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Introduction

Statement of the problem

Qu+div(Siu)=cAu+flu)—e "F(u,v), inQx(0,T]
v 4div(Sav) = Av+g(v) —ae 'F(u,v), inQx(0,T]

(P)S u=m, on 99 x (0, T]
V=Y, on 9Q x (0, T]
u(,0) = o, Vv(-,0)= v, onQ

» U, Vv mass concentrations of reactants
» f, g interspecific competition terms (e.g. f(u) = u(1 — u),
g(v)=v(1 —v))
» F intraspecific production term (e.g. F(u,v) = uPv9, p> 1,9 > 1)
» ¢ is the ratio of two characteristic time scales
Aim: Study the asymptotic behavior e — 0 ...
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Introduction

Assumptions

Production by reaction:
e Fe C'((0,1] x (0,1]) n C((0, 1] x (0,1]),
e F(0,s) =F(5,0)=0forse]0,1],5€[0,1],
e F(u,v) > 0for(u,v) € (0,1] x (0,1],
e Fis nondecreasing in u and v.
Intra-specific source terms:
e fand g are continuously differentiable on [0, +0o0) such that
f(0) =9(0) =0;
o f(5)<0,9(s)<0Oforalls>1.
Initial and boundary conditions:
e U and Vv are functions with values in [0, 1],
e U,vE C*'(Q xRY),
e Uy =1u(-,0), vp =Vv(-,0).

Adrian Muntean CASA, Department of Mathematics and Computer Science, TU Eindhoven, The Netherlands

A fast reaction - slow diffusion limit



Existence, uniqueness, estimates for (P;)

Theorem
Problem (P¢) admits a unique classical solution

(Ue,v.) € CB'(Q % (0, T) N CEQ x [0, T]) with0 < u.,v. < 1.
Proof idea: For instance, apply arguments from Lunardi (Analytic semigroups

and optimal regularity in parabolic problems, Progress in Nonlinear Diff. Eqs.
Birkhaeuser(2005)) + the maximum principle.
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Derivation of the limit MBP

Lemma (Interspecific source term: estimates)
There exists a positive constant c, which does not depend on e such that

g / F(u.,v.) < co.
Qr

Proof of Lemma 2: Integrating the equation for v. over Qr yields

571/% Fu., v.)
-1 <//o &Avg—i-/ diV(SzVe)-l-g(VE)_/QVE(" T)+/QVO>
(/ / €0nVe + / /mvssz n+g(ve)—/vs( T)+/ )

<a ' (mes(Q) (2+ T ||glli=(0,1)) + Mes(0Q) ||Sz|[e= T) .
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Derivation of the limit MBP

Energy estimates ...

Lemma
There are positive constants ¢, and ¢, which do not depend on ¢ such that

5// IVu? < .
Qr
2
a// IVVv.|* < co.
Qr
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Derivation of the limit MBP

Compactness ?

Idea: Use Riesz-Frechet-Kolmogorov compactness theorem/Simon’s paper

For r > 0 sufficiently small, say r € (0, 7), we define

Q ={xeQ, B(x,2r) c Q}, Q= J B(x,ncQ,
xXeQ,

Forany F € L>(Qr):

VE€BO,r), Y(x,t)eQx(0,T), SeF(x,t):=F(x+E& 1),
Vre(0,T), VY(x,1)eQx(0,T),  TF(x,t):=F(x,t+7)
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Derivation of the limit MBP

Lemma
Foreach r € (0, 1), the following properties hold:
(i) There exist G; > 0 s.t. Gi(§) — 0as¢ — 0 and

T T
vé € B(O.7), / / et — 2] < Gi(€), / [ Jsev. - vel < Ga(o).

(ii) There existcs and ¢4 s. t.

T—1 T—7
VTG (07 T)7 / / |Z'UE_UE| S CS\/;, / / ‘ﬁVE_Vg‘ S C4\/7>'.
0 Qr 0 Qr

(iif) Foranymn > 0, there exists w € Qr which does not depend on e such
that [|Ue |11 (gpvw) < 15 Vel (@rye) <7

Adrian Muntean CASA, Department of Mathematics and Computer Science, TU Eindhoven, The Netherlands

A fast reaction - slow diffusion limit



Derivation of the limit MBP

L' compactness. Reactants separation in space

Lemma (Strong convergence results)
Letting = — 0, there exists (u, v) € (L=(Qr; [0,1]))? such that, up to a
subsequence of {¢},

u — u in L'(Qr).
v. — v inlY(Qr).

Lemma (Segregation principle)

One has:
uv =0, a.e.inQr.

New variable: v v

We = U — —, w=u-——

(0% 0%

There exists w € L>(Qr) s. L.

Ve i .

Us — — — W, u=w", vV =aw
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Derivation of the limit MBP

Definition (Strong formulation of the fast reaction problem)
We define Problem (P*) as the following nonlinear transport problem:

Ow +div (S(w)) = F(w), inQ x (0, T],
(P w=w, on 9Q x (0, T],
{ w(-,0) = wp, on Q.

with the flux function s — S(s) and source term s — F(s):

S(s) =815 - % s~ F(s):=f(s") - @_
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Derivation of the limit MBP

Show that the limit of the sequence w., denoted w, is the so-called “unique
weak entropy solution” of

Theorem
The sequence w. strongly converges to w in L' (Qr). Moreover, the function
w is the unique entropy solution of Problem (P*), i.e. satisfying

/O {(w — K)® Orp -+ sgn (w — k) (S(w) — S(K)) Vi — sen.(w — K) f(W)so}

[ =0+ £ [ - KFe >0,
Q 7
for all o € D(] — oo, T[xRY), for all k € R.

Proof following the lines of Malek/Necas/Rokyta/Ruzicka: Weak and
Measure-valued Solutions to Evolutionary PDEs(1996), S. Martin: J. Diff.
Eqgs. (2007)
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Existence and uniqueness for the limit MBP

Theorem
Let w be the unique solution of Problem (P*). Assume there exists a closed
hypersurface T (t) and two subdomains Q,(t), Q,(t) s.t.

Q=QuuQ(t), T(t)=Qu(t)NQ(),

w(-, 1) >0, onQut)
w(-, ) <0, onQu(t).

Assume t — T(t) smooth enough and (u, v) := (w",aw™) is smooth up to
['(t). Then u and v satisfy

A+ Sy - Vu = f(u), in Q= J {Qu(t) x {t}},
teRt

v +S2-Vv=g(v), inQ = |J {(t) x {t}},
teRt

* 14 v
(P*) [—u+ a] Von= [—us1 + asz} n, onrl = t%{r(t) x {t}},

(S

u=u, on 9Q x RT,

V=1, on 00 x R™,

u(-,0) = o, Vv(-,0)= v, on Q.
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Concentration of the reaction term on the moving boundary

Concentration effect of the reaction term

Previous estimates ensure that ¢ ' F(u., v.) — p in the sense of measures.

Could we be a little bit more precise about 17
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Concentration of the reaction term on the moving boundary

Theorem (Behaviour of the interspecific source term)
Under convenient regularity assumptions, one has

ulx,t) = ﬁ([u+v]V~n—[uS1+vSZ]~n)5(x—§(t)).

where £(t) is a parametrization of the free boundary T (t).
Proof: Defining 1° = ¢ ' F(u., v.) and using ¢ € C$°(Qr), we have:

//OT“EQ/’ = //O (Ue Orp + Ue Sy - Vi + f(Ue)9)
1//0 (V= Ortp + Ve S2- Vb + g(ve)o)) .

(%

Passing to the limit = — 0 and integrating the result by parts, we obtain

a//QTW =/OT/M)(—a,v—szz(;vwg(v))w/or [P -8
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Concentration of the reaction term on the moving boundary

The case of a dissolution front propagating into a mineral

Corollary
Assume that « = 1 and S, = 0. Then
px,t) = [ulV-nd(x—£(t))
or equivalently
_ [=dv] o _
POt = Sy Sndbe—€(0)
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