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Reed-Mullerovi kodovi

I. S. Reed, A class of multiple-error-correcting codes and the decoding
scheme, Trans. IRE, PGIT 4 (1954), 38–49.

D. E. Muller, Application of Boolean algebra to switching circuit design
and to error detection, Trans. IRE, EC 3 (1954), 6–12.

RM(r ,m) je binarni linearni kod s parametrima:

n = 2m (duljina)

m =
r∑

k=0

(
m
k

)
(dimenzija)

d = 2m−r (minimalna težina)

Parametar r zovemo stupnjem RM koda.
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V. Krčadinac Asocijacijske sheme 3.6.2024. 2 / 47



Reed-Mullerovi kodovi

I. S. Reed, A class of multiple-error-correcting codes and the decoding
scheme, Trans. IRE, PGIT 4 (1954), 38–49.

D. E. Muller, Application of Boolean algebra to switching circuit design
and to error detection, Trans. IRE, EC 3 (1954), 6–12.

RM(r ,m) je binarni linearni kod s parametrima:

n = 2m (duljina)

m =
r∑

k=0

(
m
k

)
(dimenzija)

d = 2m−r (minimalna težina)
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Reed-Mullerovi kodovi
Ambijentni vektorski prostor:

V = {f : Fm
2 → F2} nad F2

Koordinate kodnih riječi indeksirane su binarnim zapisima brojeva
{0, . . . , n − 1} umjesto brojevima {1, . . . , n}.

RM(r ,m) je potprostor svih funkcija f : Fm
2 → F2 koje su polinomi

stupnja najvǐse r .

Varijable: X1, . . . ,Xm

Težina w(f ) je broj uredenih m-torki (X1, . . . ,Xm) ∈ Fm
2 za koje je

f (X1, . . . ,Xm) 6= 0, odnosno f (X1, . . . ,Xm) = 1.

Teorem.

RM(r ,m) je linearni
[

2m,
r∑

k=0

(m
k
)
, 2m−r

]
2

kod.
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Reed-Mullerovi kodovi

Korolar.
Svaka funkcija f : Fm

2 → F2 je polinom stupnja najvǐse m.

Produkt funkcija f : Fm
2 → F2 i g : Fm

2 → F2 je f · g =
∑

X∈Fm
2

f (X ) g(X )

Teorem.
Dualni kod od RM(r ,m) je RM(m − r − 1,m).

Afina geometrija nad konačnim poljem

U AG(m, q) točke su vektori iz Fm
q , a ravnine translati potprostora od Fm

q

AGk(m, q) je 2-(v ,k, λ) dizajn za

v = qm, k = qk , λ =
[m − 1

k − 1

]
q
, b = qm−k

[m
k

]
q
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Produkt funkcija f : Fm
2 → F2 i g : Fm

2 → F2 je f · g =
∑

X∈Fm
2

f (X ) g(X )

Teorem.
Dualni kod od RM(r ,m) je RM(m − r − 1,m).

Afina geometrija nad konačnim poljem
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U AG(m, q) točke su vektori iz Fm
q , a ravnine translati potprostora od Fm

q

AGk(m, q) je 2-(v ,k, λ) dizajn za

v = qm, k = qk , λ =
[m − 1

k − 1

]
q
, b = qm−k

[m
k

]
q
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Reed-Mullerovi kodovi i afina geometrija
AGk(m, 2) je 3-(v ,k, λ) dizajn za

v = 2m, k = 2k , λ =
[m − 2

k − 2

]
2
, b = 2m−k

[m
k

]
2

Funkciju f : Fm
2 → F2 možemo shvatiti kao karakterističnu funkciju

podskupa od AG(m, 2). Funkcije iz RM(1,m) su oblika

f (X1, . . . ,Xm) = a0 + a1X1 + . . .+ amXm

Teorem.
Neka je Π ⊆ AG(m, 2) ravnina dimenzije m − r i f : Fm

2 → F2
odgovarajuća karakteristična funkcija:

f (X1, . . . ,Xm) =
{

1, ako je (X1, . . . ,Xm) ∈ Π,
0, inače.

Tada je f ∈ RM(r ,m).
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V. Krčadinac Asocijacijske sheme 3.6.2024. 5 / 47



Reed-Mullerovi kodovi i afina geometrija
AGk(m, 2) je 3-(v ,k, λ) dizajn za

v = 2m, k = 2k , λ =
[m − 2

k − 2

]
2
, b = 2m−k

[m
k

]
2

Funkciju f : Fm
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2 → F2 možemo shvatiti kao karakterističnu funkciju
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Reed-Mullerovi kodovi i afina geometrija

Teorem.
Vektori minimalne težine u RM(r ,m) su točno karakteristične funkcije
(m − r)-ravnina u AG(m, 2) i razapinju cijeli kod RM(r ,m).

F. J. MacWilliams, N. J. A. Sloane, The theory of error-correcting codes.
I, II. North-Holland Publishing Co., 1977.
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(m − r)-ravnina u AG(m, 2) i razapinju cijeli kod RM(r ,m).

F. J. MacWilliams, N. J. A. Sloane, The theory of error-correcting codes.
I, II. North-Holland Publishing Co., 1977.
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Reed-Mullerovi kodovi i afina geometrija

Teorem.
Vektori minimalne težine u RM(r ,m) su točno karakteristične funkcije
(m − r)-ravnina u AG(m, 2) i razapinju cijeli kod RM(r ,m).

Primjer: RM(2, 4)

gap> C:=ReedMullerCode(2,4);
a linear [16,11,4]2 Reed-Muller (2,4) code over GF(2)

gap> AddWeights(WeightDistribution(C));
[ [ 0, 1 ], [ 4, 140 ], [ 6, 448 ], [ 8, 870 ], [ 10, 448 ],

[ 12, 140 ], [ 16, 1 ] ]

gap> D:=DualCode(C);
a linear [16,5,8]5..6 dual code
gap> AddWeights(WeightDistribution(D));
[ [ 0, 1 ], [ 8, 30 ], [ 16, 1 ] ]
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Distribucija težina u Reed-Mullerovim kodovima

Distribucija težina u RM(1,m):

WRM(1,m)(X ,Y ) = X 2m + (2m+1 − 2)X 2m−1Y 2m−1 + Y 2m

Distribucija težina u RM(2,m)? Funkcije su oblika

f (X ) = a0 + a1X1 + . . .+ amXm +
∑

1≤i<j≤m
qijXi Xj

RM(1,m) ≤ RM(2,m), susjedne klase odredene su koeficijentima qij ∈ F2.
Zapǐsimo ih u simetričnu m ×m matricu B = [qij ] s nulama na dijagonali i
qji = qij ispod dijagonale. To su tzv. simplektičke matrice.

Q(B) = {f (X ) = a0 + a1X1 + . . .+ amXm +
∑

1≤i<j≤m
qijXi Xj | a0, . . . , am ∈ F2}
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V. Krčadinac Asocijacijske sheme 3.6.2024. 8 / 47
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Zapǐsimo ih u simetričnu m ×m matricu B = [qij ] s nulama na dijagonali i
qji = qij ispod dijagonale. To su tzv. simplektičke matrice.
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Distribucija težina u Reed-Mullerovim kodovima

Koliko ima simplektičkih matrica reda m?

2(m
2)

N(m, r) = broj simplektičkih matrica reda m i ranga r

Lema.
Vrijedi rekurzija

N(m + 1, r) = 2r N(m, r) + (2m − 2r−2)N(m, r − 2)

Teorem.
Broj simplektičkih matrica neparnog ranga je N(m, 2k + 1) = 0, a parnog
ranga je

N(m, 2k) = (2m − 1)(2m−1 − 1) · · · (2m−2k+2)(2m−2k+1)
(22k − 1)(22k−2 − 1) · · · (22 − 1) · 2k(k−1)
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N(m, r) = broj simplektičkih matrica reda m i ranga r

Lema.
Vrijedi rekurzija

N(m + 1, r) = 2r N(m, r) + (2m − 2r−2)N(m, r − 2)

Teorem.
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Distribucija težina u Reed-Mullerovim kodovima

Korolar.
Ako postoji regularna simplektička matrica, onda je njezin red m paran
broj.

Teorem.
Ako je B simplektička matrica reda m i ranga 2k, distribucija težina u
susjednoj klasi Q(B) dana je u tablici:

Težina 2m−1 − 2m−k−1 2m−1 2m−1 + 2m−k+1

Br. vektora 22k 2m+1 − 22k+1 22k

Za k = 0 je Q(0) = RM(1,m) i tablica se podudara s

WRM(1,m)(X ,Y ) = X 2m + (2m+1 − 2)X 2m−1Y 2m−1 + Y 2m

V. Krčadinac Asocijacijske sheme 3.6.2024. 10 / 47
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Težina 2m−1 − 2m−k−1 2m−1 2m−1 + 2m−k+1

Br. vektora 22k 2m+1 − 22k+1 22k

Za k > 0 minimalna težina od Q(B) raste s k i najveća je za 2k = m.
U tom slučaju ne pojavljuje se “srednja” težina, nego samo težine
2m−1 − ε 2m/2−1 za ε = ±1. Kažemo da su funkcije tipa ε i ima ih 2m.
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Distribucija težina u Reed-Mullerovim kodovima
Time je potpuno odredena distribucija težina u RM(2,m)!

Distribucija težina u RM(m − 3,m) = RM(2,m)⊥ i RM(m − 2,m) =
RM(1,m)⊥ slijedi iz MacWilliamsinog identiteta:

Teorem (MacWilliamsin identitet)
Za binarni linearni kod C vrijedi

WC⊥(X ,Y ) = 1
|C |WC (X + Y ,X − Y )

Zadatak.
Napǐsite eksplicitno distribucije težina u RM(m − 1,m) i RM(m,m).

Distribucija težina u RM(r ,m) za 2 < r < m − 3?
F. J. MacWilliams, N. J. A. Sloane, The theory of error-correcting codes.
I, II. North-Holland Publishing Co., 1977.
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Distribucija težina u RM(r ,m) za 2 < r < m − 3?
F. J. MacWilliams, N. J. A. Sloane, The theory of error-correcting codes.
I, II. North-Holland Publishing Co., 1977.
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Distribucija težina u RM(r ,m) za 2 < r < m − 3?
F. J. MacWilliams, N. J. A. Sloane, The theory of error-correcting codes.
I, II. North-Holland Publishing Co., 1977.
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Neki nelinearni kodovi

Zadatak.
Pokažite da je RM(r ,m) prošireni ciklički kod.

Punktirani kod RM∗(r ,m) dobivamo uklanjanjem koordinate koja
odgovara nulvektoru u Fm

2 . Na primjer, RM∗(2, 4) je ciklički [15, 11, 3]2
kod i ekvivalentan je Hammingovom kodu Ham(4, 2).

gap> C:=BCHCode(15,5,GF(2));
a cyclic [15,7,5]3..5 BCH code, delta=5, b=1 over GF(2)
gap> AddWeights(WeightDistribution(C));
[ [ 0, 1 ], [ 5, 18 ], [ 6, 30 ], [ 7, 15 ], [ 8, 15 ],

[ 9, 30 ], [ 10, 18 ], [ 15, 1 ] ]

Početkom 1960-ih bilo je poznato da ne postoji linearni kod s n = 15 i
d = 5 dimenzije veće od 7, tj. s vǐse od M = 27 = 128 kodnih riječi.

Koliko kodnih riječi može imati nelinearni kod s n = 15 i d = 5?
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Početkom 1960-ih bilo je poznato da ne postoji linearni kod s n = 15 i
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Punktirani kod RM∗(r ,m) dobivamo uklanjanjem koordinate koja
odgovara nulvektoru u Fm

2 . Na primjer, RM∗(2, 4) je ciklički [15, 11, 3]2
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Neki nelinearni kodovi

Propozicija (Ocjena pakiranja kugli)
Ako postoji (n,M, d)q kod C i ako je e = bd−1

2 c, onda vrijedi

M ≤ qn

e∑
i=0

(n
i
)
(q − 1)i

n = 15, d = 5 ⇒ M ≤ 215

121 ≈ 270.81, tj. M ≤ 270

S. M. Johnson, A new upper bound for error-correcting codes, IRE Trans.
IT 8 (1962), 203–207.

A(n, d , t) = najveća moguća veličina binarnog koda duljine n i minimalne
udaljenosti barem d sa svim kodnim riječima težine t
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Neki nelinearni kodovi

Lema.

A(n, 2k − 1, t) = A(n, 2k, t) ≤
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Teorem (Johnsonova ocjena)
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n = 15, d = 5 ⇒ A(15, 5, 5) ≤
⌊15

5

⌊14
4

⌊13
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⌋⌋⌋
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Nordstrom-Robinsonov kod

n = 15, d = 5 ⇒ M ≤ 215

121 + 455−10·42
5

= 256 = 28

Najveći linearni [15,m, 5]2 kod ima M = 27 = 128 kodnih riječi.

Postoji li veći nelinearni (15,M, 5)2 kod?

A. W. Nordstrom, J. P. Robinson, An optimum nonlinear code,
Information and Control 11 (1967), 613–616.

(15, 256, 5)2

Prošireni kod ima parametre (16, 256, 6)2, zovemo ga Nordstrom-
Robinsonovim kodom i označavamo N16.
gap> N16:=NordstromRobinsonCode();
a (16,256,6)4 Nordstrom-Robinson code over GF(2)
gap> AddWeights(WeightDistribution(N16));
[ [ 0, 1 ], [ 6, 112 ], [ 8, 30 ], [ 10, 112 ], [ 16, 1 ] ]
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V. Krčadinac Asocijacijske sheme 3.6.2024. 16 / 47



Nordstrom-Robinsonov kod

n = 15, d = 5 ⇒ M ≤ 215

121 + 455−10·42
5

= 256 = 28
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Povijest teorije kodiranja
E. R. Berlekamp (ur.), Key papers in the development of coding theory,
IEEE Press, New York, 1974.

itive notion of "explicit" which is sti ll commonly accepted by 
many mathematicians: "explicit" means specifiable by a for
mula of an acceptable type. (For example, those who adhere 
to this viewpoint might reject some iterative method for solv
ing a differential equation as "inexplicit" no matter how 
quickly the method converges, while a solution which gives a 
formula for the answer as a summation of Bessel functions 
might be considered explicit.) Justesen's beautiful paper 
specified a class of good long codes as explicitly as anyone 
could desire. While Justesen's codes are no better than For
ney's codes in any practical engineering sense, they have a 
greater aesthetic appeal. One might also hope that a compari
son of the codes of Justesen and Forney might serve to raise 
the algorithm-consciousness of some pure mathematicians. 

The criterion of brevity is essential if one wishes to keep the 
price of a volume such as this within the range of the potential 
buyers. If a 40-page paper is only slightly better than each of 
two 20-page papers, then it is not unreasonable to assume that 
the two 20-page papers together will be more interesting to the 
reader than the single 40-page paper. Among the outstanding 
but lengthy works in coding theory are the book by Peterson 
[44) and the monography of Wozencraft-Reiffen (45) , Massey 
(46) , and Forney [47]. Fortunately, the bulk of Peterson's 
new results were also published in his shorter IT paper, which 
is included in this volume in lieu of his book. I have included 
only excerpts of certain key sections from the monographs of 
Wozencraft-Reiffen and Forney, even though the unexcerpted 
sections of Forney's monograph contain many important re
sults. Massey's monograph contains a wealth of significant 
original material (even though threshold decoding itself dates 
back to Reed), but each independent section of it appears to 
exceed this volume's threshold on length. 

Papers omitted at least partly because of insufficient read
ability include my result on the distance of BCH codes [ 48] 
and Jel inek's result on the distribution of sequential decoding 
computation [49]. Each of these papers presented the first 
complete solution to a problem which had attracted a good 
deal of previous attention. On grounds of quality, complete
ness, or historical significance, such papers would merit inclu
sion. In each case, however, the papers are highly technical 
and very difficult for the nonspecialist to read. While this 
unreadability may or may not be partly due to deficiencies of 
the author's writing ability, it is mostly due to the nature of 
the proofs themselves. When methods are highly technical and 
extremely specialized, the paper cannot be expected to attract 
a large audience. For that reason, I have omitted the less read· 
able papers, even when t hey have a high archival value. Of 
course, some papers of high readibility are omitted for other 
reasons. For example, the book by Wozencraft and Jacobs 
[50] presents a far clearer exposition of sequential decoding 
than is found in the original monograph by Wozencraft and 
Reiffen. However, considerations of originality and historical 
significance force me to include the latter and omit the former. 

The list of criteria on which these papers were selected did 
not include authorship. Some readers of any volume such as 
this will assume that the table of contents establishes some 
sort of pecking order within the field. The Editor of any such 
vo lume therefore feels a definite pressure to appease this seg-

ment of his readers by including at least one paper by each of 
the most prominent researchers. I have resisted this tempta• 
tion. Indeed, if one were to tabulate an honor roll consisting 
of the names of the 25 people who have contributed the most 
to coding theory, it would certainly not be identical to the list 
of authors in this table of contents. Several additional names 
would certainly be included, and some authors listed in t he 
table of contents would be omitted. While· I will not attempt 
to compile such an honor roll, I will reveal my nominations for 
certain work in coding theory which deserves this modest 
recognition as we commemorate our 25th anniversary. 

Best papers: Bose-Chaudhuri and Hocquenghem (close sec-
ond: Reed-Solomon). 

Most influential book: Peterson, 1961. 
Most influential conference: MIT, 1954 [51]. 
Best single pub I ished page: Golay, 1949. 
Best talk to nonspecialists: Robinson (see the introduction 

to Section 11 of this volume). 
Most entertaining conference paper: E. C. Posner, Madison, 

May 1968 (38). 
Best open problem: Resolve the asymptotic discrepancy be

tween the Elias bound and the Gilbert bound. 

Our understanding of codes is now much greater than it was 
25 years ago when the subject was founded by Shannon and 
Hamming. Most of the early problems have been solved. How
ever, the astute reader wil l notice that my current nomination 
for the best open problem is but a sophisticated restatement of 
the first question stated at the beginning of this Introduction. 
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geometry codes proves even easier to implement than any 
known algorithm for comparable BCH codes. A more 
thorough discussion of polynomial codes and codes based on 
finite geometries may be found in the recent book by Peterson 

. and Weldon ( 1e). 
While the above authors have investigated linear codes of 

increasing generality, others have concentrated their attention 
on smaller classes of codes with additional structure. The 
most noteworthy successes in this direction have been new 
classes of nonlinear codes with better distances and rates than 
comparable li near codes. Nonlinear codes are generally rela
tively difficult to encode and decode, but many of them have 
interesting symmetry groups or other properties of mathe
matical interest. 

The close relationship between the best low-rate codes, many 
of which are nonlinear, and Hadamard matrices was apparentl y 
first investigated by Levenshtein [1 9 ) . ' In addition to the 
equidistant codes, he also constructed a number of other 
optimal codes of sl ight ly higher rates. Unfortunately. his work 
is still relatively unknown in the West. 

Following Hamming and Go lay, the search for perfect codes 
attracted considerable attention. The only success was 
Vasiliev's (20) discovery of a class of nonlinear perfect single
error·correcting binary codes wi th the same parameters a~ the 
Hamming codes and the generalization of t hese codes to non
binary alphabets [21) and to "mixed" al phabets [22}. Pless 
[23] showed t hat there is no nonlinear code comparable 
to the Golay codes. Because of its uniqueness and remarkable 
properties, the Golay code became the subject of considerable 
mathematical interest. Goethals and Siedel (24 I and Berle
kamp, Siedel , and van Lint [25] used the binary and ternary 
Golay codes to construct strongly regular graphs with ex
cept ional combinatorial properties. Assmus and Mattson (26 ) 
pointed out the close relationship between the extended bi
nary Golay code and certain mathematical objects which had 
been studied much earlier, namely the Steiner system which 
consists of the extended Golay codewords of weight 8. This 
system had been previously studied by Witt [27] , wh o in
vestigated t he group of all permutations of the 24 coord inates 
which preserve the system. Witt showed that this was the re· 
markable Mathieu group, M14 , which has order 24 · 23 · 22 · 
21 · 20 · 3 · 16. This group has a number of quite exceptional 

27 points congruent to each of the 3 · 23 · 11 extended Golay 
codewords of weight 8, and 4 · (\ 4

) points which have value 
±2 in two coordinates and value O in the other 22. Altogether 
this gives each lattice point 98256 nearest neighbors. An 
unusually dense packing of spheres in 24-d imensional Eu
clidean space may be obtained by placing the spheres' centers 
at the Leech lattice points. Some of the advantages of this 
packing for signal design problems in continuous communica
t ion theory were calculated by Blake [29 ] . 

The symmetry group of the Leech latt ice was first investi• 
gated by Conway [30 I, who discovered some quite spectacular 
results. The group has a central reflection of order 2, which, 
when facto red out, leaves a quot ient group which is simple and 
contains the Mathieu groups and most of the other known 
sporadic simple groups as proper subgroups. Conway's group 
provides strong support for an important tacit assumpt ion of 
many group theorists: any sufficiently "optimum" combina
torial object, by virtue of its optimality, is likely to have a high 
degree of symmetry, and it should therefore be possible to 
d iscover and categorize such objects by studying their sym
metries via the theory of finite groups. 

Leech and Sloane (31] have used techniques based on codes 
to const ruct a large number of dense packings of spheres in 
Euclidean spaces of various d imensions. Many of these pack
ings are substantially better than any previously known. But 
just as t here is no other code so remarkable as t he Golay code, 
there appears to be no other lattice as remarkable as Leech's. 

Because of the sparsity of perfect codes, several authors have 
weakened the definition of perfection. The definition of 
"nearly" perfect codes recently introduced by Goethals and 
Snover {32] appears to be more fruitful than the older defini
tion of "quasi"-perfect codes. It is easily seen that quasi· 
perfect codes are optimu m in the weak sense that, for fixed 
length and rate, their distance cannot be increased . Soon after 
the BCH codes were int roduced, Gorenstein, Peterson, and 
Zierler [33] proved that the double-error-correcting primitive 
binary BCH codes were quasi-perfect, and t herefore optimum 
in this weak sense. Later, it was shown that all long high-rate 
binary BCH codes are optimum in t his same weak sense. Later, 
a number of people investigating bounds suggested stronger 
definitions of optimality: for fixed length and distance, maxi
mize the number of codewords or (harder still) for fixed 

properties. It is quintuply t ransit ive (meaning that it contains distance and redundancy, maxi mize the length. 
permutations which permute any fi ve coordinates into any Attempts to strengthen the result of Gorenstein, Peterson, 
other five, in any order), and it is simple (meaning that it has and Zierler met with mixed success. It was shown t hat no 
no normal subgroups). Ass mus and Mattson showed that, be- linear code of distance 5 has more codewords of length 15 
cause of the correspondence between the extended Golay than the double-error-correcting binary BCH code; which has 
codewords of weight 8 and the Steiner system, M24 is also the 2 7 • The best upper bound that could be obtained on the 
symmetry group of the Golay code. number of codewords of a nonli near code of distance 5 and 

In 1964, Leech (28) showed that the Golay code could be length 15 was Johnson's [34] 28 • Since this was the simplest 
embedded in an even more exceptional object: t he Leech example in which the difference between the bounds and the 
lattice. This lattice consists of those points in (real) 24- known const ructions differed by a full power of two, Robinson 
dimensional Euclidean space whose coordinates are integers 
which satisfy two cond it ions: 1) modulo 2, each lattice point 
is congruent to an extended Golay codeword , and 2) modulo 
4, the coordinates of each lattice point sum to zero. The dis
tance between any two points in the Leech lattice is at least 8. 
There are two types of points at distance 8 from the origin: 

chose it as an example of a problem which he posed to high 
school students in an introductory talk on coding theory. One 
of them, named Nordst rom, accepted the challenge, and by 
tria l and error, constructed a nonlinear code with 2s code
words of length 15 and d istance 5, the now-classic Nordstrom
Robinson code (35]. This code was also independently dis· 
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IEEE Press, New York, 1974.

covered by Zietsiev and Zinoviev [36). Several previously 
known nonlinear codes, including the Nadler code [37], were 
found to be shortened versions of the N R code. Goethals [38) 
showed how the Nordstrom-Robinson code can be more 
readily derived as a subcode of the Golay code, and Berle
kamp [39] used this observation to explain the surprisingly 
large symmetry group of the Nordstrom- Robinson code. (It is 
isomorphic to A 7 , the alternating group on 7 letters. The 
symmetry groups of this code and vi rtually all good codes of 
lengths less than 25 are closely related to M.24 in one way or 

another.) 
The Nordstrom-Robinson code was subsequently generalized 

to two new infinite classes of codes. First, Preparata (40] 
constructed nonlinear codes of lengths 4m and distance 6, 
each of wh ich has one more information bit than the extended 
double-€rror-correcting binary BCH code of the same length. 
Later, Kerdock [41] const ructed an infinite class of nonlinear 
low-rate codes. The parameters of the Kerdock codes are dual 
to the parameters of the Preparata codes. The first Kerdock 
code, as well as the first Preparata code, is the extended 

I 15I 

[16] 

[17] 

[18] 

(19] 

[20) 

12 1) 

(22 ] 

V. D . Goppa, "Ne,"' class o f linear correcung codes." Prob/. 
Peredach. Inform., vol. 6. pp_ 24- 30, 1970. 
-. "Rational p resenta11on of codes and [L, 9)-codes," Prob!. 
Peredach. Inform .. vol. 7, pp_ 4 1-49. 19 71. 
.J. N. SrivasIava, unpublished remarks at the Combinatorial 
Symp., Univ. North Carol ina, Chapel Hill, Apr. 10-14, 1967. 
T. K asami, S. Lin, and W. W. Peterson, " Polynom ial codes," 
IEEE Trans. Inform. Theory, vol . IT-14, pp. 807-814, Nov. 
1968. 
W. W. Peterson and E. J. Weldon, Jr .• Error-Correcting Codes, 
2nd ed. Cambridge, Mass.: MIT Press, 1972. 
V. I . Levenshtein, " The appl ication of Hadamard matrices to a 
c·odi ng problem," Prob!. Kibern., vol. 5, pp. 123-136 (English 
translation, pp. 166-184), 1961. 
Ju. L . Vasi l'ev, " On nongroup close-packed codes," Prob!. 
Cybern., vol. 8, pp. 337- 339, 1968: Math. Rev. , vol . 29, p. 566 1. 
J. Schonheim. "On l inear and nonlinear single-error-correcting 
q-nary perfect codes," Inform. Coner., vol. 12, pp. 23-26, 1968. 
M. Herzog and J. Schonheim, "Linear and nonlinear single
error-correcting perfect mixed codes," Inform. Conrr. , vol. 18, 
pp, 364- 368, 1971. 

(23] V. Pless, " On the uniqueness of the Golay codes," J. Combi 
natorial Theory, vol. 5, no. 3, pp. 215- 228, 1968: Math. Rev. , 
vol. 39, p. 3892. 

[24] J. M. Goethals, and J. J . Seidel, " Strongly regular graphs de• 
rived from combinatorial designs," Can. J. Math, vol. 22, pp. 
597-614, 1970. Nordstrom-Robinson code. [25] 

Some additional related results are mentioned in the section 
E. R. Berlekamp, J. J. Seidel, and J. H. van Lint, "A strongly 
regular graph derived from the periect ternary Golay code," in 

on weight enu merators and bounds. particularly in the surve1,' 

paper by Sloane. 
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V. Krčadinac Asocijacijske sheme 3.6.2024. 19 / 47



Preparatini i Kerdockovi kodovi
F. P. Preparata, A class of optimum nonlinear double-error-correcting
codes, Information and Control 13 (1968), 378–400.

(2m, 22m−2m, 6) . . . P(m), m ≥ 4 paran

A. M. Kerdock, A class of low-rate nonlinear binary codes, Information
and Control 20 (1972), 182–187 (ispravka u 21 (1972), 395).

(2m, 22m, 2m−1 − 2(m−2)/2) . . . K(m), m ≥ 4 paran

i 0 2m−1 − 2m/2−1 2m−1 2m−1 + 2m/2−1 2m

Ai 1 2m(2m−1 − 1) 2m+1 − 2 2m(2m−1 − 1) 1

Kodovi K(m) i P(m) su distancijsko invarijantni, tj. distribucija
udaljenosti od bilo koje fiksne kodne riječi je ista.
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Preparatini i Kerdockovi kodovi

Neka su težinski polinomi Kerdockovog i Preparatinog koda

WK(m)(X ,Y ) =
∑

i
Ai X 2m−i Y i i WP(m)(X ,Y ) =

∑
i

Bi X 2m−i Y i

Vrijedi
WP(m)(X ,Y ) = 2−2m WK(m)(X + Y ,X − Y )

P. J. Cameron, J. H. van Lint, Designs, graphs, codes and their links,
Cambridge University Press, Cambridge, 1991.

From Lemma 12.9 we find the distance enumerator of K(m). (. . .)
If we substitute the distance enumerator in MacWilliams’ relation
we actually find a polynomial with integer coefficients Bi (for A⊥).
This is in fact the distance enumerator of an extended Preparata
code. There is no explanation for this strange fact!
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Preparatini i Kerdockovi kodovi
A. R. Hammons, Jr., P. V. Kumar, A. R. Calderbank, N. J. A. Sloane,
P. Solé, The Z4-linearity of Kerdock, Preparata, Goethals, and related
codes, IEEE Trans. Inform. Theory 40 (1994), no. 2, 301–319.

Propozicija.
Nosači vektora fiksne težine u P(m) i K(m) čine 3-dizajne.

i 0 2m−1 − 2m/2−1 2m−1 2m−1 + 2m/2−1 2m

Ai 1 2m(2m−1 − 1) 2m+1 − 2 2m(2m−1 − 1) 1

k = 2m−1 + 2m/2−1  3-(2m,k,Λ) dizajn s b = Ak = 2m(2m−1 − 1)

Λ = 2m/2−4
(

2m/2 + 2
) (

2m + 2m/2 − 4
)
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x = 2m−2 + 2m/2−2, y = 2m−2 + 2 · 2m/2−2, z = 2m−2 + 3 · 2m/2−2
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Preparatini i Kerdockovi kodovi

Teorem (Cameron, Delsarte)
Neka je D kombinatorni t-(v ,k, λ) dizajn stupnja d s presječnim
brojevima x1 > . . . > xd ≥ 0. Stavimo x0 = k i za blokove X ,Y ∈ D

definiramo da su i-asocirani ako je |X ∩ Y | = xi . Ako je t ≥ 2d − 2,
onda na taj način dobivamo asocijacijsku shemu s d klasa, podshemu
Johnsonove sheme J(v ,k).

Teorem (Nodina nejednakost)
Ako postoji SSSD(v ,k, λ; r), onda je

(r − 1)
[

(k− 2)λ
(
k

3

)
− (v − 2)

[
(v − k)

(
ν

3

)
+ k

(
µ

3

)]]
≤

≤ (v − 2)
[

(v − 1)
(

λ

3

)
+
(
k

3

)
−
[

(v − k)
(

ν

3

)
+ k

(
µ

3

)]]
Jednakost se dostiže ako i samo ako (X1,X2 ∪ · · · ∪ Xr ) čini 3-dizajn.
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Shematski 3-dizajni stupnja 3

3-(2m, 2m−1 + 2m/2−1, Λ) dizajn s b = 2m(2m−1 − 1) blokova

Λ = 2m/2−4
(

2m/2 + 2
) (

2m + 2m/2 − 4
)

x = 2m−2 + 2m/2−2, y = 2m−2 + 2 · 2m/2−2, z = 2m−2 + 3 · 2m/2−2

Relacija “presjek je veličine y” je relacija ekvivalencije na skupu blokova.
Klase ekvivalencije su simetrični (v ,k, λ) dizajni za λ = y , vlakna
blokovne sheme.

Ako dodamo još jedno vlakno kojeg čine točke 3-dizajna, dobivamo SSSD
sa r = b/v + 1 = 2m−1 vlakna. To je najveći mogući broj vlakna i dostiže
Nodinu nejednakost

r ≤ (v − 2)
√
k− λ

2k− v + 1

Parametri µ = z i ν = x SSSD-a su druga dva presječna broja.
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Nodinu nejednakost

r ≤ (v − 2)
√
k− λ

2k− v + 1

Parametri µ = z i ν = x SSSD-a su druga dva presječna broja.
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Shematski 3-dizajni stupnja 3

Definicija.
Sustav spojenih simetričnih dizajna SSSD(v ,k, λ; r) (eng. linked system
of symmetric designs, LSSD) je graf sa skupom vrhova X = X1 ∪ · · · ∪ Xr
(disjunktna unija). Skupove Xi zovemo vlaknima i svaki ima v vrhova,
pa je ukupan broj vrhova n = r v . Bridovi zadovoljavaju:

1 svaki brid ima krajeve u različitim vlaknima
2 za sve i , j ∈ {1, . . . , r}, i 6= j , inducirani podgraf na Xi ∪ Xj je

incidencijski graf nekog (v ,k, λ) dizajna
3 postoje konstante µ i ν takve da za različite i , j , k ∈ {1, . . . , r} i za

svaki izbor vrhova x ∈ Xi , y ∈ Xj , broj zajedničkih susjeda od x i y
u vlaknu Xk je µ ako su x i y susjedni, a ν ako nisu susjedni
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Konstrukcija Kerdockovih kodova

gap> C:=ReedMullerCode(2,4);
a linear [16,11,4]2 Reed-Muller (2,4) code over GF(2)
gap> AddWeights(WeightDistribution(C));
[ [ 0, 1 ], [ 4, 140 ], [ 6, 448 ], [ 8, 870 ], [ 10, 448 ],

[ 12, 140 ], [ 16, 1 ] ]

3-(16, 4, 1) s b = 140  AG2(4, 2)

3-(16, 8, 87) s b = 870
Ima poddizajn 3-(16, 8, 3) s b = 30  AG3(4, 2)

3-(16, 10, 96) s b = 448
Ima poddizajn 3-(16, 10, 24) s b = 112 i x = 5, y = 6, z = 7
Blokovna shema je SSSD(16, 10, 6; 7) s µ = 7, ν = 5

3-(16, 6, 16) s b = 448
Ima poddizajn 3-(16, 6, 4) s b = 112 i x = 1, y = 2, z = 4
Blokovna shema je SSSD(16, 6, 2; 7) s µ = 1, ν = 3

V. Krčadinac Asocijacijske sheme 3.6.2024. 28 / 47



Konstrukcija Kerdockovih kodova

gap> C:=ReedMullerCode(2,4);
a linear [16,11,4]2 Reed-Muller (2,4) code over GF(2)
gap> AddWeights(WeightDistribution(C));
[ [ 0, 1 ], [ 4, 140 ], [ 6, 448 ], [ 8, 870 ], [ 10, 448 ],

[ 12, 140 ], [ 16, 1 ] ]

3-(16, 4, 1) s b = 140

 AG2(4, 2)

3-(16, 8, 87) s b = 870
Ima poddizajn 3-(16, 8, 3) s b = 30  AG3(4, 2)

3-(16, 10, 96) s b = 448
Ima poddizajn 3-(16, 10, 24) s b = 112 i x = 5, y = 6, z = 7
Blokovna shema je SSSD(16, 10, 6; 7) s µ = 7, ν = 5

3-(16, 6, 16) s b = 448
Ima poddizajn 3-(16, 6, 4) s b = 112 i x = 1, y = 2, z = 4
Blokovna shema je SSSD(16, 6, 2; 7) s µ = 1, ν = 3
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Konstrukcija Kerdockovih kodova

gap> C:=ReedMullerCode(2,4);
a linear [16,11,4]2 Reed-Muller (2,4) code over GF(2)
gap> AddWeights(WeightDistribution(C));
[ [ 0, 1 ], [ 4, 140 ], [ 6, 448 ], [ 8, 870 ], [ 10, 448 ],

[ 12, 140 ], [ 16, 1 ] ]

gap> N16:=NordstromRobinsonCode();
a (16,256,6)4 Nordstrom-Robinson code over GF(2)
gap> AddWeights(WeightDistribution(N16));
[ [ 0, 1 ], [ 6, 112 ], [ 8, 30 ], [ 10, 112 ], [ 16, 1 ] ]

RM(1,m) ⊂K(m) ⊂ RM(2,m)

K(m) je sastavljen od susjednih klasa Q(Bi ) za neke B1,B2,B2, . . .

Da dobijemo što veću minimalnu udaljenost, razlike Bi − Bj trebaju biti
regularne simplektičke matrice. Zato m mora biti paran broj.
Koliko najvǐse takvih matrica možemo naći? 2m−1
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Da dobijemo što veću minimalnu udaljenost, razlike Bi − Bj trebaju biti
regularne simplektičke matrice. Zato m mora biti paran broj.
Koliko najvǐse takvih matrica možemo naći?
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Konstrukcija Kerdockovih kodova

Definicija.
Za skup {B1, . . . ,Br} simplektičkih matrica reda m kažemo da je
Kerdockov skup ako je razlika bilo koje dvije matrice Bi − Bj regularna
i ako je veličine r = 2m−1.

Teorem.
Ako je {B1, . . . ,B2m−1} Kerdockov skup simplektičkih matrica reda m,
onda je K(m) =

⋃2m−1
i=1 Q(Bi ) distancijsko invarijantni binarni kod s

distribucijom udaljenosti od fiksne kodne riječi danom u tablici:

Težina 0 2m−1 − 2m/2−1 2m−1 2m−1 + 2m/2−1 2m

Br. vektora 1 2m(2m−1 − 1) 2m+1 − 2 2m(2m−1 − 1) 1
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Konstrukcija Kerdockovih kodova

Definicija.
Za skup {B1, . . . ,Br} simplektičkih matrica reda m kažemo da je
Kerdockov skup ako je razlika bilo koje dvije matrice Bi − Bj regularna
i ako je veličine r = 2m−1.

Teorem.
Ako je B simplektička matrica reda m i ranga 2k, distribucija težina u
susjednoj klasi Q(B) dana je u tablici:

Težina 2m−1 − 2m−k−1 2m−1 2m−1 + 2m−k+1

Br. vektora 22k 2m+1 − 22k+1 22k
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Konstrukcija Kerdockovih kodova

Definicija.
Za skup {B1, . . . ,Br} simplektičkih matrica reda m kažemo da je
Kerdockov skup ako je razlika bilo koje dvije matrice Bi − Bj regularna
i ako je veličine r = 2m−1.

Teorem.
Neka je {B1, . . . ,Br} skup simplektičkih matrica parnog reda m takav da
su razlike Bi − Bj regularne matrice. Kao vlakna uzmimo klase
Xi = Q0(Bi ) i definiramo da su kvadratne forme f ∈ Xi , g ∈ Xj iz različitih
vlakna susjedne ako je f − g tipa +1. Tako dobijemo sustav spojenih
simetričnih dizajna SSSD(2m, 2m−1 + 2m/2−1, 2m−2 + 2m/2−1; r).

W. M. Kantor, Symplectic groups, symmetric designs, and line ovals,
J. Algebra 33 (1975), 43–58.
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simetričnih dizajna SSSD(2m, 2m−1 + 2m/2−1, 2m−2 + 2m/2−1; r).

W. M. Kantor, Symplectic groups, symmetric designs, and line ovals,
J. Algebra 33 (1975), 43–58.
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Kvadratne i bilinearne forme

Definicija.
Kvadratna forma je funkcija f : V → F koja ima svojstva

1 f (αx) = α2f (x) za sve α ∈ F i x ∈ V ,
2 funkcija B : V × V → F definirana s

B(x , y) = f (x + y)− f (x)− f (y) je bilinearna.

Bilin. forma iz 2. svojstva je simetrična: B(x , y) = B(y , x), ∀x , y ∈ V .

U slučaju F = F2 je alternirajuća, tj. zadovoljava B(x , x) = 0, ∀x ∈ V .

Kažemo da se kvadratna forma f polarizira u bilinearnu formu B = Bf .

Za polja Q, R, C i Fq za neparne q preslikavanje f 7→ Bf je bijekcija:

f (x) = 1
2B(x , x)

Kvadratne forme su homogeni polinomi drugog stupnja.
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Kvadratne i bilinearne forme
Za polje F2 preslikavanje f 7→ Bf nije bijekcija! Prvo stvojstvo iz definicije
kvadratne forme ekvivalentno je s f (0) = 0.

RM0(1,m) = {f : Fm
2 → F2 | f (X ) = a1X1 + . . .+ amXm}

RM0(2,m) = {f : Fm
2 → F2 | f (X ) = a1X1 + . . .+ amXm +

∑
1≤i<j≤m

qijXi Xj}

Q0(B) = {f (X ) = a1X1 + . . .+ amXm +
∑

1≤i<j≤m
qijXi Xj | a1, . . . , am ∈ F2}

Teorem.
Neka je {B1, . . . ,Br} skup simplektičkih matrica parnog reda m takav da
su razlike Bi − Bj regularne matrice. Kao vlakna uzmimo klase
Xi = Q0(Bi ) i definiramo da su kvadratne forme f ∈ Xi , g ∈ Xj iz različitih
vlakna susjedne ako je f − g tipa +1. Tako dobijemo sustav spojenih
simetričnih dizajna SSSD(2m, 2m−1 + 2m/2−1, 2m−2 + 2m/2−1; r).
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su razlike Bi − Bj regularne matrice. Kao vlakna uzmimo klase
Xi = Q0(Bi ) i definiramo da su kvadratne forme f ∈ Xi , g ∈ Xj iz različitih
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V. Krčadinac Asocijacijske sheme 3.6.2024. 34 / 47



Kvadratne i bilinearne forme
Za polje F2 preslikavanje f 7→ Bf nije bijekcija! Prvo stvojstvo iz definicije
kvadratne forme ekvivalentno je s f (0) = 0.
RM0(1,m) = {f : Fm

2 → F2 | f (X ) = a1X1 + . . .+ amXm}

RM0(2,m) = {f : Fm
2 → F2 | f (X ) = a1X1 + . . .+ amXm +

∑
1≤i<j≤m

qijXi Xj}

Q0(B) = {f (X ) = a1X1 + . . .+ amXm +
∑

1≤i<j≤m
qijXi Xj | a1, . . . , am ∈ F2}

Bilinearnu formu reprezentiramo matricom B ∈ Mm(F), B(x , y) = x τBy

Bilinearna forma je nedegenerirana ako iz B(x , y) = 0, ∀y ∈ V slijedi
x = 0. To je evivalentno s regularnosti odgovarajuće matrice B.

Bilinearna forma nad F2 je alternirajuća ako i samo ako je odgovarajuća
matrica simplektička.
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Bilinearna forma nad F2 je alternirajuća ako i samo ako je odgovarajuća
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Konstrukcija Kerdockovih skupova
P. J. Cameron, J. H. van Lint, Designs, graphs, codes and their links,
Cambridge University Press, Cambridge, 1991.
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Konstrukcija Kerdockovih skupova
W. M. Kantor, Codes, quadratic forms and finite geometries, u: Different
aspects of coding theory (Proc. Sympos. Appl. Math., San Francisco,
1995), American Mathematical Society, 1995., str. 153–177.

P. J. Cameron, J. J. Seidel, Quadratic forms over GF (2), Nederl. Akad.
Wetensch. Proc. Ser. A 76 Indag. Math. 35 (1973), 1–8.

Tr : F2k → F2, Tr(x) = x + x2 + x22 + . . .+ x2k−1

V = F2k × F2k nad poljem F2k (identificiramo ga s Fm
2 za m = 2k)

Prvo uzmemo nedegeneriranu alternirajuću formu na V :
b((x1, x2), (y1, y2)) = x1y2 + x2y1

Zatim za α ∈ F2k definiramo
Bα : V × V → F2, Bα(x , y) = Tr(α b(x , y))
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Wetensch. Proc. Ser. A 76 Indag. Math. 35 (1973), 1–8.

Tr : F2k → F2, Tr(x) = x + x2 + x22 + . . .+ x2k−1

V = F2k × F2k nad poljem F2k (identificiramo ga s Fm
2 za m = 2k)

Prvo uzmemo nedegeneriranu alternirajuću formu na V :
b((x1, x2), (y1, y2)) = x1y2 + x2y1

Zatim za α ∈ F2k definiramo
Bα : V × V → F2, Bα(x , y) = Tr(α b(x , y))
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Konstrukcija Kerdockovih skupova

Propozicija.
Skup {Bα | α ∈ F2k} sadrži alternirajuće bilinearne forme na Fm

2 takve da
je Bα−Bβ nedegenerirana za α 6= β. Veličina tog skupa je r = 2k = 2m/2.

CameronSeidelSet:=function(m)
local k,Tr,b,B1,B2;

k:=m/2;
Tr:=x->Sum([1..k],i->xˆ(2ˆi));
b:=function(x,y) return x[1]*y[2]+x[2]*y[1]; end;
B1:=List([0..k-1],i->Z(2ˆk)ˆi);
B2:=Concatenation(Cartesian(B1,[0*Z(2)]),

Cartesian([0*Z(2)],B1));
return List(Elements(GF(2ˆk)),

a->List(B2,x->List(B2,y->Tr(a*b(x,y)))));
end;
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Propozicija.
Skup {Bα | α ∈ F2k} sadrži alternirajuće bilinearne forme na Fm

2 takve da
je Bα−Bβ nedegenerirana za α 6= β. Veličina tog skupa je r = 2k = 2m/2.

gap> CameronSeidelSet(4);

[ [ [ 0*Z(2), 0*Z(2), 0*Z(2), 0*Z(2) ],
[ 0*Z(2), 0*Z(2), 0*Z(2), 0*Z(2) ],
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[ 0*Z(2), Z(2)ˆ0, 0*Z(2), 0*Z(2) ],
[ Z(2)ˆ0, Z(2)ˆ0, 0*Z(2), 0*Z(2) ] ],


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0




0 0 0 1
0 0 1 1
0 1 0 0
1 1 0 0



V. Krčadinac Asocijacijske sheme 3.6.2024. 40 / 47



Konstrukcija Kerdockovih skupova

Propozicija.
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Propozicija.
Skup {Bα | α ∈ F2k} sadrži alternirajuće bilinearne forme na Fm

2 takve da
je Bα−Bβ nedegenerirana za α 6= β. Veličina tog skupa je r = 2k = 2m/2.

[ [ 0*Z(2), 0*Z(2), Z(2)ˆ0, Z(2)ˆ0 ],
[ 0*Z(2), 0*Z(2), Z(2)ˆ0, 0*Z(2) ],
[ Z(2)ˆ0, Z(2)ˆ0, 0*Z(2), 0*Z(2) ],
[ Z(2)ˆ0, 0*Z(2), 0*Z(2), 0*Z(2) ] ],

[ [ 0*Z(2), 0*Z(2), Z(2)ˆ0, 0*Z(2) ],
[ 0*Z(2), 0*Z(2), 0*Z(2), Z(2)ˆ0 ],
[ Z(2)ˆ0, 0*Z(2), 0*Z(2), 0*Z(2) ],
[ 0*Z(2), Z(2)ˆ0, 0*Z(2), 0*Z(2) ] ] ]


0 0 1 1
0 0 1 0
1 1 0 0
1 0 0 0




0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0
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Konstrukcija Kerdockovih skupova
W. M. Kantor, Codes, quadratic forms and finite geometries, u: Different
aspects of coding theory (Proc. Sympos. Appl. Math., San Francisco,
1995), American Mathematical Society, 1995., str. 153–177.

Na vektorskom prostoru F2k nad F2 imamo “skalarni produkt”, tj.
nedegeneriranu simetričnu bilinearnu formu 〈x , y〉 = Tr(xy).

Identificiramo ga s vektorskim prostorom Fk
2 s pomoću ortonormirane baze

B1 obzirom na taj skalarni produkt.

Uzmemo k = m − 1 i dodamo još jednu koordinatu:

V = F2k × F2 (direktni produkt vektorskih prostora)

〈(x1, x2), (y1, y2)〉 = Tr(x1y1) + x2y2

B2 = {(x1, 0) | x1 ∈ B1} ∪ {(0, 1)}
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V = F2k × F2 (direktni produkt vektorskih prostora)

〈(x1, x2), (y1, y2)〉 = Tr(x1y1) + x2y2

B2 = {(x1, 0) | x1 ∈ B1} ∪ {(0, 1)}
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Konstrukcija Kerdockovih skupova
Simplektičke matrice dobivamo kao matrice u bazi B2 linearnih operatora

Mα : V → V , Mα (x1, x2) =
(
α2x1 + αTr(αx1) + αx2, Tr(αx1)

)
za α ∈ Fqk . Broj tih matrica je r = 2k = 2m−1.

Propozicija.
Matrice linearnih operatora {Mα | α ∈ F2k} u ortonormiranoj bazi B2 su
simplektičke i razlike su im regularne, tj. tvore Kerdockov skup.

KerdockSet:=function(m)
local e,B1,B2,p,vec,Tr;

e:=Elements(GF(2ˆ(m-1)));
B1:=OrthogonalNormalBasis(m-1);
B2:=Concatenation(List(B1,x->[x,0*Z(2)]),[[0*Z(2),Z(2)ˆ0]]);
p:=Cartesian(List([1..m],x->[0,1]));
vec:=List(p,x->x*B2);
Tr:=x->Sum([1..m-1],i->xˆ(2ˆi));
return Z(2)ˆ0*List(e,a->List(B2,x->p[Position(vec,

[aˆ2*x[1]+a*Tr(a*x[1])+a*x[2],Tr(a*x[1])])]));
end;
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Konstrukcija Kerdockovih skupova

OrthogonalNormalBasis:=function(k)
local e,Tr,Gram,i,B;

e:=Elements(GF(2ˆk));
Tr:=x->Sum([1..k],i->xˆ(2ˆi));
Gram:=v->List(v,x->List(v,y->IversonBracket(Tr(x*y)=Z(2)ˆ0)));
i:=0;
repeat

i:=i+1;
B:=List([0..k-1],j->e[i]ˆ(2ˆj));

until Gram(B)=IdentityMat(k) or i=Size(e);
if Gram(B)=IdentityMat(k) then

return B;
else

return fail;
fi;

end;
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Konstrukcija Kerdockovih skupova

gap> KerdockSet(4);

[ [ [ 0*Z(2), 0*Z(2), 0*Z(2), 0*Z(2) ],
[ 0*Z(2), 0*Z(2), 0*Z(2), 0*Z(2) ],
[ 0*Z(2), 0*Z(2), 0*Z(2), 0*Z(2) ],
[ 0*Z(2), 0*Z(2), 0*Z(2), 0*Z(2) ] ],

[ [ 0*Z(2), Z(2)ˆ0, Z(2)ˆ0, Z(2)ˆ0 ],
[ Z(2)ˆ0, 0*Z(2), Z(2)ˆ0, Z(2)ˆ0 ],
[ Z(2)ˆ0, Z(2)ˆ0, 0*Z(2), Z(2)ˆ0 ],
[ Z(2)ˆ0, Z(2)ˆ0, Z(2)ˆ0, 0*Z(2) ] ],

[ [ 0*Z(2), 0*Z(2), Z(2)ˆ0, 0*Z(2) ],
[ 0*Z(2), 0*Z(2), 0*Z(2), Z(2)ˆ0 ],
[ Z(2)ˆ0, 0*Z(2), 0*Z(2), Z(2)ˆ0 ],
[ 0*Z(2), Z(2)ˆ0, Z(2)ˆ0, 0*Z(2) ] ],


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0




0 1 1 1
1 0 1 1
1 1 0 1
1 1 1 0




0 0 1 0
0 0 0 1
1 0 0 1
0 1 1 0
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gap> KerdockSet(4);

[ [ [ 0*Z(2), 0*Z(2), 0*Z(2), 0*Z(2) ],
[ 0*Z(2), 0*Z(2), 0*Z(2), 0*Z(2) ],
[ 0*Z(2), 0*Z(2), 0*Z(2), 0*Z(2) ],
[ 0*Z(2), 0*Z(2), 0*Z(2), 0*Z(2) ] ],

[ [ 0*Z(2), Z(2)ˆ0, Z(2)ˆ0, Z(2)ˆ0 ],
[ Z(2)ˆ0, 0*Z(2), Z(2)ˆ0, Z(2)ˆ0 ],
[ Z(2)ˆ0, Z(2)ˆ0, 0*Z(2), Z(2)ˆ0 ],
[ Z(2)ˆ0, Z(2)ˆ0, Z(2)ˆ0, 0*Z(2) ] ],

[ [ 0*Z(2), 0*Z(2), Z(2)ˆ0, 0*Z(2) ],
[ 0*Z(2), 0*Z(2), 0*Z(2), Z(2)ˆ0 ],
[ Z(2)ˆ0, 0*Z(2), 0*Z(2), Z(2)ˆ0 ],
[ 0*Z(2), Z(2)ˆ0, Z(2)ˆ0, 0*Z(2) ] ],


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0




0 1 1 1
1 0 1 1
1 1 0 1
1 1 1 0




0 0 1 0
0 0 0 1
1 0 0 1
0 1 1 0
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[ [ 0*Z(2), Z(2)ˆ0, 0*Z(2), Z(2)ˆ0 ],
[ Z(2)ˆ0, 0*Z(2), 0*Z(2), 0*Z(2) ],
[ 0*Z(2), 0*Z(2), 0*Z(2), Z(2)ˆ0 ],
[ Z(2)ˆ0, 0*Z(2), Z(2)ˆ0, 0*Z(2) ] ],

[ [ 0*Z(2), 0*Z(2), Z(2)ˆ0, Z(2)ˆ0 ],
[ 0*Z(2), 0*Z(2), Z(2)ˆ0, 0*Z(2) ],
[ Z(2)ˆ0, Z(2)ˆ0, 0*Z(2), 0*Z(2) ],
[ Z(2)ˆ0, 0*Z(2), 0*Z(2), 0*Z(2) ] ],

[ [ 0*Z(2), 0*Z(2), 0*Z(2), Z(2)ˆ0 ],
[ 0*Z(2), 0*Z(2), Z(2)ˆ0, Z(2)ˆ0 ],
[ 0*Z(2), Z(2)ˆ0, 0*Z(2), 0*Z(2) ],
[ Z(2)ˆ0, Z(2)ˆ0, 0*Z(2), 0*Z(2) ] ],


0 1 0 1
1 0 0 0
0 0 0 1
1 0 1 0




0 0 1 1
0 0 1 0
1 1 0 0
1 0 0 0




0 0 0 1
0 0 1 1
0 1 0 0
1 1 0 0
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[ [ 0*Z(2), Z(2)ˆ0, 0*Z(2), 0*Z(2) ],
[ Z(2)ˆ0, 0*Z(2), Z(2)ˆ0, 0*Z(2) ],
[ 0*Z(2), Z(2)ˆ0, 0*Z(2), Z(2)ˆ0 ],
[ 0*Z(2), 0*Z(2), Z(2)ˆ0, 0*Z(2) ] ],

[ [ 0*Z(2), Z(2)ˆ0, Z(2)ˆ0, 0*Z(2) ],
[ Z(2)ˆ0, 0*Z(2), 0*Z(2), Z(2)ˆ0 ],
[ Z(2)ˆ0, 0*Z(2), 0*Z(2), 0*Z(2) ],
[ 0*Z(2), Z(2)ˆ0, 0*Z(2), 0*Z(2) ] ] ]


0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0




0 1 1 0
1 0 0 1
1 0 0 0
0 1 0 0
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