conjugation by S induces an automorphism

dg(X):=S5XSt (X € M,(K)),

and gL = L4®g. Thus L4 and Lp are similar.
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Order the matrix units £;; by increasing j and, for fixed j, by decreasing 7. Since B is
upper-triangular,

BE;; € span{Ey; : k < i}, E;jB € span{E;; : { > j}.

With the chosen order, every basis vector occurring in BE;; — A\;E;; or E;; B — \jE;; comes
after F;;. Hence

2Lp(Eij) = (M + Aj)Ei; + (a linear combination of basis vectors occurring after Fjj).
Therefore the matrix of 2Lp in this basis is lower triangular, with diagonal entry A; + A; in

the row corresponding to Ej;;. Hence
n
det(2Lg) = J] (N + A)),
ij=1
which proves the first formula. The second follows by grouping the factors with ¢ = j and
i < j. The invertibility criterion follows immediately from (4.1). O

Remark 4.2. Equivalently, 2L4 = A4 + II4 may be viewed as a Kronecker-sum operator.
Under the identification M, (K) = K" ® (K")*, left multiplication by A corresponds to A ® I,
while right multiplication by A corresponds to I, ® A*, where A* is the dual map of A
(equivalently, A® in dual bases). Thus Proposition 4.1 is precisely the resulting product formula
for the eigenvalues of 2L 4.

For a monoid S, write S* for its group of invertible elements. If S C Endg (W) with W
finite-dimensional, define

A(S) :=={det(T) : T € S} <K*.

Once determinant values in the unit group are understood, the passage from SL(W) to
GL(W) is immediate. The next proposition isolates this simple reduction.

Proposition 4.3. Let W be a finite-dimensional K-vector space, and let S C Endg(W) be a
monoid. Assume that

(i) SL(W) C S;

(i) A(S) =K*.
Then GL(W) C S.

Proof. Let G € GL(W). By (ii), there exists H € S* with det(H) = det(G). Then
det(H™1G) = 1,50 H™'G € SL(W) C S by (i). Since H € S, it follows that G = H(H 'G) €
S, as desired. Il

After the invertible case, the remaining issue is singular operators. The following lemma
shows that, once all invertible operators are present, a single corank-one element is enough to
generate the whole endomorphism semigroup.

Lemma 4.4. Let K be a field, let d > 1, and let S C My(K) be a semigroup. Assume that
(i) GLqa(K) € 5;
(ii) S contains a singular element of rank d — 1.

Then S = My(K).

Proof. If d = 1, then GL1(K) = K* C S, and by (ii) the semigroup also contains 0, so
S = M;(K). Assume henceforth that d > 2.
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Let A € S be singular of rank d — 1. There exist G, H € GL4(K) such that
GAH = diag(l4—1,0) =: E.

Hence E € S.

For each k € {1,...,d}, let Py be the permutation matrix swapping the kth basis vector
with the dth and fixing the others. Then Ej := P EP, 1 ¢ S, where Ej is the diagonal
idempotent with a single 0 in position k. Since the Ej commute, the semigroup contains all
their products, and in particular every diagonal idempotent diag(/,,0) with 0 <r < d.

Finally, every matrix of rank r is GL4(K)-equivalent to diag(Z,,0), that is, every matrix of
rank r is of the form

U diag(I,0) W

for suitable U, W € GL4(K). Thus every matrix belongs to S. O
It therefore remains to exhibit one singular element of rank n? — 1 inside JMS(A).

Proposition 4.5. Let K be a field of characteristic different from 2. Then JMS(M, (K)*)
contains a singular operator of rank n® — 1.

Proof. Take A := diag(0,1,...,1) € M,(K). On the standard basis E;; of Ay,

o+ oy
La(Eyj) = ——5— 5 L Eij,
where oy = 0 and a; = 1 for ¢ > 2. Since char K # 2, the scalar (o; + ¢;)/2 vanishes only

when (i, 5) = (1,1). Hence ker(L4) = KE;; and rank(L4) = n? — 1. O

4.1. Infinite fields. We now prove determinant surjectivity over infinite fields. The argument
uses a simple family of diagonal Jordan multipliers. For all but finitely many parameters,
these operators are invertible and their inverses still lie in the semigroup; this gives enough
flexibility to realize every element of K* as a determinant.

In this subsection K is an infinite field of characteristic different from 2. The next scalar
identity is the only special calculation needed in the infinite-field case.

Lemma 4.6. Let 0 € K satisfy o ¢ {0,2,—2, —4}, and define

8 o+ 2 (0 —2)(c+4) o
v = ———— v 1= vg = —-———~ vy = —
Then
V1U203V4 = 1, (1+U1)(1—|—’02)(1—|—U3)(1—|—’U4) =o0.
Proof. Both identities are verified by direct calculation. O
For u € K, let
A(u) := diag(u, 1,...,1) € M,(K), m(u) := Ly, € IMS(A).
The point of Lemma 4.6 is to choose v1, ..., v4 so that the composition of the four factors

Law), k=14,

leaves the Fji-eigenvalue unchanged, since vivov3vy = 1, while it adjusts the mixed eigenvalues
on Ei; and Ej; by

ﬁ l+o,  4du

2 (ut+1)?

k=1
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In this way L gu-1)La)Laws)Laws)La,) acts on each standard basis vector in the same
way as m(u)~!, and therefore equals m(u) ™.
We now make this construction precise and record the finite exceptional set.

Proposition 4.7. There exists a finite subset B C K such that, for every u € K\ B, the
operator m(u) is invertible and

m(u)~t € JMS(A).
One may take

64u
B = {uGK:u:O, u=—1, or WE{Q,—Q,—ZI}}.
Proof. On the standard basis F;; of Ay,

(42) m)(Fu) = uFu,  m)(Fy) = By, (B = B (> 1),

and m(u) fixes each E;; with 4,5 > 1. By Proposition 4.1, m(u) is invertible whenever
u # 0,—1. Set
 64du
o(u) = Wt
Assume now that u # 0,—1 and o(u) ¢ {2,—2, —4}. Choose v1,...,v4 € K as in Lemma 4.6
for the scalar o(u), and put

Dy := diag(u1,1,...,1), D; = diag(vj,1,...,1) (1<j<4).
Define
T .= LDOLDlLDQLD3LD4 S JMS(A)
By (4.2), the operator T acts on Ej; by the scalar

uilvlvgvgm =u L

For j > 1, the operator T" acts on E7; and Ej;; by
u—1+1ﬁ1+vk7u+1 ou) u+l A4y 2
2 2 2u 16 2u  (u+1)2 u+l’

k=1
Finally, T fixes every E;; with i,j > 1. These are exactly the eigenvalues of m(u)~!, so
T =m(u)~ L
For each fixed ¢ € {2, -2, —4}, the condition

64u
T .
(u+1)2
is equivalent to a quadratic equation in u, hence has at most two solutions. Therefore B is
finite. 0

This is the key input for determinant surjectivity over infinite fields.

Theorem 4.8. Let K be an infinite field of characteristic different from 2, and let n > 2.
Then

A(JMS(M,(K)T)) = K*.
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Remark 4.9. If K is algebraically closed, the conclusion of Theorem 4.8 is immediate. Indeed,
given v € K*, choose y € KX with " = ~. Then Lur, = pidy, belongs to JMS(A) and
satisfies

det(Lyr,) = det(pida,) = u™ = 1.
Thus v € A(JMS(A)). The content of Theorem 4.8 is that determinant surjectivity still holds
over an arbitrary infinite field of characteristic different from 2.

Proof of Theorem 4.8. Set S := JMS(A) and r := 2n — 2. Fix v € K*. We shall produce

hy € S with det(hy) = 7.
Let B C K be the finite exceptional set from Proposition 4.7. For y € K* put

=y, a:= xgcy_—yl)7 b:= gyj:;
whenever y # 1 and « # y. Then
a a+1
R R

We claim that y may be chosen so that
y#1, x#1, z#y, ab¢B.

Indeed, the conditions x = 1 and x = y are equivalent to

r

y =y  ytl=n,

respectively, so together with y = 1 they exclude only finitely many y € K*.
Now fix e € B. The condition a = e is equivalent to

z(y—1) =e(r—y),
and substituting x = vy~ yields
eyt +yy—y(1+e) =0.
Likewise, b = e is equivalent to
(1+ey ™ —y —ey=0.

Thus, for each e € B, the conditions a = e and b = e result in polynomial equations of degree
at most r + 1, each excluding only finitely many values of y. Since B is finite and K is infinite,
there exists y € K* satisfying all of the above conditions.

For such a choice of y, we have a,b ¢ B, so Proposition 4.7 gives m(a), m(b) € S*. Set

hy i=m(a)m(b)~t € S*.

By (4.2), the operator m(u) has eigenvalue u on Ej;, eigenvalue (u + 1)/2 with multiplicity
r = 2n — 2, and eigenvalue 1 on the remaining basis vectors; hence

det(m(u)) = u (“; 1)T |

Therefore

_det(m(a)) a (a+1\"
det(h'y)_det(m(b))_b<b+1> =zy" =7.

Thus v € A(S). Since v € K* was arbitrary, it follows that A(JMS(M,(K)*")) = K*. O
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Remark 4.10. Although Theorem 4.8 is stated for infinite fields, the same parameter-avoidance
argument also works over finite fields once the field is large enough. More precisely, let F; be
a finite field of odd characteristic and put r := 2n — 2. If B C [F, is the exceptional set from
Proposition 4.7, then the proof goes through whenever

qg—1>2(r+1)(|B|+1).
Since |B| < 8, a simple sufficient condition is
g—1>18(2n—1).
Under this hypothesis one already obtains
A(JMS(M,(Fg) ™)) =Fy
without using character sums.

At this point the infinite-field case is immediate: determinant surjectivity gives the full
invertible group, and Proposition 4.5 supplies a corank-one singular operator.

Corollary 4.11. Let K be an infinite field of characteristic different from 2, and let n > 2.
Then

GL(Mn(K)) C IMS(M,(K)")  and  IMS(M,(K)*) = Endg (M, (K)).

Proof. Set S := JMS(.A). By Theorem 1.2 and Theorem 4.8, Proposition 4.3 gives GL(A,) C S.
Proposition 4.5 and Lemma 4.4 then imply S = Endg(Ay). O

4.2. Finite fields. We next prove determinant surjectivity over finite fields. In this case the
problem reduces to showing that the determinants of invertible Jordan multipliers generate
K*; for ¢ > 5 this follows from a Jacobi-sum estimate, while F3 is handled separately.

In this subsection, K = F, is a finite field of odd characteristic, and, as before,

A= M, (K)", Ay = M, (K).

We first record a simple fact specific to the finite setting: in a finite monoid of endomorphisms,
every invertible element of the ambient endomorphism ring is already a unit of the monoid.

Lemma 4.12. Let M C Endg(Ay) be a finite monoid. Then

M* = M N GL(Ay).
Proof. The inclusion M* C M N GL(Ay) is clear. Conversely, let '€ M N GL(Ay). Since M
is finite, there exist integers r > s > 0 such that 7" = T°. As T is invertible in Endg(Ay),
we may compose with 77% in Endg(A,) and obtain 77~ = id4,. Hence T=! = 775~ ¢ M,
because M is closed under multiplication and contains id 4,. Thus 7" € M *. O

In particular, if S is a finite submonoid of Endg(V'), then the set of nonzero determinant
values A(S) is a subgroup of K*.
The field F3 is exceptional and is treated directly.

Lemma 4.13. Let K =TF3 and let n > 2. Then
A(IMS(M,(K)T)) = K*.
Proof. Set S := JMS(A) and let

B := [ ] € Ms(K).

11
Then det(B) = 2 and Tr(B) = 1.
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Assume first that n = 2. By Proposition 4.1,
Tr(B)\?
det(Ly) = det(B) <;)> _ o,

so 2 € A(S), and therefore A(S) = K* since det(Lz,) = 1.
Now assume that n > 3, and set

A = diag(B, In—2) € M,(K).
Write X € A, in block form

_|P Q
x=[x 7.
where
Pe MQ(K), Qe MQJL,Q(K), Re Mn,272(K), T e Mn,Q(K)

Then

B+ I

Ly(X) Lp(P) 5 2Q
A p—
R B —|2- I T

Hence L4 is block diagonal with respect to the decomposition
Av = M2 (K) > M2,n—2(K) @ Mn—Q,Q(K) @ Mn—Q(K)a

and its determinant is the product of the determinants on these four summands. On Ms,,—2(K),
left multiplication by (B + I)/2 acts independently on the n — 2 columns, so its determinant
is det((B + I2)/2)"%; similarly, on M,,_22(K) the determinant is again det((B + I2)/2)" 2.
Therefore

B T 2(n—2)

det(L4) = det(Lp) det< u 2) .

A direct computation shows that det((B + I2)/2) =1 in K, so det(L4) = 2. Hence 2 € A(S),
and therefore A(S) = K*. O

We now prove determinant surjectivity for finite fields of odd characteristic. The case Fg
has already been settled separately, so the remaining argument is a character-sum estimate for
a suitable family of invertible Jordan multipliers.

Theorem 4.14. Let K =T, be a finite field of odd characteristic, and let n > 2. Then
A(JMS(M,(K)T)) = K*.

Proof. If ¢ = 3, the claim is Lemma 4.13. We may therefore assume that ¢ > 5. Set
S := JMS(A) and m := 2n — 2. The argument is by contradiction: if A(S) were a proper
subgroup of K*, then some nontrivial multiplicative character would be trivial on it. Evaluating
this character on the determinants of a suitable family of invertible Jordan multipliers leads to
a Jacobi-sum estimate, which yields the required contradiction.

Since S is finite, Lemma 4.12 implies that A(S) = det(S™) is a subgroup of K*.

For t € K* \ {—1}, set

A = diag(t, 1,...,1).

Then L4, € S, and by Proposition 4.1, or directly from its action on the standard basis,

1 2n—2
det(Ly,) = ¢ (i) .
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This determinant is nonzero for ¢t # 0, —1. Hence
t+1\™
t<_g) e A(S), m=2n—2,

for every t € K<\ {—1}.

Suppose for contradiction that A(S) is a proper subgroup of K*. Then the quotient
K*/A(S) is a nontrivial finite abelian group. Choosing a nontrivial character of this quotient
and composing with the quotient map, we obtain a nontrivial multiplicative character

x:K* = C*
which is trivial on A(S). For each integer r € Z define
X'(a) :=x(a)"  (a €K¥),
and then extend x" to K by (x")(0) = 0. Define
Y= Z XX (t+1).
teK
For every t € K* \ {—1},

1=x(t(557)7) =xxne+ e

X(Ox™(t+1) = x(2)™.
Since x(0) = x™(0) = 0, the summands at ¢ = 0 and ¢ = —1 both vanish, and all remaining
¢ — 2 summands are equal to the constant x(2)™. It follows that
Xl =q-2.
We now estimate X. If x™ is the trivial character on K*, then x™(t 4+ 1) = 1 for every

t # —1, and therefore
L= 3 x(t) = —x(-1),
t#-1
because Y ,cx x(t) = 0 and x(0) = 0. Hence |X| = 1.
Assume next that x™ is not the trivial character on K*. Given multiplicative characters
a, B : K* — C*, define their Jacobi sum by

J(Oé,,@) = Z 04(16)6(1 - %’),

zeK

SO

where o and 3 are extended to K by setting their value at 0 equal to 0. After the substitution
T = —1, we get

=> x(=t)x™(1+1) —1) > xtx™(t+1) = x(-DE.
tek teK
Since x(—1)? = x(1) = 1, this is equivalent to
L =x(=1J0:X™)-
If x™*+1 is the trivial character on K*, then x™ = y~! and the standard identity
JOex™) = —x(-1)

for nontrivial y gives |X| = 1. If x™*! is not the trivial character on K*, then the standard
Jacobi-sum formula gives
[706X™)] = Ve
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See, for example, [17, Chapter 5, §3] for these Jacobi-sum identities. Hence in every case
|X| < \/q, contradicting [X| = ¢ — 2 because ¢ > 5 implies ¢ — 2 > /q. O

This completes the finite-field determinant argument, and hence the finite-field case of the
main theorem.

Corollary 4.15. Let K be a finite field of odd characteristic, and let n > 2. Then
GL(M,(K)) € JMS(M,(K)™) and JMS(M,,(K)*) = Endg (M, (K)).

Proof. Set S := JMS(A). By Theorem 1.2 and Theorem 4.14, Proposition 4.3 gives GL(Ay) C
S. Proposition 4.5 and Lemma 4.4 then imply S = Endg(.Ay). O

4.3. Proof of Theorem 1.1. Having treated both the infinite-field and finite-field cases, we
are now ready to prove our main result.

Proof of Theorem 1.1. If n = 1, then M;(K)" = K and L4(X) = AX, so JMS(M;(K)*) =

Endg (K).
Assume now that n > 2. If K is infinite, the result is Corollary 4.11. If K is finite, then
char K # 2 means that K has odd cardinality, and the result is Corollary 4.15. 0

As an immediate consequence of Theorem 1.1, we obtain the following.

Corollary 4.16. Let K be a field of characteristic different from 2, and let n > 1. Then
IMS (M (K) ) = GL(M, (K)).

5. FURTHER DIRECTIONS

Several natural quantitative questions remain open. For example, one may ask for effective
bounds on the word length needed to express a given endomorphism of M, (K) as a product of
Jordan multiplication operators. It would also be interesting to determine smaller or more
canonical generating families for JMS(M,,(K)"), and to understand how the minimal word
length depends on n and on the field K.

More concretely, one may ask for smaller but still natural families of matrices G C M, (K)
whose corresponding multiplication operators already generate the full endomorphism semi-
group:

(La: A€ G) =Endg(M,(K)).
A second natural quantitative question concerns the minimal number of factors needed to
represent a given operator in this way. Namely, given T € Endg (M, (K)), our result shows
that there exist matrices Ay, ..., Ay € M,(K) such that

T=Ly, Ly

-
If k(T) denotes the minimal number of factors in such a representation, then one may ask
for effective upper bounds on k(T'), for structural descriptions of operators with small word
length, and for the asymptotic behaviour of maximal or typical values of k(T') as n varies and
the ground field changes.

A broader direction is to study analogous semigroups for other Jordan algebras, as well as
for natural subspaces and related matrix structures. The present result suggests that Jordan
multiplication operators can generate surprisingly large linear semigroups, but it remains
unclear which structural features of M, (K)* are responsible for this phenomenon and how
far it extends. We have already begun a systematic investigation of these questions, both for
further classes of simple Jordan algebras and for analogous problems in other nonassociative
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settings, including simple Lie algebras. Several of these projects are currently under active
development and will appear in subsequent work.
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APPENDIX A. AN EXPLICIT RATIONAL FACTORIZATION OF id+Ug,,

This appendix records the only characteristic-zero factorization used in the body of the
paper. Its sole purpose is to provide one explicit realization of id 4, +Ug,, inside the semigroup
generated by Jordan multiplication operators.

Proof of Lemma 2.5. For 1 < i < 16, let B; € M2(Q) be given by

1 3 1 -3
By = |, 20, By = 1 21 ,
3 1 -z 1
1 3] 1 -3
Bs=Dis:= |, ,|» Ba=DBw=]|_, 1],
1 1] 1 -1
B5:Blg = 3 1 , BGZB14 = _3 1 s
1 0] 1 0
Br=DBo:=| |» Bs=DBw=|_, 1],
1 1 (1 -1
Bii= |5 2|, By = 4 2]
3 1 -2 1

2
Relative to the standard basis (Ei1, F12, Eo1, E22) of M2(Q), exact multiplication of the
corresponding 4 x 4 operator matrices yields

1
(A.1) Lp, LB, -Lp, =

O O O
OO = O
O~ Rk O
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Indeed, Ug,, annihilates Eq1, E12, E22 and sends Es; to Eq. Therefore id My(Q) TUE, fixes
FEq1, E12, E9o and sends Eo1 to Fo1 + Eqo. This proves the lemma for n = 2.
Assume now that n > 3. For 1 < i < 16, set

B; := diag(B;, In—2) € My (Q).

From now on, Fjy denotes the n x n matrix unit with its nonzero entry in position (1,2).
Write X € A, = M,(Q) in 2 x 2 block form:

X — [P Q] . PeMy(Q), Qe My, 2Q), ReM, 25Q), SeM, Q).

R S
Then
B; + I
LBi(P) 9 2 Q
(A.2) Lgi (X) = B+ I
R S
2
Set BT
i+
Ci == 2 € My(Q).

A direct multiplication gives

13 1 1
C1Cy = — I, C3Cy= -1, C5Cs= -1, C7Cs=13, C9Cig= Io,

16 4 4
13 1 1
~ — —
C11Ch2 6.2 C13C14 1 C15C16 112
and therefore
(A.3) C1Ce-Chg = Crg -+ CoCy = —99_ 1
. 1Co 16 = C16 201 = ooop o

We now choose a scalar og € QQ so that the four additional diagonal factors exactly cancel
the scalar appearing in the off-diagonal blocks in (A.3). At this point we use Lemma 4.6,
which is a purely algebraic identity and applies over Q. A convenient choice is

. (1024)2
70=\"13 )

oo _ 65536

16 169
Note that og ¢ {0,2,—2,—4}, so Lemma 4.6 applies. It provides rational numbers vy, ..., v4
such that

for which

v1v9v3vV4 = 1, (1 +v1)(1 4 v2)(1 +v3)(1 +v4) = 0.

Equivalently,

ﬁ1+vj oo 65536

2 16 169 °

j=1
For 1 <j <4, set
D; := diag(vjla, I,—2) € M,(Q).
Then
1 + Uj
2
R S

UjP
1 + Uj
2

Q
(A4) Lp, (X) =
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Define
@ = LDlLDQLDgLD4 L§1L§2 <L

"B’
Using (A.2), (A.3), and (A.4), we obtain
(vivavgvs) (L, -+ - Ly ) (P) ( i1 H;Uj) (Cr--Che)Q

R(Clg---01)< 4 1+2vj) S

Jj=1

o(X) =

By (A.3), both Cy - -- C16 and Cg - - - C equal the same scalar matrix %IQ, so the lower-left
block simplifies in the same way as the upper-right block. Substituting (A.1) and (A.3) yields

P+ E9PE12 Q
R S

Thus © =idy, +Ug,,. O

O(X) = [ } = X + E1pX Ep2 = (ida, +Ug,)(X).

APPENDIX B. EXPLICIT M5-CALCULATIONS

This appendix records the exact local M5 identities used in Proposition 3.2. They are the only
explicit corner calculations on which the generation of elementary transvections depends. The
formulas were first identified computationally and then verified by exact symbolic computation
over the polynomial ring Z[1/2,¢, s|. Since all coefficients lie in Z[1/2], the resulting identities
remain valid after specialization to every field of characteristic different from 2.

All operators below are written relative to the ordered basis

& = (B1, Ba, B3, By) = (E21 + %[2, Evg, Ir+ Era, Ey1 — E22)
of Ms(K).
Lemma B.1. With respect to the basis £, the following identities hold:
up,,(t) = idag k) +tear,

9E 1, UEs, (t>95112 = isz(K) +teqo,

_ . 1 1
9R, uEs, (D95, = 1da,x) +t<§€12 - 5e+ 614),

_ . 1 1
QR_UEzl(t)gRE = 1dM2(K) +t(§€12 - 5813 - 614),

92E2 UE:» (5)92_19121 = idMQ(K) +2s €39,
gRuS(t)gf_%l = id g, k) +t(—€12 + €32 + £42),

where

1 1 -1 1 -2 -1 -1 -1
R, = [_1 _1], R_._[_l 1], R._[4 2}, s._[l 1]
Proof. In each case the matrices E19, Fo1, Ry, R_, R, S, and 2F5; that enter the formulas are
rank one and square-zero, so the corresponding operators uy(-) and grug(-) gﬁl are defined
and belong to JMS(M2(K)™) by the results proved in the body of the paper.

Each identity was verified by exact symbolic computation of the corresponding operator
matrix relative to the basis £. For completeness, we also record the action on the basis vectors
By, By, B3, B4, from which the displayed matrices may be read off directly.

For the first identity,

Ug,(B1) = E12B1E12 = E1p = By, Ug,(B2) = Ug,(B3) = Ug,,(Bs) =0,
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SO up,,(t) sends By to By + tBs and fixes Ba, Bs, Ba.
For the remaining identities, one obtains:

9EuEy (1)95., ¢ Biv» Bi, By By+1tB1, Bsw Bs, By By
9R+UE21(t)9§i : By~ By, By~ By+ 5By, Bsr»Bs— LBy, By By+1tBy;
gr_upy, ()95 © Bi+— Bi, Bow» Bo+ 1By, By~ B3— LBy, By~ By—tB;
9285, UE, (8)g5p,, ©  Bi— Bi, Byr» Ba+2sBs, By~ Bs, By By
grus(t)gp': Bi~ Bi, DBavrs By —tBy +tBs+tBy, Bsw B3, By~ Du.

Writing these images in the basis £ gives exactly the matrices displayed above. Here we again
use Lemma 3.1 for the inverses of the gg. O

Remark B.2. The identities in Lemma B.1 are accompanied by an exact symbolic verification
in Mathematica. The relevant 4 x 4 matrices are multiplied over the polynomial ring Z[1/2][¢, s],
so the equalities are established as polynomial identities rather than by testing special values.
Consequently the formulas remain valid after specialization to any field of characteristic
different from 2.
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