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Delsarteova teorija

Definicija.
Za podskup vrhova Johnsonove sheme D⊆

(V
d
)

kažemo da je dizajn s
parametrima t-(v , d , λ) ako za svaki t-člani podskup od V postoji točno
λ elemenata iz D koji ga sadrže. Elemente od V zovemo točkama,
a elemente od D blokovima dizajna.

Iz povijesti kombinatornih dizajna. . .

t = 2:

F. Yates, Incomplete randomized blocks, Ann. Eugen. 7(2) (1936),
121–140.

R. A. Fisher, An examination of the different possible solutions of a
problem in incomplete blocks, Ann. Eugen. 10 (1940), 52–75.

Fisherova nejednakost: |D| ≥ v
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Delsarteova teorija

t > 2:

E. Witt, Über Steinersche Systeme, Abh. Math. Semin. Univ. Hambg. 12
(1938), 265–275.

D. R. Hughes, On t-designs and groups, Amer. J. Math. 87 (1965),
761–778.

D. Ray-Chaudhuri, R. Wilson, Generalisation of Fisher’s inequality to
t-designs, Notices Amer. Math. Soc. 18 (1971), 805.

Ray-Chaudhuri – Wilsonova nejednakost: |D| ≥
(

v
bt/2c

)
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Delsarteova teorija

Definicija.
Za podskup vrhova Hammingove sheme O⊆ F d kažemo da je
“orthogonal array” s parametrima OAλ(t, d , q) ako je za svaki
t-člani podskup koordinata T ⊆ {1, . . . , d} restrikcija riječi iz O na
koordinate iz T multiskup koji sadrži svaku riječ iz F t točno λ puta.

Iz povijesti “orthogonal arrays”. . .

C. R. Rao, Factorial experiments derivable from combinatorial arrange-
ments of arrays, Suppl. J. Roy. Statist. Soc. 9 (1947), 128–139.

Raova nejednakost: |O| ≥
bt/2c∑
i=0

(
d
i

)
(q − 1)i
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Delsarteova teorija

Analogija:

Ray-Chaudhuri – Wilsonova nejednakost:

|D| ≥
(

v
bt/2c
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Raova nejednakost:

|O| ≥
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d
i

)
(q − 1)i
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Delsarteova teorija

Analogija:

Ray-Chaudhuri – Wilsonova nejednakost:

|D| ≥
(

v
bt/2c

)
=
bt/2c∑
i=0

[(
v
i

)
−
(

v
i − 1

)]

Raova nejednakost:
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(
d
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V. Krčadinac Asocijacijske sheme 5.7.2024. 7 / 39



Delsarteova teorija
P. Delsarte, An algebraic approach to the association schemes of coding
theory, Philips Res. Rep. Suppl. 10 (1973), vi+97 pp.

Definicija.
Neka je X Q-polinomijalna asocijacijska shema sa skupom vrhova X i
primitivnim idempotentama E0, . . . ,Ed . Podskup vrhova Y ⊆ X je
t-dizajn ako odgovarajuća indikatorska funkcija fY zadovoljava Ei fY = 0
za i = 1, . . . , t.

Teorem.
Neka je X Q-polinomijalna shema s kratnostima m0, . . . ,md . Ako je Y

t-dizajn u X, onda je |Y | ≥
bt/2c∑
i=0

mi .

Kratnosti Johnsonove sheme J(v , d) su mi =
(

v
i

)
−
(

v
i − 1

)
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Möbiusova inverzija
August Ferdinand Möbius (1790.-1868.), njemački matematičar.

Teorem (Möbius, 1832.)
Za svake dvije funkcije f , g : N→ R ekvivalentno je
(a) g(m) =

∑
d |m

f (d), ∀m ∈ N,

(b) f (m) =
∑
d |m

µ(d) g(m
d ), ∀m ∈ N.

Teorem.
Za svake dvije funkcije f , g : 2N → R ekvivalentno je

(a) g(I) =
∑
J⊆I

f (J), ∀I ⊆ N,

(b) f (I) =
∑
J⊆I

(−1)|I\J|g(J), ∀I ⊆ N.
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Möbiusova inverzija

Korolar (Binomna inverzija).
Za svake dvije funkcije f , g : {0, 1, . . . , n} → R ekvivalentno je

(a) g(i) =
i∑

j=0

(
i
j

)
f (j), ∀i ∈ {0, 1, . . . , n},

(b) f (i) =
i∑

j=0
(−1)i−j

(
i
j

)
g(j), ∀i ∈ {0, 1, . . . , n}.

J. Riordan, An introduction to combinatorial analysis, Wiley, New York,
1958.
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Möbiusova inverzija

G.-C. Rota, On the foundations of combinatorial theory. I. Theory of
Möbius functions, Z. Wahrscheinlichkeitstheorie und Verw. Gebiete 2
(1964), 340–368.

Teorem.
Za svake dvije funkcije f , g ∈ I(P) ekvivalentno je
(a) g(x , y) =

∑
z∈[x ,y ]

f (x , z), ∀x , y ∈ X ,

(b) f (x , y) =
∑

z∈[x ,y ]
g(x , z)µ(z , y), ∀x , y ∈ X .
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Delsarteova teorija
P. Delsarte, An algebraic approach to the association schemes of coding
theory, Philips Res. Rep. Suppl. 10 (1973), vi+97 pp.

Asocijacijska shema X ne mora biti P-polinomijalna niti Q-polinomijalna
da bismo mogli definirati minimalnu udaljenost, stupanj i snagu podskupa
vrhova Y ⊆ X !

Unutarnja distribucija: a(Y ) = (a0, . . . , ad ) ∈ Rd+1,

ai = 1
|Y | |Ri ∩ (Y × Y )|, i = 0, . . . , d

Dualna distribucija: a∗(Y ) = (a∗0, . . . , a∗d ) ∈ Rd+1, a∗(Y ) = a(Y )Q

Indikatorska funkcija:

fY : X → {0, 1}, fY (x) =
{

1, ako je x ∈ Y

0, inače
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Delsarteova teorija

Propozicija.
Za komponente unutarnje distribucije i dualne distribucije od Y vrijedi:

1 a0 = 1

2 a∗0 =
∑d

i=0 ai = |Y |

3 ai = 1
|Y | f

τ
Y Ai fY

4 a∗i = 0 ⇐⇒ Ei fY = 0

Za vektor u = (u0, u1, . . . , ud ) ∈ Rd+1 definiramo:

m(u) = min{i ∈ {1, . . . , d} | ui 6= 0}

s(u) = |{i ∈ {1, . . . , d} | ui 6= 0}|

t(u) = max{i ∈ {1, . . . , d} | u1 = . . . = ui = 0}

m(u) = t(u) + 1
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Delsarteova teorija

Definicija.
Za podskup asocijacijske sheme Y ⊆ X s unutarnjom distribucijom a(Y )
i dualnom distribucijom a∗(Y ) definiramo:

1 minimalnu udaljenost kao δ = m(a(Y ))
2 dualnu minimalnu udaljenost kao δ∗ = m(a∗(Y ))
3 stupanj kao s = s(a(Y ))
4 dualni stupanj kao s∗ = s(a∗(Y ))
5 snagu kao t = t(a∗(Y ))

δ∗ = t + 1, δ = t(a(Y )) + 1

Propozicija.
U P-polinomijalnoj shemi minimalna udaljenost δ od Y podudara se s

min{∂(x , y) | x , y ∈ Y , x 6= y}
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Delsarteova teorija

Zadatak.
Neka je X Johnsonova shema J(v , d). Stupanj kombinatornog dizajna
Y ⊆ X definirali smo kao broj različitih veličina presjeka |x ∩ y | za
x , y ∈ Y , x 6= y . Pokažite da taj broj odgovara stupnju s = s(a(Y )).

Zadatak.
Neka je X Hammingova shema H(d , q) nad konačnim poljem Fq.
Ako je Y ≤ X linearni kod, odgovara li dualna minimalna udaljenost

δ∗ = m(a∗(Y ))

minimalnoj udaljenosti dualnog koda?

Y⊥ = {x ∈ X | x · y = 0,∀y ∈ Y }
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Delsarteova teorija

Teorem (MacWilliamsina nejednakost)
Neka je X asocijacijska shema sa svojstvenom matricom P i dualnom
svojstvenom matricom Q. Neka je u = (u0, u1, . . . , ud ) ∈ Rd+1 bilo
koji vektor s nultom komponentom u0 6= 0.

1 Ako je shema P-polinomijalna, onda vrijedi s(uQ) ≥ bt(u)/2c
2 Ako je shema Q-polinomijalna, onda vrijedi s(uP) ≥ bt(u)/2c

u = a(Y ) ⇒

s∗ = s(a∗(Y )) = s(a(Y )Q) ≥ bt(a(Y ))/2c = b(δ − 1)/2c

Korolar.

δ ≤ 2s∗ + 1
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V. Krčadinac Asocijacijske sheme 5.7.2024. 17 / 39



Delsarteova teorija

Teorem (MacWilliamsina nejednakost)
Neka je X asocijacijska shema sa svojstvenom matricom P i dualnom
svojstvenom matricom Q. Neka je u = (u0, u1, . . . , ud ) ∈ Rd+1 bilo
koji vektor s nultom komponentom u0 6= 0.

1 Ako je shema P-polinomijalna, onda vrijedi s(uQ) ≥ bt(u)/2c
2 Ako je shema Q-polinomijalna, onda vrijedi s(uP) ≥ bt(u)/2c
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PQ = nI, a∗(Y ) = a(Y )Q ⇒ n a(Y ) = a∗(Y )P

s = s(a(Y )) = s(n a(Y )) = s(a∗(Y )P)

s ≥ bt(a∗(Y ))/2c = bt/2c = b(δ∗ − 1)/2c

Korolar.

t ≤ 2s, δ∗ ≤ 2s + 1
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Delsarteova teorija

Propozicija (Ocjena pakiranja kugli)
Ako postoji kod s parametrima (d ,M, δ)q i ako je e = b δ−1

2 c, onda vrijedi

M ·
e∑

i=0

(
n
i

)
(q − 1)i ≤ qn
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Delsarteova teorija

Propozicija (Ocjena pakiranja kugli)
Ako je Y podskup od H(d , q) s min. udaljenosti δ i e = b δ−1

2 c, onda vrijedi

|Y | ·
e∑

i=0

(
n
i

)
(q − 1)i ≤ |X |

Generalizacija na P-polinomijalnu shemu:

K (x , e) = {y ∈ X | ∂(x , y) ≤ e}

|K (x , e)| = n0 + . . .+ ne

e = b δ−1
2 c ⇒ K (x , e) ∩ K (y , e) = ∅ za x , y ∈ Y , x 6= y

|Y | · (n0 + . . .+ ne) ≤ |X |
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Delsarteova teorija
S. P. Lloyd, Binary block coding, Bell System Tech. J. 36 (1957), 517–535.

Teorem (“Lloydovog tipa”)
Neka je X P-polinomijalna shema, Y podskup vrhova s minimalnom
udaljenosti δ i e = b δ−1

2 c. Onda vrijedi |Y | · (n0 + . . .+ ne) ≤ |X |.

Ako se dostiže jednakost, onda je e = s∗ dualni stupanj od Y i vrijedi
jednakost δ = 2s∗ + 1. Tada su svojstvene vrijednosti θj za koje je
a∗j 6= 0 nultočke polinoma Ψe(x) = f0(x) + f1(x) + . . .+ fe(x).

θj = P1(j), j = 0, . . . , d su svojstvene vrijednosti od A1.

fi ∈ R[x ] su zadani rekurzijom fi+1(x) = 1
ci+1

[
(x − ai )fi (x)− bi−1fi−1(x)

]
Polinom fi je stupnja i te vrijedi Ai = fi (A1) i Pi (j) = fi (θj)

Podskup Y koji dostiže jednakost zovemo savřsenim kodom u shemi X,
a polinom Ψe(x) zovemo Lloydovim polinomom.
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Delsarteova teorija
Dualni teoremi:

Ako je shema P-polinomijalna, a Y podskup minimalne udaljenosti δ
i e = b δ−1

2 c, onda je |Y | · (n0 + . . .+ ne) ≤ n.

Ako je shema Q-polinomijalna, a Y podskup dualne min. udaljenosti δ∗

ili snage t = δ∗ − 1 i e = b δ∗−1
2 c = b t

2c, onda je |Y | ≥ m0 + . . .+ me .

Teorem.
Ako vrijedi jednakost |Y | = m0 + . . .+ me , onda je e = s stupanj od Y i
vrijedi jednakost δ∗ = 2s + 1, odnosno t = 2s. Tada su dualne svojstvene
vrijednosti θ∗j za koje je aj 6= 0 nultočke od Ψ∗e(x) = g0(x) + . . .+ ge(x).

Dizajne koji dostižu “generaliziranu Fisherovu nejednakost” zovemo
napetim dizajnima u Q-polinomijalnoj shemi X, a polinom Ψ∗e(x)
zovemo Wilsonovim polinomom.
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Delsarteova teorija

D. Ray-Chaudhuri, R. Wilson, On t-designs, Osaka J. Math. 12 (1975),
737–744.

Teorem.
Ako postoji napeti 2e-(v , d , λ) dizajn, onda ima točno e različitih
presječnih brojeva. Presječni brojevi su pozitivni i nultočke su sljedećeg
polinoma stupnja e:

Ψ∗e(x) =
e∑

i=0
(−1)e−i

(v−e
i
)(d−i

e−i
)(d−1−i

e−i
)(e

i
) (

x
i

)

Napeti dizajni:

t = 2, e = 1  simetrični dizajni, b =
(v

1
)

= v
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Delsarteova teorija

Teorem.
Ako je dizajn s parametrima 2-(v , d , λ) simetričan, onda se svaka dva
bloka tog dizajna sijeku u λ točaka. Obrnuto, ako se svaka dva bloka
2-(v , d , λ) dizajna sijeku u konstantnom broju točaka, onda je taj broj
λ, a dizajn je simetričan.

t = 4, e = 2  kvazisimetrični dizajni, b =
(v

2
)
, presječni brojevi x < y

Teorem (N. Ito, H. Enomoto, R. Noda, A. Bremner, 1975.-79.)
Postoji samo jedan takav dizajn s parametrima 4-(23, 7, 1) i presječnim
brojevima x = 1, y = 3

E. Bannai, E. Bannai, T. Ito, R. Tanaka, Algebraic combinatorics,
De Gruyter, 2021. Teorem 3.32, str. 136-142.
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Delsarteova teorija
t = 6, e = 3  ne postoje
C. Peterson, On tight 6-designs, Osaka J. Math. 14 (1977), 417–435.

t = 2e, e ≥ 4  najvǐse konačno mnogo
E. Bannai, On tight designs, Quart. J. Math. Oxford Ser. (2) 28 (1977),
no. 112, 433–448.

Zadatak.
Istražite što je poznato o savřsenim kodovima u Johnsonovoj shemi i o
napetim dizajnima u Hammingovoj shemi, tj. OAλ(t, d , q) koji dostižu
Raovu nejednakost

|Y | ≥
bt/2c∑
i=0

(
d
i

)
(q − 1)i

N. Silberstein, Properties of codes in the Johnson scheme, magistarski rad,
Technion, Haifa, 2007. https://arxiv.org/pdf/1004.4882
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Što još ima u knjizi?
E. Bannai, E. Bannai, T. Ito, R. Tanaka, Algebraic combinatorics, 2021.

1 Delsarteova teorija: kodovi i dizajni u asocijacijskim shemama
(poglavlje 3 i poglavlje 4)

2 Konačni podskupovi sfera i drugih prostora (poglavlje 5)
3 Još o P-polinomijalnim i Q-polinomijalnim shemama (poglavlje 6)
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Teorem (Assmus-Mattson)
Neka je C ≤ Fn kod s parametrima [n,m, d ]q i neka dualni kod C⊥ ima
parametre [n, n −m, d⊥]q. Neka su Bi koeficijenti težinskog polinoma dualnog
koda: WC⊥ (X ,Y ) =

∑d
i=0 Bi X n−i Y i . Neka je t < d takav da je najvǐse d − t

koeficijenata B1, . . . ,Bn−t različito od nule. Tada za svaki k koji zadovoljava
d ≤ k≤ kmax skup svih nosača vektora težine k u kodu C čini t-dizajn
(ako postoje takvi vektori). Nadalje, za svaki k koji zadovoljava d⊥ ≤ k

≤ min{n − t,k⊥max} skup svih nosača vektora težine k u dualnom kodu C⊥
čini t-dizajn (ako postoje takvi vektori).
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Što još ima u knjizi?
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Projiciramo vektore kanonske baze na svojstveni potprostor V1 jako
regularnog grafa:

xi = E1ei , i = 1, . . . , n

Normalizirani vektori x i =
√

n xi su jedinični vektori u svojstvenom
potprostoru V1 ≡ Rf i zovemo ih euklidskom reprezentacijom jako
regularnog grafa. To je sferni kod veličine n i stupnja dva u Rf .
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Teorem.
Neka je G primitivan jako regularan graf i X njegova euklidska reprezentacija u
jednom od netrivijalnih svojstvenih potprostora V1 ili V2.

X je uvijek sferni 2-dizajn.
X je sferni 3-dizajn ako i samo ako G dostiže odgovarajući Kreinov uvjet:
q1

11 = 0 ako smo projicirali na V1, a q2
22 = 0 ako smo projicirali na V2.

X je sferni 4-dizajn ako i samo ako G dostiže odgovarajuću apsolutnu
ocjenu: n = 1

2 f (f + 3) za V1, a n = 1
2 g(g + 3) za V2.

X nikad nije sferni 5-dizajn.
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Research

P. Terwilliger, Algebraic combinatorics: association schemes, University
of Wisconsin, 2023.
https://people.math.wisc.edu/˜pmterwil/Htmlfiles/asAll.pdfLecture 35

25 Some open problems

In this section we give some open problems related to association schemes and graph theory
in general. These problems are at the research level; an elegant solution or substantial
progress is surely publishable. The problems are in a raw form; feel free to adjust any given
problem into a more elegant or suitable form.

All the graphs discussed in this section are assumed to be finite, undirected, and connected,
without loops or multiple edges. Fix a finite set X with |X| ≥ 2.

We motivate the first problem with some comments about association schemes. Let X =
(X, {Ri}di=0) denote a symmetric association scheme with primitive idempotents {Ei}di=0.
Recall the standard module V = RX and the function algebra product ◦ : V × V → V .
Recall that for 0 ≤ i, j ≤ d,

Span
(
EiV ◦ EjV

)
=
∑

0≤k≤d
qki,j 6=0

EkV.

Assume that X is Q-polynomial with respect to the ordering {Ei}di=0. Then E1V generates
V in the function algebra. Moreover

E1V ◦ EiV ⊆ Ei−1V + EiV + Ei+1V (0 ≤ i ≤ d),

where E−1 = 0 and Ed+1 = 0. For 0 ≤ i ≤ d define

(E1V )◦i = Span
(
E1V ◦ E1V ◦ · · · ◦ E1V

)
(i copies).

We interpret (E1V )◦0 = E0V = Span(1), where 1 =
∑

y∈X ŷ. We have

i∑

`=0

E`V =
i∑

`=0

(E1V )◦` (0 ≤ i ≤ d).

We are done with the motivation. Now let Γ = (X,R) denote any graph with vertex set X
and adjacency relation R. Let A ∈ MX(R) denote the adjacency matrix of Γ. We assume
that Γ is regular with valency k; thus each vertex in X is adjacent to exactly k vertices in X.
In this case k is the maximal eigenvalue of A, and the corresponding eigenspace is spanned
by 1. We denote this eigenspace by V0 and call it trivial. Let {Vi}Di=1 denote an ordering of
the nontrivial eigenspaces of A.

Definition 25.1. The above ordering {Vi}Di=0 is called Q-polynomial whenever

i∑

`=0

V` =
i∑

`=0

(V1)◦` (0 ≤ i ≤ D).

132
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Research

W. T. Gowers, The two cultures of mathematics, u Mathematics:
frontiers and perspectives (ur. V. Arnold, M. Atiyah, P. Lax i B. Mazur),
Amer. Math. Soc., 2000., str. 65–78.
https://www.dpmms.cam.ac.uk/˜wtg10/2cultures.pdf

The Two Cultures of Mathematics.

W. T. Gowers

In his famous Rede lecture of 1959, entitled “The Two Cultures”, C. P. Snow argued

that the lack of communication between the humanities and the sciences was very harmful,

and he particularly criticized those working in the humanities for their lack of understand-

ing of science. One of the most memorable passages draws attention to a lack of symmetry

which still exists, in a milder form, forty years later:

A good many times I have been present at gatherings of people who, by the standards

of the traditional culture, are thought highly educated and who have with considerable

gusto been expressing their incredulity at the illiteracy of scientists. Once or twice I

have been provoked and have asked the company how many of them could describe

the Second Law of Thermodynamics. The response was cold: it was also negative.

Yet I was asking something which is about the scientific equivalent of: Have you read

a work of Shakespeare’s?

I would like to argue that a similar sociological phenomenon can be observed within pure

mathematics, and that this is not an entirely healthy state of affairs.

The “two cultures” I wish to discuss will be familiar to all professional mathematicians.

Loosely speaking, I mean the distinction between mathematicians who regard their central

aim as being to solve problems, and those who are more concerned with building and

understanding theories. This difference of attitude has been remarked on by many people,

and I do not claim any credit for noticing it. As with most categorizations, it involves

a certain oversimplification, but not so much as to make it useless. If you are unsure to

which class you belong, then consider the following two statements.

(i) The point of solving problems is to understand mathematics better.

(ii) The point of understanding mathematics is to become better able to solve prob-

lems.

Most mathematicians would say that there is truth in both (i) and (ii). Not all problems

are equally interesting, and one way of distinguishing the more interesting ones is to

demonstrate that they improve our understanding of mathematics as a whole. Equally,

if somebody spends many years struggling to understand a difficult area of mathematics,

1
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are equally interesting, and one way of distinguishing the more interesting ones is to

demonstrate that they improve our understanding of mathematics as a whole. Equally,

if somebody spends many years struggling to understand a difficult area of mathematics,
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V. Krčadinac Asocijacijske sheme 5.7.2024. 37 / 39

https://www.dpmms.cam.ac.uk/~wtg10/2cultures.pdf


Research

1 Dizajni snage 3 i stupnja 3

2 Sustavi spojenih simetričnih dizajna

3 Kada podshema dolazi od vlakna sustava imprimitivnosti?

4 (Im)primitivnost Johnsonove sheme i “large sets” dizajna

5 Primjena Hasse-Minkowskijeve teorije na asocijacijske sheme
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Kraj kolegija
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