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Johnsonova shema i kombinatorni dizajni

Primjer: Johnsonova shema
Neka su v i d prirodni brojevi takvi da je 2d ≤ v . Za skup vrhova uzmimo
sve d-člane podskupove od V = {1, . . . , v}. Vrhovi X ,Y ⊆ V su susjedni
u grafu Gi ako je |X ∩ Y | = d − i . Tako dobijemo Johnsonovu asocijacij-
sku shemu J(v , d) s d klasa, reda n =

(v
d
)
.
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sve k-člane podskupove od V = {1, . . . , v}. Vrhovi X ,Y ⊆ V su susjedni
u grafu Gi ako je |X ∩ Y | = k− i . Tako dobijemo Johnsonovu asocijacij-
sku shemu J(v ,k) s k klasa, reda n =

(v
k

)
.

Definicija.
Za podskup vrhova Johnsonove sheme D⊆ (V

k

)
kažemo da je

kombinatorni dizajn s parametrima t-(v ,k, λ) ako za svaki t-člani
podskup od V postoji točno λ elemenata iz D koji ga sadrže.
Elemente od V zovemo točkama, a elemente od D blokovima dizajna.

Propozicija.
Ako je D dizajn s parametrima t-(v ,k, λ), onda je i s-(v ,k, λs) dizajn za
s = 0, . . . , t, pri čemu je λs = λ

(v−s
t−s
)
/
(k−s

t−s
)
.
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(v−s
t−s
)
/
(k−s

t−s
)
.
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Kombinatorni dizajni
Ukupan broj blokova: b = |D| = λ0 = λ

(v
t
)
/
(k

t
)

Korolar.
Ako postoji t-(v ,k, λ) dizajn, onda

(k−s
t−s
)

dijeli λ
(v−s

t−s
)
, za s = 0, . . . , t.

Npr. ne postoje dizajni s parametrima:

2-(8, 3, 1)  r = λ1 = 7
2

2-(11, 3, 1)  r = λ1 = 5, b = λ0 = 55
3

Ovi dizajni postoje:

2-(7, 3, 1)  r = λ1 = 3, b = λ0 = 7 (projektivna ravnina reda 2)

2-(9, 3, 1)  r = λ1 = 4, b = λ0 = 12 (afina ravnina reda 3)

Pretpostavke na parametre:

2 ≤ t ≤ k, 3 ≤ k< v , k≤ v
2
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Kombinatorni dizajni

Propozicija.
Neka je D dizajn s parametrima t-(v ,k, λ) i neka vrijedi t ≤ v − k.
Tada je familija D = {V \ X | X ∈ D}, dobivena komplementiranjem
blokova, dizajn s parametrima t-(v , v − k, λ̄) za

λ̄ =
t∑

s=0
(−1)s

(
t
s

)
λs = λ

(v−t
k

)(v−t
k−t
)

Zadatak.
Neka je D dizajn s parametrima t-(v ,k, λ), a I, J ⊆ V , |I| = i , |J | = j ,
I ∩ J = ∅ disjunktni skupovi točaka takvi da je i + j ≤ t. Dokažite da broj
λi ,j = |{X ∈ D | I ⊆ X , J ∩ X = ∅}| ne ovisi o izboru skupova I, J , nego
samo o njihovim kardinalnostima i , j . Dokažite formulu
λi ,j = λ

(v−i−j
k−i

)
/
(v−t
k−t
)

te rekurziju λi ,j+1 = λi ,j − λi+1,j .
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Primjene dizajna
Primjer: D =

(V
k

)
je potpuni k-(v ,k, 1) dizajn (svi vrhovi od J(v ,k))

Nepotpuni dizajn: D(
(V
k

)
koji je t-dizajn za što veći t < k

Najveći takav t je snaga dizajna D

Primjer: vinska proba, 7 vrsta vina

Potpuni dizajn:
(7

2
)

= 21 kušača

Nepotpuni 2-(7, 3, 1) dizajn: b = 7 kušača

Primjer: testiranje 9 vrsta krema za sunčanje

Potpuni dizajn:
(9

2
)

= 36 dobrovoljaca

Nepotpuni 2-(9, 3, 1) dizajn: b = 12 dobrovoljaca

Uvjet balansiranosti: svaki par vina / krema usporeden je jednako
mnogo puta (λ = 1)
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Potpuni dizajn:
(9

2
)

= 36 dobrovoljaca

Nepotpuni 2-(9, 3, 1) dizajn: b = 12 dobrovoljaca

Uvjet balansiranosti: svaki par vina / krema usporeden je jednako
mnogo puta (λ = 1)
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V. Krčadinac Asocijacijske sheme 22.4.2024. 6 / 30



Primjene dizajna
Primjer: D =

(V
k

)
je potpuni k-(v ,k, 1) dizajn (svi vrhovi od J(v ,k))

Nepotpuni dizajn: D(
(V
k

)
koji je t-dizajn za što veći t < k
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Primjene dizajna
R. A. Fisher, The design of experiments (9th ed.), Macmillan, 1971.
(prvo izdanje 1935.)
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Kombinatorni dizajni

Propozicija (Fisherova nejednakost)
U svakom 2-(v ,k, λ) dizajnu vrijedi b ≥ v .

Dizajni snage t > 2? MOTIVATION????

E. Witt, Die 5-fach transitiven Gruppen von Mathieu, Abh. Math. Semin.
Univ. Hambg. 12 (1938), 256–264.
Über Steinersche Systeme, 265–275.
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Über Steinersche Systeme, 265–275.
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Über Steinersche Systeme, 265–275.
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Kombinatorni dizajni

D. R. Hughes, On t-designs and groups, Amer. J. Math. 87 (1965),
761–778.
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Vǐsestruko tranzitivne grupe

Za G ≤ Sym(V ) kažemo da je t-tranzitivna ako za svake dvije uredene
t-torke (x1, . . . , xt), (y1, . . . , yt) medusobno različitih elemenata iz V
postoji g ∈ G takav da je (x1, . . . , xt)g = (xg

1 , . . . , x
g
t ) = (y1, . . . , yt).

Za G kažemo da je t-homogena ako za svaka dva t-člana podskupa
{x1, . . . , xt}, {y1, . . . , yt} ⊆ V postoji g ∈ G takav da je {x1, . . . , xt}g
= {xg

1 , . . . , x
g
t } = {y1, . . . , yt}.

t-tranzitivnosti ⇒ t-homogenost

Teorem (Livingstone, Wagner)
Neka je G ≤ Sym(V ) permutacijska grupa i neka vrijedi 5 ≤ t ≤ v/2.
Ako je G t-homogena, onda je i t-tranzitivna.

D. Livingstone, A. Wagner, Transitivity of finite permutation groups on
unordered sets, Math. Z. 90 (1965), 393–403.
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Vǐsestruko tranzitivne grupe i dizajni

Zadatak.
Neka je G ≤ Sym(V ) permutacijska grupa koja je t-homogena. Ako je
X ∈ (V

k

)
bilo koji k-člani skup točaka, dokažite da je D = X G (orbita pri

djelovanju G na podskupove) dizajn s parametrima t-(v ,k, λ) za
λ = |G |(kt )/(|GX |

(v
t
)
). Pritom je GX = {g ∈ G | X g = X} stabilizator

skupa X .

P. J. Cameron, Permutation groups, Cambridge University Press, 1999.

108 4. The O'Nan-Scott Theorem

Sk x Sk (intransitive) < Sk Wr S2 (imprimitive) < S2k;

S3 Wr Sj (product action) < AGL(l, 3) < S3i;

PSL(2, 7) (almost simple) < AGL(3, 2) < S8.

All exceptions to maximality have been determined by Liebeck, Praeger and
Saxl [115]. They give six tables of exceptions (one stretching over two pages),
and remark that there exist arbitrarily long chains of almost simple primitive
groups.

4.7 The finite simple groups

The Classification of Finite Simple Groups, or CFSG as we shall refer to
it, is one of the most remarkable theorems ever proved. First, its length: the
present version runs to an estimated 15 000 pages, spread over books, journals,
computer calculations and, in at least one case, unpublished manuscripts. The
proof was announced in 1980, though it was known at the time that some
details (such as the proof that `groups of Ree type' are indeed Ree groups)
remained to be completed. It turned out that there was a more serious lacuna,
in the treatment of 'quasi-thin groups'. It is quite impossible for a layman to
judge whether a complete proof of the theorem currently exists.

The problems are being addressed in the `revisionism' program initiated
by Daniel Gorenstein and now being directed by Richard Lyons and Ronald
Solomon. A self-contained proof, whose length is estimated at only 5000
pages, is being published in a number of volumes, of which the first few have
already appeared (see [83]).

The impact of CFSG on many areas of mathematics is so dramatic that it
cannot simply be ignored until the revised proof has appeared. Accordingly, I
will use it and derive some of its striking consequences for permutation groups.
Theorems proved using CFSG will always be labelled as such. I have done
this for two reasons. First, simple prudence dictates this course, since we have
no satisfactory proof of the theorem. Second, a result which has been proved
using CFSG, but which has defied all attempts at an `elementary' proof,
probably lies quite deep; this is an interesting metamathematical observation.

Now, to the theorem:

Theorem 4.9 [CFSG] A non-abelian finite simple group is one of the fol-
lowing:

an alternating group An, n > 5;

a group of Lie type;
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4.8 Application: Multiply-transitive groups

One of the major goals of permutation group theory since its origin has
been the determination of the multiply-transitive groups or, at the very least,
an absolute bound on the degree of transitivity of finite permutation groups
other than symmetric and alternating groups. This goal was beyond reach
until CFSG was proved, at which moment it was realised, since it follows
from CFSG and previously known results.

Theorem 4.11 [CFSG] The finite 2-transitive groups are explicitly known.
In particular, the only finite 6-transitive groups are symmetric and alternating
groups; and the only finite 4-transitive groups are symmetric and alternating
groups and the Mathieu groups M11, M12, M23 and M24.

The list of 2-transitive groups appears Tables 7.3 and 7.4.

Before commenting on the proof, note that Burnside's Theorem (which
is what is needed) follows immediately from the O'Nan-Scott Theorem: a
2-transitive group is basic, and no group of diagonal type can be 2-transitive.

So the 2-transitive groups are either affine or almost simple. If G = V >4 Go
is a 2-transitive affine group, then Go is a linear group on V which acts trans-
itively on the non-zero vectors of V. Such groups were determined by Huppert
in the soluble case, and Hering (using CFSG) in the non-soluble case. The
almost simple 2-transitive groups were determined by various people, includ-
ing Maillet, Curtis, Kantor, Seitz, and Howlett. We will give an example
illustrating one technique used for this in Section 4.10.

The groups with higher degrees of transitivity are now found from the list
by inspection.

Some partial results can be proved by more elementary means; for example,
the 3-transitive affine groups (by Cameron and Kantor) and the 3-transitive
groups G in which Ga is affine (by Shult, Hering, Kantor and Seitz).

We end with one curious consequence. With one single exception (which
we discussed in Section 1.16), Burnside's Theorem can be strengthened: a
simple minimal normal subgroup of a 2-transitive group is itself 2-transitive.

The classification of 2-transitive groups has been one of the most useful
consequences of CFSG. I mention just one application: to restricted random-
isation in statistics, where the assignment of treatments to plots is randomised
so that there are enough options that the statistical analysis of the result is
valid, but specified `bad patterns' are avoided. See Bailey [11].

Many related classes of primitive groups have been determined, including
the rank 3 groups [108, 117,114], the almost simple groups of odd degree [107,
116], and so on.
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Vǐsestruko tranzitivne grupe i dizajni
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Vǐsestruko tranzitivne grupe i dizajni
E. Witt, Über Steinersche Systeme, Abh. Math. Semin. Univ. Hambg. 12
(1938), 265–275. M12  5-(12, 6, 1), M24  5-(24, 8, 1)

Postoje li nepotpuni dizajni snage t > 5?

S. S. Magliveras, D. W. Leavitt, Simple 6-(33, 8, 36) designs from
PΓL2(32), u: Computational group theory (ur. M. D. Atkinson),
Academic Press, Inc., 1984., str. 337–352.

L. Teirlinck, Nontrivial t-designs without repeated blocks exist for all t,
Discrete Math. 65 (1987), no. 3, 301–311.

Teorem.
Ako za t i v vrijedi v > t + 1 > 0 i v ≡ t (mod (t + 1)!2t+1), onda postoji
t-(v , t + 1, (t + 1)!2t+1) dizajn.

t = 7  v = t + (t + 1)!2t+1 = 7 + 8!15 ≈ 1.2 · 1069
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Ako za t i v vrijedi v > t + 1 > 0 i v ≡ t (mod (t + 1)!2t+1), onda postoji
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Postoje li dizajni “velike” snage t s malim brojem točaka v?
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Dizajni s velikim t
A. Betten, A. Kerber, R. Laue, A. Wassermann, Es gibt 7-Designs mit
kleinen Parametern!, Bayreuth. Math. Schr. 49 (1995), 213.

A. Betten, R. Laue, A. Wassermann, Simple 6- and 7-designs on 19 to 33
points, Congr. Numer. 123 (1997), 149–160.

A. Betten, A. Kerber, R. Laue, A. Wassermann, Simple 8-designs with
small parameters, Des. Codes Cryptogr. 15 (1998), no. 1, 5–27.

R. Laue, Constructing objects up to isomorphism, simple 9-designs with
small parameters, u: Algebraic combinatorics and applications
(Gößweinstein, 1999) (ur. A. Betten, A. Kohnert, R. Laue,
A. Wassermann), Springer-Verlag, 2001., str. 232–260.

Postoje li Steinerovi dizajni (λ = 1) s t > 5?

P. Keevash, The existence of designs, 2014. (nova verzija 2019.)
https://arxiv.org/abs/1401.3665
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Analogije izmedu kombinatornih dizajna i sfernih dizajna

E. Bannai, E. Bannai, H. Tanaka, Y. Zhu, Design theory from the
viewpoint of algebraic combinatorics, Graphs Combin. 33 (2017),
no. 1, 1–41.

“The concept of combinatorial t-design is to find subsets which
approximate the whole space

(V
k

)
. . .”

Definicija.
Za konačan skup točaka X = {x1, . . . , xn} iz sfere Ω = Sm−1 kažemo
da je sferni t-dizajn ako za svaki polinom f ∈ Pol(m, t) vrijedi

1
n

n∑
i=1

f (xi ) = 1
vol(Ω)

∫
Ω

f (x)dx
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Analogije izmedu kombinatornih dizajna i sfernih dizajna
P. Delsarte, J.-M. Goethals, J. J. Seidel, Spherical codes and designs,
Geometriae Dedicata 6 (1977), no. 3, 363–388.

Teorem.
Neka je X ⊂ Sm−1 sferni dizajn veličine n i snage t ≥ 4, za m ≥ 3.
Ako je t = 2d paran, onda vrijedi

n ≥
(

m + d − 1
d

)
+
(

m + d − 2
d − 1

)

Ako je t = 2d + 1 neparan, onda vrijedi

n ≥ 2
(

m + d − 1
d

)
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Analogije izmedu kombinatornih dizajna i sfernih dizajna
D. Ray-Chaudhuri, R. Wilson, Generalisation of Fisher’s inequality to
t-designs, Notices Amer. Math. Soc. 18 (1971), 805.

Teorem (Ray-Chaudhuri – Wilsonova nejednakost)
Neka je D kombinatorni t-(v ,k, λ) dizajn s b = |D| blokova.
Ako je t = 2d paran i vrijedi v ≥ k+ d , onda je

b ≥
(

v
d

)

Ako je t = 2d + 1 neparan i vrijedi v − 1 ≥ k+ d , onda je

b ≥ 2
(

v − 1
d

)
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Analogije izmedu kombinatornih dizajna i sfernih dizajna
D. Ray-Chaudhuri, R. Wilson, On t-designs, Osaka J. Math. 12 (1975),
737–744.

Teorem (Ray-Chaudhuri – Wilsonova nejednakost)
Neka je D kombinatorni t-(v ,k, λ) dizajn s b = |D| blokova.
Ako je t = 2d paran i vrijedi v ≥ k+ d , onda je

b ≥
(

v
d

)

Ako je t = 2d + 1 neparan i vrijedi v − 1 ≥ k+ d , onda je

b ≥ 2
(

v − 1
d

)
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Stupanj kombinatornog dizajna

Stupanj sfernog dizajna je broj različitih kutova ili udaljenosti izmedu
vektora tog dizajna.

Stupanj kombinatornog dizajna je broj različitih veličina presjeka
blokova tog dizajna.

Veličine presjeka blokova su presječni brojevi dizajna.

Primjer (Mali Wittov dizajn)
Konstruirajmo 5-(12, 6, 1) dizajn u sustavu za računalnu algebru GAP.
Odredimo mu presječne brojeve i stupanj.

Primjer (Veliki Wittov dizajn)
Konstruirajmo 5-(24, 8, 1) dizajn i odredimo mu presječne brojeve i stupanj.
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Odredimo mu presječne brojeve i stupanj.

Primjer (Veliki Wittov dizajn)
Konstruirajmo 5-(24, 8, 1) dizajn i odredimo mu presječne brojeve i stupanj.
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Analogije izmedu kombinatornih dizajna i sfernih dizajna
P. Delsarte, J.-M. Goethals, J. J. Seidel, Spherical codes and designs,
Geometriae Dedicata 6 (1977), no. 3, 363–388.

Teorem (Apsolutna ocjena)
Neka je X = {x1, . . . , xn} ⊆ Sm−1 sferni dizajn veličine n i stupnja d .
Tada je

n ≤
(

m + d − 1
d

)
+
(

m + d − 2
d − 1

)

D. Ray-Chaudhuri, R. Wilson, On t-designs, Osaka J. Math. 12 (1975),
737–744.
Teorem.
Neka je D⊆ (V

k

)
kombinatorni dizajn stupnja d s b blokova. Tada je

b ≤
(

v
d

)
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V. Krčadinac Asocijacijske sheme 22.4.2024. 23 / 30



Analogije izmedu kombinatornih dizajna i sfernih dizajna

Sferni dizajn i kombinatorni dizajn snage t = 2d je stupnja barem d . Ako
dostiže ocjenu na veličinu n =

(m+d−1
d

)
+
(m+d−2

d−1
)
, odnosno b =

(v
d
)
,

kažemo da je napet (eng. tight). U tom slučaju je stupnja točno d .

D. Ray-Chaudhuri, R. Wilson, On t-designs, Osaka J. Math. 12 (1975),
737–744.

Teorem.
Ako postoji napeti 2d-(v ,k, λ) dizajn, onda ima točno d različitih
presječnih brojeva. Presječni brojevi su pozitivni i nultočke su sljedećeg
polinoma stupnja d :

Ψd (x) =
d∑

i=0
(−1)d−i

(v−d
i
)(k−i

d−i
)(k−1−i

d−i
)(d

i
) (

x
i

)
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Napeti dizajni
t = 2, d = 1  simetrični dizajni, b =

(v
1
)

= v

Teorem.
Ako je dizajn s parametrima 2-(v ,k, λ) simetričan, onda se svaka dva
bloka tog dizajna sijeku u λ točaka. Obrnuto, ako se svaka dva bloka
2-(v ,k, λ) dizajna sijeku u konstantnom broju točaka, onda je taj broj λ,
a dizajn je simetričan.

t = 4, d = 2  kvazisimetrični dizajni, b =
(v

2
)
, presječni brojevi x < y

Teorem (Noboru Ito, H. Enomoto, R. Noda, A. Bremner, 1975.-79.)
Postoji samo jedan takav dizajn s parametrima 4-(23, 7, 1) i presječnim
brojevima x = 1, y = 3

E. Bannai, E. Bannai, Tatsuro Ito, R. Tanaka, Algebraic combinatorics,
De Gruyter, 2021. Teorem 3.32, str. 136-142.
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2-(v ,k, λ) dizajna sijeku u konstantnom broju točaka, onda je taj broj λ,
a dizajn je simetričan.

t = 4, d = 2  kvazisimetrični dizajni, b =
(v

2
)
, presječni brojevi x < y

Teorem (Noboru Ito, H. Enomoto, R. Noda, A. Bremner, 1975.-79.)
Postoji samo jedan takav dizajn s parametrima 4-(23, 7, 1) i presječnim
brojevima x = 1, y = 3

E. Bannai, E. Bannai, Tatsuro Ito, R. Tanaka, Algebraic combinatorics,
De Gruyter, 2021. Teorem 3.32, str. 136-142.
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bloka tog dizajna sijeku u λ točaka. Obrnuto, ako se svaka dva bloka
2-(v ,k, λ) dizajna sijeku u konstantnom broju točaka, onda je taj broj λ,
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V. Krčadinac Asocijacijske sheme 22.4.2024. 25 / 30



Napeti dizajni

t = 6, d = 3  ne postoje

Cheryl Peterson, On tight 6-designs, Osaka J. Math. 14 (1977), 417–435.
(doktorandica od Noboru Itoa)

t = 2d , d ≥ 4  najvǐse konačno mnogo

Eiichi Bannai, On tight designs, Quart. J. Math. Oxford Ser. (2) 28
(1977), no. 112, 433–448.

Kvazisimetrični dizajni

M. S. Shrikhande, S. S. Sane, Quasi-symmetric designs, Cambridge
University Press, 1991.

V. Krčadinac, Kvazisimetrični dizajni, skripta, Sveučilǐste u Zagrebu, 2017.
https://web.math.pmf.unizg.hr/˜krcko/nastava/kvazisim.pdf
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M. S. Shrikhande, S. S. Sane, Quasi-symmetric designs, Cambridge
University Press, 1991.
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Kvazisimetrični dizajni

Dva presječna broja: x < y

⇒ t ≤ 4

t = 4  4-(23, 7, 1), x = 1, y = 3

t = 3, x = 0:

Teorem (P. Cameron, 1973.)
Parametri takvog dizajna su:

3-(4n, 2n, n − 1), x = 0, y = n (Hadamardovi dizajni)
3-(n(n2 + 3n + 1), n(n + 1), n − 1), x = 0, y = n
3-(496, 40, 3), x = 0, y = 4

t = 3, x > 0  Hipoteza (Mohan Shrikhande ): samo 3-(23, 7, 5) i
3-(22, 7, 4) uz x = 1, y = 3

t = 2  beskonačno mnogo primjera, nema klasifikacije parametara

V. Krčadinac Asocijacijske sheme 22.4.2024. 27 / 30



Kvazisimetrični dizajni
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Dva presječna broja: x < y ⇒ t ≤ 4

t = 4  4-(23, 7, 1), x = 1, y = 3

t = 3, x = 0:

Teorem (P. Cameron, 1973.)
Parametri takvog dizajna su:

3-(4n, 2n, n − 1), x = 0, y = n (Hadamardovi dizajni)
3-(n(n2 + 3n + 1), n(n + 1), n − 1), x = 0, y = n
3-(496, 40, 3), x = 0, y = 4

t = 3, x > 0  Hipoteza (Mohan Shrikhande ): samo 3-(23, 7, 5) i
3-(22, 7, 4) uz x = 1, y = 3
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Kvazisimetrični 2-dizajni
R. Vlahović Kruc, Neki rezultati o kvazisimetričnim dizajnima s iznimnim
parametrima, disertacija, Sveučilǐste u Zagrebu, 2019.

1.5. Tablica iznimnih parametara kvazisimetričnih 2-dizajna

KORAK 6: Generiramo parametre pridruženih blokovnih grafova SRG(b, a, c, d) koristeći
teorem 1.47 za sve petorke iznimnih parametara (v, k, λ, x, y) dobivenih u koraku 5.

Za generiranje tablice iznimnih parametra za v ≤ 150 prema opisanim koracima 1 - 6
koristili smo softver wxMaxima [97], a kod je prikazan u prilogu A.

Osim parametara (v, k, λ, x, y) i SRG(b, a, c, d) u tablici navodimo još parametar r.
Također, tablici dodajemo stupce: ‘#D’, ‘#QSD’, ‘#SRG’ i ’Nap.’, pri čemu ‘#D’
sadrži informaciju o broju dizajna do na izomorfizam, ‘#QSD’ sadrži informaciju o
broju kvazisimetričnih dizajna do na izomorfizam, ‘#SRG’ sadrži informaciju o broju
jako regularnih grafova pridruženih dizajnima do na izomorfizam te stupac ’Nap.’ sadrži
dodatne informacije o (ne)egzistenciji kvazisimetričnih dizajna.

Tablicu 1.3 smo dopunili poznatim rezultatima, među kojima su i naši rezultati o
kojima ćemo nešto više reći u poglavlju 3, a u tablici su označeni sivom bojom. Za neke
kvazisimetrične 2-dizajne čiji su parametri navedeni u tablici znamo da ne postoje jer
parametri ne zadovoljavaju teoreme 1.56 i 1.57, a za neke jer ne postoje njima pridruženi
blokovni grafovi. Informacije o broju jako regularnih grafova preuzeli smo iz Brouwerove
tablice [13]. Ukoliko ne postoji informacija za bilo koji od navedenih stupaca ‘#D’,
‘#QSD’ ili ‘#SRG’, upisali smo ‘?’. Više o stupcu ‘#D’ reći ćemo u potpoglavlju 2.5.

Tablica 1.3: Tablica iznimnih parametara kvazisimetričnih 2-dizajna za v ≤ 150

RBr. v k λ x y r b a c d #D #QSD #SRG Nap.
1 19 7 7 1 3 21 57 42 31 30 ≥ 1 0 0 [17,74]
2 19 9 16 3 5 36 76 45 28 24 ≥ 1016 0 0 [17]
3 20 8 14 2 4 38 95 54 33 27 ≥ 1 0 0 [20]
4 20 10 18 4 6 38 76 35 18 14 ≥ 1016 0 0 [20]
5 21 6 4 0 2 16 56 45 36 36 ≥ 1 1 1 [91]
6 21 7 12 1 3 40 120 77 52 44 ≥ 1018 1 1 [91]
7 21 8 14 2 4 40 105 52 29 22 ≥ 1 0 ? [17]
8 21 9 12 3 5 30 70 27 12 9 ≥ 104 0 ≥ 1 [17]
9 22 6 5 0 2 21 77 60 47 45 ≥ 3 1 1 [96]
10 22 7 16 1 3 56 176 105 68 54 ≥ 8 1 1 [91]
11 22 8 12 2 4 36 99 42 21 15 ≥ 1 0 ? [17]
12 23 7 21 1 3 77 253 140 87 65 ≥ 15 1 ≥ 1 [96]
13 24 8 7 2 4 23 69 20 7 5 ≥ 1 0 ? [16]
14 28 7 16 1 3 72 288 105 52 30 ≥ 1 0 ? [19,91]
15 28 12 11 4 6 27 63 32 16 16 ≥ 58 891 ≥ 58 891 ≥ 1 [64]
16 29 7 12 1 3 56 232 77 36 20 ≥ 1 518 0 ? [19,91]
17 31 7 7 1 3 35 155 42 17 9 ≥ 5 5 ≥ 1 [90]
18 33 9 6 1 3 24 88 60 41 40 ≥ 3376 0 ? [17]
19 33 15 35 6 9 80 176 45 18 9 ? ? ≥ 1
20 35 7 3 1 3 17 85 14 3 2 ≥ 2 0 ? [17]
21 35 14 13 5 8 34 85 14 3 2 ≥ 1 ? ?
22 36 16 12 6 8 28 63 30 13 15 ≥ 522 079 ≥ 522 079 ≥ 1 [64]
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Kvazisimetrični 2-dizajni
A. E. Brouwer, H. Van Maldeghem, Strongly regular graphs, Cambridge
University Press, 2022.

8.5. QUASI-SYMMETRIC DESIGNS 199

property: given three blocks B,C,D where |B ∩ C ∩ D| = a one finds that
|B∆C ∆D| = 12 + 4a so that a ∈ {4, 6}.

8.5.5 Classification
Neumaier [589] defines the block graph of a quasi-symmetric design with
intersection numbers x, y where x > y, as the graph with the blocks as vertices,
adjacent when they meet in x points. He shows:

Proposition 8.5.7 (i) A quasi-symmetric design with disconnected block graph
is a multiple (union of identical copies) of a symmetric design.

(ii) A quasi-symmetric design with complete multipartite block graph is a
strongly resolvable design.

(iii) A quasi-symmetric design with intersection numbers 0, 1 is a Steiner
2-design.

(iv) A quasi-symmetric design with intersection numbers 1, 2 is the residual
of a biplane, or the 2-(5, 3, 3) design. �

8.5.6 Table
We give a small table with exceptional parameter sets, i.e., parameter sets of
quasi-symmetric designs satisfying Neumaier’s inequality and Proposition 8.5.3,
and not in one of the classes of Proposition 8.5.7. Since the complement of a
quasi-symmetric design is quasi-symmetric again, we can restrict ourselves to
the cases with k ≤ v/2. The table covers the parameters with v ≤ 100. Column
ex(istence): = graph does not exist, − design does not exist, + design exists,
! design is unique, 5 there are 5 nonisomorphic such designs.

v k λ y x V K Λ M R S ex ref
19 7 7 1 3 57 42 31 30 4 −3 = [732]
19 9 16 3 5 76 45 28 24 7 −3 = [89]
20 8 14 2 4 95 54 33 27 9 −3 = [21]
20 10 18 4 6 76 35 18 14 7 −3 = [20]
21 6 4 0 2 56 45 36 36 3 −3 ! Ex. D
21 7 12 1 3 120 77 52 44 11 −3 ! Ex. D
21 8 14 2 4 105 52 29 22 10 −3 − [165]
21 9 12 3 5 70 27 12 9 6 −3 − [165]
22 6 5 0 2 77 60 47 45 5 −3 ! Ex. D
22 7 16 1 3 176 105 68 54 17 −3 ! Ex. D
22 8 12 2 4 99 42 21 15 9 −3 − [165]
23 7 21 1 3 253 140 87 65 25 −3 ! Ex. D
24 8 7 2 4 69 20 7 5 5 −3 − [121]
28 7 16 1 3 288 105 52 30 25 −3 − [702]
28 12 11 4 6 63 32 16 16 4 −4 + Ex. F
29 7 12 1 3 232 77 36 20 19 −3 − [166]
31 7 7 1 3 155 42 17 9 11 −3 5 Ex. E, [703]
33 9 6 1 3 88 60 41 40 5 −4 − [165]
33 15 35 6 9 176 45 18 9 12 −3 ?
35 7 3 1 3 85 14 3 2 4 −3 − [165]
35 14 13 5 8 85 14 3 2 4 −3 ?
36 16 12 6 8 63 30 13 15 3 −5 + Ex. F
37 9 8 1 3 148 84 50 44 10 −4 − [415]
39 12 22 3 6 247 54 21 9 15 −3 ?
41 9 9 1 3 205 96 50 40 14 −4 ?
41 17 34 5 8 205 136 93 84 13 −4 − [166]

continued...
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Asocijacijske sheme od dizajna

P. J. Cameron, Near-regularity conditions for designs, Geometriae Dedicata
2 (1973), 213–223.

P. Delsarte, An algebraic approach to the association schemes of coding
theory, Philips Res. Rep. Suppl. 10 (1973), vi+97 pp.

Teorem (Cameron, Delsarte)
Neka je D kombinatorni t-(v ,k, λ) dizajn stupnja d s presječnim
brojevima x1 > . . . > xd ≥ 0. Stavimo x0 = k i za blokove X ,Y ∈ D

definiramo da su i-asocirani ako je |X ∩ Y | = xi . Ako vrijedi t ≥ 2d − 2,
onda na taj način dobivamo asocijacijsku shemu s d klasa (podshemu
Johnsonove sheme J(v ,k)).

Za dizajn kojem blokovi čine asocijacijsku shemu kažemo da je shematski.
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V. Krčadinac Asocijacijske sheme 22.4.2024. 30 / 30


