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The Site of Bure

Figure: Schematic view of the Bure project (East of France)

Nuclear waste is cooled, processed, then buried safely for 1M years
Simulation requires a super computer, or does it really?
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The COUPLEX I Test Case

Figure: A 2D multilayered geometry 20km long, 500m high with permeability
variations K +

K− = O(109). Hydrostatic pressure by a FEM.

∇ · (K∇H) = 0, H or
∂H
∂n

given on Γ
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COUPLEX I : Concentration of Radio-Nucleides

Figure: Concentration at 4 times with Discontinuous Galerkin FEM
(Apoung-Despré).

r∂tc + λc + u∇c −∇ · (K∇c) = q(t)δ(x − xR)
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Couplex II: Geological figures

Layer Permeability
Tithonien 3.10−5

Kimmeridgien I 3.10−4

Kimmeridgien II 10−12

Oxfordien I 2.10−7

Oxfordien II 8.10−9

Oxfordien III 4.10−12

Callovo-Oxfordien 10−13

Dogger 2.510−6.

Layer decomposition: K + ∂H
∂n

+
= K− ∂H

∂n
−

implies that ∂H
∂n

+
= O(K−

K + ).
So ∂H

∂n |KI−KII ≈ 0 is a B.C. that decouples the top from the bottom.
Later H−|KII = H+ is used as B.C for the bottom.
Note that the Callovo-Oxfordian+Oxfordian III have H|Γ given from top
and bottom separate calculations.
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COUPLEX II Hydrostatic Pressure

Figure: Final result and comparison with a global solution on a
supercomputer (Apoung)
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The Clay Layer with the repository

Figure: A computation within the clay layer only with Dirichlet B.C. from the
surrounding layers (Apoung-Delpino). Left: a geometrical zoom
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First Numerical Zoom

Figure: Mesh and Sol of Darcy’s in a portion of the entire site.
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Second Zoom

Figure: Mesh and Sol around a single gallery capable of evaluating the
impact of a lining around the gallery.
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Last Zoom and upscale comp. of the concentration

What are the errors in the end?
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Other Examples: What are the errors in the end?

Fig. 6.27: Configuration et maillages pour étude des effets d’installation dans l’es-
pace tridimensionnel.
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Fig. 6.28: Champ de pression instantanée après 15 périodes de simulation.

observer sur la vue de droite, surtout au niveau de l’interface entre le maillage de la
tuyère et le maillage cartésien, proviennent du fait que l’on n’observe pas le champ
des fluctuations de pression exactement dans le même plan comme le montre la vue
gauche de la figure. La régularité du champ de pression obtenu laisse à penser que
les développements associés à l’extension de la méthode de couplage ne contiennent
pas d’erreurs algorithmiques. Il faut toutefois garder à l’esprit le fait que seule la
comparaison à un calcul de référence permettra de valider définitivement la méthode
de couplage pour la géométrie tridimensionnelle.

6.4 Conclusion

Au cours de ce chapitre, il est apparu que la mise en oeuvre de la méthode
de couplage à deux sens a permis d’obtenir à chaque fois de très bons résultats.
Sur la configuration académique – diffraction d’une source par deux cylindres – la
différence observée sur le diagramme de directivité entre le résultat analytique et
la simulation numérique est exactement du même ordre que celle que l’on obtient
sans utiliser la méthode de couplage. Cela montre que le gain en simplicité de mise
en oeuvre du calcul que permet d’obtenir la méthode ne s’accompagne pas d’une
détérioration de sa précision ce qui est un résultat essentiel. Sur la configuration in-
dustrielle – propagation dans conduit de réacteur – le même constat peut être fait :
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Here, the main objectives are to assess the feasibility

of current structured Chimera methods applied on complex

aileron/spoiler configurations and to assess the capability of

numerical predictions compared with experimental results.

The strategy of mesh generation resembles the following

steps:

• A basic (structured) grid of sufficient resolution through-

out the viscous flow field domains which defines the

baseline wing-body configuration was generated using

the grid-generation system INGRID (in-house code).

• A local mesh around a deflected spoiler/aileron geom-

etry is embedded in the basic grid using overset grid

techniques (Chimera). This mesh was created using the

grid generator MegaCads (DLR).

The 3D Navier–Stokes code FLOWer (DLR et al.) was

applied on a variety of wing/body configurations including

spoilers and ailerons using the standard Wilcox k–ω turbu-

lence model. Encouraging results were obtained computing

for different conditions such as different incidences, differ-

ent deflection angles and different aileron gap sizes.

The results of this paper are compared with experimental

results that were obtained within the HiReTT project in the

European Transonic Windtunnel (ETW).

2. Grid generation

Several choices for mesh generation around the configu-

rations of interest were considered. Since it was mandatory

to remesh only small areas of geometrical changes as for

instance a deflected spoiler while maintaining a grid inde-

pendent flow solution in the remaining domain, single block

unstructured methods were considered to be unsuitable. An

unstructured Chimera method unfortunately was unavailable

at the time of this study and a true multi-block structured

grid generation was too time consuming. Therefore, a struc-

tured Chimera technique has been applied that combines a

fast local remeshing with a preserved grid in the remaining

domain. The applied technique for this method is described

in Table 1.

First a “Base Mesh” (CO topology, single block) was

generated around a clean wing-body configuration. The res-

olution of the boundary layers over both, wing and fuselage

was controlled in the usual fashion by limiting the non-

dimensional near-wall step size to approximately y+ < 2

Table 1

Applied meshing techniques for different devices

Deformation on

single block

Chimera technique

Spoiler NO 1C- and 2H-Blocks

Aileron YES 3C- and 4H-Blocks

Inboard Tab YES NO

over the wing depending on the prescribed Reynolds-

number. The generation of the base mesh was achieved in

a fully automatic manner by applying the in-house mesh

generation system INGRID [2]. The resulting base mesh

consists of approximately 2.4 million cells within a single

CO block.

Secondly, a local grid was generated by using the inter-

active grid generator MegaCads [14], developed by DLR

(Deutsches Zentrum für Luft- und Raumfahrt). Here, the lo-

cal spoiler and aileron meshes are compounds of C and H

grid blocks, allowing for minimized cell distortion and by

this, resulting in an increased overall grid quality.

The best solution for the local meshes was found by cre-

ating a local CH-mesh around either the spoiler or aileron

(see Fig. 1) and extending it beyond the side edges of the

spoiler/aileron-device in spanwise direction. The resulting

grid gaps on each side next to the spoiler/aileron were filled

by local mesh extensions of HH topology (see Fig. 2).

In case of aileron meshing, to enclose the entire gap, the

wing areas next to the aileron had to be meshed according

to the aileron topology. This required introducing an addi-

tional CH-block around the wing that extends into the gap

area. In addition, it required introducing another HH-blocks

Fig. 1. Embedded spoiler and aileron meshes.

Fig. 2. Detail, view from behind: Local aileron/spoiler mesh extension

blocks.
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4.3. Multiple load alleviation (MLA) devices

Besides the configurations discussed above, experimental

investigations had been performed on twin and triple device

assemblies, i.e., spoiler-aileron and double-spoiler configu-

rations with an additional inboard tab in case of triple de-

vices.

Resulting in a much more complex flow-field in general,

these configurations appeared to be a suitable challenge to

validate the capabilities of meshing techniques and code per-

formance for highly complex flow-fields. Here, some flow-

field evaluations and comparisons with windtunnel data for

triple devices are shown for

– midboard spoiler 10◦, aileron 10◦ (up) and inboard-tab

10◦ (down) as well as

– midboard spoiler 10◦, outboard spoiler 30◦ and inboard-
tab 10◦ (down).

4.3.1. Spoiler-aileron plus inboard-tab

Comparisons of pressure distributions are given in

Fig. 15, covering the pressure mid-sections of each device.

Although the flow is changing rapidly along spanwise direc-

tion, the CFD solution compares fairly with the experiments.

Note that the flight wing shape in the computations is com-

pared here with the lowest load case of the experiments,

which is assumed to produce the smallest deformations.

In Fig. 16 the skin-friction pattern on the upper wing por-

tion is shown, indicating small areas of incipient ramp-type

separation at the base of the two outboard devices.

Fig. 17 compares the overall spanwise load distribution,

CFD vs. experiment. In this diagram, certain overprediction

of the load alleviation becomes visible. This might hap-

pen due to turbulence modelling in the presence of near-

separation non-equilibrium flow. However, the overall dis-

tribution of load is captured in fair coincidence with the

experiment.

Fig. 18 presents a wake survey downstream of the wing,

showing the secondary flow development being dominated

Fig. 15. Chordwise pressure distribution for the spoiler (10◦) aileron (10◦
up) configuration. α = 0◦ .

by strong vortices at the outboard edges of spoiler and

aileron. The latter immediately interacts with the tip-vortex,

which itself turns out to be only weak due to zero incidence.

Fig. 16. Skin-friction and pressure on upper wing portion for the

spoiler aileron configuration (midb. spoiler 10◦ , aileron 10◦ up). α = 0◦,
Re= 8.2 M.

Fig. 17. Spanwise load distribution of the spoiler aileron configuration.

Fig. 18. Secondary flow in a plane x = const behind the wing. Inboard tab

−10◦ , midboard spoiler 10◦ , aileron 10◦ up. α = 0◦ , Re= 8.2 M.
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Why Numerical Zoom

The dream is to combine graphical zoom and numerical zoom.
Numerical zoom are needed when it is very expensive or
impossible to solve the full problem
For instance if the problem has multiple scales
Improved precision may be found necessary a posteriori

Numerical zoom methods exist:
Steger’s Chimera method,
J.L. Lions’s Hilbert space decomposition (HSD),
Glowinski-He-Rappaz-Wagner’s Subspace correction methods
(SCM), etc.

The 3 methods are really the same: Schwarz-Hilbert Enrichment
(SHE).
We need error estimates .
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The Schwarz-Zoom Method

Find um+1
H ∈ VH , um+1

h ∈ Vh, such that ∀wH ∈ V0H , ∀wh ∈ V0h

aH(um+1
H ,wH) = (f ,wH), um+1

H |SH = γHum
h , um+1

H |ΓH = gH ,

ah(um+1
h ,wh) = (f ,wh), um+1

h |Sh = γhum
H , um+1

h |Γh = gh

where γH (resp γh) is the interpolation operator on VH (resp Vh),
where SHand ΓH are the polygonal approximation of S1 and Γ1 and
similarly for Sh, Γh with S2, Γ2.
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Convergence of Discrete Schwarz-Zoom Method

Hypothesis 1 Assume that the maximum principle holds for each
system independently and that the solution νH ∈ VH of

aH(νH ,wH) = 0, ∀wH ∈ V0H , νH |SH = 1, νH |ΓH = 0

satisfies |νH |∞,Sh := λ < 1.
Theorem Then the discrete Schwarz algorithm converges to:

aH(u∗H ,wH) = (f ,wH), ∀wH ∈ V0H , u∗H |SH = γHu∗h, u∗H |ΓH = gH
ah(u∗h,wh) = (f ,wh), ∀wh ∈ V0h, u∗h|Sh = γhu∗H

and

max(||u∗H − u||∞,ΩH , ||u
∗
h − u||∞,Ωh )

≤ C(H2 log
1
H
||u||H2,∞(ΩH ) + h2 log

1
h
||u||H2,∞(Ωh)) (1)

see also X.C. Cai and M. Dryja and M. Sarkis (SIAM 99)
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Proof of Convergence

By the maximum principle and the fact that γH and γh decrease the L∞

norms, problems of the type: find vH ∈ VH , vh ∈ Vh

aH(vH ,wH) = 0, ∀wH ∈ V0H , vH |SH = γHuh, vm+1
H |ΓH = 0

ah(vh,wh) = 0, ∀wh ∈ V0h, vm+1
h |Sh = γhvH

satisfy

‖vH‖∞ ≤ ‖uh‖∞,SH , ‖vh‖∞ ≤ ‖vH‖∞,Sh .

Combining this with the estimate on the solution of (1) we obtain

‖vh‖∞ ≤ ‖vH‖∞,Sh ≤ λ‖vH‖∞ ≤ λ‖uh‖∞.
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Proof of Error estimate (I of II)
The solution u to the continuous problem satisfies u|Γ = g and

aH(u,w) = (f ,w) ∀w ∈ H1
0 (ΩH), u = γHu + (u − γHu) on SH ,

ah(u,w) = (f ,w) ∀w ∈ H1
0 (Ωh), u = γhu + (u − γhu) on Sh

Let e = u∗H − u and ε = u∗h − u. Setting w = wH in the first equation and
w = wh in the second, we have

aH(e,wH) = 0 ∀wH ∈ V0H , e = γHε− (u − γHu) on SH , e|Γ = gH − g
ah(ε,wh) = 0 ∀wh ∈ V0h, ε = γhe − (u − γhu) on Sh

Let ΠHu ∈ VH and Πhu ∈ Vh be the solutions of

aH(ΠHu,wH) = aH(u,wH) ∀wH ∈ V0H , ΠHu = γHu on SH , ΠHu|Γ = gH
ah(Πhu,wh) = ah(u,wh) ∀wh ∈ V0h, Πhu = γhu on Sh

By Schatz& Wahlbin, we have

||ΠHu − u||∞,ΩH ≤ H2 log
1
H
||u||H2,∞(ΩH ),

||Πh − u||∞,Ωh ≤ h2 log
1
h
||u||H2,∞(Ωh).
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Proof of Error estimate (II)
Finally let

εH = uH − ΠHu = e + u − ΠHu, εh = uh − Πhu = ε+ u − Πhu

Then εH ∈ VH , εh ∈ Vh and

aH(εH ,wH) = 0 ∀wH ∈ V0H , εH = γH(εh + Πhu − u) on SH , εH |Γ = 0
ah(εh,wh) = 0 ∀wh ∈ V0h, εh = γh(εH + ΠHu − u) on Sh

The maximum principle (like in (2) and (2)) again yields

‖εH‖∞ ≤ ‖Πhu − u‖∞,SH + ‖εh‖∞,SH ,
‖εh‖∞ ≤ ‖ΠHu − u‖∞,Sh + ‖εH‖∞,Sh ,
‖εH‖∞,Sh ≤ λ‖εH‖∞

Therefore

max(‖εh‖∞, ‖εH‖∞) ≤ 1
1− λ

(‖ΠHu − u‖∞,ΩH + ‖Πhu − u‖∞,Ωh )
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Hilbert Space Decomposition (JL. Lions)

All would be well if Schwarz didn’t require to dig a hole in the zoom.

u ∈ V : a(u, v) =< f |v > ∀v ∈ V

If VH is not rich enough, use VH + Vh and solve uH ∈ VH , uh ∈ Vh :

a(uH + uh, vH + vh) =< f |vH + vh > ∀vH ∈ VH , vh ∈ Vh

f = 1 + δ0
-0.8

-0.7

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

0

-1 -0.5 0 0.5 1

"usmall.gnu" using 1:3
"ularge.gnu" using 1:3

"u.gnu" using 1:3
"log.gnu" using 1:3

If solved iteratively, it is similar to Schwarz’DDM or Steger’s Chimera at the
continuous level: when Ω1 ∪ Ω2 = Ω, Ω1 ∩ Ω2 6= ∅.
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Discretization and Proof of Uniqueness (Brezzi)

Find UH ∈ V0H ≈ H1
0 (Ω), uh ∈ V0h ≈ H1

0 (Λ)

a(UH + uh,WH + wh) =< f |WH + wh > ∀WH ∈ V0H ∀wh ∈ V0h

Theorem The solution is unique if no vertex belong to both
triangulations.
Proof
If uh = UH on Λ then they are linear on Λ because ∆uh = ∆UH and
each is a distribution on the edges. The only singularity, if any, are at
the intersection of both set of edges (which are points), but being in
H−1 it cannot be singular at isolated points. So ∆uh = ∆UH |Λ = 0
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Subspace Correction Method (SCM)

Find UH ∈ V0H ≈ H1
0 (Ω), uh ∈ V0h ≈ H1

0 (Λ)

a(UH + uh,WH + wh) =< f |WH + wh > ∀WH ∈ V0H ∀wh ∈ V0h

Theorem (Lozinski et al)
If uH is computed with FEM of degree r and uh with FEM of degree s,
then with q = max{r , s}+ 1,

‖uH + uh − u‖1 ≤ c(H r‖u‖Hq(Ω\Λ) + hs‖u‖Hq(Λ))

Iterative process? Inexact quadrature?
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Hilbert Space Decomposition with Inexact Quadrature

ah(u1 + u2,w1 + w2) = ah(u1,w1) + ah(u2,w2) + ah(u1,w2) + ah(u2,w1)

2 grids:{T 1
k } {T 2

k } ah(u, v) =
∑

k

∑
j=1..3

|T 1
k |

3
∇u · ∇v
IΩ1 + IΩ2

|ξ1
jk

+ id with T 2
k

The gradients are computed on their native grids at vertices ξ.
Proposition When vertices of T i are strictly inside the T j the discrete
Solution is unique and ‖u1

h + u2
h − u‖1 ≤ c

C h(‖u1‖2 + ‖u2‖2)

u − (u1 + u2)

N1 L2 error rate ∇L2 error rate
10 1.696E − 02 − 2.394E − 01 −
20 5.044E − 03 1.75 1.204E − 01 0.99
40 1.129E − 03 2.16 5.596E − 02 1.10

Table: Numerical L2 and H1 errors, and convergence rate. Results are
sensitive to rotation and translation of inner mesh
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Harmonic Patch Iterator for Speed-up (Lozinski)

Proximity of vertices could lead to drastically slow convergence⇒
1: for n = 1...N do
2: Find λn

H ∈ V 0
H = {vH ∈ V0H : supp vH ⊂ Λ} such that

a(λn
H , µ) = 〈f |v〉 − a(un−1

h , µ), ∀µ ∈ V0H

3: Find un
H ∈ V0H such that

a(un
H , v) = 〈f |v〉 − a(un−1

h , v)− a(λn
H , v), ∀v ∈ V0H

4: Find un
h ∈ V0h such that

a(un
h , v) = 〈f |v〉 − a(un−1

H , v), ∀v ∈ V0h

5: Set un
Hh = un

H + un
h

6: end for
Note: with ũn−1

h = un−1
h + λn

H is it Schwarz?
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Harmonic Patches
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Discrete one way Schwarz

If the Λh is a submesh of ΩH then the same algorithm is:

1: for n = 1...N do
2: Find un

H − gH ∈ V0H such that

a(un
H , v) = 〈f |v〉 − ah(wn−1

h , v) + aΛ(un−1
H , v), ∀v ∈ V0H

3: Find wn
h ∈ Vh such that (rh is a trace interpolation operator)

a(wn
h , v) = 〈f |v〉, ∀v ∈ V0h, wn

h |∂Λ = rhun
H |∂Λ

4: end for
5: Set

un
Hh =

{
wn

h , in Λ
un

H , outside Λ
.
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Implementation in 2D with freefem++ (F. Hecht)

http://www.freefem.org

// embedded meshes with keyword splitmesh
int n=10, m=4;
real x0=0.33,y0=0.33,x1=0.66,y1=0.66;
mesh TH=square(n,n);
mesh Th = splitmesh(TH,(x>x0 && x<x1 && y>y0 && y<y1)*m);
mesh THh=splitmesh(TH,1+(x>x0&&x<x1&&y>y0&& y<y1)*(m-1));
.
solve aH(U,V) = int2d(TH)(K*(dx(U)*dx(V)+dy(U)*dy(V)))
+ int2d(Th)(K*(dx(u)*dx(V)+dy(u)*dy(V)))
- int2d(THh)(K*(dx(Uold)*dx(V)+dy(Uold)*dy(V)))

- int2d(TH)(f*V) + on(dOmega, U=g);
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2D Academic case

K = 1 except in a Disk 0.1 in the center where K = 100:

u =y − 1
2
, in the disk = −1 + K

4
− (1− K )δ2

4(x2 + y2)
elsewhere (2)

iteration
2 4 6 8 10

0

0.005

0.01

0.015

0.02

coarse inside
medium inside
fine inside
coarse outside
medium outside
fine outside

Figure: The initial mesh ΩH is is divided 4 times in the zoom. Convergence
history for 3 different initial meshes of the unit square: a coarse, medium
(documented in the text) and fine mesh. 3 curves correspond to the errors on
the mesh H and 3 for the mesh h.
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IsoValue
-0.227607
-0.202924
-0.178241
-0.153558
-0.128875
-0.104192
-0.0795089
-0.0548259
-0.0301429
-0.0054599
0.0192231
0.0439061
0.0685891
0.0932721
0.117955
0.142638
0.167321
0.192004
0.216687
0.24137

IsoValue
-0.0842163
-0.0754769
-0.0667375
-0.0579981
-0.0492587
-0.0405193
-0.0317799
-0.0230405
-0.0143011
-0.00556173
0.00317767
0.0119171
0.0206565
0.0293959
0.0381352
0.0468746
0.055614
0.0643534
0.0730928
0.0818322

Figure: Error at each point for the converge solution in Λ (left) and outside
(right) Λ on the fine mesh of Fig. The color scales from -0.23 to 0.24 on the
left and from -0.08 to 0.08 on the right.
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Embedded Meshes: Relation with Schwarz’ DDM

Left: Divide the Triangles which have a vertex in (.33, .66)2 ⇒ not a
valid mesh. Right: a valid mesh is obtained by joining the hanging
vertices to their opposite vertex.
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Comparison with Schwarz: 3D academic case

Figure: Zoom around the small sphere, view of the solution and zoom

Olivier Pironneau (LJLL) Numerical Zoom and Domain Decomposition Bourgeat65 29 / 36



freefem3d (S. Delpino) + medit (P. Frey)
vector n = (50,50,50);
vector a = (-2,-2,-2), b = (3,2,2), c = (2.2,-0.3,-0.3), d = (1.7,0.3,0.3);
scene S = pov("test.pov");
mesh M = structured(n,a,b);
domain O = domain(S,outside(<1,0,0>)and outside(<0,1,0>));
mesh L = structured(n,c,d);
domain P = domain(S,outside(<0,1,0>));
femfunction u(M)=0, v(L)=0, uold(L)=0;
double err;
do{

solve(u) in O by M{
pde(u) - div(grad(u)) =0; u = 0 on M; u = 1 on <1,0,0>; u = v on <0,1,0>;
};
solve(v) in P by L{
pde(v) - div(grad(v)) = 0; v = -1 on <0,1,0>; v = u on L;

};
err = int[L] ((u-uold)2); uold =u;

}while{err>3e-5);

Table: Convergence error on the zoom variable for Couplex

Schwarz 25 Schwarz 35 Schwarz 50 SHE 20 SHE 35 SHE 50
1.297E-3 2.319E-3 1.890E-3 9.477E-2 8.766E-2 7.928E-2
2.209E-2 2.653E-2 3.189E-2 3.225E-02 3.782E-02 6.345E-02
1.321E-3 2.441E-4 8.320E-4 1.899E-2 2.309E-3 3.316E-2
5.519E-4 6.745E-06 9.425E-05 5.403E-05 1.504E-05 3.723E-05
1.146E-4 2.184E-05 2.521E-06 7.525E-06

9.885E-05
1.055E-05
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Comparison with Schwarz for Couplex

Figure: UH and UH − (xy + 20).

Schwarz 227.383 86.0596 6.42153 0.199725 0.0070609
SHE 507.434 0.015881 0.0030023 0.0013834 0.00096568

Table: Convergence
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Conclusion

Numerical zooms are inevitable
Precision: given by GHLR.
With embedded meshes:

similar to DDM
convergence similar to full overlapping Schwarz

Advice to code developer: since DDM is built in due to computer
architecture why not add the zoom facility also!
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