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Motivation: Stationary diffusion equation

Q C R? open and bounded, f € H~(Q).

{— div(AVu) = f,

u|aQ =0.

Physical interpretation:
@ u — temperature / electric potential
@ A — conductivity (material coefficient)
@ [ — source term
e AVu — heat/electric flux
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Motivation: Stationary diffusion equation

Q C R? open and bounded, f € H~(Q).

{— div(A, Vu,) = f,

Un ‘BQ =0.

Physical interpretation:
® u, — temperature / electric potential
e A, — conductivity (material coefficient)
@ [ — source term
e A,Vu, — heat/electric flux
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Motivation: Stationary diffusion equation
2 C R open and bounded, f € H=1(9).
{—div(AnVun) =,

Un‘@Q =0.

n— oo
—
A

Question (Homogenisation): If A,, oscillates highly, what is the effective
coefficient A7
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-
H-convergence (classical; Murat—Tartar, 1970s) 1/2

For 0 < a < B, © C R% open and bounded, we define the set of admissible
coefficients:

Mi0,5:9) = {A € L¥(@R™): A)e-€ > alel, A7 (@)¢ - = I€P
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H-convergence (classical; Murat—Tartar, 1970s) 1/2

For 0 < a < B, © C R% open and bounded, we define the set of admissible
coefficients:

Mi0,5:9) = {A € L¥(@R™): A)e-€ > alel, A7 (@)¢ - = I€P

H-convergence (on M(a, 5;))
(A,) H-converge to A (A,, -5 A) if for all f € H~1()

Hy(2)

2
U, —u and A,Vu, G

d
ﬂAVu,

where
—div(A,Vu,)=f and —div(AVu)=f.
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H-convergence (classical; Murat—Tartar, 1970s) 1/2

For 0 < a < B, © C R% open and bounded, we define the set of admissible
coefficients:

Mi0,5:9) = {A € L¥(@R™): A)e-€ > alel, A7 (@)¢ - = I€P

H-convergence (on M(a, 5;))
(A,) H-converge to A (A,, -5 A) if for all f € H~1()

Hy(2)

2
wn 29D and ALV,

d
ﬂAVu,

where
—div(A,Vu,)=f and —div(AVu)=f.

Key properties:
o Metrisability and compactness: (M(a, 8;), 7x7) is compact and
metrisable.
@ Works for non-symmetric coefficients and extends G-convergence.
On homogenisation of linear nonlocal problems in fractional divergence form 3/ 15



H-convergence (classical; Murat—Tartar, 1970s) 2/2

H-convergence (on M(a, 3;))
(A,,) H-converge to A (A,, - A) if for all f € H~1(Q)

1 2 .md
U, Ho @), v and A,Vu, ELEDN AVu,

where
—div(A,Vu,)=f and —div(AVu)=f.
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H-convergence (classical; Murat—Tartar, 1970s) 2/2

H-convergence (on M(a, 3;))
(A,,) H-converge to A (A,, - A) if for all f € H~1(Q)

Hy ()

L% (R4
Up, ——u and A,Vu, ———=

). AVu,

where
—div(A,Vu,)=f and —div(AVu)=f.

The H-limit is non-trivial: For d = 1 we have
H 1« 1.

The H-limit is the harmonic mean.
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H-convergence (classical; Murat—Tartar, 1970s) 2/2

H-convergence (on M(a, 3;Q))
(A,) H-converge to A (A,, 5 A) if for all f € H~1(Q)

Hy ()

L2 (S;RY
Uy, ——u and A,Vu, ——

) AVu,

where
—div(A,Vu,)=f and —div(AVu)=f.

The H-limit is non-trivial: For d = 1 we have

1.1

The H-limit is the harmonic mean.

4 (A,u!) = f implies A,u/, converges strongly in L? (the 1D advantage)

T dzx
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H-convergence (classical; Murat—Tartar, 1970s) 2/2

H-convergence (on M(a, 3;))
(A,,) H-converge to A (A,, - A) if for all f € H~1(Q)

Hy ()

L% (R4
Up, ——u and A,Vu, ———=

). AVu,

where
—div(A,Vu,)=f and —div(AVu)=f.

The H-limit is non-trivial: For d = 1 we have

H 1« 1.

The H-limit is the harmonic mean.
Limitation: Each new class of PDEs requires developing a separate theory.

M. Erceg (UNIZG) On homogenisation of linear nonlocal problems in fractional divergence form 4/ 15



Fractional divergence form problem
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New equation: fractional divergence form

—div’(A V3u) = f in Q,
{ u=0 in RY\ Q.
Nonlocal operators (s € (0,1)):
e V5 div® — Riesz fractional gradient and divergent
~~ a little bit more on this in a moment, but much more was in S14.02
o Natural function spaces: H(€2) and its dual H—°(2)
@ Well-posedness in terms of weak solutions

/ A(z) Viu(z) - Viu(z) doe = g-s)(f,v)uz@), v E H(S).

Ha
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New equation: fractional divergence form

—div’(A V3u) = f in Q,
{ u=0 in RY\ Q.
Nonlocal operators (s € (0,1)):
e V5 div® — Riesz fractional gradient and divergent
o Natural function spaces: H§(€2) and its dual H—5(2)
@ Well-posedness in terms of weak solutions

Remark:

Although the support of u is in £, V3u is not supported in €2 since V*®is a
nonlocal operator. Thus, A should be defined on the whole R4,

Mo, iR i= {A € LRERT) : A6 2 aléP, A7 0)¢ ¢ 2 51}
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Nonlocal operators (s € (0,1)):
e V5 div® — Riesz fractional gradient and divergent
o Natural function spaces: H§(€2) and its dual H—5(2)
@ Well-posedness in terms of weak solutions

H*-convergence (on M(a, 3;R%))
(A,) H*-converge to A (A, LN A)if for all f € H*(Q)

H ()

L?(RYRY
U, —u and A, Vu,

). AVu,

where
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New equation: fractional divergence form

Nonlocal operators (s € (0,1)):
e V& div® — Riesz fractional gradient and divergent
o Natural function spaces: H§(2) and its dual H ()
@ Well-posedness in terms of weak solutions

H*-convergence (on M(a, 5;R%))
(A,) H*-converge to A (A, EAN A)if forall f e H5(Q)

Hg ()

. L?(R%;RY)
U, —u and A, Vu,

AVu,

where

—divi(A, Viu,)=f and —divi(AVu)=7f.

@ M. Caponi, A. Carbotti, and A. Maione. H-compactness for nonlocal linear
operators in fractional divergence form, Calc. Var. Partial Differential
Equations, 64.290 (2025).
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H?-convergence: characterisation

Caponi et al (2025)
For some Ay € M(a, 3;R?%) we define

M(a, B;Q, Ag) = {A € M(e, B;R?) : Algarg = Aolpaa} -

{ M, ;2 A0) D Ay 25 A = A,lg 25 Alg J
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H?-convergence: characterisation

Caponi et al (2025)
For some Ay € M(a, 3;R?%) we define

M(a, B; 2, Ag) == {A € M(a, B;R?) : Alga\q = Aolpara} -

{ M, ;2 A0) D Ay 25 A = A,lg 25 Alg J

Our contribution:

[ A, iS>A — A,ln i>A|Q and An|Rd\CIQ LA|R‘1\C'Q J
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H?-convergence: characterisation

Caponi et al (2025)
For some Ay € M(a, 3;R?) we define

M(a, B; 2, Ag) == {A € M(a, B;R?) : Alga\q = Aolrara} -

[ M(a, 32 A0) 5 Ap 25 A = Aylo 25 Alg J

Our contribution:

( A, A — Al R Al and An|Rd\CIQ — A|1R%d\C'Q )

Consequences:
@ Compactness and metrisability
d(A, B) = dg(Ala, Bla) + di«(Algra\cio, Blraycio)
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H?-convergence: characterisation

Caponi et al (2025)
For some Ay € M(a, 3;R?%) we define

M(a, B; 2, Ag) == {A € M(a, B;R?) : Alga\q = Aolpara} -

{ M, ;2 A0) D Ay 25 A = A,lg 25 Alg J

Our contribution:

[ A, iS>A — A,ln i>A\Q and An|Rd\CIQ LA|R‘1\C'Q J

Consequences:
@ Compactness and metrisability
@ H?-convergence is local

@ d =1: The H*-limit is the harmonic mean on  and the arithmetic mean on
the complement.
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H?-convergence: characterisation

Caponi et al (2025)
For some Ay € M(a, 3;R?%) we define

M(a, B; 2, Ag) == {A € M(a, B;R?) : Alga\q = Aolpara} -

{ M, ;2 A0) D Ay 25 A = A,lg 25 Alg J

Our contribution:

[ A, iS>A — A,ln i>A\Q and An|Rd\CIQ LA|R‘1\C'Q J

Consequences:
@ Compactness and metrisability
@ H?-convergence is local

o d =1: The H*-limit is the harmonic mean on €} and the arithmetic mean on
the complement. (D*(AD*u) =0 =~ AD®u = const.)
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Fractional (nonlocal) differential operators
in short
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Fractional Differential Operators
Let s € (0,1), pu, = 2m ¥/20 (L5 P(152) 7
Riesz fractional gradient & divergence

Vip(x) = ps /R ) ((p(ﬁl__(z(ﬁi)s%_ Y gy, @ € CP(RY),

and div® is defined analogously via the integration-by-parts formula.

M. Erceg (UNIZG)
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Fractional Differential Operators
Let s € (0,1), pu, = 2m ¥/20 (L5 P(152) 7
Riesz fractional gradient & divergence

Vip(x) = ps /R ) ((p(ﬁl__(z(ﬁi)s%_ Y gy, @ € CP(RY),

and div® is defined analogously via the integration-by-parts formula.

Key properties:
e Canonical: unique (up to scalar) translation/rotation-invariant,
s-homogeneous operator 7 — 7.
e Fourier symbols: @(5) = iglelLf (€).
o Relation to fractional Laplacian: — div®(VSF) = (—A)*F.

@ M. Silhavy. Fractional vector analysis based on invariance requirements
(critique of coordinate approaches), Continuum Mech. Thermodyn. 32
(2019) 207-228.

[3 T. Shieh and D. Spector. On a new class of fractional partial differential
equations, Adv. Calc. Var 8 (2015) 321-336.
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Fractional Sobolev Spaces

For s € (0,1):
ull? == llullfzgay + | VoulZegays, — H*(R?) = Clyy, C2(RY).
For open 2 C R%:

H(Q) == Cly,02(Q) C HYRY),  H™*(Q):= (H3(Q))".

Essential tools (valid for d > 1):
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Fractional Sobolev Spaces
For s € (0,1):
[ull2 = lullZe ey + | VoullFegaya,  H(R?) = Clyy, CF (RY).
For open Q C R4

H(Q) :=Cly,C2(Q) C H RY),  H™(Q) := (H(Q))".

Essential tools (valid for d > 1):
Q I ,:HiN) — Hloc(]Rd) is linear, cont. and V(I _ éu) = Viu a.e. in Q.
I, is the Riesz potential: I, f(z) := &== [ )

d—a |z—y|d—«
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Fractional Sobolev Spaces
For s € (0,1):
lull? = llullZo@a) + | Vel fogaa,  H*(RY) = Clyy, CZ(RY).
For open 2 C R%:
H3 () = Cly,C2(Q) C HYRY),  H*(Q) = (H§(Q)".

Essential tools (valid for d > 1):
Q _,:HiN) — Hlloc(Rd) is linear, cont. and V(I1_,u) = V®u a.e. in Q.
@ Poincaré inequality: |u||z2(0) S || Viullp2raray, v € HF(Q).

H“H?R(Q) = [“]i.Rd ~ (u, (—A)%u) = (u,div’ Viu) = || VS“H%Z(W;R@) :
Brasco et al. The fractional Cheeger problem, Interfaces Free Bound.
16.3 (2014).
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Fractional Sobolev Spaces

For s € (0,1):
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For open 2 C R%:

H(Q) :=Cly,C2(Q) C H (RY),  H™(Q) := (H(Q))".

Essential tools (valid for d > 1):
Q _:HiNQ) — Hﬁ)c(Rd) is linear, cont. and V(I;_su) = Viu a.e. in Q.
@ Poincaré inequality: |ul|z2(q) S || Viullp2rajray, v € HF(Q).
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Fractional Sobolev Spaces

For s € (0,1):
[ull? = ullf2gay + | VoulZegays,  H*(RY) = Clyy, C2(RY).
For open 2 C R%:

H(Q) :=Cly,C2(Q) C H (RY),  H™(Q) := (H(Q))".

Essential tools (valid for d > 1):
Q _:HiNQ) — Hﬁ)C(Rd) is linear, cont. and V(I;_su) = Viu a.e. in Q.
@ Poincaré inequality: |u||z2(q) S || Viullp2rajray, v € HF(Q).
@ Rellich-Kondrasov: H{ () < L(Q).

@ Compactness on the complement: for ) € (21, the map
H§(Q) 3 u— Voulge € L2(Q5;R?) is compact.!
1C. Kreisbeck and H. Schénberger. Quasiconvexity in the fractional calculus of variations:

characterization of lower semicontinuity and relaxation, Nonlinear Analysis 215 (2022).
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Back to the main result
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Key ldeas in the Proof

H*-convergence (on M(a, 3;R%))
(A,,) H*-converge to A (A, LN A)if forall f € H*°(Q)

H§(Q) L?(RY;R?
U, ———=1u and A, Viu, ( )

AVu,
where

—div®(A, Viu,)=f and —div®(AV°u)=f.

( Anié)A — A,ln i)A|Q and An|Rd\c|Q **AA|Rd\CIQ )
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Key ldeas in the Proof

Q I_:H5Q) — Hlloc(]Rd) is linear, cont. and V(I1_su) = Vu a.e. in Q.
@ Poincaré inequality: |lullz2) S || ViullL2raray, v € HS(S2).
@ Rellich—Kondrasov: Hj(Q) < L2(Q).

© Compactness on the complement: for 2 € )¢, the map
H§(Q) 3 u— Voulge € L2(Q5;R?) is compact.

[ A, A — Al i>A\Q and An|Rd\CIQ LA|Rd\cm J

Idea of the proof.
o A, Viu, — AVsuin L*(Q°) due to (4).

@ The analysis of A,, V3u,, on 2 uses that A, |q A, Alq, and hinges on (1)
(enabling the use of classical and fractional div-curl lemmas). The same idea
is present in (Caponi et al, 2025).
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Nonlocal H-Convergence (Waurick, 2018/2025)

Motivation: Extend from L>° coefficients to operators a € L£L(L?*(2)%).
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Nonlocal H-Convergence (Waurick, 2018/2025)

Motivation: Extend from L>° coefficients to operators a € L£L(L?*(2)%).

Q Let H:= L3(Q)?, Ho C H closed, H1 = Hy .
Decompose a € L(H) as a = (5% 4% ).
M(Ho,H1) ... a € L(H) such that agy € L(Ho) and a~' € L(H).
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Motivation: Extend from L>° coefficients to operators a € L£L(L?*(2)%).

Q Let H:= L3(Q)?, Ho C H closed, H1 = Hy .

Decompose a € L(H) as a = (5% 4% ).

M(Ho,H1) ... a € L(H) such that agy € L(Ho) and a~' € L(H).
Q@ 7(Ho,H1) ... initial topology on 9 (Ho, H1) with respect to

. —1 . —1
Yoo : a+—> Ao 5 Uig:ar— a1pQgg 5

. —1 . —1
Yo :a+— Qg a01, Ui :a—ayg — ai10Qgy @01 -
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Nonlocal H-Convergence (Waurick, 2018/2025)

Motivation: Extend from L>° coefficients to operators a € L£L(L?*(2)%).
Q Let H:= L3(Q)?, Ho C H closed, H1 = Hy .
Decompose a € L(H) as a = (5% 4% ).
M(Ho,H1) ... a € L(H) such that agy € L(Ho) and a~' € L(H).
Q@ 7(Ho,H1) ... initial topology on 9 (Ho, H1) with respect to
Yoo : a+—> aaol, Uig:ar— awagol,
Yo :a+— aaola(n, Ui :a—ayg — aloaaolam .
9 M(a, B;R?) C M(ran(Vey), ran(Vy)L), where V%, denotes V* restricted
on Hj(9).
The topology 7(ran(V%), ran(V)*) on M(a, 3;R?) coincides with the
topology generated by the (H?®) metric.
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Nonlocal H-Convergence (Waurick, 2018/2025)

Motivation: Extend from L>° coefficients to operators a € L£L(L?*(2)%).
Q Let H:= L3(Q)?, Ho C H closed, H1 = Hy .
Decompose a € L(H) as a = (5% 4% ).
M(Ho,H1) ... a € L(H) such that agy € L(Ho) and a~' € L(H).
Q@ 7(Ho,H1) ... initial topology on 9 (Ho, H1) with respect to
Yoo : a+—> aaol, Uig:ar— awagol,

. —1 . —1
Yo :a+— Qg a01, Ui :a—ayg — ai10Qgy @01 -

9 M(a, B;R?) C M(ran(Vey), ran(Vy)L), where V%, denotes V* restricted
on Hj(9).
The topology 7(ran(V%), ran(V)*) on M(a, 3;R?) coincides with the
topology generated by the (H?®) metric.

H?-convergence is a special case of nonlocal H-
= convergence when restricted to local (multiplicative) ope-
rators.
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Abstract submission is open.
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