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Exercise 3

Assignment 3.1

1. In the proof of the single-input pole placement problem we have reduced Ackermann’s formula
to the form

A=A~ eneip(4),
where p(A) = (A—o011)--- (A —o,1) and
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A= 0 1
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Here, 2" + ap—12" 1 + a1 + ag is the characteristic polynomial of A. Prove that the ei-

genvalues of A are given by oy,...,0p. (Hint: One way to prove this is to show first that
el'(A—o1I)--- (A — 0;I) contains the coefficients of the polynomial (z — 1) - -+ (z — o;) for
Jj<n.)
2. Consider the closed loop matrix A + BF obtained after placing the eigenvalues of A =
diag(1,...,n) to ¥ = {—~1,...,—n} with B =[1,...,1]7. Show that
H'AH = diag(—1,...,—n),
where "
1
1+ J ij=1
(Hint: Use Ackermann’s formula and prove AH = Hdiag(—1,...,—n).)

3. Implement the Schur decomposition method for pole placement discussed in the lecture assu-
ming that A is a real matrix having only real eigenvalues. Use schord to reorder the eigenvalues
of a triangular matrix. Test your implementation on the data

—4 —4 —4 1
A=| -9 -9 -8 |, B=|1]|, ©={-1,-2-3},
—9 -1 0 1

and compare the computed closed loop matrix with the one obtained by applying the MATLAB
function acker or place.

4. Consider Example 1.8 from the CTDSX benchmark collection (generated by [E,A,B,C,D] =
ctdsx([1 8]); E is the identity matrix and may thus be ignored). Compute the stability
radius of A. Try to improve the stability radius by placing the largest eigenvalue of A to —0.1,

(a) using acker and only the first column of B as input matrix;

(b) using place and all three columns of B as input matrix.

Compute the stability radii of the obtained closed loop matrices.



Assignment 3.2

This assignment is concerned with solving the algebraic Riccati equation
R(X)=Q+ATX + XA—- XBR'BTX =0. (1)

1. Implement the Newton method for solving (1) presented in the lecture. (Use lyap to solve
the arising Lyapunov equations.) Test your implementation by applying it to the CTDSX
benchmark example 1.6 with

Q:Ina R:I37 X():O
and plot the residual norms [|R(Xy)||F for £k =0,1,....

2. In the following, we enhance the Newton method with exact line search. For this purpose, we
replace the Newton update Xy1 = X + N by Xpy1 = Xi + £t Ng, where t; satisfies

[R(X) + tiNi) || = teif[l)fz] [R(X) +tNg)|| F (2)

(a) Show that ||R(Xy + tNg)| r is a fourth-order polynomial in ¢ and implement a MATLAB
function solving (2) (Hint: use the trace characterization of || - [|r.)

(b) Implement the Newton method with exact line search and repeat the numerical experi-
ments from 1.



