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Computable topological spaces

Computable topological space is a triple (X , T , (Ii )) where

(X , T ) is a topological space

{Ii | i ∈ N} is a base for T
there exist computably enumerable sets C and D such that:

1 (i , j) ∈ C ⇒ Ii ⊆ Ij ;

2 (i , j) ∈ D ⇒ Ii ∩ Ij = ∅;
3 x ∈ Ii ∩ Ij ⇒ ∃k(x ∈ Ik and (k , i), (k , j) ∈ C);

4 x 6= y ⇒ ∃i , j(x ∈ Ii , y ∈ Ij and (i , j) ∈ D).
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Computable topological spaces

By Jj we denote the finite unions of basis elements, e.g.

Jj =
⋃
i∈[j]

Ii .

There exist c.e. sets C ,D ⊆ N2 such that

(i , j) ∈ C implies Ji ⊆ Jj ;

(i , j) ∈ D implies Ji ∩ Jj 6= ∅.
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Computable and semicomputable sets

Let S be a set in a computable topological space (X , T , (Ii )).

S is computably enumerable if it is closed and

{i ∈ N | Ii ∩ S 6= ∅}

is c.e.

S is semicomputable if it is compact and

{j ∈ N | S ⊆ Jj}

is c.e.

S is computable if S is semicomputable and computably enumerable.
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Computable type

General question:

Under which (topological) conditions does the implication

S semicomputable ⇒ S computable

hold for a set S in a computable topological space?

Topological space A has computable type if the implication above holds
whenever S is homeomorphic to A.

More generally, a topological pair (A,B) has computable type if the
implication above holds whenever T ⊆ S is semicomputable and (S ,T ) is
homeomorphic to (A,B).
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Spaces and pairs with computable type

Some known examples: ([5, 9, 4, 2])

(M, ∂M), where M is a (topological) manifold with boundary ∂M

(C , {a, b}), where C is a continuum chainable from a to b

Circularly chainable continua

Finite graphs

Pseudo-cubes
...

We want to investigate the relationship between computable type and
certain topological constructions; namely, quotient spaces.
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Quotient spaces

Let B be a subset of a topological space A. By A/B we denote the
quotient space obtained by identifying points in B, i.e. the set

{B} ∪ {{x} | x ∈ A \ B}

equipped with the topology defined by

V ⊆ A/B is open ⇐⇒
⋃

V ⊆ A is open.

0 1

[0, 1]/{0, 1} ∼= S1
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Quotients and computable type

B2/S1 ∼= S2B2

S2 has computable type(B2, S1) has computable type

S1
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Problem statement

Does any of the implications

(A,B) has computable type ⇒ A/B has computable type

and

A/B has computable type ⇒ (A,B) has computable type

hold in general?
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A/B has computable type ⇒ (A,B) has computable type

Generally, NO – A/A is a one-point set, therefore it has computable type
for any A.

However, if the interior of B in A is empty, this implication is true.

Theorem

Let A be a topological space and let B,C be subsets of A such that
IntA B = ∅ and B ∩ C = ∅. If (A/B,C ) has computable type, then
(A,B ∪ C ) also has computable type.
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Sketch of proof

The main idea of the proof is: given a computable topological space
(X , T , (Ii )) and a semicomputable set B in it, we can define a structure of
computable topological space on the quotient space X/B such that the
natural quotient map preserves (semi)computability.

More precisely, we want to define a new computable topological space
(Y ,S, (I ′i )) such that

i (Y ,S) is the space X/B (with the quotient topology)

ii if S is semicomputable in (X , T , (Ii )), then S/B is semicomputable in
(Y ,S, (I ′i ))

iii if B ⊆ S , IntS B = ∅ and S/B is c.e. in (Y ,S, (I ′i )), then S is c.e. in
(X , T , (Ii )).
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Sketch of proof

We consider the c.e. set

Ω = {j ∈ N | B ⊆ Jj} ∪ {j ∈ N | (∃k ∈ N)(B ⊆ Jk ∧ (j , k) ∈ D)} .

X

B

X/B

{B}

Let φ : N→ Ω be a recursive surjection. The sequence (Ii )
′ defined by

I ′i = Jφ(i)/B

forms a basis for the quotient topology such that (Y ,S, (I ′i )) is a
computable topological space with the desired properties.
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Sketch of proof

A

B

C

(X , T , (Ii )) (Y ,S, (I ′i ))

f (A), f (B), f (C ) f (A)/f (B), f (C )
semicomputable semicomputable

f (A) c.e. f (A)/f (B) c.e.

⇒

⇓
⇐

f
q
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(A,B) has computable type ⇒ A/B has computable type

Again, this generally does not hold.

B

A

(A,B) has computable type

A/B

A/B does not have computable type

Could we consider some additional conditions: B is ’sufficiently small’,
{B} ∈ A/B is computable?
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Counterexample

Let A = S1 and let B = {bi | i ∈ N} where bi = (cos 2π
2i
, sin 2π

2i
).

b0b1

b2

b3

b4
b5

A A/B ∼= H

The space A/B is homeomorphic to the Hawaiian earring H – a union of
circles in the Euclidean plane with center ( 1

n+1 , 0) and radius 1
n+1 .
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(H , {(0, 0)}) does not have computable type

Let (λi ) be a computable sequence of real numbers such that λi = 0 is not
decidable and such that 0 ≤ λi ≤ 1

4 for each i ∈ N ([7]).
Let O = (0, 0) and for each i ∈ N let

bi =
1

2i
E

(
1

2i

)
, ci =

1

2i
E

(
3

2i+2

)
and ai =

λi
2i
E

(
7

2i+3

)
where E (t) = (cosπt, sinπt).
For i ∈ N let

Ti = Obi ∪ bici ∪ Oci , T ′
i = Obi ∪ aibi ∪ aici ∪ Oci

and

Si =

{
T ′
i , if λi > 0,

Ti , if λi = 0
.
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O
b0

c0

b1

c1

b2

c2

b3c3

a0
a2a3

S0

S1

S2

S3
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Let
S =

⋃
i∈N

Si .

This is a co-c.e. set in R2 (and therefore semicomputable, [3]), and it is
homeomorphic to H.

Consider the computable sequence (xi ) in R2 defined by

xi =
1

2
(bi + ci )

and the function
f : N→ R, f (i) = d(xi , S).
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O
bi

ci

xi

ai
f (i)

1
2i

λi

2i

π
2i+2

Note that

f (i) = d(xi , Si ) =

{
0, if λi = 0

d(xi , aibi ), if λi > 0.
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Furthermore, note that

d(xi , aibi ) ≥
√

2

2
min{d(xi , ai ), d(xi , bi )}︸ ︷︷ ︸

:=g(i)

.

Obviously g : N→ R is a strictly positive computable function, so we have

N \
{
i ∈ N | f (i) >

g(i)

2

}
=

{
i ∈ N | f (i) <

g(i)

2

}
= {i ∈ N | λi = 0}.

We can see that the set S cannot be computable – otherwise f would be a
computable function, which would imply that the above set is computable,
contradictory to the choice of (λi ).
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Conclusion and further research motivation

A/B has computable type ⇒ (A,B) has computable type holds
whenever the interior of B in A is empty

The converse need not be true, even if the interior of B in A is empty

It is possible to consider more specific families of topological spaces;
for example, some interesting results can be proven for (more general)
quotients of topological mainfolds
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Thank you!


