A PROOF OF THE KAPLANSKY-AUPETIT CONJECTURE FOR
C*-ALGEBRAS

ILJA GOGIC

ABSTRACT. We prove that a unital surjective linear map between unital C*-algebras preserves
squares and hence is a Jordan homomorphism whenever it sends every exponential to an invertible
element. This settles the Kaplansky—Aupetit conjecture for maps between unital C*-algebras. The
proof, found by Anthropic’s Claude Opus 5.5, adapts resolvent estimates from a recent preprint
by Colbrook and Stepaniants. We also show that a nonscalar unital C*-algebra A has no tracial
states if and only if every bounded unital linear map from A into a unital Banach algebra is a
Jordan homomorphism whenever it preserves square-zero elements. The absence of tracial states is
also equivalent to the assertion that every unital linear surjection from A onto a unital semisimple
Banach algebra is a Jordan homomorphism whenever it is spectrally bounded, meaning that it can
increase spectral radii by at most a fixed factor.

1. INTRODUCTION

The Gleason-Kahane-Zelazko theorem [13, 18, 30] states that a linear functional on a unital
complex Banach algebra is multiplicative if it takes the identity to 1 and is nonzero on every invertible
element. The corresponding question for maps between algebras goes back to Kaplansky [19, p. 12].
The strong form of the Kaplansky—Aupetit conjecture [8, Conjecture 1.1] asks whether every
surjective linear map between unital semisimple Banach algebras that preserves the identity and
invertibility must also preserve squares. Here semisimplicity means that the Jacobson radical is
zero. For a commutative semisimple codomain, the map is multiplicative since the characters
separate points and composing the map with each character gives a multiplicative functional by the
Gleason-KahaneZelazko theorem.

Throughout the paper, all algebras are complex and associative, all linear maps are complex-linear,
and unital algebras are nonzero. Let ¢ : A — B be a linear map between algebras. If A and B are
unital, ¢ is unital when ¢(1) = 1. The map ¢ is a Jordan homomorphism if

o(a%) = d(2)?, e A

A bijective Jordan homomorphism is a Jordan isomorphism.
For a unital algebra A, write A* for its group of invertible elements. If A is a Banach algebra,
the spectrum and spectral radius of z € A are

oa(z) ={AeC: A\l —xz¢ A"}, ra(z) = )\énm(()u‘-
oa(x

A linear map ¢ : A — B between unital algebras preserves invertibility if

$(A*) C B*.
For unital Banach algebras A and B, the map is spectrum-shrinking if
op(p(z)) Coa(z), x€A.
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If equality holds for every x € A, the map is spectrum-preserving. For unital linear maps, spectrum
shrinking is equivalent to preservation of invertibility. A unital linear map ¢ : A — B preserves
spectra precisely when it preserves invertibility in both directions, that is, when

re A" = é(x) € B”, e A

Early results confirmed the conjecture for codomains with a separating family of finite-dimensional
irreducible representations [3, Théoréme 2], for positive maps between unital C*-algebras [10],
and for bijections between full operator algebras on Banach spaces [29, Theorem 1.1]. Aupetit [6,
Theorem 1.3] proved that every surjective spectrum-preserving linear map between von Neumann
algebras is a Jordan isomorphism. Cui and Hou [12, Theorem 2.3] proved the strong form of the
conjecture when the domain is a von Neumann algebra. Their argument also applies when the
domain is a unital C*-algebra of real rank zero, since the self-adjoint elements with finite spectrum
are norm dense in the self-adjoint part [9, Theorem 2.6]. For spectrum-preserving maps, Kovacs [20,
Theorem 2.5 and Remark 3.4(a)] proved that a linear surjection between unital semisimple Banach
algebras is a Jordan isomorphism whenever either algebra is a C*-algebra of real rank zero.

In his earlier work on spectrum-preserving maps between von Neumann algebras, Aupetit [5]
used the Fuglede—Kadison determinant to treat the finite-trace case. Working directly with traces
on the codomain, Mathieu and Schulz [28, Section 4, before Corollaries 4.2 and 4.4] showed that a
unital linear surjection from a unital Banach algebra onto a unital C*-algebra with a faithful family
of tracial states is a Jordan homomorphism whenever it sends every product of two exponentials to
an invertible element.

Here a tracial state on a unital C*-algebra B is a positive linear functional 7 : B — C satisfying

) =1, 7@y =7(yz), w,y€B.
A family F of tracial states on B is faithful if, for every x € B,
T(z*x) =0 forallTe F = x=0.

Our main result settles the Kaplansky—Aupetit conjecture for maps between unital C*-algebras. In
fact, it suffices to require that the image of each exponential be invertible.

Theorem 1.1. Let A and B be unital C*-algebras, and let ¢ : A — B be a unital surjective linear
map. Then ¢ is a Jordan homomorphism if and only if

o(e") € B, x € A.

In particular, every unital invertibility-preserving linear surjection between unital C*-algebras is a
Jordan homomorphism.

A related problem concerns spectral isometries, that is, linear maps ¢ : A — B between unital

Banach algebras satisfying

rp(o(z)) = ra(x), x € A.
In their recent preprint, Colbrook and Stepaniants [11, Theorem 1.1] proved that every unital
surjective spectral isometry between unital C*-algebras is a Jordan isomorphism. Theorem 1.1 also
applies to maps with nonzero kernel, such as the first-coordinate homomorphism from C? onto C.

Both theorems also give the factorization conjectured by Harris and Kadison [15, Conjecture 3.1].
If a linear bijection ¢ : A — B between unital C*-algebras carries A* onto B>, then ¢(1)71¢ is a
unital linear bijection that preserves invertibility in both directions. It therefore preserves spectra
and is a Jordan isomorphism by either theorem.

The proof of Theorem 1.1, given in Section 3, follows Aupetit [6, Theorems 1.1 and 1.2] and Cui
and Hou [12, Theorem 2.2] in using local spectral estimates to show that idempotents are preserved
(see also [7]). Recall that an idempotent is an element equal to its square, while a projection is
a self-adjoint idempotent. A general C*-algebra may have too few projections to recover square
preservation in this way. For instance, the only projections in C([0,1]) are 0 and 1. We therefore
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work in the bidual, where the spectral theorem allows us to approximate every self-adjoint element
in norm by finite real linear combinations of pairwise orthogonal projections. We first use a branch
of the logarithm to estimate the resolvent of ¢(x) for normal = € A. For each projection p € A**,
we approximate 1 — 2p by two nets of unitaries in A whose spectra lie in opposite semicircles. This
lets us pass the resolvent estimate to the bidual and show that the second adjoint ¢** : A** — B**
of ¢ sends p to an idempotent. The resolvent, continuity and contour arguments are adapted from
Colbrook and Stepaniants [11, Lemmas 2.1, 2.2, 3.2 and 3.3].

We next ask when either preservation of square-zero elements or spectral boundedness suffices
for a unital linear map to be a Jordan homomorphism. More precisely, a linear map ¢ : A — B
between algebras preserves square-zero elements if

=0 =  ¢@)?=0, z€cA
When A and B are unital Banach algebras, ¢ is spectrally bounded if, for some ~ € [0, 00),
ra(p(x)) <vra(z),  x €A,

A unital Jordan homomorphism between unital Banach algebras has both properties, with v =1 in
the spectral bound.

Mathieu and Schick [27, Corollary 3.5 proved that every bounded unital square-zero preserver from
a properly infinite von Neumann algebra into a unital Banach algebra is a Jordan homomorphism.
Here proper infiniteness means that the algebra contains two isometries with orthogonal range
projections. They obtained the same conclusion for unital spectrally bounded surjections from such
an algebra onto unital semisimple Banach algebras [27, Theorem 3.6]. Mathieu also proved the
result on spectrally bounded surjections when the domain is a unital simple C*-algebra that is
purely infinite [23, Theorem B] or has real rank zero and no tracial states [24, Theorem 3.1]. For
unital C*-algebras of real rank zero, Lin and Mathieu [21, Theorem 2.4 and Corollary 2.5] proved
both conclusions in the purely infinite case, and Mathieu [26, Theorem and Corollary| later obtained
them for algebras without tracial states.

To remove the real-rank-zero assumption, we return to the von Neumann algebra setting of
Mathieu and Schick. The bidual of a unital C*-algebra without tracial states is properly infinite [22,
p. 172], so their result applies there. The following theorem settles Mathieu’s conjecture on square-
zero preservers [24, Conjecture 3.2] for nonscalar algebras and gives an affirmative answer to his
question about spectrally bounded surjections [25, Problem 2.4]. For K C C, we write conv K for
its convex hull.

Theorem 1.2. Let A be a unital C*-algebra with dim A > 2. The following conditions are equivalent.

(a) A has no tracial states.

(b) Every bounded unital linear map from A into a unital Banach algebra is a Jordan homomor-
phism whenever it preserves square-zero elements.

(c) BEvery unital surjective spectrally bounded linear map from A onto a unital semisimple
Banach algebra is a Jordan homomorphism.

If A has a tracial state, there is a bounded unital linear bijection ¢ : A — A that preserves square-zero
elements and satisfies
conv o g(¢(x)) C convoyl(x), x € A,

but fails to preserve squares.

Note that the scalar case is exceptional because C has a tracial state and every unital linear map
from C into a unital complex algebra is multiplicative.

The paper is organized as follows. Section 2 recalls the facts about biduals and Jordan homo-
morphisms used below. Section 3 proves Theorem 1.1 by resolvent estimates. Section 4 proves
Theorem 1.2 by passing square-zero preservation to the bidual.
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2. PRELIMINARIES

2.1. Biduals and the strong* topology. We use the strong® topology to pass estimates from a
C*-algebra to its bidual.

For a C*-algebra A, its Banach-space bidual A** is its enveloping von Neumann algebra [17,
Section 10.1]. We identify A with its canonical image in A**; this embedding is an isometric
x-homomorphism and is unital when A is unital.

Let (x)jcs be a norm-bounded net in a von Neumann algebra M, indexed by a directed set
J, and let x € M. The net converges to x in the strong® topology if z; — z and zj — 2 in
the strong operator topology of a faithful normal representation of M. On norm-bounded sets,
the strong® topology is independent of the choice of representation [1, Remark 1.2]. On such sets,
strong® convergence implies weak™ convergence, and multiplication is jointly strong*-continuous.
By Kaplansky’s density theorem [16, Theorem 5.3.5], each self-adjoint contraction in A** is the
strong operator limit of a net of self-adjoint contractions in A. Since the terms and the limit are
self-adjoint, the convergence is strong*.

We also record the following standard continuity property of the continuous functional calculus.

Lemma 2.1. Let (x;)jcs be a norm-bounded net of self-adjoint elements of a von Neumann algebra
M converging strong® to a self-adjoint element x € M, where J is a directed set. Let I C R be
a compact interval containing the spectra of x and of every xj. For every continuous function
f:1I— C, we have

f(z;) — f(x) in the strong® topology.

Proof. For polynomials this follows from joint strong* continuity of multiplication on bounded sets.
Uniform polynomial approximation on I, together with the norm estimate in continuous functional
calculus, gives the assertion for every continuous f: I — C. g

The second adjoint ¢** : A** — B** of a bounded linear map ¢ : A — B between Banach spaces is
a bounded weak*-continuous extension of ¢. When A and B are C*-algebras, Akemann’s continuity
theorem [1, Corollary II1.10] shows that ¢** is strong*-continuous on norm-bounded subsets of A**.

2.2. Jordan homomorphisms. We show that unital Jordan homomorphisms preserve invertibility
and that, on a von Neumann algebra, sending projections to idempotents suffices for square
preservation.

For an algebra A, define the Jordan product by

1
Toy = é(a:y—kyx), x,y € A.
The identities
2xoy:(m+y)2—:ﬁ2—y2, rox =2, r,y € A,

show that a linear map between complex algebras preserves squares if and only if it preserves the
Jordan product.

Lemma 2.2. (a) A unital Jordan homomorphism between unital algebras preserves invertibility.
(b) A bounded linear map from a von Neumann algebra into a Banach algebra is a Jordan
homomorphism if it sends projections to idempotents.

Proof. (a) Let ¢ : A — B be a unital Jordan homomorphism between unital algebras. For =,y € A,
expanding the Jordan products gives

zyzr =2zxo(roy)—zloy.
Applying ¢ and using the same identity in B, we obtain
$(ayz) = 2¢(x) o (¢(x) 0 d(y)) — d(x)” 0 B(y)
= ¢(x)(y)d(x).
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For x € A%, substituting 22 for y gives

o(x)p(x~?)p(x) = 1.

Thus ¢(x)¢p(x~?) is a left inverse of ¢(x) and ¢(x~2)p(x) is a right inverse. Hence ¢(x) € B*.

(b) We include the argument of Mathieu and Schick [27, Lemma 2.1]. Let M be a von Neumann
algebra, let B be a Banach algebra, and let ) : M — B be a bounded linear map sending projections
to idempotents. For orthogonal projections p,q € M, the images of p, ¢ and p + ¢ are idempotents.
Expanding the square of ¥(p + ¢) gives

Y(p)y(q) + (@) (p) = 0.

Thus the mixed terms cancel when we square the image of a finite real linear combination of pairwise
orthogonal projections, and the diagonal terms agree because the images are idempotent. Hence
preserves squares of these combinations.

By the spectral theorem [16, Theorem 5.2.2], every self-adjoint element of M is a norm limit
of finite real linear combinations of pairwise orthogonal projections in M. Since ¢ is bounded, it
preserves squares of all self-adjoint elements. Every element of M has the form z + iy with z,y € M
self-adjoint. Applying the square identity to = + y gives ¥(z o y) = () o ¢(y), and hence

¥ (@ +iy)?) = () + 200(x) 0 v(y) — $(y)°
= ¥(z +iy)*.

3. PROOF OF THEOREM 1.1

We prove the nontrivial implication by showing that the second adjoint sends projections to
idempotents. Until the final proof of the theorem, let A and B be unital C*-algebras and let
¢ : A — B be a unital surjective linear map that sends exponentials to invertible elements.

3.1. A resolvent estimate. The principal logarithm gives an invertibility criterion along rays. We
use this criterion to establish boundedness and then estimate the resolvents of images of normal
elements.

For A\,n € C with |n| =1, put

L\n):={A+an:aec[0,00)}.
Lemma 3.1. Let x € A and let \,n € C with |n| = 1. Then
(3.1) L) Noa(z)=10 = Al — ¢(z) € B*.

Proof. Suppose that L(\,n) Noa(x) = (. By the spectral mapping theorem and the assumption on
the ray,

o4 (MAL —z)) ={n(A = () : ¢ € oa(z)} € C\ (—00,0].
Indeed, if Tj(\ — ¢) = —a for some ¢ € 04(x) and «a € [0,00), then { = A + an lies on the ray. The
principal logarithm and the holomorphic functional calculus show that (Al — z) is an exponential

in A. By linearity and unitality, its image under ¢ is (A1 — ¢(z)), which is invertible by hypothesis.
Since |n| = 1, the element A1 — ¢(z) is invertible. O

Let x € A. For every A € C with |A\| > ra(x), the ray L(A, A/|A|) is disjoint from o4(z). It
follows that
(3.1)
<

rB(¢(z))

ra(x), x € A.
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Thus ¢ is spectrally bounded. Since ¢ is surjective and the C*-algebra B is semisimple, Aupetit’s
automatic continuity theorem [4, Theorem 5.5.2] shows that ¢ is bounded. By the open mapping
theorem, we may fix x € (0, 00) such that, for every y € B, there is x € A satisfying

o) =y, llzll <«&llyl-

We use this constant throughout the rest of the section.
For nonempty sets K1, Ko C C, put

dist(K71, K3) := ueKilI,lgeKz lu— |, dist(\, K3) := dist({\}, K3), A eC.

Lemma 3.2. Let g € A be normal and let \,n € C with |n| = 1. If § € (0,00) satisfies
dist(L(A,n),04(z0)) > 9,
then \1 — ¢(xg) € B* and

(3-2) 1AL = (o))~ <

Proof. Let zg, A, n and J satisfy the stated conditions. The element A1 — ¢(z) is invertible by
Lemma 3.1. Take y € B with ||ly|| < §/x and choose x € A with ¢(z) =y and ||z|| < &|ly|] < d. For
every pu € L(A,n), the continuous functional calculus for xy gives

(11 — 0) 1| = dist(p 04 ()1 < 6.

In particular, ||(ul — x9) " z|| < 1. The factorization

pl = (2o + ) = (11 = o) (1 = (1 = o) ')
and the Neumann series show that ul — (xg + x) is invertible. Thus the ray misses o4(xo + ),
and (3.1) gives A1 — ¢(z9) —y € B*.
Put ¢ := A1 — ¢(xp). The open ball of radius 6/« about ¢ is contained in B*. Following the proof
of [11, Lemma 2.2], put

le| == (¢*e)'/?, u:=clc|™! € B.
Since c¢ is invertible, u is unitary and ¢ = u|c|. Continuous functional calculus gives
v:=minog(c|) = |lct|| .

Since v € op(|c|), the element ¢ — vu = u(|c| — v1) is noninvertible. Its distance from c is v, so
v > §/k. This proves (3.2). O

3.2. Images of projections in the bidual. To use the resolvent estimate at a projection in the
bidual, we approximate the associated self-adjoint unitary by unitaries whose spectra lie in the
upper and lower semicircles.

Proposition 3.3. The second adjoint ¢** : A*™ — B** sends projections to idempotents.

Proof. Let p € A* be a projection and put
Y= ¢ AT — B, w:= (1 — 2p).

Since v extends ¢, it is unital. We first construct the approximating unitaries. Applying Kaplansky’s
density theorem to 2p — 1 and rescaling by the affine function 8 — (1 + 8)/2 from [—1,1] to [0, 1],
we obtain a net (h;);jes of positive contractions in A converging strong* to p, where J is a directed
set. Define

E:={-1,1}, I'.:={CeC:[(|]=1, eIm( > 0}, ceeE.
Fore € F and j € J, put

. e i57rh]-
Uje =€ .
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Since 0 < hj <1, continuous functional calculus shows that u; . is unitary and
oa(uje) €T, jed, ee k.
Lemma 2.1 gives ‘
Uje — &P = (1—p)+eTp=1-2p
in the strong* topology, for each ¢ € E.

Fix A € C\ E and choose ¢ € F with eImA < 0. For p € L(A, —i¢) and ¢ € I'c, we have
Rep =ReA, [Impu| > |Im Al, and Im g Im ¢ < 0. Since |Re(| < 1, it follows that Re(u¢) < |Re Al
Hence

= CI* = |u® + 1 — 2Re(uc)
> (A2 4+ 1 —2|Re N = dist(\, E)%
Put § := dist(X, E) > 0. Since oa(uj.) C I'c for every j € J, we obtain
dist(L(X, —i€),0a(ujc)) > 0, jed
For j € J, put ¢j := A1 — ¢(u;.). Each ;. is normal, so Lemma 3.2 gives ¢; € B* and ch_1|| < K/6.
By the C*-identity and continuous functional calculus,

(3.2) (3.2)
(6/k)*1 < cic; and (6/K)%1 < ¢ict

o jel

We now pass these bounds to the bidual. The net (¢;)je is bounded because ¢ is bounded and the
uje are unitary. By the strong® continuity of ¢ on bounded sets recalled in Section 2,
cj—c=A—-w in the strong™ topology.

Joint strong™ continuity of multiplication gives convergence of cjc; and ¢;c} to ¢*c and cc”, respec-
tively. Since the positive cone is weak* closed, it follows that

(6/r)*1 < c*e, (6/K)%1 < cc.

Thus (c*c)~!c* and c*(cc*)~! are a left and a right inverse of ¢ in B**, respectively. They coincide,
so ¢ is invertible. By continuous functional calculus, the lower bound on c¢*c gives

le™H 12 = (") < (w/0)*.
Since A was arbitrary, we have shown that

O Bx* (’LU) - E,

1 K
_ < v
1AL = w) ™| < distO\, )’

It remains to show that w? = 1. Let p € (0,1) and, for each ¢ € E, let 7. be the positively
oriented circle of radius p about €. The circles have disjoint interiors and together enclose the
spectrum of w by (3.3). Holomorphic functional calculus gives

QMZ/ )AL —w) "t dA.

For € € F and A\ € ., the other point of F is at distance at least 2 — p > p. Consequently,
dist(\, E) = p, N 1= A—¢|[A el <p2+p).
The integrand therefore has norm at most k(2 + p) on both circles, whose total length is 4wp. Hence

3.3)
Hw2—1H < 2kp(2+ p).

Letting p decrease to zero gives w? = 1. Since 4 is unital,

v = (15Y) =150 = v

(3.3) AeC\E.
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O

Proof of Theorem 1.1. Suppose that ¢ sends exponentials to invertible elements. As established
above, ¢ is bounded, and Proposition 3.3 shows that ¢** sends projections to idempotents.
Lemma 2.2(b) therefore implies that ¢** and its restriction ¢ are Jordan homomorphisms.
Conversely, a unital Jordan homomorphism preserves invertibility by Lemma 2.2(a). Since e has
inverse e~ * for every x € A, the conclusion follows. ]

4. SQUARE-ZERO PRESERVERS AND TRACIAL STATES

For a unital C*-algebra without tracial states, the bidual is properly infinite, so Mathieu and
Schick’s theorem applies once square-zero preservation passes to the second adjoint. For Banach
algebra codomains, Haagerup’s extension theorem supplies the required continuity.

Recall that a von Neumann algebra is finite if every isometry in it is unitary. By the central
decomposition and the halving lemma, it is properly infinite precisely when it has no nonzero finite
central summand [17, Proposition 6.3.7 and Lemma 6.3.3].

Mathieu [22, p. 172] observed the following equivalence. We include a proof for completeness.

Lemma 4.1. A unital C*-algebra A has no tracial states if and only if A** is properly infinite.

Proof. Suppose that A has no tracial states and that z € A™ is a nonzero central projection for
which zA*™ is finite. Composing its centre-valued trace with a state on its centre gives a tracial
state on zA™* [17, Theorem 8.2.8]. Since z is central and zA** has identity z, the map = — zx is a
unital s-homomorphism from A to zA**. Pulling back the tracial state gives a tracial state on A, a
contradiction.

Conversely, suppose that A** is properly infinite and that 7 is a tracial state on A. Let T be
the canonical weak*-continuous extension of 7 to A**. Since ||7|| = 7(1) = 1, this extension is a
state. By weak* density of A and separate weak* continuity of multiplication, the trace identity
extends to A™ one variable at a time. Choose isometries v1,vo € A** with orthogonal ranges. Since
v1v] + vav; < 1, we obtain

2 =T7(vivy) + T(v3v9) = T(v1v] + vovs) < 1,
a contradiction. O
For a unital Banach algebra B, we write [J for the first Arens product on B** [2, pp. 839-840].
For f € B* and x € B, define f, € B* by
fay) = f(zy), yeB.
For F,G € B**, the product is given by
(FOG)(f) =F(xz—G(fe)), [feB"

The map =z — G(fz) belongs to B* because || fz|| < ||f]|||z||. With this product, B** is a unital
Banach algebra, and the canonical embedding of B into B** is a unital homomorphism [2]. We
identify B with its canonical image in B**. The product is weak™ continuous in the first variable
and, when the first factor belongs to B, also in the second.

Lemma 4.2. Let A be a unital C*-algebra and B a unital Banach algebra. If a bounded linear map
¢ : A — B preserves square-zero elements, then so does ¢** : A*™ — B**, where B** carries the first
Arens product.

Proof. Let w € A** satisfy w? = 0. We adapt the approximation in [11, proof of Lemma 3.4]. In
a faithful normal representation of A** let p € A** be the spectral projection of ww* for (0, 00).
Since ker(ww™*) = ker w*, this is the projection onto the closure of the range of w. Hence pw = w.
Since w? = 0, the range of w lies in its closed kernel, so wp = 0 and pw(1 — p) = w.
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Apply Kaplansky’s density theorem to 2p — 1 and, after rescaling as needed, to the real and
imaginary parts of w. On the product J of the three index sets, this gives a bounded net (z;);cs in
A converging strong® to w and a net (hj);cs of self-adjoint contractions in A converging strong* to
2p — 1. For j € J, put

pt .o il £hy
J 2 !
The elements hj and h; are positive contractions with hjfhj+ = 0. Thus (w;);es is bounded and

wi = hfxj(h; h )z;hy =0,  jel

R A
w].fhjx]hj.

By Lemma 2.1, h;r — p and h; — 1 — p strong®. Joint strong® continuity of multiplication
gives w; — pw(l — p) = w strong*, hence weak*. Since ¢** is weak™-continuous, ¢(w;) — ¢**(w)
weak® in B**.

To pass to the limit in products, we use Haagerup’s extension theorem for scalar-valued bilinear
forms. Fix f € B* and define V : A x A — C by

Viz,y):= f(o(x)o(y), =y€A

This form is bounded because ¢ is bounded. By Haagerup’s theorem [14, Corollary 2.4], it has an
extension V' : A™ x A*™* — C that is separately weak*-continuous and jointly strong®-continuous on
bounded sets. The continuity properties of the Arens product and separate weak™ continuity of V'
give
“(w) O ¢™ = lim lim V (wj, wy,) = lim V
(67 (@) D 6™ @) (/) = lim lim V (w;, wy) = lim V(. w)
= V(w,w).

Since ¢(w;)? = 0 for every j € J, joint strong* continuity gives

V(w,w) =1lim V(w;,w;) = 0.
jedJ
As f was arbitrary, ¢**(w) O ¢**(w) = 0. O

Proof of Theorem 1.2. (a) —> (b). Suppose that A has no tracial states. By Lemma 4.1, A**
is properly infinite. Let B be a unital Banach algebra and let ¢ : A — B be a bounded unital
linear map that preserves square-zero elements. Put ¢ := ¢** : A** — B**. The map ¢ is bounded
and unital, and it preserves square-zero elements by Lemma 4.2. Mathieu and Schick’s result [27,
Corollary 3.5] therefore shows that ¢ is a Jordan homomorphism. Thus

Y(@®) = (@) O9(z), xeA™
The canonical embeddings of A and B into their biduals are homomorphisms, so restricting this
identity to A shows that ¢ is a Jordan homomorphism.

(b) = (c). Let B be a unital semisimple Banach algebra and let ¢ : A — B be a unital
surjective spectrally bounded linear map. Aupetit’s automatic continuity theorem [4, Theorem 5.5.2]
gives boundedness of ¢. Mathieu and Schick’s result [27, Corollary 3.2] shows that ¢ preserves
square-zero elements. Condition (b) therefore implies that ¢ is a Jordan homomorphism.

(c) = (a). Suppose that A has a tracial state 7. Fix a € (0,1) and define ¢ : A — A by

o(x) :=ax+ (1 —a)r(z)l, x € A.
This is the identity-map case of Mathieu’s construction [24, formula (1)]. Since 7(1) = 1, we have
A = C1 @ ker7. The map acts as the identity on C1 and as multiplication by « on ker 7. Since 7 is
bounded, ¢ is a bounded unital linear bijection.

Fix x € A. Since 7 is a tracial state, its value 7(z) lies in convo4(x) [28, Section 2]. The affine
spectral mapping theorem then gives

oa(p(z)) ={aC+ (1 —a)r(z): € oa(x)} C convoy(x).
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Taking convex hulls gives the asserted inclusion. The closed disc of radius r4(z) about 0 contains

convoy(x), so ra(p(x)) < ra(x).

If 22 = 0, then 0 4(x) = {0}, whence 7(z) = 0 and ¢(x)? = a?2? = 0.

Since dim A > 2 and 7 is positive, ker 7 is nonzero and invariant under the involution. Taking a
nonzero real or imaginary part of an element of ker 7, we obtain a nonzero self-adjoint h € ker 7.

Since ¢(h) = ah,

6(h%) = ¢(h)? = (1 — a) (ah? + 7(h?)1)
> a1 — a)h? #0.

Here h? is positive and nonzero, and 7(h?) > 0. Thus ¢ fails to preserve squares. Since A is
semisimple as a C*-algebra, ¢ is a counterexample to condition (c). ]
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