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l Plan of the talk'

The Darcy equation and the enrichment strategy.

The semi-discrete method and error estimates.
The two-level method and its analysis.
Numerical results.

Concluding remarks.
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The Darcy equation and the enrichment strategy

The problem statement : Find (u, p) such that

u+Vp=f, V.u=g in(Q,

u-n=0 on 0f),

where [,9=0.
Weak problem : Find (u,p) € H¥"(Q) x L3(Q) such that

A((u,p), (v,q9)) = F(v,q) Y (v,q) € Hi"™(Q) x L§(),
where

A((u,p), (v,q)) ::(U>U)Q - (pa V"U)Q — (q7 V- u)ﬂv
F(’U, Q) ::(fav)Q — (ga Q)Q .
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lThe PGEM for the Darcy problem'

Derivation of the Method : Find ug := u; +u, € P;(Q)? + H(Q) and
PH ‘= Po + Pe € PO(Q) D L%(TH) such that

A((u1 + ue,po + De), (Vu,q1)) = F(vg,qu),

for all vy := vy +v, € P1(Q)? D HI (T), qu = qo + qe € Po(Q) & LE(Tw),
where

HI"(Ty) = {w € L*(Q)? : w|xg € H(K)VK € Ty},
Li(Ty) := {qe L*(Q) : q|lx € L3A(K),VK € Ty} .

Equivalent system :

A((ul + Ue, PO +p6)7 (v17QO)) — L(v17 QO) v (v17QO) < VH X QH)
(w1 + Ue, V) K — (Po +Pe, V- Vp) K — (Ge, V - (U1 + Ue)) K
— (fvvb)K o (gaqe)Ka

for all (vy, q.) € Ho(div, K) x L3(K) and all K € Ty.
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lDerivation of the Method (continued) '

Strong problem for (u.,pe) :

U, + Vpe = —u1, V-u,=Cg in K,
u.-n=aHp[py] oneach FCIKNQ.

In order to make this problem compatible, we set

|K| ZOéHF / [po] -
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lDerivation of the Method (continued) '

e Splitting u, = ué” -+ uf and p. = péw =+ pf

o (uM pM) solves

uM +vpM = —uy, Vul =0 inK,

u-n=0 onodK

o (ul,pP) solves

uP? +Vvp? =0 inK, V-ul=Cg inkKk,
u”.-n = aHp[po] oneach F COK NN.

6 .
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Remarks:

o ul” is a Raviart-Thomas field. Indeed, there holds

u. = Z aHp(po] ¢,
FCOKNN

where
K
Pr() = Jpb (x—xr).

lDerivation of the Method (continued) '
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lDerivation of the Method (continued) '

Returning to the first equation : For all (v1,qg) € P1(2)? x Py(Q):

(Ul + Ue,’Ul)Q — (po + De, V - ’Ul)ﬂ =+ (C]o, V- (Ul + Ue))Q = F(’Ula Qo) .

Remark :

e (p.,V-v1)g =0 for all K € 7y, and hence the enrichment of the

pressure has no effect on the formulation.

o (U1 + Ue,v1)o = (U + ’\Uféw(—ulla’vl)ﬁ =+ ZKETH (ueD([[po]]):rvl)K3

¢ (90, V-uc)a =Y ger, (U - n,q0)ox = pee,, (HE[poll; [q0])F ;
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lDerivation of the Method (continued) '

Find (u1,po) € P1(2)? x Po(Q) such that

(T = Mr)(ur),v)a+ Y (@(Ipol), v1)k — (po, V- v1)a

KeTy KeTy

— (g0, V - u1)o — Z aHp ([po]; [qo])r = F(v1,q0),
Fefy

for all (v1,qo) € P1(Q)? x Py(Q).

Lemma: The operator M g satisfies
(v— Mg (v), Mg(w))xk =0  Vo,we L*(K)>.

Furthermore
Z (ueD([[po]])7v1)K ~ O(H2)7
KeTy

and then this term may be neglected.
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lThe semi-discrete problem .

Find (u1,po) € P1(2)? x Po(Q) such that
B((ulap())? (vla QO)) — F<v17 QO) )

for all (v, qo) € P1(2)? x Py(Q), where

B((u1,po), (v1,90)) = ) (= Mx)(w), (T — M) (01))x

KeTy

— (po, V- v1)a — (90, V-ui)a— Y aHp ([pol, [ao])r -

Fefg

Remark : This method is symmetric.
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lThe semi-discrete problem .

Remark : uy has discontinuous tangential component (unlike ) and it
satisfies the following local mass conservation property:

/[V'(’U,l—F’UJE)—g]:O VK €Ty .
K

The same argument may be applied to any jump-based stabilized method

for the Darcy equation.
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lThe semi-discrete problem .

Numerical analysis of the semi-discrete problem :

Lemma: The bilinear forms B(.,.) satisfies

B((v1,40); (v1,=0)) = [I(Z = M) ()5 + > 7 [I[a0]

Fefy

|(2),F7

for all (v1,q0) € P1(Q)? x Py(Q).

Lemma: There exists C' > 0 such that

lvillox < C((Z — Mg)w)|ox + IV -villox) Vo €Pi(K)>.
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lThe semi-discrete problem .

Mesh-dependent norm :

sat+ > oHp |G - -
Fefy

|(w, DlEF = llwlGio + ot

Theorem: Let o small enough, then there exists 3 > 0, independent of H
and «, such that

sup B((v1,q0), (w1,t0))

> BH(ULQO)HHv
(wl,t())EPl(Q)2XP0(Q)—{O} H(wl?tO)HH

for all (v1,q0) € P1(Q)? x Py(Q).
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lThe semi-discrete problem .

Theorem: There exists C' > 0 such that

IA

H(U—Ulap—Po)HH CH(||U| 2.0 T \p|1,ﬂ)a

lw = (u1 +uZ)laiwe < CH (|lu

2,0 1 |p|1,Q) :
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l The two-level FEM '

Remember: To implement the method, M g (u1) must be computed, i.e.,

we must solve the local problem

uM 4+ vpM = w, Vu =0 inK,

uM.n=0 ondK

e .
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l The two-level FEM '

Starting remark :

v, — Mg (v1) = Vpe(vy).
Then our method may be rewritten in the following equivalent way

> (Vpe(ur), Vpe(v1)) ik — (o, V - v1)a — (g0, V - u1)g
KeTy

— > aHp ([po]. [90]) r = (£, v1)a — (9. q0)

Fefy

for all (v1,qo) € P1(Q)? x Py(Q2). Here, p.(v1) solves

Ape(wi)= —V-v; K,
Onpe(v1)= v1 N on 0K .
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l The two-level FEM '

Discrete local problems : Find pp(vi) € Ry such that

/wvl)-vgh:/ v V& Vén € RE
K K

where Rff are Lagrangian finite elements of degree [ > 1.

Two-level method : Find (u1.p,po.n) € P1(2)% x Po(Q) such that:

By((w1,h,pon), (v1,90)) = F(v1,q90)  V(v1,q90) € P1(Q2)? x P(£2),

where
B ((v1,q0), (w1,t0)) := > (Vpa(v1), Vou(wi))k — (90, V - w1)g
KeTy
— (to, V- v1)a— Y _ 77 ([0l [to]) -

Fefy
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l The two-level FEM '

Lemma: Let || - ||, be the mesh-dependent norm given by
[wia)ln = Y IVen(@)ls x + IV - v1llg o+
KETH
allaolie+ D mllell5 #
Fefy

and let us suppose that there exists Cy > 0 such that h < CyHpg. Then

I(v1, 90)llz < Cll(v1,q0)lln -

Theorem: There exists 32 > 0 independent of H, h and « such that

B t
Sup h((vla(JO): (’w1, 0))
(w1,to) EP1(2)2 XPo(2) H(wl?tO)HH

> B2 ||(v1,90) |7,

for all (v1,qo) € P1(Q)? x Py(9).
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l The two-level FEM '

Theorem: There exists C' > 0 such that
[(w — w1 p,p—pon)lla < C (hH' |gle,o + (H + h) |ull2,0 + H [pl1o)

for t =0, 1.

Remark : The condition h < CyH means that a fixed mesh may be used for
all the elements and all the refinements, hence making the computation
cheap. In fact, in all the numerical results, only one P; element is used in
each element.
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| Numerical Results '

Convergence analysis [ : We consider p(z,y) = cos(27z) cos(2my), u = —Vp
(f =0, g = 8m? cos(2mx) cos(2my)).

| Jic (V- (w1 +u?) - g)dx]| | Jic (V- — g)dx|

M, := max M, := max

h 0.5 0.125 6.25 x 1072 | 3.125 x 102
M, | 6x107 | 14 x1071* | 21 x107" | 9.2x1071°
M, 9.2 3.4 1.1 0.28

Relative local mass conservation errors.
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| Numerical Results '
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Figure 1: Convergence history of |V-(u — u1)|jo.o and ||lu — u1||o.0-
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| Numerical Results '
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Figure 2: Convergence history of ||p — pollo.o and |[po]|x-
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| Numerical Results '

The sensitivity w.r. to « :
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| Numerical Results '

A caparison with the RT; method :
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l Coeficientes discontinuos '

The checkerboard domain for the five-spot problem :

Figure 3: Checkerboard domain: o = 1 in zones II-III and o = 10~ in zones

[-IV.
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l Coeficientes discontinuos '

The boundary condition on u. here reads:

OzFHF
Ue - N = —[[p()]]a
(0)F
where
Olg+ +0|K-
2

(o)F =
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l Coeficientes discontinuos '
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Figure 4: Pressure elevation for the checkerboard domain
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l Coeficientes discontinuos '
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Figure 5: |uq].
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l Concluding remarks .

[1 The enrichment strategy has provided:

Enrichment of the finite element space with local but not bubble

functions.

Theoretical justification for edge-based low-order stabilized method for

the Darcy equation.

A cheap computation of the local basis functions.
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l Concluding remarks .

[1 Future extensions:
Discontinuous and oscillating coefficients.
Darcy-Stokes coupled problem.
New enrichment functions treating convective flows.

Time-dependent problems.
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